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1. INTRODUCTION AND PRELIMINARIES

There exists a correspondence between the class of implication algebras and join-
semilattices with greatest element in which every principal filter is a Boolean lattice,
given by Abbott in [1]. The nearlattices are a natural generalization of the impli-
cation algebras, i.e., join-semilattices with greatest element in which every principal
filter is a bounded lattice. The class of nearlattices has been studied in [14] and [16]
by Cornish and Hickman, and in [15], [8], [10], [9] and [11] by Chajda, Kolarik, Ha-
las and Kiihr. An important class of nearlattices are the distributive nearlattices.
Recently in [7] and [3], the authors develop a full duality for distributive nearlattices
and propose a definition of relative annihilator different from that given in [10].

On the other hand, in [17], Janowitz defines the notion of annihilator-preserving
congruence relation in a bounded distributive lattice A, called AP-congruence, as
a lattice-congruence 6 such that for all a,b € A, if a A b =y 0, then there exists
¢ € A such that a Ac= 0 and ¢ =y b. If A is pseudocomplemented, then a lattice-
congruence 6 is an AP-congruence if and only if it preserves pseudocomplements. A
new characterization of the AP-congruences for bounded distributive lattices is given
in [5] and in [6] this concept was extended to the bounded distributive semilattices.
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This paper has two objectives: to give some new characterizations of distributivity
of a nearlattice and to study the notion of annihilator-preserving congruence relations
in the class of distributive nearlattices. In the rest of this section we shall give some
necessary notation and definitions. We will recall the topological representation
for distributive nearlattices developed in [7]. In Section 2 we will show some new
characterizations of distributivity of a nearlattice using ideals, filters and relative
annihilators. Finally, in Section 3, we study the AP-congruences in distributive
nearlattices. We shall see that the AP-congruences in a distributive nearlattice A
are in a bijective correspondence to certain N-subspaces of the dual space of A. This
correspondence extends the results developed in [5] for distributive lattices.

Let A = (A,V,1) be a join-semilattice with greatest element. The set complement
of a subset X of A will be denoted by X°©. A filter is a subset F' of A such that 1 € F',
ifa<band a € F then b€ F, and if a,b € F then a Ab € F, whenever a A b exists.
If X is a subset of A, the least filter containing X is called the filter generated by X
and will be denoted by F(X). A filter G is said to be finitely generated if G = F(X)
for some finite subset X of A. If X = a, then F({a}) = [a) is called the principal
filter of a. We will denote by Fi(A) and Fif(A) the set of all filters and finitely
generated filters of A, respectively. A proper filter F' of A is called prime if for all
a,b€ A, aVbe F impliesa € For be F. An order filter is a subset F' of A such
that 1 € F,if a < b and a € F then b € F, and for all a,b € F, there exists c € F
such that ¢ < a and ¢ < b. A subset F of A is a Frink filter if 1 € F and for all
ai,...,an € F and b € A, whenever (a1] N...N (a,] C (b] we have b € F. Denote
the set of all order filters and Frink filters of A by Fip,(A) and Fip(A), respectively.
Note that every order filter and Frink filter is, in particular, a filter.

A subset I of A is called an ideal if a < band b € I imply a € I, and a,b € |
imply a Vb € I. If X is a nonempty set, the least ideal containing X is called the
ideal generated by X and will be denoted by I(X). We shall say that a nonempty
proper ideal P is prime if for all a,b € A, a Ab € I implies a € [ or b € I,
whenever a A b exists. We denote by Id(A) and X (A) the set of all ideals and prime
ideals of A, respectively. Let max X (A) denote the maximal elements of X (A). For
each P € X(A), let max[P) = max X(A) N [P). An ideal I of A is irreducible
if for all I1,Io € Id(A) such that I = Iy NIy we have I = I; or [ = I,. An
ideal I of A is optimal if I°¢ is a Frink filter, i.e., if for all aq,...,a, ¢ I and
b € A, whenever (a;] N...N (a,] C (b] we have b ¢ I. Denote by Irr(A) and
Idop(A) the set of all optimal and irreducible ideals of A, respectively. It follows
that Idop(A) C X (A).

The following results were investigated for join-semilattices and will be useful later.
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Theorem 1.1 ([4]). Let A be a join-semilattice with greatest element. Let I €
Id(A) and F € Fio,(A) such that INF = (). Then there exists P € Irr(A) such
that I C P and PN F = (.

Lemma 1.1 ([4]). Let A be a join-semilattice with greatest element and I €
Id(A). Then I is irreducible if and only if for each a,...,a, ¢ I there exists b ¢ I
and there exists ¢ € I such that b < a; Ve foralli=1,... n.

We introduce the class of algebras that are the objects of study in this paper.

Definition 1.1. Let A be a join-semilattice with greatest element. Then A is
called a nearlattice if each principal filter is a bounded lattice with respect to the
induced order.

The class of nearlattices can be regarded as pure algebras through a ternary oper-
ation. This fact was proved by Hickman in [16] and by Chajda and Kolafik in [11].
Aratjo and Kinyon in [2] found a smaller equational base.

Proposition 1.1 ([2]). Let A be a nearlattice. Let m: A> — A be a ternary
operation given by m(xz,y,z) = (z V z) A, (y V z). The following identities are
satisfied:

(1) m(z,y,z) =z,
(2) m(m(z,y, z), m(y, m(u, z, 2), z), w) = m(w, w,m(y, m(x,u, ), 2)),
3) m(z,z,1) = 1.

Conversely, let A = (A, m,1) be an algebra of type (3,0) satisfying the identities
(1)=(3). If we define x V y = m(z,x,y), then A is a semilattice. Moreover, for each
a € A, |a) is a bounded lattice where for z,y € [a) the infimum is x A\gy = m(z,y,a).
Hence A is a nearlattice.

Definition 1.2. Let A be a nearlattice. Then A is called distributive if each
principal filter is a bounded distributive lattice.

Example 1.1 ([1]). An implication algebra is defined as a join-semilattice with
greatest element such that each principal filter is a Boolean lattice with respect
to the induced order. If A = (A,—,1) is an implication algebra, then the join
of two elements z and y is given by z Vy = (z — y) — y and for each a € A,
[a) = {x € A: a < z} is a Boolean lattice where for x,y € [a) the meet is given
by x Aey = (x = (y = a)) = a and * — a is the complement of z in [a). So,
A = (A,V,1) is a distributive nearlattice.
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Note that from the results given in [14] we have the following characterization of
the filter generated by a subset X in a distributive nearlattice A:

FX)={a€A: Jx1,...,2p € [X) 1 A...Axp (a=a1 A... Ap)}

Theorem 1.2 ([15]). Let A be a distributive nearlattice. Let I € Id(A) and let
F € Fi(A) such that I N F = . Then there exists P € X (A) such that I C P and
PNF=.

Recall some topological notions. A topological space with a base I will be denoted
by (X, ). We consider the set Di(X) = {U: U° € K}. A subset Y C X is basic
saturated if it is an intersection of basic open sets, i.e., Y = ({U; € K: Y C U;}. The
basic saturation Bs(Y') of a subset Y is the smallest basic saturated set containing Y.
IfY = {y}, we write Bs({y}) = Bs(y). On X, a binary relation < is defined as z < y
if and only if y € Bs(z). It is easy to see that the relation < is a partial order
if and only if (X,K) is Typ. Let Y be a nonempty subset of X. We say that Y is
irreducible if for every U,V € Dy (X) such that UNV € Di(X) and Y N(UNY) =0
we have Y NU = or Y NV = (. We say that Y is dually compact if for every
family F = {U;: i € I} C K such that (\{U;: i € I} CY there exists a finite family
{U1,...,U,} C K such that UyN...NU, CY. Finally, remember that we can define
a topology on Y by taking as its base the family Ky = {UNY: U € K} such that
the pair (Y, Ky) is a topological space. For more details see [7].

Definition 1.3 ([7]). Let (X,K) be a topological space. Then (X,K) is an
N-space if:

(1) K is a basis of open, compact and dually compact subsets for the topology Ti
on X.

(2) For every U VW e K, (UNnW)U(VNW) e K.

(3) For every irreducible basic saturated subset Y of X there exists a unique z € X
such that Y = Bs(x).

Proposition 1.2 ([7]). Let (X,K) be a topological space where K is a basis of
open and compact subsets for the topology Tx on X. Suppose that (U N W) U
(VW) ek for all U, V,W € K. The following conditions are equivalent:

(1) (X,K) is Top and if A = {U;: @ € I} and B = {V;: j € J} are nonempty
families of Dx(X) such that (\{U;: i € I} C |U{V;: j € J}, then there exist
Ui,...,U, € [A) and Vi,...,V, € B such that Uy N...NU, € Dc(X) and
Uin...nU, CViU...UV.
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(2) (X,K) is Ty, every U € K is dually compact and the assignment H: X —
X(Dk(X)) defined by

H(z) = {U € Dx(X): = ¢ U}

for each x € X, is onto.
(3) Every U € K is dually compact and for every irreducible basic saturated sub-
set Y of X there exists a unique x € X such that Y = Bs(z).

If (X, K) is an N-space, then (Dy(X),U, X) is a distributive nearlattice. Note that
X € K if and only if Dx(X) is a bounded distributive lattice. Thus, K is the family
of all open and compact subsets of X and we obtain the topological representation
for bounded distributive lattices given by Stone in [18].

Let A be a distributive nearlattice. Let us consider the poset (X (A), C) and the
mapping pa: A — Pa(X(A)) defined by pa(a) ={P € X(A): a ¢ P}. Then A is
isomorphic to the subalgebra pa[A] = {pa(a): a € A} of P4(X(A)) and the pair
(X(A),Ka) is an N-space, called the dual space of A, where the topology Ta is
generated by taking as its base the family s = {va(a)®: a € A}. Let A and B be
two distributive nearlattices. A mapping h: A — B is a homomorphism if h(1) = 1,
h(a Vv b) = h(a) V h(b) for all a,b € A, and h(a A b) = h(a) A h(b) whenever a A b
exists. For more details see [7].

2. SOME EQUIVALENCES OF DISTRIBUTIVITY

In [3] the authors obtain new equivalences of distributivity of a nearlattice. In this
section we present some new characterizations of distributivity using ideals, filters
and the theory of relative annihilators.

Lemma 2.1. Let A be a distributive nearlattice and I € Id(A). Then I is prime
if and only if it is optimal.

Proof. We need only to prove that every prime ideal is optimal. Let
ai,...,an,b € Aand P € X(A) such that a1,...,a, ¢ P and (a1]N...N(ay] C (4]
Suppose that b € P. Asb < a;Vbforalli=1,...,n and [b) is a bounded distributive
lattice, b < (a1 Vb) A ... A (an VD). Since (a1] N...N (ay] C (b], it follows that

b= (a1 Vb)A...A(anVb) € P and due to primality of P there exists j € {1,...,n}
such that a; Vb € P. So, a; € P which is a contradiction. Thus P is optimal. Il

Theorem 1.2, proved by Hala$ in [15], generalizes the well-known Prime Ideal
Theorem. In fact, this result is equivalent to the distributivity of nearlattices.
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Theorem 2.1. Let A be a nearlattice. The following conditions are equivalent:
(1) A is distributive.
(2) Let I € Id(A) and let F € Fi(A) such that I N F = (. Then there exists
P e X(A) such that I C P and PN F = 0.
(3) Ifz £ y, then there exists P € X (A) such that y € P and = ¢ P.

Proof. (1)= (2) It follows from [15].

(2) = (3) It is immediate.

(3) = (1) Let a € A and z,y, z € [a). We know that the inequality z V (y A z) <
(zVy)A(xVz) always holds. We prove the other inequality. We suppose the contrary,
ie, (xVy)A(zVz)£aV(yAz). Then, by hypothesis, there exists P € X(A)
such that x V (yAz) € Pand (xVy)A(zVz)¢ P. So, z,y Az € P and since P is
prime, y € P or z € P. It follows that xVy € P or zVz € P. On the other hand, as
(xVy)AN(xVz)¢ P,zVy¢ PandxVz¢ P, which is a contradiction. Therefore,
A is distributive. (]

Let A be a semilattice. Let a1,...,a, € A and I € Id(A). We consider the
following property:

(%) (m]Nn...N(ap) €I implies a; €1

for some i € {1,...,n}. It follows that every ideal satisfying the property (x) is
irreducible. Indeed, let I, 17,15 € Id(A) such that I = I; N Is. Suppose that I C I
and I C I,. Then there exist a,b € A such that « € I; — I and b € I, — I. As
(a] N (b)) C I NIy =1 and I satisfies (x), a € I or b € I, which is a contradiction.

Theorem 2.2. Let A be a nearlattice. The following conditions are equivalent:

(1) A is distributive.
(2) Every irreducible ideal satisfies the property (x).

Proof. (1) = (2) Let a1,...,an, € A and I € Trr(A) such that (a1]N...N
(an]) C I. Suppose that aq,...,a, ¢ I. Since I is irreducible, by Lemma 1.1, there
exists b ¢ I and there exists ¢ € I such that b < a; V¢, ie., a; Ve € [b) for all
i=1,...,n. As [b) is a bounded distributive lattice, b < (a1 V) A ... A (ap V) =
(arN...Nap)Ve. Then (b] C (a1 A...ANan]V(c] C ((a1]N...N(an])V(c] CI. Thus,
b € I, which is a contradiction. Therefore I satisfies the property (x).

(2) = (1) Let a € A and z,y, z € [a). We prove that (zVy)A(zVz) <zV(yAz).
Suppose the contrary. Then, by Theorem 1.1, there exists P € Irr(A) such that
xV(yAz)ePand (zVy)A(zVz)¢P. So,x,yNz€ PandzVyxVz¢gP.
Since (y] N (z] C P and P satisfies the property (x), y € P or z € P. So,zVy € P
or x V z € P, which is a contradiction. Thus, A is distributive. O
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Example 2.1. Not every irreducible ideal is optimal in a nearlattice. We con-
sider the following configuration:

It is easy to prove that I = {a,d, e} is an irreducible ideal but not optimal, i.e.,
I° = {1,b, ¢} is not Frink filter because (b] N (¢] C (a] and a ¢ I°.

In the class of distributive nearlattices every irreducible ideal is optimal.

Theorem 2.3. Let A be a nearlattice. The following conditions are equivalent:
(1) A is distributive.
(2) Trr(A) C Idop(A).

Proof. (1) = (2) Let I € Irr(A). Since A is distributive, it follows by the
results developed in [7] that I is prime. Thus, by Lemma 2.1, I is optimal.

(2) = (1) Let ,y € A such that £ y. By Theorem 1.1 there exists P € Irr(A)
such that y € P and z ¢ P. As Irr(A) C Idop(A) and Idop(A) C X(A) we have
that P € X(A). Then, by Theorem 2.1, A is distributive. O

The following definition given in [3] is an alternative definition of relative annihi-
lators in distributive nearlattices different from that given in [10].
Definition 2.1. Let A be a semilattice and a,b € A. The set
aob={x€eA: b<zVa}
is called annihilator of a relative to b. In particular, the relative annihilator o =

aol={x € A: zVa=1} is called the annihilator of a.
Let a € A and F' € Fi(A). We consider the set

aoF ={zecA: If e F(f <xVa)}l

By the results developed in [3] we have that a nearlattice A is distributive if and
only if a o b € Fi(A) if and only if a o F' € Fi(A) for all a,b € A and all F' € Fi(A).

Lemma 2.2 ([3]). Let A be a distributive nearlattice. Let a € A and I € Id(A).
Then I Na" =  if and only if there exists Q € max X (A) such that I C Q and

a € Q.
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Lemma 2.3. Let A be a semilattice and F' € Fip(A). Then F is prime if and
only ifao F =F foralla ¢ F.

Proof. Let a € A such that a ¢ F. It is easy to see that F C ao F. Let
x € ao F. Then there exists f € F such that f <z Va. So, xVa € F. Since F is
prime, € F or a € F. Therefore, it should be z € FFand ao F = F for all a ¢ F.
Conversely, let z,y € A such that  Vy € F and suppose that ¢ F and y ¢ F. As
aoF = F for all a ¢ F, in particular, x o F' = F. Thus, y ¢ x o F. On the other
hand, if we take f =zVy € F, f <yVx and y € zo F, which is a contradiction. [

Theorem 2.4. Let A be a nearlattice. The following conditions are equivalent:

(1) A is distributive.
(2) If t o F C yo F for every prime Frink filter F', then x < y.

Proof. (1) = (2) Let =,y € A such that z o FF C y o F for every prime Frink
filler F. Suppose that £ y. Then, by Theorem 1.2, there exists P € X (A) such
that y € P and ¢ ¢ P. By Lemma 2.1, X(A) = Idop(A) and P is optimal. So,
F = P°¢ is a prime Frink filter. It follows that zo F' = A and therefore yo ' = A. On
the other hand, by Lemma 2.3, y € yo F' = F and y ¢ F, which is a contradiction.

(2) = (1) Let z,y € A such that £ y. Then there exists ' € Fip(A) such that F
is prime and z o F ¢ yo F. So, there exists z € x o F' such that z ¢ y o F. Note that
z ¢ F. Since F is a Frink filter and z ¢ F, by Lemma 2.3 we have zo F = F. It
follows that z € F and y ¢ F. As P = F°¢ is an optimal ideal, and therefore prime,
x ¢ Pand y € P. Then, by Theorem 2.1, A is distributive. O

3. ANNIHILATOR-PRESERVING CONGRUENCE RELATIONS

In the present section, following the results developed in [3] and [7], we study
the concept of annihilator-preserving congruence relations in the class of distribu-
tive nearlattices. We shall prove that there exists a dual isomorphism between
annihilator-preserving congruence relations of a distributive nearlattice A and cer-
tain N-subspaces of the dual space of A satisfying an aditional condition.

Let A be a distributive nearlattice. We denote by Con(A) the set of all congruences
of A. If § € Con(A), then we will write (a,b) € § or a = b. The equivalence class
of an element a € A is denoted by |alo = {b € A: a =4 b}. Recall that Con(A) is a
distributive lattice where for any 61,6, € Con(A), 61 A 62 = 61 N6 and

(a,b) € 01V 6 if and only if there exist ¢ = a,c1,...,¢, = b € A such that
(ciycit1) €01 Ubg for alli =0,...,n— 1.
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The canonical or natural map with respect to € is the function gg: A — A/ defined
by go(a) = |alg. For a subset S C A we will write |S|p = {|alg: a € S}.

Definition 3.1. Let A be a distributive nearlattice and 8 € Con(A). We say
that 0 is an annihilator-preserving congruence, or AP-congruence, if for each a,b € A,
a =¢ b implies that for each x € a' there exists y € b’ such that = =g y.

If A is a distributive nearlattice and 6 is an AP-congruence, we will use the
notation a " =; bT to indicate that 6 satisfies the condition of Definition 3.1. So, a
congruence is an AP-congruence if for each a,b € A, o' = i b" whenever a =¢ b. We

denote by Conap(A) the set of all AP-congruences of A.

Example 3.1. Let h: A — B be a homomorphism such that h(a) = 1 implies
a = 1. Then Kerh = {(a,b): h(a) = h(b)} is an AP-congruence. Let (a,b) € Kerh.
Ifz€a’,thenzVa=1and h(zVa) = h(z)V h(a) = h(z) V h(b) = h(z Vb) = 1.
Thus, by the assumption, # Vb =1 and 2 € b'. It follows that Ker h € Conap(A).

Remark 3.1. If A =(A,—,1)is an implication algebra, then every congruence
is an AP-congruence, that is, both concepts coincide. Let § € Con(A). Let a,b € A
such that @ =g b and x € a'. Then aV z = 1, or equivalently, (¢ — z) — = = 1 and
a — x < . On the other hand, it always holds that z < a — x in A. So, z = a — .
Let y = b — x. Since a = b,

r=a—>r=gb—o>r=19,

ie., x =g y. Weprovethaty € b". If 1 £ bVy, then there exists a maximal deductive
system P such that bVy = (b = y) = y ¢ P. Since P is maximal, b — y € P and
y=0b— x ¢ P. Again, since P is maximal, b € P and « ¢ P. Then b,b -y € P
and y € P, which is a contradiction. Therefore, y € b" and § € Conap(A).

Lemma 3.1. Let A be a distributive nearlattice. Then Conap(A) is a sublattice
of Con(A).

Proof. Let 61,05 € Conap(A). We prove that 61 A 02,01 V 0 € Conap(A).
Let (a,b) € 61 A6y and 2 € a'. Since ; is an AP-congruence, there exists y € b"
such that z =4, y. Similarly, as (a,b) € 2, there exists 7 € b' such that = =, 7.
Then z =p, y Vo and & =p, §V x. Since [z) is a distributive lattice, there exist
(yVz)A([@GVe),zA[GVae)and o A(y V). It follows that

z=xzA{@GVz)=e (yVa)A (V)

and
r=xAyVar)=q, (yVa)A(FVa).
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Then = =g, pg, (yV ) A (FV ). On the other hand, y V ,7V x € b' and since b
is a filter, we have (y V x) A (§ V) € b'. Thus, 6; A 6y is an AP-congruence.

Let (a,b) € 01 V 0y and z € a'. Then there exist cg = a,c1,...,¢, = b € A such
that (¢;,ci41) € 01Ubs foralli =0,...,n—1. So,z € a’ = ¢j and (co,c1) € 01 Ubs.
Since #; and 6, are AP-congruences, there exists y; € ¢; such that (z,y;) € 61 U6s.
By induction, there exist y1,...,y, € A such that y; € c;r and (x,y1), (¥, Yj+1) €
0, U0 for all j = 1,...,n— 1. Therefore, there exists y,, € c;'; =b" and = =¢,vg, Yn.
So, 61 V 03 is an AP-congruence. O

Remark 3.2. Note that not every congruence is an AP-congruence. We con-
sider the following distributive nearlattice A:

1

Let 6(c, 1) be the congruence generated by the pair (c,1). Let e € 1T = A. Thus,
1 =¢ ¢ but there does not exist y € ¢' such that e = y. So, 0(c,1) ¢ Conap(A).

It was proved in [7] that the congruences lattice of a distributive nearlattice A is

dually isomorphic to the lattice of certain subspaces, called N-subspaces, of the dual
space (X (A),Ka).

Definition 3.2 ([7]). Let (X, ) be an N-space and let ¥ be a subset of X. We
say that YV is an N-subspace if (Y, Ky) is an N-space.

The set of all N-subspaces of an N-space (X, K) will be denoted by S(X).
Let A be a distributive nearlattice and § € Con(A). We consider

Yo ={q; '(P): P € X(A/0)}.
Since gy is a homomorphism, g, ' (P) € X(A) and Yy C X(A). It follows that
the pair (Yp, Ky,) is an N-space and therefore Yj is an N-subspace. Reciprocally, if
Y C X(A), then the binary relation (Y) C A x A given by
0Y)={(a,b) e Ax A: pa(a)°NY =pa(b)°NY}
is a congruence relation of A such that 6 = 6(Yp). For more details see [7].
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For each F € Fi(A) we consider the set v(F) = {P € X(A): PNF # (}. We
have that v(F) = |J{¢a(a)°: a € F} and in particular y([a)) = ¢a(a)°.

Corollary 3.1. Let A be a distributive nearlattice and ¥ € S(X(A)). Let
a,b € A such that a =¢(y) b. The following conditions are equivalent:

(1) a" =5y b".
(2) 1) NY =4BT) Y.

Proof. (1) = (2) We prove that y(a")NY C~(b")NY. Let P € y(a")NY.
Then P € [J{pa(z)¢: z €a’}NY. So, there exists ¢ € a' such that P € @a(e)®
and as a' =5v) b', there exists f € b" such that e =gv) [, ie, pale)*NY =
wa(f)°nY. It follows that

Pepa(e)nY =pa(f)nY | Jealy): yebTIny =107)nY.

Thus, P € y(b") NY. The other inclusion can be shown similarly.
(2) = (1) By hypothesis, y(a")NY =4(b")NY, ie.,

Hea@): zea"}nY = J{oaly): yed'}nY.

Let e € a'. We prove that there exists f € b' such that (e, f) € §(Y). Note that
pa(e)NY CU{pa(@): z€a’}NY =U{paly)®: y€b'}NY. Thus,

pal(e)NY C| JHoaly)ny: yed'}

or equivalently,
(ea@)NY: yeb '} Cpale)nY.

Since Y is an N-subspace, by Proposition 1.2, there exist yi,...,y, € [b') = b'
such that y1 A ... Ay, exists and [pa(y1) NY]N...N[pa(yn) NY] C pa(e)NY. If
Y=y1/N...Ayp, then pa(y)NY C pa(e)NY and pa(eVy)°NY = pa(e)°NY. Since
bT € Fi(A)and y € b', it follows that f =eVy €b'. So, pa(e)°NY = pa(f)°NY
and (e, f) € 8(Y). Therefore, a” =5v) bT. O

Theorem 3.1. Let A be a distributive nearlattice and 8 € Con(A). Let Yy €
S(X(A)) such that 6 = 6(Yy). The following conditions are equivalent:

0 is an AP-congruence.
laT|g = |alg for alla € A.
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Proof. (1) = (2) Let a,b € A such that a =¢ b. By Corollary 3.1, we only
need to prove that y(a")NYy =~v(b")NYs. If P € y(a")NYp, then PNa’ # (0 and
P €Yy. So, there exists ¢ € P such that aVe=1. Asa =y b, we have bV c =4 1
and by hypothesis (bV ¢)T =; A4, i.e.,

(Ve )NYy=7(A)NYs = X(A)NYy =Y.

On the other hand, pa(c)*NY(b") = palc)*Ny((bVe)T). Indeed, if P € pa(c)€n
(b)), then ¢ € P and PNb'" # (). Since PNb' # (), there exists z € P such that
bV z=1. It follows that z € (bVec)" and PN (bVve)T # 0, ie., Pe~y((bve)T). So,
P € pa(c)ny((bVve)T). The other inclusion is similar. Therefore, pa (c)°Ny(b") =
pA(e)f N (V)T and

Pa(0)° Ny (b7 ) NYs = pal(c)* N((bVe)T)NYy = pale)® N Y.

Asce P, P € pa(c)°NYy. Thus, P €y(b")NYp and v(a")NYy Cv(b")NYy. The
inclusion v(b") NYy C y(a') N Yy is analogous.

(2) = (3) Let a € A. We see that |a'|p = |a|j. If |z| € |aT|e, then there exists
z € a' such that |z|g = |Z|g. Thus, |z|o V |als = |Z|o V |alp = |2 V alp = [1]p and
|z|g € |al, . Therefore, |a'|o C |alg .

For the other inclusion, suppose there exists |z|g € |a|j such that |z]s ¢ |a'|.
Then 7V a =¢ 1 and we consider the filter F(|a"|g). Note that |z|y ¢ F(|a'|g).
Indeed, if |z|g € F(|la"|s), then there exist |z1ilg,...,|Tnls € [la"|s) such that
|z1lo A ... Alxnle exists and |x|g = |z1]p A ... A]zale. It is easy to see that |a”|g
is increasing. So, |z1lg,...,|Tn|s € |a"|s and there exist Zi,...,Z, € a' such that

=, _ i . — — T . T .
K] - 7 - )ttt : AR n )
|Zilg = |xilo for alli =1 n. Then |Z1|g |Znlo € |a' |o and since ' € Fi(A)
|{E|9 = |{E1|9 VAP |{En|9 = |£f'1|9 VANAN |{fn|9 = |£f‘1 VAN /\{fn|9 € |aT|9,

which is a contradiction. Then |z|g ¢ F(|a'|g) and by Theorem 1.2 there exists
Py € X(A/0) such that |z|p € Py and PyNla'|p = 0. Since gp: A — A/0 is a
homomorphism onto, g, ' (Py) = P € X(A) and P € Yy. Then PNa’ = and by
Lemma 2.2 there exists ) € max X (A) such that P C Q and a € Q.

On the other hand, # V a =¢ 1 and as # is an AP-congruence, (z V a)' =3
and y((zVa)")NYy =~v1")NYy = X(A)NYy =Yy, ie.,, Vg Cy((zVa)T). As
PeYy, Pey((zVva)')and PN (xVa)" # (. Then there exists w € P such that
(xVa)Vw=1. Since |z|g € Py, x € q;l(Pg) =P. So, w,x € PC Q. Also, a € Q

and (zVa)Vw=1€ @, which is a contradiction because @ is maximal. Therefore,
T
0

1T

lalo = lalg -
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(3) = (4) Let a,b € A such that a Vb =y 1. Then |aV blg = |a|g V |blo = |1]e. Tt
follows that |bly € |al, = |a"|p. Then there exists ¢ € a' such that ¢ =g b.

(4) = (1) Let a € A such that a =¢ 1. If b € A, then a Vb =y 1 and by hypothesis
there exists ¢ € a ' such that ¢ = b, i.e., a’ =; A. O

In [3] we introduce and study a particular class of homomorphisms, called T-
homomorphisms. We say that a homomorphism h: A — B between distributive
nearlattices is a T-homomorphism if F'(h(a")) = h(a)" for all a € A. The following
result will be useful later.

Lemma 3.2 ([3]). Let A,B be two distributive nearlattices and h: A — B be a
T-homomorphism. Then h™(P) € max X (A) for all P € max X (B).

Theorem 3.2. Let A be a distributive nearlattice and 6§ € Con(A). Let Yy €
S(X(A)) such that § = 6(Yy). The following conditions are equivalent:
(1) 0 is an AP-congruence.
(2)

2) qp is a T-homomorphism.

Proof. (1) = (2) By Theorem 3.1 we have that F(|a'|g) = F(la|]) = |alj. It
follows that F(|gg(a)"|) = g¢(a)” and gp is a T-homomorphism.

(2) = (1) Let a,b € A such that a =y b. We see that a " =i(va) b', or equivalently
by Corollary 3.1, that v(a") NYy = v(b")NYy. Let P € v(a")NYy. Then P €
U{pa(z)¢: x €a’} and P € Yy, i.e., there exists e € a' such that P € pa(e)® and
P = g, (Py) for some Py € X(A/0). So, e € P and |e|g € Py. Since e € a', |e|g €
la"lg C F(la"|p) = |a|, = |b]j . By hypothesis, gg is a T-homomorphism and |b|] =
F(|b"|g). Then |e|lg € F(|b"|g) and there exist |y1g, .-, |ynlo € [[bT|o) = |bT|s such
that |yi|loA.. . Alynlo exists and |elg = |y1]o A .. Alyn|o. Thus, there exist ¢1,...,t, €
b" such that |t;|g = |yi|e for all i = 1,...,n. Since |e|lo = |y1lo A ... Alynlo € Py
and Py € X(A/0), there exists j € {1,...,n} such that |y;l¢ € Ps. So, [tjlg € P
and t; € g, ' (Py) = P, ie., P € pa(t;)¢and ast; € b7, P € J{pa(y)®: y € bT}.
Therefore, P € v(b") N Yy and v(a')NYy C v(b") N Yy. The other inclusion can be
shown similarly. ([

Now, we study the structure of the quotient algebra A /6 of a distributive near-
lattice A when 6 is an AP-congruence. In the following definition we generalize the
normal and quasicomplemented lattices studied by Cornish in [12] and [13].

Definition 3.3. Let A be a distributive nearlattice.

(1) We say that A is normal if each prime ideal is contained in a unique maximal
ideal.
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(2) We say that A is quasicomplemented if for each a € A there exists b € A such
that a' T =b', where

a'T={ceA: (Veca) (cve=1)}.

Theorem 3.3. Let A be a distributive nearlattice and 6 € Conap(A).

(1) If A is normal, then A/ is normal.
(2) If A is quasicomplemented, then A /0 is quasicomplemented.

Proof. (1) Let P € X(A/6) and U;,Us € max X(A/6) such that P C Uy
and P C U;. By Lemma 3.2, ¢, ' (U1),q, ' (Uz) € maxX(A). As g, '(P) C
g5 ' (U1) Ngy ' (Uz) and A is normal, g, ' (Uy) = g, ' (Uz). Thus, Uy = gs(g, ' (V1)) =
q0(q; " (Us)) = Uz and A /6 is normal.

(2) Let |alp € X(A/6). Then a € A and as A is quasicomplemented, there
exists b € A such that a' " = b". We prove that |a|, " = |b|,, or equivalently by
Theorem 3.1, |a|j " = |a" T|g. If |z|g € |a” "|p, then there exists Z € a' " such that

T|9‘

|Z|g = |x|p. Let |ylo € |al, . By Theorem 3.1, |a|, = |a So, there exists 7 € a'

such that |7lg = |ylg. Since g€ a’ andz€a' ", zVy=1. So,
|zlo V |yl = [Zlo V [Flo = |2V Flo = [1ls,

ie., |zlg €laly " and |a"T]g Clalg T

Let us prove the other inclusion. Let |zl € |alj ". Asa' T = b, it follows that
a'=a""T=b"". Sincebeb'T,bca’ andbVa=1. Then [bValg = |blgV|als =
|1]p and |b|g € |al, . So, as |z|g € |a|, " and |bls € |al] , |z|6V|blo = |1]¢, which implies
that |z]g € |b|j . By hypothesis, 6 is an AP-congruence and [b|, = [b"|g = |a'|o.
Thus, |z]g € |a' T|g and |alj " C |a" " |s. Therefore |al] T = [b]] . O

Remark 3.3. Note that for every Q € X(A) theset QT = {a € A: Qna' # 0}
is a filter of A. Since 1" = A, 1€ Q". Let 2 € QT and < y. Then QNa' # ()
and " Cy". So, QNy’ #0and y € Q. Finally, let 2,y € Q" such that z Ay
exists. Then Q Nz’ # 0 and Q Ny’ # 0. It follows that there exists q1,¢q2 € Q
such that tV¢gg =landyVge=1. Let q=q1 Vg2 € Q. So,zVg=1,yVg=1
and as [¢) is a bounded distributive lattice, (xt Ay)Vg= (zVq) A(yV q) =1, i.e,
qeQN(xzAy)" and z Ay € QT. Therefore, Q" € Fi(A).

We characterize the N-subspaces of X (A) corresponding to AP-congruences.

Theorem 3.4. Let A be a distributive nearlattice and Y € S(X(A)). The fol-
lowing conditions are equivalent:

(1) 6(Y) is an AP-congruence.
(2) max[Q) CY forallQ €Y.
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Proof. (1) = (2) Let @ € Y and P € max[Q). Suppose that P ¢ Y. We
consider the family

F=[Yea®)NY: pa() ¢ HP)} N[ {pale) NY: wale) € H(P)}.

If F # 0, then there exists R € F such that H(P) = H(R). Since H is 1-1, we have
P = R and P €Y, which is a contradiction. So, F = ) and

{ea®) NY: oa(d) ¢ HP)} | Jpale)NY: palc) € H(P)}.

Let B={b: ¢oa(b) ¢ H(P)} and C = {c: pa(c) € H(P)}. AsY is an N-subspace,
there exist by,...,b, € [B) and ¢y, ..., ¢y € C such that by A ... A b, exists and

[oa(d)NY]N ... N [pa(dn) NY] C [palc)) NY]U...Ulpa(cm)NY].

Since by, ..., b, € [B), it follows that there exist by, ..., b, € B such that b; < b; for
alli=1,...,n. Let b=0b1A.. . Ab,and c = c1V...Vcy,. Then pa (b)NY C pa(c)NY
and pA(bV)°NY = pa(c)°NY. So, (bVe¢,c) € 0(Y). Ascy,...,cm € C, then
valcj) € H(P), ie., P ¢ pa(c;) and ¢; € P forall j =1,...,m. Thus, ¢c € P.
On the other hand, if b € P, then by A ... Ab, € P and since P is prime, there
exists k € {1,...,n} such that by, € P. As by, < by, then b, € P. But by € B and
oa(by) ¢ H(P), ie., P € pa(by) and by ¢ P, which is a contradiction. Then b ¢ P.

We consider the set Q" = {a € A: QNa' # 0}. By Remark 3.3, Q" € Fi(A).
Since P is maximal, I(P U {b}) N QT # 0. Otherwise, if (P U {b}) N QT = 0 then
there exists R € X(A) such that P C R, b € Rand RNQ" = (. So, b € R and
b ¢ P, which is a contradiction because P is maximal. Then I(P U {b})NQT # 0
and there exists p € P such that pvb € QT, i.e., QN (pVb)" # (). Thus, there
exists d € A such that d € QN (p VvV b)". On the other hand, since (V) is a
congruence and (bV ¢,c) € 6(Y), then (bV cV p,ecVp) € 6(Y). By hypothesis,
9(Y) is an AP-congruence and (bV cV p)' =i(v) (cvp)T. Aspvb<bVeVp,
(pvb)T C (bvevp)T andd € (bVeVp) . Thus, there exists f € (¢Vp)' such that
d=q) f,ie, oa(d)°NY = pa(f)°NY. Moreover, Q € pa(d)°NY. Consequently,
Q€ pa(f)*NY and f € Q. Since P € max[Q), it follows that Q@ C P and f € P.
Also, ¢,p € P and fVcVp=1¢€ P, which is a contradiction. Therefore P € Y and
max[@) CY forallQ €Y.

(2) = (1) Let a,b € A such that a =g(y) b. Then pa(a)°NY = pa(b)°NY. We
prove that a' =) b", or equivalently by Corollary 3.1, y(a')NY = ~(b")NY.
Let Q € y(a")NY =U{pa(x): 2 €a’}NY. Then there exists ¢ € a' such that
Q € pa(c). So,cVa=1and c€ Q. Suppose that Q ¢ y(b")NY, ie., QNbT = 0.
Thus, by Lemma 2.2, there exists P € max X (A) such that @ C P and b € P. So,
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P € pa(b)°. Since P € max[Q) C Y, P € pa(b))°NY = pa(a)°NY and a € P.
Moreover, ¢ € Q C P and ¢V a = 1 € P, which is a contradiction. Therefore,

aT

=4(v) b" and 0(Y) is an AP-congruence. O

Definition 3.4. Let A be a distributive nearlattice and ¥ € S(X(A)). We say
that ¥ is an APN-subspace if max[Q) CY forall Q € Y.

Theorem 3.5. Let A be a distributive nearlattice and (X (A),Ka) be the dual

spa

ce of A. Then there exists a dual isomorphism between the lattice of APN-

subspaces of X (A) and the lattice of AP-congruences of A.
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