Czechoslovak Mathematical Journal

Ivica BosSnjak; Rozalia Madarasz
Some globally determined classes of graphs
Czechoslovak Mathematical Journal, Vol. 68 (2018), No. 3, 633-646

Persistent URL: http://dml.cz/dmlcz/147357

Terms of use:

© Institute of Mathematics AS CR, 2018

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized

documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/147357
http://dml.cz

Czechoslovak Mathematical Journal, 68 (143) (2018), 633—646

SOME GLOBALLY DETERMINED CLASSES OF GRAPHS

Ivica BOSNJAK, ROZALIA MADARASZ, Novi Sad

Received October 19, 2016. Published online April 13, 2018.

Abstract. For a class of graphs we say that it is globally determined if any two noniso-
morphic graphs from that class have nonisomorphic globals. We will prove that the class
of so called CCB graphs and the class of finite forests are globally determined.
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1. INTRODUCTION AND PRELIMINARIES

In general case, if A is some (operational-relational) structure with a carrier set A,
the global of A is the structure induced in a natural way on the powerset of A. For
specific types of structures several other names have been used in the literature
instead of global, such as power structure, complex algebra, power algebra. For
a general overview on globals see [3], [4]. In the present paper we consider the ques-
tion of global determinism of certain classes of graphs. We say that the class K of
structures is globally determined if every time when two structures from the class
have isomorphic globals, these two structures are isomorphic too. This problem is
extensively studied for semigroups, see [8], [10], [16], [18]. Besides semigroups, some
other classes of algebraic structures were studied in this context, which includes
unary algebras, see [6], [9], [14]. In [6] Drapal showed that the class of finite par-
tial monounary algebras is globally determined. Since monounary algebras can be
viewed as graphs, this result can be interpreted as one of the first results on global
determination of classes of graphs, which is the topic of our paper.

Different definitions of powering of relations can be found in the literature, espe-
cially in theoretical computer science, but the most general definition of the power
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of an n-ary relation can be found in [19]. Globals of graphs are investigated in [2],
while in [11], [12] it is demonstrated that power graphs could be useful in the theory
of concurrent systems.

In the present paper we will prove that the classes of finite forests and CCB
graphs are globally determined. For a finite (undirected) graph G we say that it is
a CCB graph if every component of G is a complete graph with loops or a complete
bipartite graph. This class of graphs plays an important role in problems concerning
the finiteness of equational bases of universal algebras. Namely, Shallon [17] in her
PhD thesis (see also [15]) proposed a method for constructing algebras from graphs,
which in many cases gives examples of nonfinitely based finite algebras. It turned
out that many later discovered nonfinitely based finite algebras can be obtained as
graph algebras of some special graphs. The class of CCB graphs is precisely the class
of finite graphs whose corresponding graph algebras have finite equational bases.

In this paper we consider finite undirected graphs possibly with loops. In other
words, a graph is a structure G = (V, E), where V is a finite nonempty set and E is
a symmetric binary relation on V. The complete graph with n vertices, all of them
having a loop, will be denoted by K. The complete bipartite graph with partition
classes having p and g vertices respectively, will be denoted by K, ,. By Gi + G2
we will denote the disjoint union of graphs G; and G3. We call graphs G; and G2
isomorphic, and write G; ~ G, if they are isomorphic as relational structures. For
basic notions and terminology of graph theory we refer the reader to [5].

The global of G = (V, E), denoted by P(G), is the graph with the set of ver-
tices P(V') (the powerset of V'), whose edges are determined as: for all X, Y € P(G),
(X,Y)e Ft & (Ve € X)Jy € Y)(x,y) € E and (Vy € Y)(3Fx € X)(z,y) € E.
Note that (X, () € E* if and only if X = (). Therefore at least one of the components
of P(G) is equal to K3. Some authors exclude the empty set from the vertex set of
the global of a graph G. We will call the graph obtained in this way the positive
global of G, and denote it by P*(G).

For a class K of graphs we say that it is globally determined if for all graphs Gy
and Gy from K, P(G1) ~ P(G2) implies G; ~ Gs.

The structure of this paper is the following: In Section 2 we describe globals of
CCB graphs. In Section 3 we prove that the class of CCB graphs is globally deter-
mined. An algorithm for reconstructing CCB graphs from its globals is described
in Section 4. Finally, in the last section we prove that the class of finite forests is
globally determined.
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2. GLOBALS OF CCB GRAPHS

Definition 1. A finite undirected graph G is a CCB graph if all its connected
components are complete graphs with a loop at every vertex, or complete bipartite
graphs. We say that the dimension of G is (n,m), and write dim(G) = (n,m), if G
has n complete components and m complete bipartite components.

Definition 2. Let G = (V,E) be a CCB graph with complete components
A1, Ag, ..., A, and bipartite components (By, C1), (Bz, Ca), ..., (B, Cy,) such that
|Bi| < [C.

(1) We define the type of an arbitrary nonempty subset H of V in the following
way: type(H) = (o, d), where
a=(ar,qz,...,an), a; € {0,1}, 6 = ((B1,71), (B2,72)5 - - -+ (B, ¥m)), Bisvi €
{0,1} so that
a; = 1 if and only if A; N H # 0,

B; = 1if and only if B; N H # 0,
~vi = 1 if and only if C; N H # (.

(2) If each component of G is bipartite, then a = ), and if each component of G is
complete, then § = (.

(3) By Type(G) we will denote the set of all types of subsets of V.

(4) For a type 7 = (,8) € Type(QG), its dual type 71 is defined in the following
way: if § = ((B1,m), (B2,72)s- - > (BmsYm)), then 771 = (a,671), where 6! =
((v1,81), (72, B2)s -+ (Y, Bm)). If § = 0, then 771 = 7. A type 7 = (,0) is
even if 7 = 71, Otherwise, it is odd.

The following well known theorem will help us to describe globals of CCB graphs.

Theorem 1 ([1]). A graph G is a CCB graph if and only if it does not contain
any of the following graphs as an induced subgraph: M, K3, L3, Py.

v Qo Q)

K3 A P4 (o 0

Figure 1.

Proposition 1. If the global of a graph G is a CCB graph, then G is a CCB
graph.
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Proof. Suppose G is not a CCB graph. Then it contains one of four forbidden
subgraphs from Theorem 1. Since P(G) contains G as an induced subgraph, it must
also contain one of the forbidden subgraphs and can not be a CCB graph. O

For CCB graphs with exactly one component it is easy to see that P(K?) =
K+ K5 and P(K4) = Kf+K€2571).(2t71)+K25_172t_1. In general, the following
statement holds:

Proposition 2. Let G be a CCB graph of dimension (n,m).

(1) If X,Y € P(V), then (X,Y) € ET if and only if type(X) = (type(Y)) 1.
(2) P(G) is a CCB graph and

2n+2m _ 2n+m)

dim(P(G)) = (2n+m, :

Proof. Part (1) follows directly from the definition of relation Et. Let G =
(V,E), X, Y € P(V). According to (1), if X is of even type, it will (in the power
graph) be adjacent precisely to the sets of the same type. Thus, {Y € P(V):
type(X) = type(Y)} is a complete component of P(G). Consequently, the number
of complete components of P(G) is equal to the number of even types, which is
precisely 27T,

Let X be of odd type and (X,Y) € ET. Then X and Y have different dual types.
This means that every pair of different dual types determines a complete bipartite
component of P(G) (which consists of all subsets of V' that belong to one of those
types). Consequently, the number of complete bipartite components of P(G) is equal
to a half of the number of odd types, which is precisely §(2"2™ — 2n+m), O

From now, instead of saying that a graph is isomorphic to a global of another
graph, or that a graph is (up to isomorphism) a global of another graph, we will
shortly say that a graph is a global of another graph.

Of course, not every CCB graph G is a global of another CCB graph.

Proposition 3.

(1) There exists a CCB graph of dimension (a,b) which is a global of some CCB
graph if and only if there exist positive integers k and | such that k <1 < 2k
and a = 2%, a +2b = 2%

(2) IfG is a CCB graph such that G ~ P(Gy) for some graph Gy, then the dimension
of Gy is uniquely determined by the dimension of G.
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Proof. (1) Let G be a CCB graph of dimension (a, b) which is a global of some
graph Go. Then Gy is a CCB graph with dimension, say, (n, m). From Proposition 2
we obtain @ = 2"*™ and a + 2b = 2"T2™. Therefore k = n 4+ m, I = n + 2m and
obviously k£ <1 < 2k.

Suppose now that a = 2, a+2b = 2!, and k <1 < 2k. Let n = 2k—land m = [—k.
Then n and m are nonnegative numbers such that £ = n+m and | = n+ 2m, which
gives @ = 2"T™ and b = $(2"+?™ — 2"+™)_ So, according to Proposition 2, if Gy is
any CCB graph of dimension (n,m), then dim(P(Gy)) = (a,b).

(2) Let G be of dimension (a,b) and Go be of dimension (n,m). As we have
shown in the proof of (1), there exist (uniquely determined) positive integers k and I
satisfying k < I < 2k, such that k =n + m and [ = n + 2m. This implies n = 2k — [
and m=1[0—k. 0

Let a CCB graph G of dimension (a,b) be given. Suppose that G is a global of
some CCB graph Gy. The proof of the previous theorem gives a simple algorithm
for determining the dimension of Gj.

Example 1. Let dim(G) = (8,12). Then a = 23 and a + 2b = 25. This gives
k=3 1l=5andn=6-5=1,m=5-3=2 Soif G = P(Gy), then
dim(Gp) = (1,2).

Naturally, if G is a CCB graph of dimension (a,b) such that a and b fulfill the
conditions from Proposition 3, this still does not guarantee that G is a global of some
graph. Another obvious necessary condition is that the number of vertices of G is 2!
for some positive integer ¢. Even this will usually not be sufficient.

Example 2. Let G consist of 6 copies of K7, 2 copies of K3, 7 copies of K 1,
4 copies of K; 7 and 1 copy of K3 3. Necessary conditions for a and b from Propo-
sition 3 are satisfied, number of vertices is 2, but G' can not be the global of any
CCB graph. The reason for that is the structure of trivial components of G, as we
will see in Proposition 4.

A component of a CCB graph will be called ¢rivial if it is isomorphic to K7 or K1 ;.
Knowing the number of trivial components of P(Gy), we can determine the number
of trivial components in Gy.

Proposition 4. Let G be a CCB graph with j trivial complete components
and k trivial bipartite components. Then P(G) has 2/1* trivial complete components
and 29T*=1(2% — 1) trivial bipartite components.

Proof. Trivial components of P(G) will be obtained from those types (o, d)
for which a; = 0 for all nontrivial components A; of G and (5;,7v;) = (0,0) for all

637



2k such types, and 291% of

nontrivial components (B;,C;). There are exactly 27
them are even. Therefore the number of complete trivial components of P(G) is
207" and the number of bipartite trivial components of P(G) is 3 (2/+2F — 20+k) =

2/Tk=1(2% — 1) (a half of the number of odd types of this kind). O

It is now clear that when the global of a CCB graph G is given, we can easily
reconstruct the number of copies of K7 and K ; among the components of G. Also,
we can now verify that the graph from Example 2 is not a global of any CCB graph.
It is sufficient to notice that it has 6 copies of K§, and 6 is different from 27 for
any positive integers j, k.

3. CCB GRAPHS ARE GLOBALLY DETERMINED

Lemma 1. Let G be a CCB graph. If G is the global of some CCB graph Gy,
then we can determine at least one component of Gy.

Proof. Let Gy have complete components Aj, As,..., A, and bipartite com-
ponents (By,C4), (B2, C2),...,(Bm,Cn). Note that according to Proposition 3 (2)
we can determine n and m, but the cardinalities of components are unknown. Put
|A;| = ai, |Bi] = bi, |Ci| = ¢;. Let G have at least one complete bipartite compo-
nent. Pick a complete bipartite component (M, N) of G with |M| + |N| minimal.
According to Proposition 2 (1), if X € M and Y € N, then type(X) = (type(Y)) .
Let type(X) = (oM, M), type(Y) = (aV,6N), I = {i: oM =1}, J = {j: ,BJM =1},
K ={k: v/ =1}

Now the exact number of elements in M is

i =Tles - n-Tle -u- [[e* -,

el JjeJ keK

Of course, |N| can be calculated in a similar way. Since the types of X and Y are
mutually dual, we know that o™ = ¥ and there exists j such that (3/,+) = (1,0)
and ( jN,'yJN) = (0,1). Consider the type 70 = («,d) such that (5;,7;) = (1,0),
(Bi,vi) = (0,0) for i # j and o; = 0 for all ¢ € {1,...,n}. This type and its dual
type determine a bipartite component in G isomorphic to K,b; ; ,c; ;. Since 20 1
divides |M| and 2% — 1 divides |N|, the minimality of (M, N) im7plies |M| =2b —1,
|N| = 2% —1. This way we have determined the cardinality of a bipartite component
of Go, ie. |B]| = bj, |C]| = Cj.

Suppose now that all components of G are complete (which means that all com-
ponents of Gy are complete, too). We know that one trivial complete component

of G corresponds to the empty subset of Gy. Let G’ be the graph obtained from G
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by removing a trivial complete component. Pick a component K of G’ with mini-
mal cardinality. We know that all X from K have the same even type, say (o<, 0).
Since |[K| =[] (2% —1) and there exists j such that a; = 1, we conclude that
irakK=1
2% —1 divici{es |K | ;nd a; > 1. Let Ko be a complete component of G determined
by the type (c,0) such that a; = 1 and oy = 0 for t # j. Then |Ky| = 2% — 1,
and the minimality of K implies |K| = 2% — 1. In this way we have determined the
cardinality of a complete component of Go: |4;| = a;. O

To complete our proof of global determination of the class of CCB graphs, we need
two additional statements.

Lemma 2 ([7]). Let ¥;crA; be the disjoint union of a family (A;: i € I) of
relational structures. Then P(Z Ai) ~ ] P(A).
i€l iel
Lemma 3 ([13]). Let G1, G2 and H be graphs. If G1 x H ~ G2 x H and H has
a loop, then G1 ~ Gs.

Theorem 2. The class of CCB graphs is globally determined.

Proof. Let G; and G be CCB graphs such that P(G;) ~ P(G2). We are going
to prove that (7 is isomorphic to Go. Notice that G; and G5 have the same dimension
and consequently the same number of components. Therefore the proof will be done
by induction on the number of components of G; (Gz2). Let G; have exactly one
component. If G; = K,, then P(Gy1) = K; + K5,._,, which means that P(G;)
uniquely determines G1. If Gy = K¢, then P(G1) = K7+ K(p ) 901y T Ko:1,201
and s, t are uniquely determined by P(G1).

Let Gy have k > 1 components. Suppose that the statement holds for all graphs
with less than k components. According to Lemma 1, we can determine a com-
ponent H of both G; and G2. Then G; = H + G} and Gy = H + G4 for some
graphs G| and G%. Using Lemma 2 we obtain P(H) x P(G}) =~ P(G1) ~ P(G2) ~
P(H) x P(G5). Since P(H) always has a loop, we can apply Lemma 3 to obtain
P(G}) ~ P(G%). By the induction hypothesis this gives G| ~ G}, and finally
G1 ~ GQ. [l

4. RECONSTRUCTING A CCB GRAPH FROM ITS GLOBAL

In this section we are going to present an algorithm for reconstructing a CCB graph
from its power graph. The algorithm is based on the following simple properties of
graphs:
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Lemma 4. Let G, H; and Hs be graphs. Then

GX(H1+H2)=GXH1+GXH2.

Lemma 5.
K x K, =K;.,.,

S
Kn X Ks,t = Kn~s,n~t7
Kpgx Kst = Kp.sgt+ Kpi,gs-

Let a graph G’ be given and G’ = P(Gp). The algorithm for determining Gg
is inductive. It consists of two subroutines (A) and (B) used repeatedly until all
components of Gy are identified. Suppose that a graph P(G;) has been obtained at
some stage of the algorithm. Then the inductive step is the following:

(A) Determine a component H;iq of G; (which is also a component of the
graph Gy).

(B) Determine the graph P(G;+1), where G;41 is obtained by removing the com-
ponent H;,; from G;.

According to Lemma 2, in part (A) we first determine complete bipartite com-
ponents of GG;, and then complete components. So, the algorithm has two phases:
phase 1, when there exist complete bipartite components of G;, and phase 2,
when G consists of complete components only.

Phase 1 (G; has complete bipartite components)

(A) Determine a component H; 11 = K, of G;.

(B) Determine P(Giy1) = P(G; — Hit+1) in the following way: Put r = 2% — 1,
t = 2Y — 1. Using Lemma 2 and Lemma 4 we obtain

'P(Gl) = 'P(GiJrl =+ Ka,b) = 'P(Gprl) X 'P(Ka’b)
(Git1) x (K7 + K7+ Ko y)
(Gig1) + P(Giy1) X K7y +P(Giv1) X Ky

This means that P(G;) contains all components of P(G;41). Therefore it is nec-
essary to decide what components of P(G;) belong to P(G;+1), and remove those
that do not. Distributivity of the direct product implies that for every component K
of P(Git1), two associated graphs, K x K2, and K x K, , are also in P(G;). Let
us start with complete components. Take a minimal complete component K = K
of P(G;). This component (or some of its isomorphic copies) obviously belongs to
P(Git+1), so it needs to be moved to the list of components of P(G;4+1). Then we re-
move one copy of K3 x K5, = K2, and one copy of K5 x K, ; = K., ¢ from P(G;)
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and repeat the described procedure for another minimal complete component in the
new graph. In the end of this process, the list of all complete components of P(G;41)
is obtained. In that moment, all remaining components of the graph P(G;) are com-
plete bipartite and it is necessary to distinguish those which belong to P(Gi4+1). In
order to do that, pick a minimal bipartite component K = K, ;, move it to the list
of components of P(G,+1), and remove one copy of K, ; X K?, = K}.p.,g.r+ and one
copy of K, g X Ky = Kpy gt + Kp.tr,gr from what remained of P(G;). Repeating
the procedure as long as it is necessary, we eventually obtain P(G;41).

Phase 2 (G; is a disjoint union of complete components)

(A) Determine a component H = K? of G;.

(B) Determine P(G;y1) = P(G; — H;41) in the following way: Put r = 2% — 1.
Using Lemma 2 and Lemma 4 we obtain

P(Gi) = P(Git1 + K3) = P(Giy1) x P(Ky)
=P(Gis1) x (K7 + K7) = P(Git1) + P(Git1) x K7

Take a minimal complete component K = K of P(G;) and move it to the list of
components of P(G;+1). Then remove one copy of K3 x Kf = K}, from P(G;) and
repeat the described procedure for another minimal component in the new graph.
In the end of this process, we obtain the list of all components of P(G;41).

The pseudo code of the algorithm described above is given bellow.

function DEGLOBALIZE(P(G))
U+ PG), X+ 0,G+ 0
while there is a bipartite component in U do
choose a minimal bipartite component K, ; from U
a <+ logy(r +1), b« logy(t + 1)
G+ G+ Kqp
while there is a complete component in U do
choose a minimal complete component K from U
X~ X+K;
remove K, Ky o, K from U
end while
while there is a bipartite component in U do
choose a minimal bipartite component K, , from U
X+~ X+K,,
remove Kyip riqy Krptgy Krq,tp, Kpq from U
end while
U+ X, X0
end while

641



while there is a complete component in U — K7 do
choose a minimal complete component K from U — K7}
a + logy(r+1)
G+ G+K;
while there is a complete component in U do
choose a minimal complete component K of U
X+ X+K;

remove K7 , K7 from U

end while
U+ X,X«0
end while
return G

end function

5. GLOBAL DETERMINATION OF FINITE FORESTS

A tree is a connected graph without cycles. A disjoint union of trees is called
a forest. In this section we prove that the class of finite forests is globally determined.

Let G be a graph. By N¢(u), or simply N (u), we denote the set of all neighbours
of a vertex u of the graph G. If U is a subset of the vertex set of G, by N[U] we
will denote the set of all neighbours of vertices from U (while N(U) denotes the set
of all neighbours of vertex U in P(G)). The degree of vertex v is the number |N(v)]
(the number of neighbours of vertex v). We will denote it by d(v).

It is well known that every tree has at least two leaves (vertices of degree 1).
By T(G) we will denote the set of all vertices of graph G that are adjacent to at
least one leaf of G.

Lemma 6. Let G = (V,E) be an undirected graph without isolated vertices,
X a leaf in the graph P(G), and Y a neighbour of X. Then N[X] =Y and every
vertex from Y is adjacent to some leaf from X.

Proof. Since X does not contain any isolated vertex, N[X] is a neighbour
of X in the global of G. This gives N[X] =Y. Suppose y € Y and y does not have
neighbours among the leaves from X. Then X would be adjacent to Y \ {y}, which
is clearly a contradiction. O

Lemma 7. Let G = (V, E) be an undirected graph, Y € T(P(G)), and y € Y.
Then {y} € T(P(G)).
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Proof. According to Lemma 6 there exists a leaf x of graph G which is adjacent
to y. This means that {y} is a neighbour of {z}, which is a leaf in P(G). O

Lemma 8. Let G = (V,E) be a finite undirected connected graph and Y =
{y1,...,yr} € T(P(G)), r > 2. Then

dy) > max d({y:})-

Proof. Let ys be an arbitrary vertex from Y and d(ys) = p. Then d({ys}) =
27 —1. Let X be the set of leaves of G which are neighbours of vertices from Y\ {y,}
and Z = N(ys). For every nonempty subset Z’ of Z, XUZ’ is a neighbour of Y. This
gives d(Y') > 2P—1. Let x; € X be a leaf adjacent to y;,7 # s. According to Lemma 6,
there are no leaves in Y. Consequently, Y is a neighbour of (X UN (y;))\ {z;}, which
means that at least one neighbour of Y does not contain all vertices from X. This
implies d(Y) > 27 > d({ys}). O

Let G be a tree. In the further text we want to describe P(G). It is clear that
the global of every graph has one trivial component, which corresponds to (). The
remaining components will be referred to as nontrivial. It is well known that every
tree is a bipartite graph.

Lemma 9. Let X and Y be some nonempty sets of vertices of a graph G such
that for all x € X there exists a walk of odd length from x to some y € Y, and for
all y € Y there exists a walk of odd length from some x € X toy. Then X and Y
are in the same connected component of P(G).

Proof. Let X = {x1,...,2x}, Y = {y1,...,y1}. Every vertex z; € X is
a starting point of a walk W; of odd length ending in Y. Also, for every y; € YV
there is a walk Wjy; of odd length from some z € X to y;. Every walk Wi,
s € {1,...,k + 1}, could be extended to a walk W/, whose length is equal to the
maximal length of walks W1,..., W4 (by traversing the last edge backward and
forward as many times as necessary). Thus, we obtain k + [ walks of the same
length d:

!
Wit 1 = 201, 211, - - -, Zd1;
!
Wit Tk = 20k, 21ky - - - Zdk;
!
Wii1t 20k415 21415 - - - 5 Zdk+1 = Y1;
!
Wk +1: 20k—41s Z1k41y -+ - 3 Zdk+1 = Yi-
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Put Z,, = {zm1,-- -, 2mk+1}, m = 0,1,...d. Then X = Zy,Z1,..., Zg =Y is
a walk from X to Y in P(G). O

In [2] it is proved that the positive global of a connected graph G is connected if
and only if G is not bipartite. Here we will describe globals of bipartite graphs (and
trees in particular) in more details.

Proposition 5. Let G be a connected bipartite graph. Then P(G) has two
nontrivial connected components and one of them is bipartite.

Proof. Let us denote partition classes of G by A and B. By A’ and B’ we
will denote the set of all nonempty subsets of A and B, respectively. By C’ we will
denote the set of all subsets of A U B having nonempty intersection with both A
and B. It is clear that in P(G) a vertex from A’ U B’ and a vertex from C’ can
not be neighbours. The subgraph of P(G) induced by A’ U B’ is bipartite, with A’
and B’ as biparite classes, and it is connected, according to Lemma 9. The subgraph
induced by C’ is connected too, by the same reason. O

Lemma 10. Let G = (V, E) be a finite tree and v € V. If X € N({u}) and
d(X) =2F — 1 for k > 2, then X is a singleton. If d(X) = 1, then there is at least
one singleton among the leaves of P(G) which are neighbours of {u}.

Proof. Suppose X is not a singleton. Let X = {z1,...,z.}, 7 > 2, and
d(z;) = ki+1,fori=1,...,r. Since G is a tree, every two different vertices x; and z;
from X have at most one common neighbour, and that must be u. If Y € N(X) and
u €Y, then Y \ {u} can be any subset of |J {N(x;)\{u}: z; € X}, and there

€l,...,r
are exactly 2811k guch subsets. If Y € N(X)andu ¢ Y, then Y = U;U...UU,,
where Uj; is a nonempty subset of N (z;)\{u}. Thereare [] (2¥ —1) such subsets,

i€l,...,r
which gives

d(X) = 2ktthe (2R )28 — 1)L (2% —1).

For d(X) > 1 at least one of the numbers k; is different from 0. It is now a routine
exercise to show that 2+ Fk 1 < d(X) < 2kit--+k+1 _ 1 which means that
d(X) can not be equal to 2% — 1 for a positive integer k. If d(X) = 1, then the leaves
{z1},...,{x,} are neighbours of {u}. O

Theorem 3. The class of finite trees is globally determined.

Proof. Let G = (V,E) be afinite tree. According to Proposition 5 and its proof,
the global of G has two nontrivial components. One of them is bipartite and it con-

tai 1l singletons. Let m = i dY)and M ={Y € T(P(G)): d(Y) =
ains all singletons. Let m Ye]r“r(l’}?n(G)) (Y) an { (P(@)): d(Y)=m}
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(note that T(P(G)) can contain vertices from both nontrivial components, but M
must be contained in the bipartite component). Suppose that X € M and X is not
a singleton. If x € X, according to Lemma 8 we get d({z}) < d(X) = m. However,
this is impossible, since {z} € T'(P(G)) according to Lemma 7. Thus, we conclude
that all vertices from M are singletons of degree greater than one. The subgraph U
of P(G) induced by all singletons which are not leaves is connected. Therefore,
according to Lemma 10, a vertex Y of a graph P(G) belongs to U if and only if
d(Y) = 2¥ — 1 for k > 2, and there exists a path from Y to some vertex from M
consisting of vertices of degree 2™ — 1 for some m > 2. This means that it is possible
to reconstruct U from P(G).

A vertex {u} from U is adjacent to a leaf Y from P(G) if and only if Y is a set
of some leaves of G which are adjacent to u. So, if {u} has 2¥ — 1 leaves of P(G)
among its neighbours, then exactly k of its neighbours are singletons. Therefore, G
is uniquely determined (up to an isomorphism). O

Theorem 4. The class of finite forests is globally determined.

Proof. Let G be a finite forest with connected components Gy, ..., Gy (which
are, of course, trees). Pick one of the bipartite components of P(G) with minimal
number of vertices. Similarly as in the proof of Lemma 1, we can conclude that
the chosen component is isomorphic to the bipartite component of P(G;) for some
1 € {1,...,k}. According to Theorem 3, we can reconstruct the component G;.
Using Lemmas 2 and 3, in a similar way as in the proof of Theorem 2, we can now
prove that the class of all finite forests is globally determined. O

6. CONCLUDING REMARKS

In this paper we proved that two classes of finite graphs are globally determined.
The same ideas are present in both proofs, including cancelation properties of finite
relational structures, discovered by Lészlé Lovasz. To apply this method to prove
that some class of finite graphs is globally determined, two conditions are necessary.
The first one is that the subclass of connected graphs from the given class is globally
determined. The second one is that, given the global of a graph from the class, we
are able to reconstruct a component of that graph.
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