Czechoslovak Mathematical Journal

Saifallah Ghobber
A dispersion inequality in the Hankel setting
Czechoslovak Mathematical Journal, Vol. 68 (2018), No. 1, 227-241

Persistent URL: http://dml.cz/dmlcz/147131

Terms of use:

© Institute of Mathematics AS CR, 2018

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized

documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/147131
http://dml.cz

Czechoslovak Mathematical Journal, 68 (143) (2018), 227241

A DISPERSION INEQUALITY IN THE HANKEL SETTING

SAIFALLAH GHOBBER, Al Majmaah, Tunis

Received August 20, 2016. First published January 18, 2018.

Abstract. The aim of this paper is to prove a quantitative version of Shapiro’s uncertainty
principle for orthonormal sequences in the setting of Gabor-Hankel theory.
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1. INTRODUCTION

Time-frequency analysis is an important field in signal processing. The windowed
Hankel transform plays a fundamental part in this analysis. To be more precise, let
d > 1 be the dimension, and let us denote by (-, -) the scalar product and by |-| the
Euclidean norm on R¢. Our starting point is the following Heisenberg’s uncertainty
inequality:

(1.1) 2 flZ2(gay + NEIF (PN 2ay = Al fII72(gay,
where the Fourier transform is defined for f € L1(R%) N L*(R%) by
F()E) = @r) "2 [ fla)e™9 da,
Rd
and it is extended from L'(R?) N L2(R%) to L?(R?) in the usual way. With this nor-
malization, if f(x) = f(|z|) is a radial function on R%, then F(f)(£) = Hd/g,l(f)(|f|),

where for a > —1/2, H,, is the Hankel transform (also known as the Fourier-Bessel
transform) defined by

Ha(F)() = / " ()i (@) duale). € € Ry = [0,00).
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Here du,(z) = (22271 /2°T(a + 1)) dz and j, is the spherical Bessel function given
by
(o)
) . (=)™ 2\2n
Jal(x) := F(oz—l—l)Z—n!F( (5) :

n+a+1)

n=0

Therefore Heisenberg’s inequality (1.1) for the Hankel transform leads to (see [1], [3])

(1.2) 272 + 1€ Ha(Hll7z > 2o+ 2 f1Z2

where for 1 < p < oo we denote by L2 (R_.) the Banach space consisting of measurable
functions f on R} equipped with the norms

s = ([ If(x)l”dua(x)>1/p.

Shapiro in [8] observed that Heisenberg’s inequality (1.1) can be refined for infinite
orthonormal sequences, that is, if {,}2%; is an orthonormal sequence in L?(R%),
then

(1.3) Sup (IalenllZe ey + IEF (0n)lI72(ay) = oo

A quantitative version of (1.3) can be written in the following form (see [7]): If s > 0
and {p,}°°; is an orthonormal sequence in L?(R?), then

N
(1.4) > (el enllFzeay + NEFF ()72 gay) = CNTF/
n=1

Time-frequency analysis has emerged as an important field in signal processing as
it can be used to represent time-varying signals in the time-frequency plane R¢ x Re.
Usually, the time-frequency resolution is associated with the windowed Fourier trans-
form also known as the (continuous) Gabor transform, or the short-time Fourier
transform. To be more precise, fix g € L?(R%) a nonzero window function, and de-
fine for f € L?*(R?) its windowed Fourier transform with respect to the window g
as

Foll) (&) = FIfgl —a)(©) = (20~ | fa)lt =) at.

A considerable attention has been devoted recently to discovering new mathematical
formulations of the uncertainty principle for the windowed Fourier transform. In
particular, we recall the Heisenberg-type uncertainty inequality

(15) el Fe (I 2eay + EFG (A2 (geay = C@Dgl72 a1 £l 2(ma)-
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Further limitations are given by various versions of the uncertainty principle for
the windowed Fourier transform. These state in particular that if we concentrate
Fy(f) in the z-variable, then we loose concentration in the &-variable. One might
then prove an extension of the result of Shapiro for the windowed Fourier transform,
which has been recently stated in [5].

An other fundamental tool in time-frequency analysis is the windowed Hankel
transform introduced in [2]. Precisely, we define the translation operator by

o __fl+) [ 22 4 y2 — 22y cos #) (sin 6)°*
W) = iy [ 1/ = Zeyeosd)sin0) s

and the modulation operator by

Meg = Ha (/78 Hal9)P)-

Then for any nonzero window function g € L2 (R ), the windowed Hankel transform
of any signal f € L2 (R, ) with respect to the window g is given by

Va(f) (€)= / () TEMEG) dpials), (2,6) € Ry x Ry,

where @Jr denotes the half real line thought of as the frequency axis and the bar
denoting complex conjugation.

Notice that the windowed Hankel transform cannot be obtained from the windowed
Fourier transform by taking spherical averages (see e.g. [2], Example 1, Example 2),
ie. if f,g € L3/271(R+) are the radial parts of F,G € L?(R?), then it is not true in
general that

Vi ) €l) = Fo(F)a, ), . € R

because generally F(F) is not radial in any of the two variables. So, the win-
dowed Hankel transform is a new object and not just an average of the standard
windowed Fourier transform. Our contribution shows which part of the approach of
references [7], [5] is still valid in the Gabor-Hankel context. This involves considering
new aspects such as the role of Gabor-Toeplitz operators and spectrograms.

Heisenberg-type uncertainty inequality for the windowed Hankel transform can be
written in the form (see [4], Theorem 4.5)

L6) 1 VI Dz i JEVED 2 ) = Clan )l 122 N2

It states that the windowed Hankel transform of a nonzero function with respect
to a nonzero window function cannot be time and frequency concentrated around
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zero, and a dilation argument (see [4], Lemma 2.2) shows that inequality (1.6) is
equivalent to

(17) ||x9VOé( )|‘L2(R+><R )+ ||€‘?V0’( )||L2([R+><[R )/ 20(0&,8)”]0”%5‘”9”%3

Here we denote by L2(R; x @+), 1 < p < oo, the Banach space consisting of
measurable functions F' on Ry x Ry equipped with the norms

1/p
||FHL3(R+><@+) - <//[R <R |F(m,f)|pdya(aj,f)) )

where dvg (x, &) = dpa (x) dpa(§).

In this paper, we will adopt the broader view that the uncertainty principle can
be seen not only as a statement about the time-frequency localization of a single
function but also as a statement on the degradation of localization when one consid-
ers successive elements of an orthonormal sequence. In particular, Heisenberg-type
inequality (1.7) states that a unit-norm function in L2 (R, ) cannot occupy an arbi-
trarily small region in the time-frequency plane. The main aim of this paper is to re-
fine inequality (1.7) for orthonormal sequences, and, motivated by the Malinnikova’s
process in [7], we show the following analogue of the dispersion inequality (1.4) for
the windowed Hankel transform.

Theorem 1.1. Let s > 0, g € L2(Ry) be a nonzero window function of unit
L?-norm and let {©,}5°, be an orthonormal sequence in L%(R,). Then for every
N2>1

7

N
9 3 (3 )l 0,y * 1€V5 00y, ) > el adNH7/200,

This result shows how an orthonormal sequence can cover the time-frequency
plane R x @Jr, and this is an important factor in determining which applications
the sequence is suited for. In particular, inequality (1.8) implies that the elements
of an orthonormal sequence cannot be uniformly concentrated in the time-frequency
plane (see Corollary 4.7). This problem was first studied by Shapiro in [8] in order
to bound the time and frequency dispersions of an orthonormal sequence by means
of the Fourier transform.

Other consequence of inequality (1.8) is the following so-called strong uncertainty
principle for infinite orthonormal sequences, that improves its corresponding inequal-
ity (1.7) for a single function,

19 s (Va2 o, ca, 1€V, i) = 00
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It is also interesting to note that if one takes N = 1 in (1.8), then this yields the
usual form of Heisenberg-type uncertainty principle (1.7) for the windowed Hankel
transform.

The remainder of the paper is organized as follows. Next section is devoted to
some preliminaries on the windowed Hankel transform and in Section 3 we introduce
the Gabor-Toeplitz and the phase-space restriction operators and we prove a trace
formula in terms of the spectrogram. Finally, in Section 4 we prove the dispersion
inequality (1.8).

2. PRELIMINARIES

2.1. Notation. Throughout this paper, s and r will be two real numbers such
that s, > 0 and B, = {(z,¢§) € Ry x R, : |(z,&)| < r} is the closed ball in R x R,
centered at 0 and of radius r. If A is a subset of Ry X @Jr, then we denote by
A¢ = (R4 x R.) \ A the complement of A in Ry x R, and the characteristic function
of A will be denoted by x 4.

We write c;  for a constant that depends only on the parameters s and a. This
constant may change from line to line.

Finally, if a compact operator A on the Hilbert space L2 (R..) is Hilbert-Schmidt,
then the positive operator A*A is in the space of trace class and

(2.1) JAIGs = tr(A"A) = [ Apall7
n=1

for any orthonormal basis {¢,,}2; for L2(R.).

2.2. Generalities. For a > —1/2, let us recall the Poisson representation formula

. F(Oé + 1) ! a—1
3ol0) = T gz [, 0 st da

Therefore j, is bounded with [j,(x)| < jo(0) = 1. As a consequence,

(2:2) Ha(lloo < NFLs -

Here |||, is the usual essential supremum norm and L* (R, ) will denote the usual
space of essentially bounded functions.
It is also well known that the Hankel transform extends to an isometry on L2 (R ):

(2.3) [Ha(f)

rz = | f]

2.
LG(
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2.3. Generalized translation. Following Levitan in [6], for any function f €
C?(Ry) we define the generalized Bessel translation operator

T;f(x):u(x7y)a $,y€R+,

as a solution of the following Cauchy problem:

02 200+1 0 02 200+1 0
(Gt %)“@y):(a—yﬁ ; a—y>“(x7y>

with initial conditions u(z,0) = f(x) and du(z,0)/dy = 0; here

8_2 2a+1 0
0x2 z Oz

is the differential Bessel operator. The solution of the Cauchy problem can be written
out in explicit form:

INa+1)
Vil(a+1/2)

The operator 7% can be also expressed by the formula

(2.4) 7' f(y) =71, f(2) = / (\/x2 + y2 — 2zy cos ) (sin 6)>* d6.

(2.5) o fy) = / T HOW @y, D) dpa(t).

where W (z,y,t) duq(t) is a probability measure and W (z, y, t) is defined by

2n 2D (o 4 1)% Az, y, t)2 1
W(z,y,t) = Ila+1/2) (wyt)?
0, otherwise,

ifle—y|<t<z+y,

where

Alz,y,t) =V (x+y)? =12/ = (x —y

is the area of the triangle with side length z, y, t. Further, W(x,y,t) dus(t) is
a probability measure, so that, for p > 1, |72 f|P < 72| f|?, thus

(2.6) I Fllps, < 1 F1lpe-

This allows to extend the definition of 7 f to functions f € L2(Ry). It is also well
known that for every r,z,& >0, f € LL(R,)

(2.7) | s "2 £(5) dsas / £(5) dpas
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and
(2.8) Ty Ja(r)(€) = Ja(rz)ja(ré).
Therefore for f € LE(R;), p=1 or 2,

Ha (Tgf)(g) =Ja (1‘§)H(y(f)(€)

The Bessel convolution f x4 g of two functions f and g in LL(R4) N L™(R4) is
defined by

f *a g(a) = / (07 g() dpa(t) = / T (090 dua(t), @ > 0.

Then if 1 < p,q,r < oo are such that 1/p+1/¢g—1=1/r, then fx,9g € LT (R;) and

1 *a gy < IfllzzllgllLa-

This then allows to define f %, g for f € LP(R;) and g € L% (R.). In particular, if
feLY(Ry)and g€ Li(Ry), ¢g=1 or 2, then

(29) Ha(f *a g) = Ha(f)Ha(g)'

Moreover, for f, g € L2(R,) the function f %, g belongs to L2(R,) if and only if
the function H, (f)Ha(g) belongs to L2 (R,) and then (2.9) holds.

2.4. The windowed Hankel transform. Following [2] for every g € L2(R.)
the modulation of g by £ € R is defined by

(2.10) MSg = g& = Ha(, /Tgma(g)P).

Then for every g € L2(R) and £ € @4_ we have:
(2.11) 19112 = llgllzz and [[Halg)ll, < [Hal9)lo-

For a nonzero window function g € L%(R.) and (z,&) € Ry x R.. we consider the
function gg  defined by

(2.12) e = To e -
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Therefore, for any function f € L?(R.) we define its windowed Hankel transform
with respect to the window g by

213 V@O = [ &I dua(s), (@0 € Ry x R
which can also be written in the form

(2.14) Vo ()(@,8) = [ *a g¢ (z).

Thus, from the Cauchy-Schwartz inequality and from (2.6), (2.11) we have

(2.15) Vg (H)lloe <

Moreover, the windowed Hankel transform satisfies the following properties (see [2]).

Proposition 2.1. Let g € L2(R,) be a nonzero window function. Then we have:

(1) A Plancherel’s theorem: for every f € L2(R})
(2.16) V3l g2 . sy = 1112 s

(2) An orthogonality relation: for every f,h € L%(R) we have

217) (V). Ve / / Va(f) (. €V () (7, ) dva (2, €)
= gl / FORD) dpia (),

where (-,-),, is the usual inner product in the Hilbert space L2(Ry x @4_)

3. THE GABOR-TOEPLITZ AND THE PHASE-SPACE RESTRICTION OPERATORS

In the remainder of this section, g € L2(Ry) will be a nonzero window func-
tion such that ||g]zz = 1 and ¥ C Ry x Ry will be a subset of finite measure
0 < va(X) < 0.

Definition 3.1. The spectrogram of a signal f € L2(R.) with respect to the
window g is defined to be

(3.1) SPEC, f(z,€) = V()@ O, (2,€) € Ry x Ry
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The spectrogram measures the distribution of the time-frequency content of f,
and it is often interpreted as an energy density in time-frequency space. Its size
depends on the window g and from the definition, it is non-negative. Moreover, by
Plancherel’s theorem (2.16), it is energy-preserving, i.e.

(3.2) ISPEC, £l 1 o 0,y = 171132

Note that the uncertainty principle in Fourier analysis states that if a unit L2-norm
signal f is concentrated inside a region X in the time-frequency plane R x @.H then
the area of ¥ must be at least 1. More precisely (see [2], Proposition 3.7), if the
spectrogram of f with respect to g satisfies

/ SPEC, f(2,€) dva(z,6) > 1 - <,
>

then v,(X) > 1 — €2

Let H = VS [LZ(Ry)] € L2(Ry x Ry) be the (closed) range of the Vi, and let Py
(or Py) be the orthogonal projection from L2(R; x Ry) onto H. The orthogonal
projector Py is an integral operator explicitly given by

(33)  PF(x) = /R P (), 2= (06) € Ry xRy

Using this description, it follows that (see [4], Proposition 4.1) H is a reproducing
kernel Hilbert space in L2 (R4 x R;) with kernel function K, defined by

(3.4) Ko((2',€); (%,8)) = g5 ¢ *a g6/(2") = Vg (95.¢) (2", ).

This means that each function F' € H is continuous and satisfies:

(3.5) F(2,6) = (F,Ky(-5(2,9)), . (2,6 € Ry x Ry.

Since Ky is the integral kernel of an orthogonal projection, it satisfies

(3.6) Ko(2'12) = Kg(z:2), 2= (2,6), & =(2/,€) € Ry x Ry,

and

(3.7) Kol = [ Kyl ("5 ("),
R+XR+

Note also that for all z = (z,¢), 2/ = (2/,¢) € Ry x Ry,
(3.8) |Kg(2:2")[* = SPEC,gS ¢(2).
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We introduce the orthogonal projections Ps on L2 (R x @Jr) known as the time-
frequency limiting operator defined by:

PeF =Fys, FelL2(RyxRy).

Since H is a reproducing kernel Hilbert space in L2 (R x @Jr), then Ps Py is a Hilbert-
Schmidt operator with (see [4], inequality (4.8))

(3.9) IPPylls < va(E).

Definition 3.2. We define the Gabor-Toeplitz operator T, x: H — H by
(3.10) T, F = P,PsF,
and the phase space restriction operator by
(3.11) Lys =TysT) s = P,PsP,.

Since Ty 5 is Hilbert-Schmidt, then L, 5 is trace-class and from (2.1), (3.9),
(3.12) t(Lys) = ITyslis < va(E).

Moreover, for F' € H,

(3.13) (TysF, F>Va = <Pg(PgF),F)VQ = (PgF, F)Va
Then
(3.14) 0<Tyx < Px.

In particular, T, s is bounded and positive. Furthermore, it is explicitly given by

(3.15)  TynF(z) = /Z F(\Ky (75 2) dva(= / F()K, (2 2') dva(2).

The advantage of working with L, s instead of T, s is that it is defined on
L2(Ry x Ry) and consequently its spectral properties can be easily related to its
integral kernel. Hence, L, s is positive and with respect to the decomposition
L2(Ry x Ry) = H @ H' we deduce that

(3.16) tr(Lg,x) = tr(Tyx).
In addition, we have the following result.

Proposition 3.3. The trace of T22 is given by

(3.17) tr(T5) //SPEngIE( L&) dug (2, €) dvg (2, €).
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Proof. Since Ly x is positive, then
(3.18) tr(Tx) = tr(L] 5).
Now from formulas (3.3) and (3.15) we obtain
Ly sF(2) = Ty (P F)(2)
= / ~ F(z’)/ xs(@)Kg (25 2K (275 2") dvg (27) dvg ().
Ry xR Ry xRy

That is, Ly x has integral kernel

(3.19) Ng,g(z,z'):/  xu(@)Ey(z; 2K g (2" 2") dva (2").
R+XR+

Then

(3.20) BoPe)= [ FENps(e ) o)
R+XR+

with

(3.21) Ng;(z,z”):/  Nys(z, 2 )Ny s (2, 2") dva (7).
R+XR+

Therefore

Ny x(z, 2) dva(2)

:/ ~ /  Nyx(2,2 )Ny x(Z', 2) dra(z) dve(2')
R R, xR

:/ N /  xz(21)xs(22) K (21, 22) dva (21) dve(22),
Ry xRy JRE xRy

where

62 Keam=[ [ Kok
R+XR+ R+XR+
X Kg(z1; 2" )Kg(2; 22) dva(2) dvg ().
Using (3.6), (3.7) and (3.8), we get
(3.23) K(z1,22) = SPECyg5 ¢(22), 21 = (2,6), 22 = (¢/,§').

This completes the proof. (I
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4. QUANTITATIVE DISPERSION INEQUALITY FOR ORTHONORMAL SEQUENCES

In this section we will prove the main result of this paper. Our proof is inspired
by related results established in [7].

Definition 4.1. Let 0 <e < 1 and let f, g € L2(R,) be two nonzero functions
and ¥ be a measurable subset of Ry x Ri. Then we say that Vg'(f) is e-time-
frequency concentrated on 3 if

(4.1) 1P VSl o iy < Iz llzs.

If we take ¢ = 0 in inequality (4.1), then 3 will be the exact support of Vi*(f), so
when 0 < € < 1, inequality (4.1) means that V{'(f) is “practically zero” outside X..
Indeed, ¥ may be considered as the “essential” support of V" ().

Theorem 4.2. Let {¢,})_, be an orthonormal system in L% (Ry). If V() is
ep-time-frequency concentrated on Y., then

N
(4.2) Y (1 —en) < lgllzva(®).
n=1
Proof. Since
N N
Z<PEV5(<P7L);V (@n Z PPEV (¢n), PV (‘Pn»
n=1 n=1
N
= > (LgsVy(pn), Vi (on)),,
n=1
<tr(Lgn) = PPyl g,
by (3.9) we obtain
N
(4.3) (PeVy'( Va(gon» < va(X).
n=1
On the other hand, as
(44) (P VElen), = lglZs — (PoVi(en) Va(en), .

by Cauchy-Schwartz inequality,
(4.5) (PeVg (en), Vo (en)), = llgllfz (1= en).
Therefore from (4.3), we deduce the desired result. O

238



Now we will fix g to be a nonzero window function in L2 (R ) with [g[/,2 = 1.
Thus, from Theorem 4.2 we can obtain immediately the following corollary.

Corollary 4.3. Let 0 < ¢ < 1 and let {p,})_, be an orthonormal system in
LZ(Ry). If V&(p,) is e-time-frequency concentrated on B, then
T4oz+4 1

N < .
220272004+ 3) 1 —¢

Therefore if the generalized dispersion of the elements of an orthonormal sequence
is uniformly bounded, then this sequence is finite and we can give a bound on the
number of elements in that sequence. More precisely:

Corollary 4.4. Fix A > 0. Let {©,})_, be an orthonormal sequence in L2 (R )

that satisfies H|(a:,£)|SV;’(307L)||1L/28(R+X@+) < A. Then there exists a positive con-

stant c, o such that
N cs. aA4a+4
Proof. Since

(46)  IPs V@)l s, xnyy <7 M@ OPVE@ s 0,

if we choose 7 = 4'/% A, we deduce that ¢, is 1/4-time-frequency concentrated on B,..
Therefore from Corollary 4.3 we obtain the desired result. O

Our proof of inequality (1.8) formulated in the Introduction is based on the fol-
lowing lemma.

Lemma 4.5. Let {p,}>, be an orthonormal sequence in L?(R.). Then there
exists jo € Z such that

(A7) nz 1 max ([2V5 () g o 1€VE 00 a i) > 20070,

Proof. Direct consequence of Heisenberg-type inequality (1.7). O

Theorem 4.6. Let {¢,}>°; be an orthonormal sequence in L2 (Ry). Then for
every N > 1

N
(4.8) Z 2*VE (n ||L2(R+XR+)+ ||£Sva(¢n)||L2 [R+><[R+)) > Csa N1+s/(2a+2)
n=1
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Proof. For each j € 7 we define

1/s 1/s i— i
By = {n: max (le"Vy ()l a6V o)1, a,) € 212D}

First, by inequality (4.7), we see that P; is empty for all j < jo. Moreover, using the
fact that

(4.9) la+0* < 2°(Jal” + [b]%),
we obtain that for each n € P}, j > jo,

sy« 1/s (s+1)/2s5+7
(110) e PVl a ) <2 .

Therefore, by Corollary 4.4, P; is finite for all j > jo, and if we denote by IV; the
number of elements in Pj, then

Nj < ¢ 492042),

m
Therefore, for every m > jo the number of elements in |J P; is less than
J=jo
Cs,ax 4m(2a+2), where c; o is a constant that does not depend on m.
Now if N > 20510143'0(20“"2), then we can choose an integer m > jy such that

25 a4(m—1)(2(x+2) < N < 2¢40 4m(20¢+2).

Therefore at least half of {1,..., N} does not belong to U P; and we obtain
J=jo

N
Z ||xsva Sﬁn ||L2([R+><R+ + ||£Sva(son)”L2(R+XR+))
n=1

> Do 5 LN (N )S/(QM) _ (eso) 0t
= 21+25

N1+s/(2a+2).
2 94

2Cs,a

Finally, if N < 2¢, 447°(2+2) | then from Lemma 4.5 we have

N
S (Ve @)l o, sy T IEVE @2 0, i)

n=1

> N4sGo—1) > > N1+s/(2a+2)

N( N )S/(2a+2) (2¢5 a)—S/(2a+2)

45 \2¢4 o 43

This completes the proof. O
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The last dispersion inequality implies in particular that there does not exist an
infinite sequence {¢,}2%,; in L2(R,) such that the two sequences

eV (o)l a iy o and (€@l s o, iy o
are bounded. More precisely:

Corollary 4.7. Let {©,}%; be an orthonormal sequence in L2(R). Then for
every N > 1,

(4'11) SuPN{HZISV;(@")Hii(R_,_x@_F)a ||§SV;(90TL)H%Z(R+X@+)} > Cs,aNs/(QaJ'_Q).

1<n<

In particular,

(4'12) Sl:;p (||$SV;(<Pn)||iZ(R+X@+) + ||§svga(90n)||ii(ug+xﬁ+)) = o0.
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