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Abstract. Unique solvability and stability analysis is conducted for a generalized particle
method for a Poisson equation with a source term given in divergence form. The general-
ized particle method is a numerical method for partial differential equations categorized into
meshfree particle methods and generally indicates conventional particle methods such as
smoothed particle hydrodynamics and moving particle semi-implicit methods. Unique solv-
ability is derived for the generalized particle method for the Poisson equation by introducing
a connectivity condition for particle distributions. Moreover, stability is obtained for the
discretized Poisson equation by introducing discrete Sobolev norms and a semi-regularity
condition of a family of discrete parameters.
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1. INTRODUCTION

Numerical analysis is conducted for a generalized particle method introduced in [5].
The generalized particle method is a numerical method for partial differential equa-
tions categorized into meshfree particle methods and generally indicates conven-
tional particle methods such as smoothed particle hydrodynamics (SPH) [4], [10]
and moving particle semi-implicit (MPS) methods [9]. A few studies of numerical
analysis of the generalized particle method and related particle methods have been
reported. For example, error estimates of particle methods, which are related to
the vortex method, for partial differential equations were established in Raviart [11],
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Ben Moussa—Vila [2], and Ben Moussa [1]. Moreover, a truncation error estimate of
an approximate gradient operator of MPS was established in Ishijima-Kimura [8].
Furthermore, for the generalized particle method, we established numerical analysis
involving the truncation error estimates of approximate operators [6], [7] and the
error estimates for the Poisson and heat equations based on the maximum norm [5].
Therefore, we focus on the numerical analysis of the generalized particle method
using discrete Sobolev norms as the next step of this study.

This study considers the Poisson equation with a source term given in divergence
form. The formulation is selected, because it has several practical applications.
For example, a pressure Poisson equation, which appears in formulations of particle
methods for the incompressible Navier—Stokes equations [3], [12], uses a source term
including a divergence of a velocity predictor.

A connectivity condition for particle distributions and a semi-regularity condition
of a family of discrete parameters are introduced for analyzing the discretized Poisson
equation. By virtue of the connectivity condition, a unique solvability of the dis-
cretized Poisson equation is derived. Further, by demonstrating certain properties of
the discrete Sobolev norms, such as integration by parts, stability of the discretized
Poisson equation is obtained with the semi-regularity condition.

2. FORMULATION

Let © C R? (d € N) be a bounded domain with smooth boundary I'. Let C(Q)
be the space of real continuous functions defined in Q. For k € N, let C*(Q2) be
the space of functions in C(Q) with derivatives up to the kth order. We define the
function space V as

Vi={veCQ); v(z)=0(zxel)h

Then, we consider the following Poisson equation with homogeneous boundary con-
dition:
Findu e VNC?*(Q) st. —Au=V-f,

where f € (VN CY(Q))? is given.
We introduce approximate operators in the generalized particle method. Let H
be a fixed positive number. For Q and H we define Oy € R? and 'y by

Qp :={zcR% IyecQ st. |z —y|< H},
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For N € N we define the particle distribution X as
Xy ={z;€Qu;i=1,2,...,N, x; #z; (i#7j)}

We refer to z; € X'y as a particle. Figure 1 shows an example of particle distribution
in R2.

Qy [R?

T

H

Figure 1. Example of particle distributions X in R2.

For N € N we define the particle volume set Vy as

N
VN = {Wi>0; i=1,2,...,N, Zwi: |QH|}
i=1

Here |Qp| denotes the volume of Q. We refer to w; € Vi as a particle volume. We
define the function set W as

W= {w: [0,00) > R; w(r) >0(0<r<1), wr)=0(r>=1), /[Rdw(|a:|)da::1}.

We refer to w € W as a reference weight function. We define the influence radius h
as a positive number that satisfies min{|z; —x;|; ¢ # j} < h < H. For the reference
weight function w € W and influence radius h, we define the weight function wy, :
[0,00) = R as

Set discrete parameters (X, Vn, h) and reference weight function w € W. Then,
we define an approximate divergence operator V- for 10: Xn — R? as

(2.1) S - (i) = dzwjl/}(xj) + (i) wj— xilwh“xj _z))

2 — @il oy -
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and an approximate Laplace operator Ay, for ¢: Xy — R as

(2.2) Ahgo(xi) = ZdZwi%whﬂxj — J)zl)
J#i 7o

We define the index set A(S) (S C RY) and a function space V}, as

AS):={ieN; z; € Xy NS},
Vi = {UZ Xy — R; ’U(:L’l) =0 (Z S A(FH))}

Then, we consider the following generalized particle method for the Poisson equation:

(2.3) Findu € Vj, s.t. — Apu(z;) = Vi, - f(@:), i € A(),

~

where f € V¢ such that Fla:) = fz;) (i € A(Q)) and f(z;) =0 (i € A(Tx)).

Remark 2.1. We can derive approximate operators (2.1) and (2.2) using the
weighted averages of approximations based on the finite volume method, as shown
in Appendix A.

3. CONNECTIVITY AND SEMI-REGULARITY CONDITIONS
We introduce a connectivity condition for particle distributions Xy and a semi-
regularity condition for families of discrete parameters.

Definition 3.1. For influence radius h we say that a particle distribution Xy
satisfies the h-connectivity condition if for all i € A(Q) there exists an integer ¢
(1 < ¢ < N) and a sequence {ik}iﬂ c {1,2,..., N} such that

(3.1) 1 =1, |$zk —J)ik+1| <h (1 <k< C), i € A(Q) (1 <k< C), i( S A(FH)

Definition 3.2. A family {(Xn,Vn,h)} satisfies the semi-regularity condition
if there exists a positive constant ¢y such that for all elements of the family,

3.2 ; i —x;]) < cp.

(32) _max S (e — i) < oo
J#i

Constant ¢ is called the semi-regularity constant.

Remark 3.3. Consider the graph G whose vertex set is the particle distribu-
tion Xy and whose edges are the pairs (z;,z;) that satisfy 0 < |z; — x| < h; see
Figure 2. By Definition 3.1, the particle distribution Xy satisfies the h-connectivity
condition if and only if all vertices of G in €) have a path to a vertex of G in I'g.
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Figure 2. Particle distributions Xy and their graphs G: the left and right figures show
a particle distribution that (a) satisfies, and that (b) does not satisfy the h-
connectivity condition, respectively.

4. UNIQUE SOLVABILITY AND STABILITY ANALYSIS

First, we show the unique solvability for the discrete Poisson equation (2.3).

Theorem 4.1. If the particle distribution X satisfies the h-connectivity condi-
tion, then the discrete Poisson equation (2.3) has a unique solution.

Proof. Let Ng be the number of particles included in 2. We renumber the
index of particles so that z; € Q (i =1,2,...,Ng). Let a;; (1,7 =1,2,...,N) be

0, i =7

wp(lzj —xi|) .,
|lzj —xil® I

Qi =

2d

We define matrix A € RNexNa g9

N w
k . .
A § faik; =7,
ij = el Wi
—aij, i # J.

Then the discrete Poisson equation (2.3) is equivalent to:
Findy € RY® st. ADy = b,

where D := diag(w;), b; := Vi - f(mz) (t = 1,2,...,Nq), and y; = u(z;) (i =
1,2,...,Nq). Asw; >0 (i =1,2,...,N), the diagonal matrix D is a non-singular
matrix. Therefore, it is sufficient to prove that A is a non-singular matrix. As A
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is symmetric, it is sufficient to prove that A is a positive definite matrix. For all
a € RN2\ {0} we have

Nq Nq
2
(4.1) E aiainj =2 E OéiOéinj + E of A
i,j:l 1<i<j<N§] i=1
= -2 g ;05055 + E E —azk
1<i<j<Ng i=1
(wjay — wiay Jo W,
_ E J— 2 J E E
- - ’L] + Oé — Qk-
T wiw Wi
1<i<j<Na k=Nq+1

As a;; is nonnegative, (4.1) is nonnegative. For a € RV2 \ {0} we set i such that
«; # 0. Because the particle distribution X satisfies the h-connectivity condition,
we can consider a sequence {ik}izl such that (3.1) holds. As all terms of the last
equation in (4.1) are nonnegative, we have

c 1

2
4.9 (Wi iy, — Wi i) o Wic o
() oo A i, T oy Qg
J4iig Wi W + Wi ¢c—1 % <
ij=1 k=1 Tkl 4+1 -1

As |z;, — 4, | < h, the value of a;,4,,, (kK =1,2,...,{ —1) is positive. Thus, if
the right-hand side of (4.2) equals zero, then a;, = 0 (k = 1,2,...,(). As this is
inconsistent with «; (= ai,) # 0, the right-hand side of (4.2) is positive. Therefore,
matrix A is a positive definite matrix. O

Next, we introduce a few notations and present certain lemmas. Hereafter, assume
that the particle distribution X satisfies the h-connectivity condition. For S C R4
and n € N we define the discrete inner product (-, )xs): V' x V' — R, a discrete
L2-norm [li2¢s) : V' = R, and a discrete H} norm ||- th(s) Vi - R as

(@aw)h(S) = Z wi i - i,

1€EA(S

1/2
1/2
P — sa)hés>—( 5 wisaf) |

iEA(S)

1/2

lelhges = (4 3 o Bl unie; -
i€EA(S)  jAi

where ¢; := ¢(x;) and ¢; = ¢(x;). For ¢: Xn — R we define an approximate
gradient operator Vj, by

Vie(x;) == dij so(%){ — (@) x] — Z wr(|z; — 2:4]).
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Remark 4.2. For function space V;* (n € N), the discrete L?-norm (RIS

satisfies the conditions of norm. Moreover, the discrete H}-norm {1 ) satisfies
0

the conditions of norm if and only if the particle distribution X satisfies the h-

connectivity condition.

Then we obtain the following lemma:

Lemma 4.3. For ¢ € V}, and v € V,# we have

(4.3) (Vi - 0)n) = — (%, Vap)nq),
2 2
—(Arg, ©)no) = ||<PHhé(QH) = ||<PHhé(Q)~

Proof. First, we prove (4.3). Let I;; be

0, i =J,

I = Tj— T4 L

ij d7|x,]_x,z|2wh(|xj_xi|)’ i# ]
7 i

As eV, e Vhd, and Iij = —Iji, we have

N
(Vi - 9, On@) = Z Wip; ij (5 + i) - 1y

i€A(Q) Jj=1
N N
= Z Zwiwj%' (Y5 + i) - Lij
i=1 j=1
N N

N N
Zwﬂ/}i : ij(%‘ — i)l
i=1 j=1
= — (¥, Vro)n(a)-
Next, we prove (4.4). Let J;; (= 0) be
0, i =J,

wp(lzj —xi|)
|5 —xil® I

Ji' =
’ d

; ZZ%‘%’(% — ;) (Y5 + i) - L
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As ¢ €V}, and J;; = Jj;, we have

(AhQO SO h(Q2) = =2 Z WiPi Zw] Jij

’LEA(Q
= QZ ZwinSOi (i — p5) Jij
i=1 j=1
N N
= ZZwiw] (p; — 90]) ij HSDth(QH)
i=1 j=1

= ||90th ot Z wzzwﬂpg ij 2 “Pth

ieA(Ty) J=1
O

Lemma 4.4. Assume that a family {(Xn,Vn,h)} satisfies the semi-regularity
condition. Then we have

2 2
IVrellzq) < deollellhq) -
Here, ¢y is the semi-regularity constant in (3.2).
Proof. By the Cauchy-Schwarz inequality, we have

|Wh<P||122(Q): Z wilVipil®
i€A(Q)

<t 3w Sl e, )

1€A(Q) J#i

DY WZ(Z% = h(|$j—$i|))

i€EA(Q) J#i

« S )
B  wiwn(|z; — i)
J#i

As the family {(Xn, Vn,h)} fulfills the semi-regularity condition, we obtain

2 2
thSOHl?(Q) Sdeo HSDHh})(Q) .
O

Now, we can establish the following stability of the generalized particle method
for the Poisson equation (2.3).
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Theorem 4.5. Assume that the family {(Xn, VN, h)} satisfies the semi-regularity
condition and that its particle distribution Xy satisfies the h-connectivity condition.
Then there exists a constant ¢ depending only on ¢y and d such that

(4.5) Hu”hg)(ﬂ) <cllfllizq) -

Proof. By the Cauchy-Schwarz inequality, (2.3), and Lemmas 4.3 and 4.4, we

have
Hu||ig)(n) < | = (A, Wiy = (Vi - Fwno) = | = (F, Vi) ao)]
< HfHP(Q) thu||l2(Q) < Vdeo HfHP(Q) Hu”hg)(n) ‘
Consequently, we obtain (4.5). O

5. CONCLUDING REMARKS

We analyzed the stability of a generalized particle method for a Poisson equation
with a source term given in divergence form. We obtained the unique solvability
of the discretized Poisson equation by introducing a connectivity condition for par-
ticle distributions, which is referred to as the h-connectivity condition. Moreover,
we established the stability of the discretized Poisson equation based on the semi-
regularity condition of a family of discrete parameters and discrete Sobolev norms
with properties such as integration by parts.

In future, we will analyze the error estimates of the discretized Poisson equation by
showing properties such as the discrete Poincaré inequality. Moreover, we will extend
the analysis to, for example, the Poisson equation with the mixed boundary condi-
tions, namely the Dirichlet and Neumann boundary conditions, or time-dependent
problems such as the heat and convection-diffusion equations.

APPENDIX A. DERIVATION OF APPROXIMATE OPERATORS

Assume a two-dimensional or three-dimensional space, d = 2,3. Assume a particle
distribution on a square lattice with spacing Axz. For i,j = 1,2,..., N, let 0; =
(; — Ax/2,2; + Ax/2)4, v == T, NT;, and \; == {k = 1,2,...,N; || # 0,
k #i}. As |o;] = Az? and |v;;| = Az?! (j € \;), by the divergence theorem, we
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can approximate the divergence of v/: Qn — R? at z; € Xy as

1
Al z)dr = -nd
(A1) |oz| / v= g V) nds
T; —l—mj T; — T
JEN: J

Vit m—w

Ademj' 2 oy —

JEN: o

_lz Y+ x— @

lzj —xi| |z; — 2]

JEN:

where n is the outward normal vector on the boundary do;. Further, using the
central difference, we can approximate the Laplacian of ¢: Qg — R at z; € Xy as

1 1
A2 Ap; ~ — A de = — -nd
(A2) 0 |Ui|/m pla)dz = 5 /8 V(@) -nds
N 1 B T; + T Tj— T
T Axd ];‘ |%J|VSO( 2 ) |z; — ]
Axdz|”| Z|x —x|2
JEN; JEN J v

By noting that the number of elements of A; is 2d, we can derive approximate op-
erators (2.1) and (2.2) as the weighted averages of (A.1) and (A.2), respectively.
As the approximation procedures in (A.1) and (A.2) are the same as those of the
finite volume method based on Voronoi decomposition, we can regard approximate
operators (2.1) and (2.2) as approximations based on the finite volume method.
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