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Abstract. In the class of real hypersurfaces M 2n—1 isometrically immersed into a nonflat
complex space form Mn(c) of constant holomorphic sectional curvature ¢ (# 0) which is
either a complex projective space CP™(c) or a complex hyperbolic space CH" (¢) according
as ¢ > 0 or ¢ < 0, there are two typical examples. One is the class of all real hypersurfaces
of type (A) and the other is the class of all ruled real hypersurfaces. Note that the former
example are Hopf manifolds and the latter are non-Hopf manifolds. In this paper, inspired
by a simple characterization of all ruled real hypersurfaces in My (c), we consider a certain
real hypersurface of type (Az) in CP™(c) and give a geometric characterization of this Hopf
manifold.
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1. INTRODUCTION

We consider a real hypersurface M?"~! (with Riemannian metric g) in a nonflat
complex space form Mn (¢), n > 2, through an isometric immersion. We first recall
the definition of ruled real hypersurfaces M2"~! in Mn (¢). A real hypersurface M is
ruled if the holomorphic distribution 7°M = {X € TM: g(X,&) = 0} is integrable
and all of its leaves (i.e., maximal integral manifolds) are locally congruent to totally
geodesic complex hypersurfaces Mn,l(c) in the ambient space Mn(c), where £ is
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the characteristic vector field with respect to the almost contact metric structure
(¢,&,m,9) on M induced from the Kéhler structure J of Mn(c)

We here recall the construction of ruled real hypersurfaces in Mn(c) For a real
smooth curve v = v(s), s € I, parametrized by its arclength s, where I is an open
interval on R, we take the totally geodesic complex hypersurface Mfﬁl through
the point v(s) in M,(c) in such a way that the complex line spanned by A(s) is
perpendicular to the tangent space TV(S)M,(LS_)l. Then we get a ruled real hypersurface
M= M

n—1-
sel
those points. So, in general we omit such points and consider locally ruled real

Of course M has singular points, that is, M is not smooth at

hypersurfaces. Adachi, the third author and Kim gave the following characterization
of all ruled hypersurfaces in a nonflat complex space form (see Proposition 2 and
Lemma 4 in [8]).

Proposition A. A real hypersurface M is ruled in a nonflat complex space form
Mn (¢), n > 2, if and only if there exist such orthonormal vectors vy, va,...,Uzp—2
orthogonal to the characteristic vector §, at each point p of M that the following
two conditions hold:

(1) Every geodesic v; = v;(s) on M with p = v;(0) and 4;(0) = v;, 1 <i < 2n— 2,
is also mapped to a geodesic in the ambient space M, (c).

(2) Every geodesic v;; = v;;(s) on M with p = 7,;(0) and 4 (0) = (vi +v5)/V?2,
1<i<j<2n—2,is also mapped to a geodesic in M, (c).

Motivated by Proposition A, we pose the following problem:
Problem. If we delete Condition (2) in Proposition A, is M ruled in Mn(c)?

In this paper, we give a negative answer to this problem in the case of ¢ > 0. We
present a counterexample M?2"~! to Problem, which is locally congruent to a tube
of radius n/(2,/c) around a totally geodesic CP("~1/2(c) in CP"(c), where n (> 3)
is odd. This real hypersurface is a member of real hypersurfaces of type (Az) in
CP"™(c).

The main purpose of this paper is to characterize this hypersurface with Condi-
tion (1) in Proposition A (for details, see Theorem). Note that we have not been
able to solve the above problem until now when ¢ < 0.
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2. TERMINOLOGIES AND FUNDAMENTAL RESULTS ON REAL HYPERSURFACES

Let M?2"~! be areal hypersurface with unit normal local vector field A of a nonflat
complex space form M, (c), n > 2. The Riemannian connections V of M, (c) and
V of M are related by

(2.1) VxY = VxY + g(AX,Y)N
and
(2.2) VxN = —AX

for all vector fields X and Y on M, where g denotes the metric induced from the
standard Riemannian metric of M, (¢) and A is the shape operator of M in M, (c)
associated with A/. On M an almost contact metric structure (¢, &, 7, g) associated
with N is canonically induced from the Kihler structure J of the ambient space
M, (c). It is defined by

g(@X,Y)=g(JX,Y), {=-JN and n(X)=g(X)=g(JX,N).

It follows from the Gauss formula (2.1), the Weingarten formula (2.2) and the pro-
perty VJ = 0 that

(2.3) Vxé=pAX
and
(2.4) (Vxp)Y =n(Y)AX — g(AX,Y)E

for each X € TM.

We call the eigenvalues and eigenvectors of the shape operator A the principal
curvatures and principal curvature vectors of M in Mn(c), respectively. Here and
in the following, we set V) := {X € TM: AX = AX}. We usually call M a Hopf
hypersurface if the characteristic vector £ of M is a principal curvature vector at each
point of M. The following are typical examples of Hopf hypersurfaces in a nonflat
complex space form Mn(c), n>2:

In CP"(c),

(A1) a geodesic sphere G(r), 0 < r < 1/+/c;
(A2) a tube of constant radius 7, 0 < r < 1/4/c, around a totally geodesic CP'(c),
1<li<n—-2.
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In CH"(c),

(Aop) the horosphere HS in CH™(c);
(A1,0) a geodesic sphere G(r) of radius r, 0 < r < o0;
(A11) a tube of radius r, 0 < r < oo, around a totally geodesic CH"1(c);
(A2) atube of radius 7, 0 < r < oo, around a totally geodesic CH'(c), 1 <1 < n—2.

Unifying these examples, we call them real hypersurfaces of type (A) in M,(c).
The following theorem shows the importance of these real hypersurfaces.

Theorem A ([6], [9]). Let M*"~! be a real hypersurface in a nonflat complex
space form Mn(c), n > 2. Then the length of the derivative of the shape operator
A of M satisfies |[VA||*> > 1¢*(n — 1) at each point of M. In particular, |VA|? =
c?(n —1)/4 holds on M if and only if M is locally congruent to a real hypersurface
of type (A).

For later use we prepare the following lemma (cf. [6], [9]):

Lemma A. For a real hypersurface M isometrically immersed into a nonflat com-
plex space form M,,(c), n > 2 the following three conditions are mutually equivalent:

(1) M is of type (A);

(2) @A = Ay, where y is the structure tensor induced from the Kéhler structure J
on Mn(c);

(3) g(VxA)Y,Z) = Le{—n(YV)g(eX,Z) — n(Z)g(¢X,Y)} for all X, Y and
ZeTM.

The real hypersurfaces of type (A) are fundamental examples of homogeneous
real hypersurfaces in Mn (c), that is, they are orbits of some subgroups of the full
isometry group I(M,(c)) of this ambient space (cf. [5]). The classification theorems
of all homogeneous real hypersurfaces in M, (c) are given [4], [10].

In order to prove our Theorem, for a geodesic v on a real hypersurface M in Mn(c),
we recall the notion of the structure torsion o, = g(y(s),&y(s)). Note that the struc-
ture torsion g, is constant along each geodesic v on an arbitrary real hypersurface
of type (A) in M,(c) (see the proof of our Theorem).

At the end of this section we review the definition of circles in Riemannian ge-
ometry. Let v = v(s) be a smooth real curve parametrized by its arclength s on
a Riemannian manifold N with Riemannian metric g. If the curve  satisfies the
following ordinary differential equations with some nonnegative constant k:

(2.5) Viy=kY, and VY, =—kY,
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where V4 is the covariant differentiation along v with respect to V of N and Y is
the so-called unit principal normal vector of 7, we call 7y a circle of curvature k on N.
We regard a geodesic as a circle of null curvature. By virtue of the existence and
uniqueness of solutions to ordinary differential equations we can see that for each
point p € N, an arbitrary positive constant k and every pair of orthonormal vectors
X and Y of T, N, there exists locally the unique circle v = v(s) on N satisfying the
initial condition that v(0) =p, ¥(0) =X and Yy =Y.

Adachi, Udagawa and the third author studied circles in a nonflat complex space
form (for details, see [1], [2]).

3. STATEMENT OF RESULT

Our aim here is to prove the following:

Theorem. Let M?"~! be a real hypersurface isometrically immersed into CP™(c)
with an odd number n (> 3). Then M is locally congruent to the tube of constant
radius 7/(2+/c) around the totally geodesic CP"~1)/2(c) if and only if M satisfies
the following two conditions (1) and (2):

(1) M is a Hopf manifold.
(2) At each point p € M there exist such orthonormal vectors vi,va, ..., V2,2 Of
T,M which are perpendicular to the characteristic vector &, that they satisfy
the following conditions 2a) and 2b) :
2a) Every geodesic v; = 7i(s), 1 < i < 2n —2, on M with the initial condition
that v;(0) = p and +%;(0) = v; is also mapped to a geodesic in CP"™(c).

2b) Every geodesic v;; = ~i;(s) on M through p = ~;;(0) in the direction of
v; +vj, 1 <i < j < 2n— 2, has constant structure torsion o.,, = g(¥i;,§)
along the curve ~y;;. Here, needless to say, when i = j or i < j, 4;;(0) = v;
41 (0) = (v; +v;)//2, respectively.

Proof. Before proving our Theorem we shall verify the following two properties
of real hypersurfaces of type (A) in a nonflat complex space form Mn(c), n>=2:

(I) For every geodesic v = y(s) on an arbitrary real hypersurface of type (A) the
structure torsion o, is constant along the curve ~.

(IT) Evey geodesic v = 7(s) on an arbitrary real hypersurface of type (A) whose ini-
tial vector 4(0) is a principal curvature vector with principal curvature A orthogonal
to &,(0), is mapped to a circle of positive curvature [A| in the ambient space Mn(c)
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We first prove (I). It follows from (2.3), Lemma A, the symmetry of A and the
skew symmetry of ¢ that

Yoy = V5(9(%,8) = 9(V4¥,8) + 9(, V4&) = g(7, pAY)
= g(3, ApY) = g(AY, o) = —g(wAY, %) = 0.

Next, we shall prove (II). We set Av = Av with v = 4(0) for each geodesic 7 stated
in (II). Note that this geodesic v on M satisfies that g(¥(s),&,(s)) = 0 for each s
(see (I)). This, together with Lemma A, implies

AT = M = V4 (g(AF — M, Ay — X))
= 29((V’VA);Y) A’Y - )‘7) = 29((V’YA);Y7 A’Y)
= g{—n(ﬁ)g(m, AY) = n(AY)g(ey, )} = 0.

So, from A¥4(0) — Ay(0) = Av — Av = 0 we can see that every geodesic v stated
in (II) satisfies Ay(s) = Aj(s) for each s. Then, by virtue of Gauss formula (2.1)
and Weingarten formula (2.2) we can see that every geodesic v stated in (II) is
mapped to a circle of positive curvature |A|. We remark that this A is either
$y/ccot(y/er/2) or —1y/ctan(y/cr/2) (0 < r < n/4/c) in the case of ¢ > 0 while it
is either 3/ccoth(y/cr/2) or 3\/ctanh(y/cr/2) (0 < r < c0) in the case of ¢ < 0.

We are now in a position to prove our Theorem.

(=) By assumption, our real hypersurface M has three distinct constant principal
curvatures § = 0, A1 = /¢/2 and Ay = —/c/2, where A = 0 and dimV ;/,, =
dimV_ 5/, =n — 1. Moreover, pV), = V), i = 1,2. At each fixed point p of M we
take arbitrary orthonormal bases {e1,e2,...,en—1} and {f1, f2,..., fu—1} of V /o
and V__ 7z /o, respectively. We here set an orthonormal basis v1,...,vp—1,..., 02,2
of TIM = {X € T,M: X L&} in such a way that v; = (e; + f;)/V2, vn_14; =
(ej — f;)/V2, § = 1,2,...,n — 1. Furthermore, we can see easily g(Av;,v;) = 0
for all ¢ € {1,2,...,2n — 2}. On the other hand, in view of Lemma A(3) we see
that g((VxA)X,X) =0 for all X € TM, so that for every geodesic v on each real
hypersurface M of type (A) the function g(A¥(s),7(s)) is constant along the curve ~.
Then every geodesic ; on our real hypersurface M with ~;(0) = p and ;(0) = v;,
1=1,2,...,2n—2, is also mapped to a geodesic in the ambient space CP"(c). Thus
we have proved Condition 2a). The other Conditions (1) and 2b) are obvious (see
the hypothesis and (I) in the above discussion).

(<) We first make use of Condition 2b) in the case of ¢ = j. Our computation
here is due to [3], [7]. Note that 4;;(0) = v;. Then, from (2.3) and Condition 2b) we
obtain

o, = %(9(%‘(5),5)) = 9(3i(8), V5,,€) = 9(Yii(s), pA%ii(s)) = 0,
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so that at s = 0 we have g(v;, pAv;) = 0. On the other hand, we know that

g(vi, pAv;) = {g(0Av;,v;) + g(vi, pAv;)}
= 19((pA — Ap)v;, v;).

Hence we obtain
(3.1) g((pA — Ap)v;,v;) =0, 1<i<2n—2.

Applying the same discussion as above to every geodesic v;; = 7;;(s) with ¢ < j, we
find

A—Ap)—=, —L) =0,

g((@ 2y )

so that

(3.2) g((pA — Ap)(vi +vj),v; +v;) =0 forl1<i<j<2n—2.

It follows from equations (3.1), (3.2) and the fact p A — Ay is symmetric that
(3.3) g((pA — Ap)v;,v;) =0 for 1 <i<j<2n—2.
Furthermore, by Condition (1) the following holds trivially:

(3.4) (pA — Ap)E = 0.

Then, by virtue of equations (3.1), (3.3) and (3.4) we can see that M is of type (A)
(see Lemma A), namely M is locally congruent to either a real hypersurface of
type (A1) or type (As). We shall check Condition 2a) for these two real hypersurfaces
one by one.

Let M be of type (A1). So our real hypersurface M is locally congruent to
a geodesic sphere G(r) of radius r, 0 < 7 < n/y/c. Then it is known that A¢ =
Veeot(y/er)é and AX = 1/ccot(3\/er)X for all X(€ TM) perpendicular to €.
By (II) we find that every geodesic v = 7(s) with initial vector 4(0) orthogonal to
&+(0) is mapped to a circle of positive curvature % ccot(%\/Er) in the ambient space
CP"(c), which implies that our real hypersurface does not satisfy Condition 2a).

Let M be of type (As). So our real hypersurface is locally congruent to a tube
of radius r, 0 < r < n/y/c, around a total geodesic CP'(c), 1 <1 < n — 2. Then
it is known that the tangent bundle T'M is decomposed as the orthogonal direct
sum: TM = {&}r @ Vi, @ Vi, where AS = /ccot(ver)E, A = 2y/ceot(y/er/2),
A2 = —3y/ctan(y/cr/2), dimVy, =2n — 20 — 2, dim V), =2, ¢V), = Vi, i = 1,2.
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Again by using (II) we see that the initial vector of every geodesic v; = 7i(s),
1 =1,2,...,2n — 2, in Condition 2a) must be expressed as 4;(0) = au + bv, where
u, v are unit vectors with u € Vy,, v € V),, and without loss of generality we may
suppose that a is positive. As a matter of course a? +b*> = 1 and b # 0. By
our argument and the fact that M is of type (A) we see that the above geodesic
vi = 7i(s) on M is also mapped to a geodesic in the ambient space CP"(c) if and
only if g(A%;(0),4;(0)) = 0. Then by two equalities ¥;(0) = au + bv and A¥;(0) =
aru + blov we get a = sin(y/cr/2) and b = +cos(y/cr/2), so that the initial
vector ;(0) is written in the form either 4;(0) = sin(y/cr/2)u + cos(y/cr/2)v or
4:i(0) = sin(y/er/2)u — cos(y/cr/2)v. However, in general these two unit vectors
are not orthogonal. We can see easily that M satisfies Condition 2a) if and only if
these two vectors are orthogonal and dim V), = dim V),. Therefore we conclude that
r =mn/(2v/c) and [ = (n — 1)/2. Thus we have proved our Theorem. O
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