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Abstract. A. Rapcsédk obtained necessary and sufficient conditions for the projective
Finsler metrizability in terms of a second order partial differential system. In this paper
we investigate the integrability of the Rapcsdk system and the extended Rapcsdk system,
by using the Spencer version of the Cartan-Ké#hler theorem. We also consider the ex-
tended Rapcsdk system completed with the curvature condition. We prove that in the
non-isotropic case there is a nontrivial Spencer cohomology group in the sequences deter-
mining the 2-acyclicity of the symbol of the corresponding differential operator. Therefore
the system is not integrable and higher order obstruction exists.

Keywords: Euler-Lagrange equation; metrizability; projective metrizability; geodesics;
spray; formal integrability
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1. INTRODUCTION

Last year we celebrated the 100th anniversary of the birth of Andras Rapcsak.
He was one of the founders of the Finsler geometry research school in Debrecen.
His most important results concern the projective Finsler metrizability problem,
where one seeks for a Finsler metric whose geodesics are projectively equivalent to
the solutions of a given system of second order homogeneous ordinary differential
equations (SODE).

The projective Finsler metrizability problem can be considered as a particular
case of the inverse problem of the calculus of variations. Rapcsék in [18] obtained
necessary and sufficient conditions for the projective Finsler metrizability in terms
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of a second order PDE system, called now Rapcsék equations, see [9], [22], [20]. The
coordinate-free formulations of these equations can be found in [14], [22]. Rapcsak’s
approach is simple and natural: one finds conditions directly on the Finsler function
that one seeks for. Recently, several new results appeared about the projective Finsler
metrizability problem, see [4], [8], [9], [10], [15], [16]. Various strategies can be chosen
to deal with the problem: In [9] the generalized Helmholtz system was considered,
in [4] a system in terms of a semi-basic 1-form was investigated and in [10] an
approach in terms of 2-forms was formulated. In this paper, in the perspective of the
projective metrizability problem, we consider the Rapcsék system, which consists of
the homogeneity equation (2.1) and a second order differential equation (3.1), called
the Rapcsak equation. We investigate the integrability of the Rapcsak system and
the extended Rapcsak system by using the Spencer version of the Cartan-Kéhler
theorem. The integrability condition can be expressed in terms of the curvature
tensor (Proposition 4.5) which is not necessarily fulfilled in the non-isotropic case.
Therefore, to solve the projective metrizability problem in this case, one has to
consider an enlarged system by including the curvature conditions to the equations.
Analysing the system with the classical Cartan-Kéhler theory one can show that
the Cartan test fails and the symbol of the operator is not involutive. Therefore
the system (5.2) is not integrable: higher order integrability conditions exist. Using
Spencer technique, the level where these higher order integrability conditions appear
can be calculated.

The paper is organized as follows. In Section 2 we give a brief introduction to the
Frolicher-Nijenhuis theory and to the canonical structures on the tangent bundle of
a manifold. We also introduce the main structures one needs to discuss the geometry
of a spray: connection, Jacobi endomorphism, curvature. We also recall the basic
tools of Cartan-K&hler theory.

In Section 3 we use the geometric setting presented in Section 2 to show that
the Rapcsdk system gives a necessary and sufficient condition for the projective
metrizability problem. Alternative proofs can be found in [22], [21]. We discuss
the integrability of the Rapcsak system by using conditions provided by the Cartan-
Kaihler theorem. We conclude the section by showing that the obstruction to the
formal integrability can be expressed in terms of the nonlinear connection induced
by the spray.

In Section 4 we investigate the formal integrability of the extended Rapcsak system
composed by the Rapcsak system and its integrability condition found in Section 3.
We show that the obstruction to the integrability can be expressed in terms of the
curvature tensor of the nonlinear connection induced by the spray. The curvature
of flat and of isotropic sprays satisfies this integrability condition. We remark that
for these classes of spray manifolds the projective metrizability problem has been
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discussed in [4], [7], [6], but our approach here is different. As Section 5 shows, this
approach can be particularly advantageous from the perspective of further investi-
gations of the cases of non-isotropic curvature.

In Section 5 we consider the case when the curvature is not isotropic. We remark
that very few results are known on the inverse problem of the calculus of variations
in this situation (see for example [11], [19]). In the non-isotropic case the extended
Rapcséak system is not integrable and in order to solve the projective metrizability
problem, one has to consider an enlarged system by adding the curvature conditions
to the system. We consider here the generic case, when the eigenvalues of the Jacobi
endomorphism are pairwise distinct. Analysing the system with the classical Cartan-
Kahler theory one can show that the symbol of the operator is not involutive and
that the Cartan test fails. Therefore the system (5.2) is not integrable: higher
integrability conditions exist. We emphasize that from the non-involutivity of the
symbol one cannot obtain information about the level of prolongation where the extra
integrability condition arises. However, using Spencer technique, this level (and also
the number of the extra integrability conditions) can be calculated. We prove that
for this system the H??2 Spencer cohomology group is nontrivial. Hence to solve the
projective metrizability problem in the non-isotropic case a third order PDE system
(containing the first prolongation of the extended Rapcsék system and the curvature
conditions) should be considered instead of the original second order PDE system.

2. PRELIMINARIES

Throughout this paper, M will denote an n-dimensional smooth manifold. C>° (M)
denotes the ring of real-valued smooth functions, X(M) is the C°°(M)-module of
vector fields on M, w: TM — M is the tangent bundle of M, TM = TM \ {0}
is the slit tangent space. We will essentially work on the manifold TM and on its
tangent space TT'M. When there is no danger of confusion, TT'M and T*TM will
simply be denoted by T and T, respectively. VIT'M = Ker, is the vertical sub-
bundle of T. We denote by A*(M), S¥(M) and W*(M) the C>(M)-modules of
skew-symmetric, symmetric and vector valued k-forms, respectively. We denote by
AM(TM), SF(TM) and W% (T M) the corresponding semi-basic C*°(T'M )-modules.

The Frolicher-Nijenhuis theory provides a complete description of the derivations
of A(M) with the help of vector-valued differential forms, for details we refer to [12].
The i, and the d, type derivations associated to a vector-valued I-form L will be
denoted by iy, and dr. They can be introduced in the following way: if L € W!(M),
then

iLoJ(Xl, . ,Xl) = o.)(L(Xl, . ,Xl)),
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where X1,...,X; € X(M), w € A*(M). Furthermore, dj, is the commutator of the
derivations ¢;, and d, that is,

dp, = [iL,d] =ird — (—1)lildiL.

We remark that for X € X(M) we have dx = Lx the Lie derivative, and ix is
the substitution operator. The Frélicher-Nijenhuis bracket of K € W*(M) and L €
W!(M) is the unique [K, L] € U**! form such that

[di,dr] = dik 1)

In the special case, when K € ¥}(M), X,V € X(M) we have [K,X] € W(M)
defined as
[, X)(Y) = [KY, X] - K[Y, X].

Spray and associated geometric quantities. Let J: TTM — TTM be the
vertical endomorphism and C' € X(T'M) the Liouville vector field. In an induced local
coordinate system (z°,y*) on TM we have J = dz*®0/dy", and C = y'0/0y". Euler’s
theorem for homogeneous functions implies that L € C°°(T'M) is a 1-homogeneous
function in the y = (y!,...,y") variables if and only if

0L
2.1 '— — L=0.
The vertical endomorphism satisfies the following properties: J2 = 0, KerJ =

ImJ =VTM and [J,C] = J.
A spray is a vector field S on T M satisfying the relations JS = C and [C,S] = S.
The coordinate representation of a spray .S takes the form

o . 9
5 T/ @)

sy By

where the functions f(z,y) are homogeneous of degree 2 in y. The geodesics of
a spray are curves v: I — M such that S oy = 4. Locally, they are the solutions of
the equations

(2.2) = fix,2), i=1,...,n.

Two sprays S and S are called projective equivalent, if their geodesics coincide up to
an orientation-preserving reparametrization. It is not difficult to show that S and S
are projective equivalent if and only if they are related by the formula

(2.3) S=8-2PC,
where P € C*°(T'M) is a 1-homogeneous function.
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To every spray S a connection I': = [J, S] can be associated. We have I'> = Id.
The eigenspace of I" corresponding to the eigenvalue —1 is the vertical space VI'M,
and the eigenspace corresponding to +1 is called the horizontal space. For any
x € TM we have T, TM = H,TM & V,TM. The horizontal and vertical projectors
are denoted by h and v. One has

(2.4) h = %(Id+1“), b= %(Id—l“).

The curvature R = [h, h]/2 of the connection is the Nijenhuis torsion of the horizontal
projection h. The Jacobi endomorphism (or Riemann curvature in [20]) is defined
as & = igR. The Jacobi endomorphism determines the curvature by the formula
R = [J,®]/3. The spray S is called flat if its Jacobi endomorphism has the form
® = \J and isotropic if ® = \J — a ® C with some A € C*®°(TM), o € AL(TM).

The vector X € H,TM, X # 0 is a semibasic eigenvector of ® if X = AJX. In
this situation A € R is called the eigenvalue corresponding to X. We remark that R
is skew symmetric, therefore we have ®(S) = R(S, S) = 0, hence S is an eigenvector
and A = 0 is an eigenvalue of ® corresponding to .S.

Finsler structure. A Finsler function on a manifold M is a continuous func-
tion F': TM — R, which is smooth and positive away from the zero section, homo-
geneous of degree 1, and strictly convex on each tangent space. The energy function
E: TM — R associated to a Finsler structure F is defined as E := F?/2. The (0,2)
tensor field with tensor components

P
gl] T 8yzay‘]
is positive definite at any point (z,y) € TM. The pair (M, F) is called a Finsler
manifold. The geodesics of the Finsler manifold (M, F) are the solutions of the

Euler-Lagrange equations

d OEF OF
dt 0#* Ozt
It is not difficult to see that for any function £ € C*(T M) the 1-form

(2.5)

(2.6) wg =igddyE +dLcE — dFE

is semi-basic, and its coordinate representation takes the form wg = w; dz?, where
the coefficients w; are the functions appearing in the left-hand side of the Euler-
Lagrange equation (2.5). Therefore S corresponds to the geodesic equation of E if
and only if the equation

(2.7) wWE = 0
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holds. The spray S is called Finsler metrizable if there exists a Finsler function such
that for the corresponding energy function (2.7) holds, and S is projective Finsler
metrizable, if it is projective equivalent to a Finsler metrizable spray.

Formal integrability. To investigate the integrability of the Rapcsak system
we shall use Spencer’s technique of formal integrability in the form explained in [13].
For a detailed account see [2]. We recall here the basic notions in order to fix the
terminology.

Let B be a vector bundle over M. If s is a section of B, then ji(s), will denote
the kth order jet of s at the point x € M. The bundle of kth order jets of the
sections of B is denoted by JiB. In particular Jy(Rps) will denote the kth order jets
of real-valued functions, that is, the sections of the trivial line bundle. Let B; and
Bs be vector bundles over M and P: Sec(By) — Sec(Bz) a differential operator. An
s € Sec(By) is a solution to P if Ps=0.

If P is alinear differential operator of order k, then a morphism py(P): Ji(B1) — B2
can be associated to P. The [th order prolongation pgy;(P): Jr11(B1) — Ji(B2) can
be introduced in a natural way by taking the Ith order derivatives. Soly1;,(P) :=
Ker p+1,(P) denotes the set of formal solutions of order ! at x € M. Obviously, we
have

Ps=0 = j;4(s) € Sol,(P),

for every | > k and x € M. The differential operator P is called formally integrable
if Sol;(P) is a vector bundle for all | > k, and the restriction 7 ;: Soli11 ,(P) —
Sol; ;(P) of the natural projection is onto for every [ > k. In that case any kth order
solution or 4nitial data can be lifted into an infinite order solution. In the analytic
case, formal integrability implies the existence of solutions for arbitrary initial data
(see [2], page 397). To prove the formal integrability, one can use the Cartan-Kihler
theorem. To present it, we have to introduce some notations.

Let o1(P) denote the symbol of P determined by the highest order terms of
the operator. It can be interpreted as a map o(P): S*T*M ® By — B,. By
okt (P): SMHT*M ® By — S'T*M ® By we denote the symbol of the Ith order
prolongation of P. If £ = {ey...e,} is a basis of T,, M, we set

9k,z(P) = Ker oy, »(P),
Grz(Pey.cy ={A € gra(P): i, A=... =i, A=0}, j=1,...,n.

The basis € is called quasi-regular if one has
dim gr41,4(P) = dim g »(P) + Z dim gr,o(Pe;...c; -
j=1
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A symbol is called involutive® if there exists at any x € M a quasi-regular basis. The
notion of involutivity allows us to check the formal integrability in a simple way by
using the following theorem:

Theorem 2.1 (Cartan-Kéhler). Let P be a kth order linear partial differential op-
erator. Suppose that P is regular, that is, Soly1(P) is a vector bundle over Soly(P).
If the map Ty : Sol41(P) — Sol,(P) is surjective and the symbol is involutive, then
P is formally integrable.

It can be shown that the condition of the existence of a quasi-regular basis can
be replaced by a weaker condition. The obstructions to the higher order successive
lift of the kth order solution are contained in some of the cohomological groups of
a certain complex called Spencer complex. The H™? Spencer cohomology group is
defined as

5m
_ Ker(gm(P) @ A>T*M =5 gp—1(P) @ A>T*M)

(2.8) H™? R
Im(ngrl(P) ®@T*M — gm(P) ® AQT*M)

The symbol of a kth order linear differential operator P is 2-acyclic if H™? = 0
for all m > k. Using Spencer cohomology groups, a weaker version of integrability
theorem can be stated:

Theorem 2.2 (Goldschmidt). Let P be a kth order regular linear partial differ-
ential operator. If T : Soly11(P) — Soli(P) is onto and the symbol of the operator
is 2-acyclic then P is formally integrable.

Using a classical result in homological algebra, the surjectivity of 741 can be
verified in the following way (see [13]):

Proposition 2.3. There exists a morphism ¢: Soli(P) — Coker (011 (P)), such
that the sequence

Solps1(P) =5 Soly(P) -2 Coker(opq (P))

is exact. Therefore Ty, is surjective if and only if ¢ = 0.

! In the works of Cartan, and more generally in the theory of exterior differential systems,
“involutivity” means more than the existence of a quasi-regular basis and it refers to
“integrability” (cf. [2], pages 107, 140). Here we follow the terminology of Goldschmidt
(ct. [2], page 409).
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Remark 2.4. The map ¢ is called obstruction map and Coker(opi1(P)) is
called obstruction space, because a kth order solution s € Soli(P) can be pro-
longed into a (k + 1)st order solution if and only if ¢(s) = 0. In particular, if
Coker (o41(P)) = {0} then there is no obstruction to the prolongation.

In practice the map ¢ and therefore the integrability conditions can be computed
as follows:

Remark 2.5. Let 7: T ® By — K be a morphism such that Kerr =
Imoyy1(P). Then K is isomorphic to Coker (ox4+1(P)). Moreover, if sk » = ji(s)z
is a kth order solution, that is, (Ps), = 0, then

(skz) = T(V(P5))a,

where V is an arbitrary linear connection on the bundle Bs.

Let (z) be a local coordinate system on M, (z%,y") the associated coordinate
system on T'M in the neighborhood of v € TM. If ji.(F), € Jx(Rpar) is a kth order
jet of a real-valued function F' on T'M, we set the notation

o'F
Oz ... QxtaQylatr .., Oyl

(29) Fi1~~~iaia+1mil = (’U), 1 < l < If, 1 < a < l

3. DIFFERENTIAL OPERATOR OF THE PROJECTIVE METRIZABILITY:
THE RAPCSAK SYSTEM

In this section we derive the PDE system describing the necessary and sufficient
condition for a spray to be projective Finsler metrizable. We have the following
statement:

Proposition 3.1. A spray S is projective Finsler metrizable if and only if there
exists a Finsler function F: TM — R (1-homogeneous, continuous, smooth and
positive on T M where 0*F?/0y'0y’ is positive definite), such that

(3.1) igdd;F = 0.

Proof. The spray S is projective Finsler metrizable if and only if there exists
a Finsler metrizable spray S which is projective equivalent to S. Because of the
projective equivalence, there exists a function P such that S =8 —2PC. Let us
denote by F the Finsler function associated to S. It is well known that F is invariant
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by the parallel translation associated to the connection I = [J, §] and therefore we

have d; F' = 0. Using the relation
h=h-PJ-d;PaC

between the horizontal projectors ([5], Chapter 4) and the 1-homogeneity of F, we
get

(3.2) 0=d; F = dyF —dpsF — dyPCF = dyF — PdsF — Fd;P = d,F — d;(PF).
Substituting S into (3.2), using JS = C and the homogeneity of F and P, we get
isd; F = SF — C(PF) = SF — 2PF =0,

and we find that the projective factor is P = (1/2F)SF. Replacing P in (3.2) by the
above expression we get

- 1~ - -1 ~
dnF — dJ(ﬁ(F dsF)) = dF = 5d;(dsF) = 0.
Using (2.4) and the relation d|; s) = djds — dsd; we obtain

0= dr*_;,_[ﬁ - desﬁ = d[J’S]ﬁ“_ dﬁ - deSﬁ
= —(igd + dig)dsF + dF = —igdd;F — dCF + dF = —igdd,F.

O

We note that a coordinate version of the above theorem was proved by Rapcsak
in [18], and coordinate free versions were given in [14], [21], [22]. Here we presented
a different proof.

Definition 3.2. Let S be a spray on M. The partial differential system com-
posed by the equation (3.1) and the 1-homogeneity condition (2.1) is called the
Rapcsdk system.

According to Proposition 3.1 the projective metrizability leads to the investigation
of the Rapcsak system.

Remark 3.3. The Rapcsak system is equivalent to the system composed by the
Euler-Lagrange equations (2.5) and the 1-homogeneity condition (2.1).
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We remark that the system composed by the Euler-Lagrange equations and the
k-homogeneity condition for k # 1 can be reduced to a first order partial differential
system which can be interpreted in terms of the holonomy distribution associated to
the spray S. When k = 2 (this case corresponds to the Finsler metrizability problem),
the computation can be found in [17]. The same reasoning can be applied for other
values of k, k # 1. But this method cannot be used for the value k = 1. Nevertheless,
in some special situations, the Rapcsak system can also be reduced to a first order
PDE system. This is the case for example for the canonical spray of a Lie group, if
one seeks for an invariant solution to the projective Finsler metrizability problem.
In that case, the Rapcsak system can be reduced to a first order system, and one
can show that the invariant Riemann, Finsler and projective Finsler metrizability
problems are equivalent, see [3].

Integrability conditions of the Rapcsak system. Let us consider the
differential operator P; corresponding to the Rapcsak system

(3.3) P, = (Ps, Po),

where

(3.4) Ps: C®°(TM) — SecT*, Ps(F)=r1igdd;F,
(3.5) Po: C®°(TM) — C>*(TM), Pc(F)=LcF-F.

From the local expression it is clear that Pc is a first and Pg is a second order
differential operator. The associated morphisms are defined on the first and second
order jet spaces, respectively. Using the coordinate system (2.9) we get

pi(Pe): Ji(Rry) = R, ji(F) = y'F;— F,
p2(Ps): Ja(Rrar) = T%,  jo(F) = (y'Fyy + f'Fy — Fy)da' — (Fy + y’ Fyy — Fi)dy'.

The interesting feature of the Rapcsak system is that it is composed by differential
operators of different orders. To find the integrability conditions of the system we
consider the prolongation of the lower order equation. The morphism associated to
this system is

p2(P1) = p2(Ps) x pa(Pc): Jo(Rram) = T x Ji(Rrar).

Lemma 3.4. A 2nd order solution s = jo(F'), at x € TM of the Rapcsdk system
can be lifted into a 3rd order solution if and only if one has

(3.6) (irdd;F), =0,
where I" = [J, S| is the canonical nonlinear connection associated to S.
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Proof of Lemma 3.4 (first part). The symbols are defined by the highest order
part of the operators. For Po we find

(37) O'l(Pc)I T — [R, Ul(Pc)Al :Al(C)
The symbol of Ps and the prolongation of the symbol of Po are

(3.8)  02(Ps): S*T* — T*, (02(Ps)As)(X) = As(S,JX) — Ax(X, C),
(3.9) o2(Po): S?°T* = T*, (02(Po)A2)(X) = Ax(X,C)

for every X € T, A; € T*, Ay € S?T*. The prolongations of the symbols at third
order level are

(3.10) 03(Pg): S3T* — S*T*, (03(Pc)A3)(X,Y) = A3(X,Y,C),
(3.11) 03(Ps): S*T* — T* @ T*, (03(Ps)A3)(X,Y) = A3(X, S, JY) — A3(X,Y,C),

where X,Y € T, A3 € S3T*, and we have
0’3(P1) = (O’g(Ps),O'g(Pc)): S3T* — (T* ®T*) x S2T*.

Let us consider the map 71 := (7,72, 74, 72), where

(3.12) 7&(Bs, Bc)(X,Y) = Bs(JX,hY) — Bg(hY, JX)
—Bg(JY,hX) + Bg(hX,JY),

(3.13) 75(Bs, Bo)(X) = Bs(X, ),

(3.14) 7&(Bs, Be)(X,Y) = Bs(X,JY) + Bo(X, JY),

(3.15) 72(Bs, Bc)(X,Y) = Bs(C,hX) — Bo(S, JX) + Be(hX,C)

for Bs € T*® T*, Bc € S*T*, X,Y € T.

Remark 3.5. We have Imo3(P;) = Kermp, that is, if we denote K; = Immy
then the sequence

(3.16) §37+ B (7 o Ty % 2T TS Ky 5 0

is exact.
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Proof. Since by the definition of K; the sequence (3.16) is exact in the third
term, we have to check only its exactness in the second term. It is easy to com-
pute that 7 o 03(P1) = 0 and therefore Imos(P;) C Kerr. Let us compute
dim Ker o3(P;). We consider the basis

(317) B:= {hl,...,hn,vl,...,vn}CTI,

where h; are horizontal, h,, = S, Jh; = v;, i = 1,...,n (and therefore v,, = C). In
the sequel we denote the components of a symmetric tensor A € S¥T* with respect
to (3.17) as

(318) A = A(hi1;~~~;hijavij+1;~~~;vik)~

i1y
It is clear that Keros(P1) = Keros(Ps) N Kero3(Pc). The symmetric tensor A €
S3T* is in Kero3(Pc) if

(3.19) Aijn = Aijn = Aijn =0,

and A € S3T* is an element of Ker o3(Ps) if

3.20
3.21
3.22
3.23

03(PS)(A)(hiahj = A(hiahnavj) - A(hiahj;vn) = Aznl - Aij@ =0,

)

) 03(Ps)(A)(hi,v;) = —A(hi, vj,vn) = —Aijn = 0,
)
)

~ —

03(Ps)(A)(vi, h;) = A(viy by vj) — A(viy by, vn) = Aing — Aijn =0,

(
(
( i
( 3(Ps)

= —
|

A)(vi,v5) = —A(vi, v5,0n) = —Aijn =0

fori,j =1,...,n. Taking into account the symmetry of A we have 2n(n + 1)/2 + n?
independent equations in (3.19). Moreover, counting the independent equations in
(3.20)—(3.23) we get that (3.21) and (3.23) trivially hold because of (3.19). From
(3.20) we have only n? — n independent equations because for j = n the equa-
tions are trivially satisfied, and from (3.22) we have n(n — 1)/2 independent equa-
tions because, again, for j = n they are trivially satisfied. Consequently, we have
2n(n +1)/24+2n2—n+n(n — 1)/2 = 7n? — n/2 independent equations in the system
(3.19)—(3.23). Therefore we get
™m?—n  8n%—9n?+7Tn

(3.24) dim(g3(P1)) = dimKeroz(P;) = dim S3T* — 5 _ -

and

n? —
(3.25) rank o3(Py) = o 5 .
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On the other hand, let us compute dim Ker 7. The pivot terms for the equation
74 =0 are Bg(vi, hj), i < j < n. Furthermore, Bs(vi, hy), Bs(hi, hy), i =1,...,n,
are pivot terms for 72 = 0. Therefore the number of independent equations for
Ker7d and Ker7Z are (n — 1)(n —2)/2 and 2n, respectively. Moreover, the pivot

terms for the equations 78, = 0 and 72 = 0 are Bg(h;,v;), Bs(vi,v;), i,j =1,...,n,
and Bg(vn, h;), i =1,...,n—1, giving in addition 2n?+n—1 independent equations.
Thus,
(3.26) dimKer 7y = dim S?T* + dim(T* ® T*)
—1)(n—2 n? —
2 2
Comparing (3.25) and (3.26) we get Im o3(P;) = Ker . O

Proof of Lemma 3.4 (second part). The morphisms, the symbols and the
obstruction map associated to the Rapcsak system can be represented in the following
commutative diagram:

o3 (P -
g3(P1) S3T* 2 (T* @ T*) x S?T* —> K| —=0

I S

Sols(Py) —> J3(Ryar) 22 J1 (T*) x Jo(Ryay)

\Lﬂz lﬂz l/ﬂ'oxm

SOIQ(Pl) — s JQ(RTM) T* x JI(RTM)

p2(P1)

Let s = jo(F)y € Sola (P1) be a second order solution of P; at z, that is,
(3.27) (isddjF), =0, (LcF—F),=0, (V(LcF—-F)),=0.

The integrability condition can be computed in terms of 7 = (Tév,’fgv, Té,Tg). Ac-
cording to Remarks 2.4 and 2.5, s can be lifted into a third order solution if and only
if p(s) = 0, where ¢(s) = (11 VP (F)),. Computing ¢(s) we find the following
(1) Using the notation w := igddsF we have w, = 0 from (3.27) and
TE(V(PLF))(X,Y) = Vw(JX,hY) — Vw(hY, JX) — Vw(JY,hX) 4+ Vw(hX, JY)
=JXw(hY) = hYw(JX) — JYw(hX)+ hXw(JY)
=iydw(hX,hY).
Moreover, dig = —igd + dg, iyjdg = i[7,9) dsiy and djdy = 0, we obtain that
tydw(hX,hY ), = (ijdsddjF —iyigddd; F),(hX,hY)
= (ig,9dd s F' + dsijdd; F).(hX,hY) = (irdd s F).(hX,hY).
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(2) T2(V(PLF)), = (Vw)(X,S) = X,w(S) = X,dd; (S, S) = 0.
(3) Using the identity J[JX,S] = JX we have

& (V(PLF))y = Xo(igddyF(JY)) + X, (JY (CF — F))
= X, (=JYd ;F(S)—dsF([S,JY])) + X.(JYCF — JYF)
= —X,(J[S,JY]F) = X,(JYF) = X, (JYF) — X,(JYF) = 0.
(4) We have dd;(CF — F)(S,hX) = S(JX(CF — F)) — hX(C(CF — F)). Then
T&(V(PF)), = ClisddyF(hX)) — S(JX(CF — F)) + hX(C(CF — F))
=dedd;F(S,hX) — ddjdcF(S,hX) + ddyF(S,hX).
Since djdc — dedy = djjc) = dy it follows that

deddjF —ddjdcF 4+ dd;F = dcdd;F — ddcdjF = decddjF — dodd; F' = 0.

From the above computation it follows that ¢(s) = (n VP (F)), = (irdd;F,0,0,0)

and therefore the only condition to prolong a second order solution into a third order

solution is given by the equation (irdd;F'), = 0 as Lemma 3.4 stated. O
Lemma 3.6. The symbol of P, = (Ps, P¢) is involutive.

Proof. Let us consider the basis B introduced in (3.17). Using the notation
(3.18) we have

g2(P1) =Keroo(Py) = {A € S*T*: A(X,C) =0, A(S,JX) = A(X,C)}
:{AES2T*Z Aij:Aji, AQ:AQ’ Aiﬁ:Ani:Am:Am:O}a

and therefore

n(n+1)

(3.28) dim(go2(Py)) = +(n—-1)*+ = n? 4 (n—1)?
Let us consider the basis B = {e;}i=1,...2n, where
(3.29) E:{ hi oo ishn 1, hn+v1+ ...+ v, V1 ,..., Up }
~ —— -~
e1 en_1 en ent1 ean

Denoting the coefficients of A € S2T* with respect to B by /Nlij, we have

92(P)eye, ={A € S?T*: i, A=0, ..., i, A=0}
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therefore

dim (gQ(Pl))el,,,ek
_ { ln—k)m—-k+1)+n-km-1)+3n-2nm-1) ifk<n,
1

n=2-k)n—-kFk-1) if k > n,
and hence
2n
dim go(Py) + Z dim g2(P1)e; ...ex
k=1
:n2+(n—1)2+2((”_k)(’;_k“) +(n—k)n—1)) +—”(”_22)(”_1)
k=1

n
(n=2-—k)(n—k—1) 8n®—9n%>+17n (324
AL N A

d1m gg(Pl),
k=1

which shows that the basis (3.29) is quasi-regular, and the symbol of P; is involutive.
O

From Lemmas 3.4 and 3.6 we get the following proposition:

Proposition 3.7. Let S be a spray on the manifold M. Then the Rapcsak system
associated to S is formally integrable if and only if for every second order solution
s = ja(F), the equation (3.6) is satisfied.

Proof. According to Lemma 3.4, if equation (3.6) is satisfied, then every second
order solution can be prolonged into a third order solution. Moreover, the symbol
of the differential operator P; is involutive and therefore there is no higher order
compatibility condition for the operator P;, hence all third order solutions can be
prolonged into an infinite order solution. (I

Remark 3.8. For every function F' € C°(TM) the corresponding irdd; F is
a semi-basic 2-form and as such, it is identically zero if the dimension of the manifold
M is one. In that case, the Rapcséak system is formally integrable. However, if dim M
is greater than one, the equation (3.6) is not satisfied by all second order solutions
and therefore the Rapcsak system is not formally integrable.
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4. EXTENDED RAPCSAK SYSTEM

Lemmas 3.4 and 3.6 show that the conditions of Theorem 2.1 are fulfilled if and
only if for any initial data jo(F'), of P1 we have also irdd;F = 0. This is true if
dim M = 1. However, when dim M > 2, this condition is not satisfied by every
second order solution. Therefore not every second order solution can be lifted into
a third order solution. Since the set of initial data is too large (containing some
which cannot be prolonged into a higher order solution) we have to reduce it by
including the compatibility condition to the system. This leads us to consider the
operator (Ps, Pc, Pr), where Pr is a second order operator defined as

Pr: C®(TM) — Sec(A’T}), PrF :=iprdd,F.

Remark 4.1. If S is a spray and F is a 1-homogeneous Lagrangian, then we
have

PsF(X) = igdd;F(X) = dd;F(S,hX) = 3irdd;F(S,hX) = PrF(S,hX)

for every X € T. Consequently, if F' is a solution of Pr, then it is also a solution
of Pg, that is, Pr contains in particular the equations of Ps. That lead us to drop
the system Pgs and consider the extended Rapcsdk system

(4.1) Py = (Pr, Po).

It is clear that a function is a solution to the Rapcsak system if and only if it is
a solution to the extended Rapcsak system.

In this chapter we investigate the integrability of the extended Rapcsdk system
P, = (Pr, Po). Our method is similar to the one we used in Chapter 3.

Lemma 4.2. A 2nd order solution s = ja(F), of the system P» = (Pr, Pc) at
x € TM can be prolonged into a 3rd order solution if and only if

(4.2) (ipdd;F), = 0.

Proof. The symbol of the operator Pr and its first prolongation are o3 (Pr):
S2T* — ATy and o3(Pr): S3T* — T* ® A>T} with

(4.3) (02(Pr)A2)(Y, Z) = 2(A2(hY, JZ) — Aa(hZ, JY)),
(4.4) (03(Pr)As)(X,Y, Z) = 2(As(X, hY, JZ) — As(X, hZ, JY)),



where X,Y,Z € T, Ay € S?T*, A3 € S3T*. Let us consider the map
(4.5) 73 = (T4, 7%, Tr0)
defined on (T* ® A2T}) x S?T* with

(4.6) 75(Br,Be)(X,Y,Z) = Br(hX,Y,Z) + Br(hY, Z,X) + Br(hZ, X,Y),
(4.7) 72(Br,Bc)(X,Y,Z) = Br(JX,Y,Z) + Br(JY, Z,X) + Br(JZ,X,Y),
(4.8)  7rc(Br, Bo)(X,Y) = LBr(C, X,Y) — Bo(hX, JY) + Bo(hY, JX),

where Br € T* @ A>T, Bc € S?T*, X,Y,Z € T. We have the following property:

Property 4.3. Let Ko be the image of 75. Then the sequence

(4.9) S37 ) (7 @ A2T) > S2TF 2 Ky — 0
is exact.
Proof. A simple computation shows that 7 o 03(FP2) = 0, and therefore

Imos(P2) C Ker7a. Let us compute the rank of o5(P,). By using the basis (3.17)
and the notation (3.18), a symmetric tensor A € S3T* is an element of Ker o3(P,) if
in addition to the relations describing the symmetry properties, the equations (3.19)
and the equations

(410) Aij& = Aikl'v Ai]E = Alkl’ i,j, k = ]., ey

hold. We obtain from (4.10) that all of the blocks (3.18) are totally symmetric, and
Aijn = Aijn = Aijn = 0. That way there are n(n+ 1)(n +2)/6 free components
in the block (Aj;jx) and (n — 1)n(n + 1)/6 free components to choose in each of the
blocks (Aijx), (Aijx) and (A; k). That is,

nn+1)(n+2) (n—1)n(n+1) _ 4n3 +3n% —n

4.11 di 3(Ps)) =
(111)  dim(gs(Py)) Jnt?) | gln= e o
and
3 2
(4.12) rank o3 (Py) = dim S5 — dim(gg(Py)) — — -+ 917 51

6

On the other hand, considering the equations determining Ker 75 we find that the
pivot terms for 7t = 0 and for 72 = 0 are Br(h;, hj, hy) and Br(v;, hj, hi), i < j < k,
respectively. Both of them provide (g) independent equations. Furthermore, the
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terms Br(vn, hi, hj), 1 < j, 1,7 =1,...,n, are pivot terms for 7r¢ = 0, which gives
n(n — 1)/2 independent equations. Hence

(4.13) dim Ker 75 = dim S*T* 4 dim(T* ® A?T)) — 2 <§> — _n(nZ— 1)

~ 4n® +9n% 4 5n
=

Comparing (4.12) and (4.13) one finds that rank o5(P2) = dim Ker 72 and that the
sequence (4.9) is exact. O

Let us turn our attention to the proof of Lemma 4.2. We have the following
commutative diagram:

o3 (P T
3(Py) g 2 peg A2T?) x S2T* — 2> Ky —— 0

b

8013(P2 — s Jg(RTM) E—— Jl(A2T;) X JQ(IRTM)

L
i p2(Pz2)

SOlQ(PQ) —> JQ(RTM) _— AQTJ)k X JI(RTM)

Let s = jo(F'), be a second order solution of P, at a point z, that is, (P2 F), = 0.
We have

(4.14) (irdd;F)y =0, (LoF—F)y=0, (V(LcF —F)),=0.

The integrability condition can be computed with the help of the map 75 (see Propo-
sition 2.3 and Remark 2.5). Indeed, s € Sols ,(P») can be prolonged into a third
order solution if and only if ¢(s) = 0, where ¢(s) = (o VP2 (F'))s. Let us introduce

the notation 2 = dd;F. Using the component maps of 7o introduced in (4.5) one
finds

(1) (V(PQF)) =dp(irddjF)y = (dpion—1dd  F),
= (2(dpindd, F — dydd; F)),
— (2dp(ind — din)dsF)y = (2dndnds F)s
=(d RdJF)x = (ZRQ)xa
(2) TE(V(PF)), =dy (ZFQ) (dJ(ZQh 1) = (2dyipdd s F — 2d;dd  F),
— (—2dyindsdF — 2iddds F + 2di ydd s F),

—(2dJ(d]ZhdF + d]dF))m = 0,
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where we used [d,ds] =0, [in,d;] = djn —ip, s and [J, h] =0,

3) 1re(VP(F)).(X,Y) = iVirQ(C, X,Y) — VPoF(hX, JY) + VPoF(hY, JX)
— LdoipQ(hX,hY) — Lirdodd F(hX, hY)

[C.T]=0

= LdioQ(hX, hY) 0.

The above computation shows that ¢(s) = 72(VP2(F)); = (ir€s, 0,0), which proves
Lemma 4.2. (]

Lemma 4.4. The symbol of P» is involutive.

Proof. We consider the basis (3.17) and use the notation (3.18). We have

gQ(PQ) = Ker O'Q(PQ)
={Ae S*T*: A(X,C)=0, A(hX,JY) = A(hY,JX)}
= {A S S2T*Z Aij = Aji, A’Ll = Aﬂ‘, AQ = Aﬂ’ Aiﬂ = 0, An;’ = 0}

Therefore dim(gz(P2)) = n(n+1)/2 + 2(n — 1)n/2. Let us consider the basis & =
{€;}?",, where

ei=h;+iv;, i1=1,....,n—1,
en=hn,+vi+...+ vy,
€i+n = U, i:l,...,n.

In the new basis the components of the block (A4;;) = (A;;) can be expressed as
a combination of the components flil- as follows: if i # j, then /Ale =(Gi—-j)tx
(Aij - Aﬂ‘), and if 1 = j, we have AJ‘]‘ = An]‘ — Z (k —j)il(fij& — Akj) Then,

J i 1T A J

dim(g2(P2))a,. 5, = { s(n—k+1)(n—k)+n—-1)n—Fk) ifk<n,

0 if £ > n,
and therefore
2n
dim (g2(P2)) + Y _ dim(ga(P2))z,..2,
k=1
n(n+1) (n—1n ~/(n—k+1)(n-k)
2 +k§( 5 +(n—1)(n—k))
4.11) .
LY dim(ga(P2),
thus the basis & is quasi-regular. O
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From Lemma 4.2 and Lemma 4.4, using the Cartan-Kihler theorem, we get the
following proposition.

Proposition 4.5. The extended Rapcsak system is formally integrable if and
only if for every second order solution js(F'), the equation (4.2) is satisfied.

The proof is similar to that of Proposition 3.7. According to Lemma 4.2, if equation
(4.2) is satisfied, then every second order solution can be prolonged into a third
order solution. Moreover, the symbol of the differential operator P, is involutive and
therefore there is no higher order compatibility condition for the extended Rapcsak
system and all third order solutions can be prolonged into an infinite order solution.
Altogether we obtain that every second order solution can be prolonged into an
infinite order solution and the extended system is formally integrable.

Theorem 4.6. Let S be a spray on a manifold M. The extended Rapcsak system
is formally integrable if and only if one of the following conditions is fulfilled:
(1) dim M = 2;
(2) the spray S is flat;
(3) the spray S is of isotropic curvature.

Proof. We have the following cases:

(1) If dimM = 2, then the space of semi-basic 3-forms is trivial, that is,
A2(TM) = {0}. Therefore for every F' € C°°(T M) we have irdd;F = 0.

(2) If S is flat, that is, ® = AJ, then R = d;\ A J. Using the integrability of the
vertical distribution we get irdd;F = drdjF = d])\d?]F +diaNigdyF =0.

(3) If S is of isotropic curvature, then R takes the form R = a A J+ f® C, where
a € AY(TM), B € A2(TM). Then

irdd s F = Z'QA]Jrﬂ@CdeF =aANijdd;F+ B Nicdd;F =0.

In all three cases the second order solutions ja(F), satisfy the equation (4.2). Using
Proposition 4.5 we obtain that in all three cases the extended Rapcsadk system is
formally integrable. O

Corollary 4.7. Let S be an analytic spray on an analytic manifold M. If M is
a 2-dimensional manifold, or the spray S is flat, or of isotropic curvature, then S is
locally projective Finsler metrizable.

Indeed, in the analytic context, formal integrability implies the existence of solu-
tions for all initial data.
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The integrability condition igdd;F = 0 also appeared in [1]. It can be shown that
this integrability condition is equivalent to the equation tadd;F = 0 or iyydd s F = 0,
where @ is the Jacobi endomorphism and W is the Weyl tensor associated to S.

5. CURVATURE CONDITION: NON-2-ACYCLICITY OF THE SYSTEM

As the results of Section 4 show, in the case when the curvature is not isotropic
the extended Rapcsak system is not formally integrable. Indeed, the integrability
condition can be expressed in terms of the curvature tensor (Proposition 4.5), and
in the non-isotropic case the curvature condition (4.2) is not necessarily satisfied by
all initial data. Therefore, to solve the projective metrizability problem in this case
one has to consider an enlarged system by including the curvature condition to the
extended Rapcsdk system. We remark that equation (4.2) can be replaced by an
equivalent condition

(5.1) leddy FF =0

containing the Jacobi endomorphism instead of the curvature tensor (see [9]). There-
fore we introduce the second order differential operator Py: C*°(T' M) — Sec(A2T),
with Py(F) = iedd;F and consider the system

(5.2) P3 = (Pp,Pc,Pq)).

One can remark that from equation (5.1) it follows that ® has to be self-adjoint
with respect the symmetric bilinear form g = Q(J-,-), and therefore it must be
diagonalizable. We consider here the generic case, when the eigenvalues of ® are
pairwise distinct. We have the following theorem:

Theorem 5.1. Let S be a non-isotropic spray on an n-dimensional manifold.
Then the first nontrivial Spencer cohomology group is H*?(Ps). Moreover, one has

dim H*?(Ps) = W

Proof. The symbol of the operator Pg is defined as
(53) (02(P<1>)A) (Xl,XQ) = A(@Xl, JXQ) - A(@XQ, JXl),

for X1,Xs € T, A € S?T* and therefore its (m — 2)th order prolongation is defined
as

(5.4) om(Ps)A(X1, ..., Xm)
= A(X1, .., ®X 1, JXm) — A(X1, ..., B Xy T X 1),
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(X; €T, Ae S™T*, m > 2) having an analogous operation as (5.3) in the last two
arguments. We denote by A1, ..., A, the distinct eigenvalues of the Jacobi endomor-
phism. For every spray S we have ®(S) = 0, and therefore \,, = 0 is an eigenvalue
of ®. Let

(5.5) B:={e1,....eam} ={h1, ... . hn,v1,..., 00} C ToTM,

be a basis formed by the horizontal and vertical semibasic eigenvectors of ®. We
have ®h; = A\jv;, Jhy = v, i=1,...,n, h, =S, v, = C. We have A € Keroa(Ps)
if and only if A(®h;, Jhy) — A(Phi, Jh;) = (Aj — Ag)A(vj, vk) = 0, that is, using the
notation of (3.18), A;; = 0 for j # k. More generally, from (5.4), for an mth order
symmetrical tensor A € S™T* we have

(56) AEKeram(Pq>)<:>A(eil,...,eu%z,vj,vk) :0<:>Amﬁ:0, j#k,
where 1 <is <2n,1 <s<m—2,1< 7, k<n. In particular

(57) A€Kef03(P¢)<:>Aiﬁ:Aﬁ:0, i,j,k‘zl,...,n,j;ék,
(58) A€ KeI'O'4(Pq>) = A’Llﬂ = Az@ = Ailjk = 07 ialajvk = 17" - Ny ]# k.

Let us consider the Spencer sequence corresponding to m = 2:
63 * 6% 2k 6% 3%
(5.9) 0 — ga(P3) == T* @ g3(P3) —> A°T* ® go(P3) —= A*T* ® g1(P3) —> ...

Computation of Im 2.  We remark that 2 = i is the canonical inclusion and
the symbol of Pj is 1-acyclic, that is, H™! = 0 for all m > 2. Consequently, (5.9) is
exact in the first two terms. We obtain that

(5.10) rank 07 = dim(T* @ g3(P3)) — dim(ga(P3)).

The symbol of (5.2) and its prolongations are

(5.11) Om(P3) = (0m(Pr), om(Pc), om(Ps)).

In order to compute g3(Ps3) and g4(Ps) we note that by definition

(5.12) gm(Ps) = Ker 0,,,(P3) = Ker 0y, (Pr) N Ker 0, (Pc) N Ker 0y, (Pa)

for every m > 2. Therefore a symmetric tensor A € S3T* is an element of g3(P3)
if and only if its components satisfy (3.19) and (4.10). We obtain that the block
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(Aijr) is totally symmetric and contains n(n + 1)(n + 2)/6 free components. The
block (A;jx) is also totally symmetric and A;j, = 0. So in the block (A;;,) we have
(n — 1)n(n +1)/6 free independent components. In each of the blocks (A;jx), (Aijk)
there are only n—1 free components: the A;;; and the A;;;, 1 < i < n—1. Adding the
number of the independent free components and using the formula for combination

rep (n—i—l]j—l)

Cnk = (Z) and combination with repetition Cn’ b= we can find that

dim gs (P?,) Crep C:;BEDLB + 2 C:lefplyl.

A completely analogous computation (using components with four indices) shows
that
dim g4(P3) = Crep + C;epm + 3C;Le_p171.

Therefore, from (5.10) we obtain that

Tt 2n®  4Tn?  43n
2 __
(5.13) rank 6] = 1 + 3 + 5 5

+ 3.

Computation of Kerd3.  We remark that for 2 < m we have g,,,(P3)NS™T =
S™Tx, that is, there is no restriction on the purely horizontal part of the elements
of g, (Ps). Therefore we can use the canonical exact sequence

* i * * 65” * * 6;11 * *
(5.14) 0 — S*'TF S Tr @ ST =3 A°T) @ S°TF 23 AT o T —

where 67 , and 67, denote the restriction of 67 and 03 on the corresponding spaces.
From the exactness of (5.14) we get that for m = 2

dim Ker 62 = dim(T} ® 5°T;) — dim(S*T;) = nCy§ — C%,
A2T) ®S2T, .

and the number of independent equations characterizing dim Ker 63 , is
(5.15) No = dim(A*T; ® ST;) — dimKerds , = (Cn2 + Cih) — (nCih — Ci%).

Let us consider the equations of Ker §2 containing at least one vertical component:
we will determine how many independent parameters characterize the mixed part
of a tensor D in Kerd3. Using the basis (5.5) and the convention (3.18) we have
D € A’°T* @ go(P3) if and only if ic ic, D = D(eq,€p,-,) is an element of go(Ps),
that is, because of (3.9), (4.3), (5.3) we have

(5.16)  D(eq,ep,ey,vp) =0, (& Dapyn =0)

(5.17)  D(eq,ep, vk, v1) =0, (& Dapri =0) k#1
(6.18)  D(eq,eg,hpn,vr) =0, (& Dopnr =0)

(5.19)  D(eq, e, hi,vi) — D(ea, e, hi,vg) =0, (< Dokt — Dapgie = 0)
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where we use Greek letters to denote indices from 1 to 2n and Latin letters to denote
indices from 1 to n and e, = hy if & < n, eq = v4_pn if n < a. We consider the
following notation:

cycl cycl cycl
Eijw =Y Dijni, Eijwe = Dijr, . Eijw=Y_ Dij-
ik ik "

Then D € 63 if and only if D € 63, and in addition one has
(5.20) 5@ = &ﬂ = Eijﬁ = gijkl = gﬁl = gzﬁl = gijkl =0.

Using the equations (5.16), (5.17), (5.18) and (5.19) we can observe the following:

Equations Eijp = 0. If 4, j, k,l # n are pairwise different, then &, = 0 trivially

holds, that is, all of its terms are zeros. The remaining equations are independent.
The pivot terms are

> for (4,7), i < j <n: Djnii, Dnijj,

> for (i,j, k), 1<j<k<n Dijklw Djk“‘, D}m‘jj,

and this block gives N; = 2C,,—1,2 + 3C,,—1,3 independent equations.

Equations E;jr = 0. The equation & = 0 trivially holds for ¢ < j, 4, j, k
pairwise different. Moreover, for i <1 <n, j <k, i, j, k, [ pairwise different we have
the following relation:

(5.17),(5.19)
51‘@ = Diﬂ + Dklﬂ + Dﬁil = Dﬁli + Dlm + Dklﬂ = Elm

The number of the relations is C,,—22-C—1,2. The remaining equations in this block

are independent. The pivot terms in the equations are

> for 4, i < n: Dpnii, Dniii,

> for (i,j), 1< j < n: .Dnﬂ7 Dniﬂ’ Dj@a Diﬂa szl’ Djjjiv Di—"jl’ D]l“i? Dﬂiﬂv
D jii, Djnii, Djiii,

> for (i, j, k) pairwise different, i, j,k < n, i < j: Dijik, Dijjk> Dijkks Driijs Dikiis

> for (i,7, k,1) pairwise different, i <1 <mn, j < k: lijkli, B B N

therefore in this block we have Ny = 2Cp_1; +_12C'n,1,2 +5Cn-12Ch—31 +

Cr—1,2Cn—_2 2 independent equations.

Equations &y = 0. For 4, j, k pairwise different, 4,k # n, ¢ < k we have the
relation ginjk = gknji and for 4 <j< I < n, i,j,]f 75 [ we have gijﬁ = gilkj — 5jl@~
Therefore we have @_1726n—271 + Cp—1,3Cr—3,1 relations between the eqlTations of
this block. The remaining equations are independent. The pivot terms are:
> for i, 1 < M Dn@iy Dinﬁa
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> for (i,j), 7 <j <n: Dnl‘iz, Dnl]i’ Dnijlv Dnliiv sz‘g, Dﬂijl’ Dinﬁ, Djnﬁ, Diijl'v
Djiji, Dijjjy Dijiis Dunig

> for (i, ], k) pairwise different, i, j,k < n, i < j: Dijkii, Drijjs Dijkk, Diijks Djijk
D ji

> for (4, j, k, 1) pairwise different, i < j < k < n: Dijri, Dikj,

therefore in this block we have N3 = 2C,_11 + 13Cn:1,2 +6Ch-12Ch_31 +

2Cp—1,3Cr—3,1 independent equations.

Equations E;jiu = 0. The following relations hold between the equations of this
block: if i < j < k < n, then gijnk = giknj + gkjng‘a and gijkl = Cijik t+ gjkl;‘ — giklj
for k,l #n, i < j <k <I. The number of these relations is Cn3z+Ch_1a. The
remaining equations are independent. The pivot terms are:
> for (i,j), 1< j<n Djnzi? ijl’
> for (i,j, k) where i <j< k<n: Djkig'a Dkijja Dijk&? Dnikj7 anﬂ‘,
> for (i, j,k,1) where i < j <k <1< mn: Dijig, Djris, Dijii,
therefore in this block we have Ny = 2C,_12 + 5Cr—1,3 + 3Cr—1,3 independent
equations.

Equations &, = 0. We have the relations Ejix = ikt j—Ejrri+Eijia fori < j < k.
The remaining equations are independent. The pivot terms are:
> for (4,7, k) where ¢ < j: Djgii, Dyijjs
> for (i,j, k,l) where 1 < 7 < k: Dﬁk]‘, D“‘]“‘,
therefore this block adds Ny = 2C,, 2C,.1 + 2Cp, 3Cy,1 independent equations.

Equations & = 0. The following relations hold between the equations of the
type Eijrr =0 and Eijl = 0: for j < k and i # | we have & i = Eijni + Cikj — Eitjk-
The pi\_fot terms are - - - -
> for (4, j, k) where ¢ < j: Djkis,
> for (i,7,k,1) where i < j, k<l Dy,
therefore this block adds Ng = Cp2Cpn1 + Cp,2Cy 2 independent equations to the
previous.

Equations €551 = 0. These equations can be expressed with the equations g’iﬁ =0
since we have €k = Eiijk + Ekij + Eijhi-
The above calculation shows that the system (5.20) contains

314 7 5, 175 , 113
(5.21) N = ZN ot =t 4

independent equations and taking into consideration (5.15) and (5.21) we obtain that

7 2 . 53 26
(5.22) dimKerds = dim(A*T*®g2(P3))— (No+N) = ﬁn4+§n3+ﬁn2—?n+4.
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Comparing (5.13) and (5.22) we have rank 67 < dim Ker §3. More precisely we have

dim H2,2(P3) = dim (Ker 5§/Im 5%) — W7

which proves Theorem 5.1. O

Remark 5.2. In order to solve the projective metrizability problem in the non-
isotropic case, one has to consider the second order partial differential system Ps
containing the extended Rapcsdk system and the curvature conditions. As The-
orem 5.1 shows, this system is not 2-acyclic, which means that the integrability

condition of the prolonged system is not the prolongation of the integrability con-

ditions. More precisely, there are 1(n — 1)(n — 2) extra obstructions to lift a third

order solution into a fourth order solution. We can expect the same phenomenon
for the system enlarged with the integrability condition of P; too: second, third and
possibly higher order integrability conditions may arise. The Spencer generalization
of the Cartan-Kéhler integrability theory is particularly well adapted to deal with
such systems, therefore it can be the proper tool of further investigation.

References

[1] S. Bdeso, Z. Szilasi: On the projective theory of sprays. Acta Math. Acad. Paedagog.
Nyhézi. (N.S.) (electronic only) 26 (2010), 171-207.
[2] R.L.Bryant, S.S.Chern, R.B.Gardner, H.L.Goldschmidt, P.A.Griffiths: Exterior
Differential Systems. Mathematical Sciences Research Institute Publications 18, Sprin-
ger, New York, 1991.
[3] I Bucataru, T.Milkovszki, Z. Muzsnay: Invariant metrizability and projective metriz-
ability on Lie groups and homogeneous spaces. Mediterr. J. Math. (2016), 4567-4580.
[4] I. Bucataru, Z. Muzsnay: Projective metrizability and formal integrability. SIGMA,
Symmetry Integrability Geom. Methods Appl. (electronic only) 7 (2011), Paper 114,
22 pages.
[5] I. Bucataru, Z. Muzsnay: Projective and Finsler metrizability: parameterization-rigidity
of the geodesics. Int. J. Math. 23 (2012), 1250099, 15 pages.
[6] M. Crampin: Isotropic and R-flat sprays. Houston J. Math. 33 (2007), 451-459.
[7] M. Crampin: On the inverse problem for sprays. Publ. Math. 70 (2007), 319-335.
[8] M. Crampin: Some remarks on the Finslerian version of Hilbert’s fourth problem. Hous-
ton J. Math. 87 (2011), 369-391.
[9] M. Crampin, T.Mestdag, D.J.Saunders: The multiplier approach to the projective
Finsler metrizability problem. Differ. Geom. Appl. 30 (2012), 604—621.
[10] M. Crampin, T. Mestdag, D. J. Saunders: Hilbert forms for a Finsler metrizable projec-
tive class of sprays. Differ. Geom. Appl. 31 (2013), 63-79.
[11] T.Do, G.Prince: New progress in the inverse problem in the calculus of variations.
Differ. Geom. Appl. 45 (2016), 148-179.
[12] A. Frélicher, A. Nijenhuis: Theory of vector-valued differential forms. I: Derivations in
the graded ring of differential forms. Nederl. Akad. Wet., Proc., Ser. A. 59 (1956),
338-359.

494



[13]

[14]
[15]
[16]
7]
18]

[19]

[20]
[21]

[22]

J. Grifone, Z. Muzsnay: Variational Principles for Second-Order Differential Equations.
Application of the Spencer Theory to Characterize Variational Sprays. World Scientific
Publishing, Singapore, 2000.

J. Klein, A. Voutier: Formes extérieures génératrices de sprays. Ann. Inst. Fourier 18
(1968), 241-260. (In French.)

V. S. Matveev: On projective equivalence and pointwise projective relation of Randers
metrics. Int. J. Math. 238 (2012), 1250093, 14 pages.

T. Mestdag: Finsler geodesics of Lagrangian systems through Routh reduction. Mediterr.
J. Math. 15 (2016), 825-839.

Z. Muzsnay: The Euler-Lagrange PDE and Finsler metrizability. Houston J. Math. 32
(2006), 79-98.

A. Rapcsdk: Uber die bahntreuen Abbildungen metrischer Riume. Publ. Math. § (1961),
285-290. (In German.)

W. Sarlet, G. Thompson, G. E. Prince: The inverse problem of the calculus of variations:
The use of geometrical calculus in Douglas’s analysis. Trans. Am. Math. Soc. 854 (2002),
2897-2919.

Z. Shen: Differential Geometry of Spray and Finsler Spaces. Kluwer Academic Publish-
ers, Dordrecht, 2001.

J. Szilasi, R. L. Lovas, D. C. Kertész: Connections, Sprays and Finsler Structures. World
Scientific Publishing, Hackensack, 2014.

J. Szilasi, S. Vattamdny: On the Finsler-metrizabilities of spray manifolds. Period. Math.
Hung. 44 (2002), 81-100.

Authors’ address: Tamés Milkovszki, Zoltdn Muzsnay, Institute of Math-

ematics, University of Debrecen, Egyetem tér 1, H-4032 Debrecen, Hungary, e-mail:
milkovszki@science.unideb.hu, muzsnay@science.unideb.hu.

495



		webmaster@dml.cz
	2020-07-03T22:46:03+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




