Kybernetika

Meili Lin; Zhendong Sun
Upper bound estimation of the spectral abscissa for switched linear systems via

coordinate transformations
Kybernetika, Vol. 54 (2018), No. 3, 576-592

Persistent URL: http://dml.cz/dmlcz/147437

Terms of use:

© Institute of Information Theory and Automation AS CR, 2018

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://dml.cz


http://dml.cz/dmlcz/147437
http://dml.cz

KYBERNETIKA — VOLUME 54 (2018), NUMBER 3, PAGES 576-592

UPPER BOUND ESTIMATION OF THE SPECTRAL
ABSCISSA FOR SWITCHED LINEAR SYSTEMS
VIA COORDINATE TRANSFORMATIONS

MEILI LIN AND ZHENDONG SUN

In this paper, we develop computational procedures to approximate the spectral abscissa
of the switched linear system via square coordinate transformations. First, we design iterative
algorithms to obtain a sequence of the least ©1 measure. Second, it is shown that this sequence
is convergent and its limit can be used to estimate the spectral abscissa. Moreover, the stopping
condition of Algorithm 1 is also presented. Finally, an example is carried out to illustrate the
effectiveness of the proposed method.

Keywords: switched linear systems, matrix set measure, spectral abscissa, coordinate
transformations

Classification: 93D20

Notation: Let R be the set of real numbers, and N be the set of nonnegative integers.
For a positive integer k, denote k = {1,...,k}. For two positive integers i and j, denote
(i, 7) the minimal positive integer such that ¢ = [j+ (4, j) for some nonnegative integer
I. Let A(A) be the largest real part of the eigenvalues of matrices A;, i = 1,...,m. For
given matrices A, T € R"*"™ with rank(T") = n, denote

CrA=T71AT.
An elementary matrix 7' € R™*" is called

e of type 1if T'=T1(i,5), Vi,j € 0, j # i, where T(i, j) is obtained from the identity
matrix I,, by interchanging rows ¢ and j, i.e.,

1

T(Z’j) =
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e of type 2 if T = T;(q), Vi € n, where T;(q) is obtained by multiplying the ith row
of I,, by a nonzero constant g, i.e.,

1

- 1 -
e of type 3if T = Tij (q),Vi,j €n,j# 1, where Tij(q) is obtained from I,, by adding
q times the ith row of I,, to the jth row, i.e.,

1

1. INTRODUCTION

In this paper, we address the performance analysis issue for continuous-time switched
linear systems

I(t) = Aa’(t)'r(t)7 I(t) € Rn7 (1)
where o(t) is a switching signal taking values from the index set {1,...,m} and A; €
R™*™ are real constant matrices for ¢ € {1,...,m}.

In recent decades, much effort has been devoted to investigating the stability of the
switched linear systems [3, [B, [6, [7, 11} 19, [20]. In particular, asymptotic stability under
arbitrary switching, named guaranteed stability, has attracted enormous interest. So far,
most available results on this problem were based on the existence of a common Lya-
punov function [I0]. Current studies in this field mainly concentrate on the construction
of the quadratic Lyapunov functions [8), 12} [19]. Due to the fact that quadratic func-
tions are not universal for characterizing guaranteed stability of switched linear systems,
various non-quadratic functions have to be sought, which makes effective computations
intractable.

For system , it was established that, there exist a positive real number ¢ and a
non-negative integer k < n — 1 such that

lz (@)l < e(1 +*)e [2(0)]

for any system solution x(-), where g is the spectral abscissa of matrix set {A1, -, A}
[4, I7]. Therefore, spectral abscissa gives a quantitative measure on the asymptotic
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performance of switched systems. It was established in [T, 8] that the spectral ab-
scissa is equal to the least possible common matrix set measure of the subsystems,
which provides an algebraic approach to characterizing the spectral abscissa. Several
least-measure-based computational schemes have recently been proposed along this ap-
proach. In [21I], an algorithm based on the sum-of-squares (SOS) technique was used to
approximate the system’s least matrix set measure. However, it fails when the eigenval-
ues of subsystems are not concentrate or close to the imaginary axis. Another possible
way is to compute the least common p; measure of the transformed matrix set via ex-
tended algebraic transforms. In our previous work [9], square coordinate transformation
has been proposed to get the least 1 measure via the fact that any invertible square
matrix can be expressed as a product of elementary matrices.

In this paper, by examining the property of the least u; measure obtained by coor-
dinate transformations of type 2, a revised algorithm is presented to calculate the least
(1 measure via iteratively performing the transformations on some particular columns
only, which reduce the iterative steps and computational cost compared with the row-
by-row iteration in [9]. Furthermore, by constructing a convex function and applying
the subgradient inequality, a stopping condition of this algorithm is proposed. On the
other hand, the least u; measure obtained by coordinate transformations of type 2 can
be solved by linear programming and bisection method. For the coordinate transforma-
tions of type 3, a new algorithm is designed to search for the least p; measure which
can be seen as the upper bound estimation of the spectral abscissa.

2. PRELIMINARIES
Definition 2.1. For switched linear system , the spectral abscissa is

| t
o(A) = limsup LD l( )”,
t—o0,x(-)EA t

where A = {A1,..., A}, and A is the set of non-trivial solutions of system .

Note that the spectral abscissa in Definition is also known as the maximum
Lyapunov exponent or largest divergence rate in the literature [4, 5] [14] [15] [16].

Definition 2.2. (Sun and Ge [20]) For any vector norm || - || in R™ and a given set of
matrices A = {Ay, Ao, ..., A}, the induced matrix set measure is defined as

pg(A) = max g (An)s - (Am) }
where . (A;) is a matrix measure formulated as

Azl —
=+ Az~ =l

w1 (Ag) = limsup
701 ,0£zeR™ THz”

For example, for a matrix A = (a;j)nxn, the induced matrix measure of norm /1,
denoted by p1(A) measure for simplicity, is the maximum of the column sum

p1(A) = max;(A), (2)

JEN
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where the jth column sum is defined as

Ui(A) = a4+ Y layl, jen (3)

i=1,i#j

Definition 2.3. (Sun and Ge [20]) For a given matrix set A = {44,...,A,,}, the least

measure is defined as
+(A) = inf Q(A),
i< (A) ks A 1(A)

where V is the set of vector norms.

For any norm || - ||, the following inequality holds true,
lz()]| < e 1Az (0)], ¥ a(-) € A, t 20,

which indicates that s. (A) is an upper bound of the spectral abscissa, . e., .| (A) >
0(A). Furthermore, the following lemma establishes that the least matrix set measure
is exactly the spectral abscissa.

Lemma 2.4. (Barabanov [I]) For any matrix set A, we have
4o(A) = o(A).

The significance of the next lemma, an extension of Theorem 4.1 in [2], is that the
estimation of the least measure is made at an arbitrary precision by the p; measure of
the transformed matrix set.

Lemma 2.5. For any matrix set A and any € > 0, there exist a natural number r > n,
a matrix T;, «, of rank n, and r x r matrices H;, such that

AT =TH;, i=1,2,....m,
and
pr(Hy,y ooy Hy) < pe(A) + €.
Remark 2.6. Note that the inequality p.(A) < ui(Hy,..., H,,) is obvious, because
the size of matrices H; is greater than or equal to that of A;.

3. COMPUTATION OF THE LEAST py MEASURE

From the characteristic property and Definition 2.2} it is easy to verify that the matrix
set measure obtained after each transformation of type 1 is invariant. Therefore, in
this section, based on the result obtained in [9], we concentrate on searching for the
proper coordinate transformations of type 2 and 3, such that the spectral abscissa can be
approximated by the least 11 measure of the transformed matrix set. For clarity, we focus
on two-form switched systems, i. e., A = {41, Ao} with A1 = (@ij)nxns A2 = (Dij)nxn-
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3.1. Coordinate transformations of type 2

In this subsection, we aim to get the least 1 measure obtained by a series of transfor-
mations of type 2. That is, to get the least ©; measure of matrices (rA; and (1A,

ir%f M1 (CTAh CTAz) = ilef ma,X{%- (CTA1)7 wj (CTA2)}
JEN

n n
_ Zig. g Zip g
= dgfmaxe > [Zayltay D bl 4y, (@)
s=1,5%] s=1,5%]
where T' = diag(z1, ..., 2n) with z; #£ 0,7 = 1,...,n being free variables to be optimized.

For more details of Problem (]), the reader is referred to [9]. To solve Problem (4)), we
start with the following definition.

Definition 3.1. The index of the minimum column sum, &k € i, of matrix set {41, Az}
is the index of a column sum of A;,i € {1,2} with

max 1 (A;) = min max ¢, (4;).

i=1,2 jER i=1,2

Next, we propose the following algorithm for the computation of the optimal value
h* to Problem .

Algorithm 1: Iterative procedure for solving Problem
Step 1. Set i :=1, P} := A; and Pj := As.

Step 2. Find the index of the minimum column sum, k, of matrix set {P{, Pi}. Set
T;(z;) := diag(1,..., z,...,1) with the kth diagonal element being z;.

Step 3. Solve the problem

to get the optimal value h; and obtain the corresponding minimizer z; = d;.
Step 4. Update the matrices
P = Cryan P Py = Cryan - (6)

Set ¢ := i+ 1 and then go to Step 2.

Remark 3.2. In Step 2, the index of the minimum column sum, &, of matrix set is in-
troduced to guarantee that the ith transformation is performed on the minimum column
sum of matrices P{ and P§ for each i € N. Therefore, for i = 1, by solving Problem 7
we obtained the optimal value hy; and the corresponding d;. And then, we can obtain
the transformed matrix set {P?, PZ} and get the index of the minimum column sum.



Upper bound estimation of the spectral abscissa 581

After that, by Step 2, we derive the transformation matrix 75 and resolve Problem
to obtain hg and ds. Using a similar idea, it follows that a sequence of the minimum of
matrix set measure {h;} is obtained.

We now present a slightly different statement of Theorem 3.3 in [9]. The proof of the
following theorem is similar as Theorem 3.3 in [9] and then omitted.

Theorem 3.3. Suppose that each column and row of P} or Pj has at least one nonzero
off-diagonal element for i = 1,2,.... The optimal value, h;, to Problem is

hi = max{¥r(Cr @) P, ¥ (Cricgan P2)} (7)
with k defined in Step 2, d; = maxyew, |y|, where
Wi={y:3(,r) € (,2), j#k, st (Cri P = Urllniw) Ps)}s
and s is determined by the following Rules. For z; € (0, +00),

1. if
Ak (Cr () PY) _ A1 (Cry (=) Ps)
dZZ‘ dZi ’

then s is the index of the matrix whose column sum is max{wk(CTi(zi)Pf),

2. get the value g such that ¢ (Cr, (5 PL) = Uk (Cry ) Pa). I

U(Craian Pi) = max{ e (Gruan 1) v (Cruqan P2)

then s is the index of the matrix whose column sum’s derivative is min{+;, ({7, (-, Py,
. (Cry () Ps)}; otherwise, s is the index of the matrix whose column sum’s deriva-

tive is maX{QMc(CTl(Zl)PlZ)? w;c(CTz(Zl)Pg)}

Remark 3.4. The hypothesis of Theorem [3.3] is reasonable. In fact, since d; # 0, the
hypothesis holds true if each column and row of given matrices A; or A5 have at least one
nonzero off-diagonal element. Theorem [3.3] describes a convenient computation method
for the minimum of matrix set measure after each transformation. It doesn’t need to
solve the equation 9;({r,(»,) P) — maxi—1 2 ¥k ((ry ) P)) = 0,V5 € n\{k},r € {1,2},
where the maximum function here is piecewise. Figure 1 shows a graphical explanation
of Theorem Since Y1 (Cry (15 Pr) < maxjea{v; (Cr, g0 PL)s ¥i (Cry g1 P2 )}, accord-
ing to Rule 2, get the zeros, ys, of equations wj(CTl(Zl)PTl) - wl(CTl(Zl)Pll) =0,r €
{1,2}, 7 =2,3. Then we have di = maxs=123.4 |ys|-
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Column'
Sums

v, (;Ti(zl)Pll)

'//1(¢T,(z,)P11)

Wl({Tl(Zl)%l)

W3(§T,(z,)P21)

| i V/z(ér,(z,)le)
y1 yz )7 ya Ya Zl

Fig. 1. A graphical explanation of Theorem

In the next proposition, we prove that the sequence of minimum of matrix set measure,
{h1, ha,- -}, generated by Algorithm 1 is convergent.

Proposition 3.5. Algorithm 1 produces a sequence of the minima of matrix set measure
{h;} and it is decreasing and convergent. The sequence admits either of the following
properties:

(i) There is a natural number i*, such that h;s = h; 1, and d # 1.

(ii) The sequence {h;} is convergent to h*. Moreover, the sequence reaches h* if and
only if there is a natural number ¢*, such that d;« = 1.

Proof. The proof of decreasing and convergence is exactly the same as that of Propo-
sition 3.6 in [9]. From the proof of Proposition 3.6 in [9], it can be seen that the sequence
{h;} reaches h* if and only if the following equalities hold true,
ity ) i* . _
max Ys(Pr) = gal,)g (P! ), V¥s,j € n.
Obviously, this is equivalent to d;« = 1.

The proof of the statement (i) and the former part of statement (ii) is similar as that
in Proposition 3.6 in [9], and is omitted. O

Remark 3.6. Proposition derives that Algorithm 1 can get the global optimal value
to Problem (4)) in case (ii). Compared with that in [9], the transformations are performed
on the minimum of the column sums and then the computation load is reduced.

From the above result, Algorithm 1 is obtained to approximate the spectrum abscissa
of system A via coordinate transformations of type 2. However, it cannot tell the number
of steps we needed to attend a sufficiently small |h; — h*| a prior. Generally, a natural
criterion is to stop this algorithm when h; —h* < €, where € is an absolute error tolerance.
The following is devoted to getting the stopping rule which is inspired by [13].

Let d = [d},...,d}]" is a solution to Problem obtained by Algorithm 1 and
T* = diag(dj,...,d}) with df,i = 1,---,n being the element of d. Denote Py =

N

Cr= A1 = (Pij)nxn and P = (r- Az = (gij)nxn. Let

w(z) = ,U,l(AlT — TP1*7A2T — TPQ*),
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where T = diag(z1, -+ ,2,) and z = (z1,...,2,)" are defined in Problem . Simple
calculation yields that the function w(z) is convex, continuous and differentiable almost
everywhere.

Let Hizl d;(k;) represent the product of all the d; which satisfies that k = j for all
i <l Let T =[]\_, Ti(di) and d' = ([T'_, di(kv), -, TT—y di(kn))T.
Lemma 3.7. The sequence {d'} generated by Algorithm 1 is bounded, that is, there
exists a positive constant cy, such that ||d'[|s < co.

Proof. Without loss of generality, suppose by contradiction that Hi:l d;(k;) — +o0.
Therefore, there exists at least one d;(k;), such that |d;(k;)| — +o0. It follows that
h; — 400, which contradicts the decrease of sequence {h;}. Therefore, {d'} is bounded.

O

Proposition 3.8. For any given € > 0, we have
w(d¥) <e,

002
where Iy = 250 ¢ = n(pu1(Ar, Ag) + masxi <j<n{laz;], [bj;|})?.

Proof. From (10) in [9], it is clear that, for every i € i,

32?:1,#5 lasjz; — pszs|
92+ |z=dla

%

dw(z)
— <
poF =4 S A

0z

7

82?:1,#5 |bsj 2 — qjs2s] }
|z:dl )

n

n
< maxg Z 4|az‘j|algsﬁgl§lﬁ#{|l%s|}v | Z .|bij|71§§2%};¢i{|qw|} ;
Jj=1,j#i J=1,3#i

< p(An Az) + max {ag;|, [bj;[}-
Similarly, we could prove that

0w(z)
0z;

la=ar = —p1(A1, A2) — max {|al, [bj;]}, Vi € n.
1<j<n
Thus, for any | € N, we have
llgill3 < nun(Ar, A2) + max {Jag;], [bj;]})* = e,
<jsn
where g; is any subgradient of w(z) at d'.

Secondly, Lemma together with the fact dy > 0,1 < d; < +00,i = 2,3,...,
implies that {d'} is convergent to d*.
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It is clear that
ld™ — a3 < |ld" — d*[|3
< ld' —d* — grwlf; + [lgiwlf3
ld’ —d*||3 - 2(d' — d*)" grw + 2||giwl[3, (8)
where w is an arbitrary positive constant. The subgradient inequality implies that
0=w(d)>w(d)+g/(d ~d). (9)
It follows from @ and that
[d"* = dr|[5 < [|d — d"|[3 — 2 (d")w + 2[|gywl[3. (10)

2
Thirdly, we are ready to prove @(d") < ||g;,||3w + § when [y = -2 Assume by con-

tradiction that @(d") > ||gy,||3w+ §. According to inequality , recursively applying
inequality @, we have

ld'** —d*[|3 < [|d" — d”[|3 — lywe.

2
It implies that lywe < ||d" — d*||3 which is not true since Iy = 2.

Finally, taking w = 5 derives the result. O

Base on Proposition we can establish the following result which addresses the
question: by how many iteration steps one should take to guarantee that the minimum
of matrix set measure h; is good enough to approximate the value h*?

Theorem 3.9. For any given € > 0, we have
hlg SNI(Pl*vP;)_‘_Q (11)

2
2cc)

where Iy = =

Proof. It is easy to verify that

1 (G Ar) — pa (P)

$= el i)
< L @ij Loy @ilRG)
= 11%1?5)(” (ajj p]])"'i:l#j Hézldi(ki) Dij
p (TH (AT =T PY))

p (T ™ (AT =TV PY).

IN

The last inequality holds true since (7%)~! is a diagonal matrix. From Proposition

2¢c?
forl =1y = =2, we have

€

pa(Gpey A1) — pa(Py) < (T

(12)
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By exploiting a similar idea, we have

€

p1(Cpig A2) — pa (Py) < D) (13)
Since py (T%) > 1, we have

(G Ai) — pa (P) < €i= 1,2, (14)
This implies that, h;, — 1 (P, P3) < e. a

Remark 3.10. The above theorem indicates that we do have an upper bound of the
steps needed to get the least p; matrix set measure with the accuracy we asked for.
Obviously, the method to get this stopping condition, . e., Proposition [3.:§ and Theorem
can also be used to obtain the stop condition of the corresponding algorithm in [9].

Remark 3.11. On the other hand, Problem (4)) is equivalent to inf7—1 p1 ((r-1 A1, (-1 As)
for the special structure of the transformation matrix 7. Therefore, Problem can
be efficiently solved by linear programming tools. In fact, we consider the following
problem

min ¢

n
s.t.raj25 + Z lasjlzs <<z, 5 =1,...,n,

s=1,s7#j
n
bijj-i- Z \bsj|z5 <¢z,7=1,...,n, (15)
s=1,s#]
zs>0,s=1,...,n.

For each fixed ¢ > 0, we have a linear programming problem to check whether such
numbers 25,8 = 1,...,n exist. Then by bisection method we can approximate the
minimal ¢ with this property, which gives the solution to Problem . And it is already
known that the computational cost of linear programming is O(mn?) with m and n
being the number of the constrain inequalities and unknown parameters, respectively.

3.2. Coordinate transformations of type 3

In [9], for a given set of matrices A, a calculation procedure is presented to check the
least pq measure obtained by the coordinate transformation matrix

II me).

T =
k=11=1,l#k
That is, solve the problem
inf p(Cr Ay, (rAz) = inf I?éifi{{wj(CTAl)a ¥ (CrAz2)}, (16)

where z,lc, k,l € n,l # k, are free parameters to be determined.
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It is recognized that the calculation procedure is explicitly based on repeatly solving
the problem
min max{y); (Cry () P1), ¥ (Crp o Po)}, VE L€ B, 1 # K, (17)
with P;, P, are given matrices. In the following, a new iterative algorithm is proposed
to get the optimal solution of Problem .

Algorithm 2: The iterative procedure for solving Problem ((17))
Step 1. Let 7 := 0 and B; = B := n. Set

Step 2. Set
D; := {cslcs is a point of nondifferentiability of 4;(Crt(.,)Pm) and
wj(CTlé(cs)Pm) = :Yi(cs)vv(jam) € (ﬁv 2)}
D, = {ysWI/c(CT,i(z,-)Pm) zi=y, = 0, wg(CT,i(zi)Pm) zi=y, > 0, and

i(Cap gy Prm) = 7i(ys),m € {1, 23}
Let ¢y, = argmine,ep,up, 7i(cs)- If %:(0) < ¥ilcs,), set yo := 0; Otherwise, set
Yo = Csq-
Step 3. If %i(ys) > maxm—1,2 Yk (Cry (y,) Pm) and 0 € %;(y;), then Stop; otherwise, find
a pair (jo,mo) € (B, 2) such that 1, (¢t (y,) Pro) = 7i(4i)-
Step 4. Get the set

W, = {qSW}jo (CT,i(qs)Pmo) = ¢j1 (CT)i(qs)Pml) = :Yi(qs)v

V(j1,m1) € (Bm,,2), (j1,m1) # (Jo,mo)}. (18)

Find y, := argming, ew, ¥i(gs). If mo = 1, set By := B1\{jo}; Otherwise, By :=

Ba\{jo}-

Step 5. If kK ¢ By UBg and ming_; ... ;-1 %;(ys) < %(y:), and then STOP; otherwise,
set ¢ := i+ 1, and go to Step 3.

Theorem 3.12. Procedure 3 terminates after finite number of iterations and produces
the optimal value, h;, to Problem .

Proof. If
Yi(yi) > max vi(Crigy,)Pm)  and 0 € 0%(vi),
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y; is a local minimum. Suppose, for instance,
0_7i(yi) = aJ/’jo(CT,g(yi)Pro), 047 (yi) = a"’?}/}jl(CTlé(yi)PTl)'

From the expressions of wj(CT,i(zi)Prv (4,r) € (n,2) and the fact jo,j1 # k, we obtain
that 1, (Cpi (z,)Pro) is decreasing when z; € (—00,1;] and v, ((r1(.,)Pr,) is increasing

when z; € [y;, +00). Hence, the following inequalities hold true,

’_}/1(2’1’) 2 wjo (CTf(zl)Pro) 2 7/11‘0 (CTlf(yl)PTo)v v Zi € (_Ooayi]a

and
Yi(zi) 2 ¥, (Crt 2y Pri) 2 51 Gty Pri)s ¥ 2i € [ys, +00).

Therefore, y; is a solution to Problem .

Otherwise, if %;(y;) < max,,=1,2 V% (CT,g(y,-)Pm) or 0 ¢ 909;(y;), by checking the rules in
Steps 3 & 4, we get y, = argming ew, 7i(¢s). After that, the function ;, (CT,i(yi)Pmo)
is not taken into account from further iterations. If ming—y .. ;—1 % (ys) < ¥:(y;) and
k ¢ B; UBsy, from the continuousness of the function 7;(z;) and the convex of the
functions 1, (CT,i(Zi)PT>’j # k,r = 1,2, it can be seen that, y;_1 is a solution to Problem
. Otherwise, after at most 2n — 1 iterations, there is only one function left, and so
we can get arg ming e gy, ...yo._,} Vi(Ys), which is a solution to Problem . a

Remark 3.13. It is straightforward to see that Algorithm 2 is constructed which cal-
culates, in a finite number of steps, the minimum of matrix set measure after each
transformation. As shown in Figure 2, from Algorithm 2, we obtain yg, %1 and y2, and
then from Step 5, the minimum of matrix set measure h; can be obtained.

Columny

Sums Vl(é‘le(zi)Pz) u/l(lnzmpl)

Vs (:Tf(lxl R)

AN

AN

0 Y. % Yo Z

Fig. 2. A graphical explanation of Theorem [3.12

Remark 3.14. According to Proposition 2 in [9], the sequence of the minimum of
matrix set measure {h;} is convergent. For the matrix 7 defined in Problem (6],
noting that neither the function pi({rAi,(rds) nor ui(A1T — TPy, AT — TPy) is
convex, the method used to obtain the needed steps presented in Proposition fails.
It seems notoriously hard to have a priori knowledge of the number of iteration steps
to ensure that h; — h* is smaller than our desired tolerance. We leave it open for our
future research.
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Remark 3.15. We next estimate the computational cost of the algorithms for the ex-
tended systems. Let B denote the set of nonzero diagonal elements of matrices A. Let
n = mingep |z| and C = n(u1(A) + max,ep |z])%. It is a well-known fact that the num-
ber of Newton iterations required to solve a quadratic equation within an accuracy of € is

not more than log2[lg’]&1;], where M = 2)7/67“ €0 # € is a constant and Mey < 1. Follow-

ing Remark 3.5 in [9], for the extended system A, the computational algorithm involves
solving 2m(n — 1) quadratic equations in one variable independently at each iteration.
Therefore, the proposed algorithm has the computational cost 2m(n — 1) logz[lg‘ﬂﬂ/ﬁf)]
for each transformation of type 2. While in this paper, according to Theorem 3.3, the
number of equations we need to solve is m(n —1) + 1. In Algorithm 2, we do not always

have to compute all the elements of

Wi = {ylvo (Cry gy Prmo) = Y5 (Crt () P ) = 3i(),
Vi1, jo € 0,mo, my € 2, (j1,m1) # (jo,mo)},(19)

mn(mn—1)
2

3.10 in [9], the number of quadratic equations we need to solve is less than
Therefore, Algorithm 2 has much reduced the computational cost, especially for the case
d; = 0.

which is obtained by solving quadratic equations. Compared with Theorem

mn(mn—1)

4. NUMERICAL EXAMPLE

In this section, we give an example to show the performance of the algorithms for
solving and , respectively. Consider the following 4th-order switched linear
system consisting of two subsystems described by

[ —1.7672 —0.0715  1.1008  0.5852 ]

. 0.2073 —2.1981  0.2368  0.6913

L= 0.7711  1.1407 —2.9919  0.3340 |’
1.2187 —0.2046  0.3339 —1.1840 |
and

[ —2.9930  0.4460  0.7098 —0.2002 ]

4 0.4367 —4.1214  0.1275  0.1464

2 = 0.7786  0.8034 —3.9662 —0.3073
| —0.0371  0.6581  0.0611 —3.4581 |

It is not hard to obtain that A(A;, As) = —0.2204, u1 (A1, A2) = 0.4299 and k = 3.
Solving in Algorithm 1 gives the minimum of matrix set measure h; = 0.2640,
the corresponding transformation matrix

Ty(dy) = diag(1,1,dy,1) = diag(1,1,1.9479, 1),

and k = 2. Substituting T3 (d;) into @ leads to P? = (7, (a,)Ar, 1 € {1,2}. Accordingly,
by solving

min max (¢ (Cry ) PE)s Y5 (G (o) P2
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i=1,...,6 i=7,...,12 i=13,...

k d; hi k d; hy k d; hi

2 1.9479 0.2640 1 1.0147 -0.0955 2 1.0004 -0.0993
4 2.5332 -0.0152 3 1.0056 -0.0965 4 1.0002 -0.0993
1 1.0926 -0.0591 2 1.0044 -0.0983 1 1.0001 -0.0993
3 1.0652 -0.0702 4 1.0021 -0.0985 3 1.0000 -0.0994
2 1.0411 -0.0869 1 1.0012  -0.0991

4 1.0195 -0.0885 3 1.0005 -0.0991

Tab. 1. Sequence {h;}, {d;} and {k} via transformations of type 2.

21 22 23 Z4 S a B
0.9432 0.8832 0.7255 0.8705 0.4299 -0.2204 0.4299
0.9297 0.6242 0.5074 0.9422 0.1047 -0.2204 0.1047
0.8993 0.3758 0.4890 0.8638 -0.0578 -0.2204 -0.0578
0.0000 0.0000 0.0000 0.0000 -0.1391 -0.1391 -0.0578
0.8698 0.3609 0.4573 0.8396 -0.0985 -0.1391 -0.0985
0.0000 0.0000 0.0000 0.0000 -0.1188 -0.1188 -0.0985
0.0000 0.0000 0.0000 0.0000 -0.1086 -0.1086 -0.0985
0.0000 0.0000 0.0000 0.0000 -0.1036 -0.1036 -0.0985
0.0000 0.0000 0.0000 0.0000 -0.1010 -0.1010 -0.0985
0.0000 0.0000 0.0000 0.0000 -0.0997 -0.0997 -0.0985
0.8562 0.3547 0.4502 0.8265 -0.0991 -0.0997 -0.0991
0.0000 0.0000 0.0000 0.0000 -0.0994 -0.0994 -0.0991
0.8472 0.3508 0.4455 0.8178 -0.0993 -0.0994 -0.0993
0.8448 0.3498 0.4443 0.8156 -0.0994 -0.0994 -0.0994

Tab. 2. Solutions for Problem by bisection method.

one obtains he = —0.0152, dy = 2.5332 and k = 4. Using a similar idea, it then follows
from Algorithm 1 that the sequences {h;} and {d;} are derived. Table 1 shows the
numerical result obtained by Algorithm 1. Since dig = 1, it follows from Proposition 3.5
that the least y; measure is reached, i.e., u; (PL%, P3%) = —0.0994. This indicates that
the spectral abscissa lies in the interval [—0.2204, —0.0994].

Since A(A1, As) = —0.2204, p1(A;, As) = 0.4299, let the initial interval of the bisec-
tion method be [-0.2204,0.4299]. Then, according to Remark combining the bisec-
tion method and the linear programming tool for each fixed ¢, we get the least u; measure
11 (Cr—1 Ay, (p-1As) = —0.0994 with z; = 0.8448, 25 = 0.3498, 23 = 0.4443, z4 = 0.8156.
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i=1,...,26 i=27,...,52 i=53,...,78
di hi d; hi di hi
-0.0033 0.4285 0.0000 -0.0544 0.0000 -0.1131
0.4469 0.4098 0.0233 -0.0588 0.0063 -0.1146
-0.1242 0.2396 0.0000 -0.0588 0.0000 -0.1146
0.6182 0.0974 0.0000 -0.0588 0.0003 -0.1146
-0.0391 0.0884 0.2763 -0.0713 0.0000 -0.1146
0.0003 0.0883 0.0000 -0.0713 0.0002 -0.1148
0.0000 0.0883 0.2344 -0.0713 0.0017 -0.1159
0.0000 0.0883 0.0000 -0.0713 0.0011 -0.1166
0.0000 0.0883 0.0000 -0.0713 -0.0017 -0.1167
0.1575 -0.0065 0.0000 -0.0713 0.0005 -0.1167
0.0000 -0.0065 0.0095 -0.0721 -0.0004 -0.1167
0.0416 -0.0315 0.0000 -0.0721 0.0000 -0.1167
0.0849 -0.0400 0.0000 -0.0721 0.0000 -0.1167
0.0000 -0.0400 0.1807 -0.1051 0.0000 -0.1167
0.0000 -0.0400 0.0000 -0.1051 0.0000 -0.1167
0.0051 -0.0410 0.0193 -0.1087 0.0000 -0.1167
0.0000 -0.0410 0.0000 -0.1087 0.0000 -0.1167
0.0000 -0.0410 0.0161 -0.1096 0.0000 -0.1167
0.0503 -0.0433 0.0000 -0.1096 0.0010 -0.1174
0.0000 -0.0433 0.0025 -0.1130 0.0003 -0.1176
0.0000 -0.0433 0.0000 -0.1130 -0.0008 -0.1176
0.0000 -0.0433 0.0001 -0.1131 0.0002 -0.1176
0.0077 -0.0541 -0.0003 -0.1131 -0.0002 -0.1176
0.0003 -0.0544 0.0002 -0.1131 0.0000 -0.1176
0.0001 -0.0544 -0.0002 -0.1131 0.0000 -0.1176
0.0000 -0.0544 0.0000 -0.1131 0.0000 -0.1176

Tab. 3. Sequence {h;} and {d;} via transformations of type 3.

The least pu; measure is exactly the same as the result obtained by Algorithm 1. Let
« and 8 be the end points of each interval respectively. The detail numerical result is
presented in Table 2.

Next, applying Algorithm 2 to solve

min r?gg{wj (Cr2(20) A1), ¥ (Cr2 2y A2) } (20)

it can be seen that d; = 0.4285. By using Procedure 2 in [9], it can be found that the
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least y; measure is reached: ju; (P, PJ®) = —0.1176. This exhibits that the spectral
abscissa lies in the interval [—0.2204, —0.1176]. This result not only characterizes the
stability of this system, but also indicates that the largest divergence rate of this system
is not more than —0.1176. The numerical result is presented in Table 3.

5. CONCLUSION

In this work, the coordinate transformation method has been presented for computing
the spectral abscissa for continuous-time switched linear systems. A computational
algorithm based on the coordinate transformations of type 2 was presented to obtain
the least p1 measure. Furthermore, we also proposed the need steps to get the least
matrix set measure with a desired accuracy. For the coordinate transformations of type
3, we gave a new detailed procedure to obtain the minimum of matrix set p; measure
after each transformation. And then a convergent sequence of the minima of matrix set
11 measure is generated. The limit of this sequence can be used as an upper bound
estimate of the spectral abscissa. We also examined a numerical simulation to show the
performance of these algorithms. However, it is worthwhile mentioning that the method
proposed in this paper can give the acceptable but not arbitrarily sharp estimation of
the spectral abscissa, since the size of the matrices is not increased.
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