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KYBERNETIKA — VOLUME 55 (2019), NUMBER 1, PAGES 114-133

FIRST PASSAGE RISK PROBABILITY OPTIMALITY FOR
CONTINUOUS TIME MARKOV DECISION PROCESSES

HAIFENG HUO AND XIAN WEN

In this paper, we study continuous time Markov decision processes (CTMDPs) with a denu-
merable state space, a Borel action space, unbounded transition rates and nonnegative reward
function. The optimality criterion to be considered is the first passage risk probability crite-
rion. To ensure the non-explosion of the state processes, we first introduce a so-called drift
condition, which is weaker than the well known regular condition for semi-Markov decision
processes (SMDPs). Furthermore, under some suitable conditions, by value iteration recursive
approximation technique, we establish the optimality equation, obtain the uniqueness of the
value function and the existence of optimal policies. Finally, two examples are used to illustrate
our results.

Keywords: continuous time Markov decision processes, first passage time, risk probability
criterion, optimal policy

Classification: 90C40, 60E20

1. INTRODUCTION

This paper consider the risk probability optimality in first passage for continuous time
Markov decision processes with a denumerable state space, a Borel action space, un-
bounded transition rates and nonnegative reward function.

As is well known, there are a large number of works on the Markov decision processes
(MDPs), see [, 2 10, [8, [, 22} [5, 111, 191 (20, 27, 24} [T'7], the horizon of MDPs with either
finite or infinite. However, many practical situations such as ruin problems[24] [17],
reliability[I7], maintenance[I7] are involved in a random horizon. Inspired by these
situations, the first passage performance criteria are introduced into the MDPs. The
literature on the first passage optimality problems for MDPs can be classified into two
groups: () One focuses on the first passage expected criterion (see, for instance [B, [1T],
191 26, 12} [6l, [15]), which means that the expected total rewards during a rand time that
the state process first enters a given target set. This criterion can usually be regarded as
a generalization of the standard criterion [3] [4, [8, 9, 22]. (i¢) The other is first passage
risk probability criterion, which usually refers to the probability of the total rewards does
not exceed a reward level (profit goal) during a first passage time that the state process
first enters a target set. This paper belongs to the second group for MDPs, which have
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been discussed in [10, 14} [I8], 21 20, 27]. More precisely, [2I] consider risk minimizing
problems in discrete time Markov decisions processes (DTMDPs) with a target set.
They show that the value function is the unique solution to an optimality equation,
and that there exists an optimal stationary policy. Huang and Guo [I0] consider the
first passage risk probability problem for semi-Markov decisions processes (SMDPs),
and obtain the optimality equation and the existence of optimal policies by using a
successive approximation technique. Furthermore, Huang, Zou and Guo [I4] investigate
the minimum risk probability with loss rates for SMDPs. They establish the optimality
equation, give suitable conditions to prove the existence of optimal policies, and develop
an algorithm for computing e-optimal policies. To the best of our knowledge, all of
these existing literatures on the first passage risk probability problem only focus on the
SMDPs or the DTMDPs. However, CTMDPs with the first passage risk probability
criterion is considered in the less known article [I8], where the authors discussions are
restricted to the stationary policies and bounded transition rates. This paper is an
attempt to investigate this criterion for CTMDPs with unbounded transition rates and
history-dependent policies, and point out the gap between CTMDPs and SMDPs.

A common feature to the risk probability criterion (see, [10] 14 20} 27, 25, [16]) is that
the decision maker considers the reward levels as well as the system states when making
decisions, which is different from the classical expected criterion (see [3}, [, [6 22] 23])
and average criterion (see [4), 22, 28]) for CTMDPs. Therefore, we can not directly
use the results of the classical standard criterions for CTMDPs. Actually we need to
introduce a class of history-dependent policies, which depends not only on the usual
states but also on reward levels, and establish a new probability space (see Section
. Secondly, motivated by many practical problems, such as queueing control and
population processes, where the transition rates are unbounded. We will consider in
this paper the case when the transition rates are unbounded. To deal with this case, we
first use the drift condition (see Theorem to ensure the non-explosion of the state
processes {x¢,t > 0}, which is weaker than the well known regular condition for SMDPs
in [10, 12, 13} [14], see Remark Furthermore, under some suitable conditions, we
not only establish the first passage risk probability optimality equation and show the
existence of optimal policies, but also use a value iteration technique to calculate the
value function (see Theorem [3.10)). Finally, we illustrate our results with two examples.
The first one is used to verify our conditions for CTMDPs with unbounded transition
rates, the second one for the numerical calculations of the value function and an optimal
policy by value iteration techniques.

The rest of this paper is organized as follows. In Section 2 we introduce the control
model for CTMDPs and the first passage risk probability optimality problem. We are
concerned with the existence and the computation aspects of a risk probability optimal
policy for CTMDPs, which are stated in Section 3. Finally, we illustrated our results
with two examples in Section 4.

2. THE CONTROL MODEL

The model of continuous-time MDP consists of five components

{E,(A(i) € A,i € E),q(j | i,a),B,r(i,a), } (1)
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with the following meaning: (1) The state space E is a nonempty denumerable set. (2)
The action space A is a Borel space, endowed with a Borel o-algebra B(A). A(i) € B(A)
is the set of admissible actions in state ¢ € E, which is assumed to be finite. Let
K :={(i,a)|i € E,a € A(i)} be the set of feasible pairs of states and actions. (3) The
transition rate ¢(jli, a) satisfies ¢(j|i,a) > 0 for all (¢,a) € K and j # 4, which is assumed
to be conservative (i.e. > .c5q(jli;a) = 0) and stable (i.e., ¢* (i) 1= sup,ca(;) ¢i(a) <
o0), where ¢;(a) := —q(i]i,a) > 0 for all (i,a) € K. (4) The target set B is a measurable
subset of E. (5) The nonnegative measurable reward function r(i, a) satisfies r(i,a) > 0
for each i € B¢, a € A(i), where B¢ denotes the complement of B.

The evolution of CTMDPs with the first passage risk probability criterion may be
described as follows. When the system state is i¢ at the initial decision epoch ¢y = 0,
there is a common reward level (profit goal) \g € RT := [0,+00) in the mind of a
decision maker, that is, the decision maker tries to control the reward no more than
Ao before the system state first passage time falls into the target set B. Then, the
decision marker chooses an action ag € A(ig). Consequently, the system stays at ig
until time ¢1, the sojourn time 6, := t; — ty following exponential distribution with
parameter ¢;,(ao)(qi,(ap) # 0), and then the next decision epoch comes. At time ¢, the

following happen: (1) the system goes into a new state iy with the transition probability
a(i1lio,a0) (2)

Qi(ao)
goal Ay = [\ — r(ig, ag)t1]t for the decision marker, where [2]* = max(z,0). Thus, the
decision marker chooses an action a; € A(i1) based on the current state i1, reward level
A1 and the previous state ig, reward level \g. The system is developed in this way until
the system state falls into the target set B.

As described above, we know that ¢ (k > 0) is the kth decision epoch, iy is the state
of the process on [tg,tr), ai is the action of the process at time t, 011 = tpyr1 — tk
is the sojourn time at state 73 and S\k is the reward level at time ¢y,

The decision marker gets a reward r(ig, ag)t;. There is a remaining profit

5\k+1 = [S\k — r(ik7ak)9k+1]+ = L(ik7 S\k, ak79k+1), where 5\0 = )\0. (2)

Due to the decision maker choosing actions to be considered not only on the usual sys-
tem states but also on the reward levels, we need to reconstruct a probability space. The
sample space Q is given by € := Q° ([ J{(i0, Mo, t1, 71, M, « - s try ik, Aky 00, A, 00, ...)| g €
E X\ € [0,4+0),5 € E, N € [0,400),6 € (0,00), for each 1 < < k,k > 1}, where
Ea = EJ{A} (with some A € E), Q° := E x [0, +00) x ((0,4+00] x E x [0, +00))>.
Let .% be the corresponding Borel o-algebra on Q. Then, we obtain a measurable space
(Q, 7).

For each k > 0, e := (g, Ao, t1,91, A1, - -« bk Gks My - - -) € Q, let ho(e) := (dg, Ao),hi(€)
:= (40, Ao, t1,91, A1y - - -, Lk, Uk, Ag) denote the k-component internal history, and define
the measurable mappings X, A, Tk on 2 as follows:

Xk(e) = ’L']€7 Ak(e) = )\k; To(e) = to = 0, Tk(e) = tk, TOO lim Tk(e).

= k—o0
For simplicity, we often omit the argument e. Moreover, define the state process {x;,t >
0} by

Ty 1= Z I{Tk§t<Tk+1}Z’k + AI{tZToo}’ (3)
k>0
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where Ip denotes the indicator function on any set E. The controlled process after
moment T, is considered to be absorbed in the isolated state xo, := A € E. Then, let
q(-|A,an) =0, r(Aan) =0, A(A) :={aa}, Aa := AU{aa}, where aa is an isolated
point.

Definition 2.1. A deterministic history-dependent policy m(e,t) is defined by a se-
quence (f,k > 0) such that fr(hr(e)) is a Borel measurable function from Q onto
AR, for each e = (ig, Ao, b1, 81, ALy« vy thy by Aky .- .) € £,

(e t) = Iy—oy folio, M) + 3 Iz, <<y Fr(hi(€)) + Tisry6as (da), (4)
k>0

where 0, (da) is the Dirac measure on Aa at the point aa. Such a policy is denoted by
m={fo, f1,...} for simplicity.

A policy m = {fo, f1,...} € Ilis called Markov if there are some measurable functions
M on Ay given Ea x [0,00) such that

7T(€, t) = I{t:()}féw(io, )\0) + Z I{Tk<t§Tk+1}f]£;w(ika /\k) + I{tZToo}aa/A (da) (5)
k>0

If there is a deterministic Markov policy © = {fo, f1,...} € I, such that fi(k > 0)
is independent of k, then this policy is called stationary. Such a stationary policy is
denoted as f for simplicity.

We denote by I, I1,,,, IT; the set of all deterministic history-dependent, deterministic
Markov and deterministic stationary policies respectively. It is clear that Il C II,,, C II.

For any policy m € II, employing [7, [16], the jumps intensity function of the process
{z¢,t > 0} is defined as follows:

mw(j|67 t) = I{t:()}mg(ﬂi()v /\0) + Z I{Tk<tSTk+1}mZ(j|hk(6))’ (6)
k>0

where m{ (jlio, Ao) == q(jlio, fo(io, o)) L (jie}, mi (lhe(e)) == q(ilir, f(hu(€))) L jzix)-

For any initial distribution » on E X R and policy m = { fo, f1,...} € II, due to the
changes of the reward levels, we construct the measure P on the measurable space
(92, F) as follows. Let Hy = E x Rt and Hj, = (E x R") x ((0,00] x Ea x RY)F |k =
1,2,.... The measure PJ on Hy(k > 0) is given by P[(i,d\) = v(i,d)) for (i,d)\) €
E x B(R™"),

PTo(v x (df, dAn,g)) = /FPIIO(iO,)\O)mg(j|iO7>\0)
x exp{—m{ (E|ig, No)t1}
XOL (10,70, foliosho) 1) (AA1) dE1, (7)
Plen v x (@i dvend)) = [ PR T, coopmT Glhe(e)
x exp{—mp (Elhg(e))(tr+1 — tr)} (8)

XOL (i Ao fir (e (w)) g1 ) (A1) dEieg,
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PI(v x (00,00,4)) = / B (i) gy —cy + T, <o)
T
xexp{—/ m (E|hy (w)) dv},
0

where I' € B(Hy), mL(Elhg(e)) := —q(iglir, f(hi(e))), B(X) is the o-algebra on X.

For any initial distribution v on E x RT and policy = € II, according to the extension
of the well-known Ionescu Tulcea theorem (e.g., Proposition 7.45 in [I]), there exists a
unique probability space (2,.%, PT) such that the probability measure PT has a pro-
jection onto Hj satisfying . Let ET be its corresponding expectation operator. In
particular, E7 and P] will be respectively written as ]EETZ N and P& ") when the initial
distribution v is concentrated on state (i, A).

Let the random variable 75 be the first passage time into the target set B of the state
process {z,t > 0}.

inf{t >0:2, € B}, if {¢>0:2;€ B} #;
T =
B 400, otherwise.

For each (i,\) € E x RT, 7 € TI, we define the first passage risk probability criterion
F7(i,\) as follows:

F7(i,\) = Pgﬁ)\)(/OTB r(we, mp) dt < >\) (9)

where r(x¢, ) (e) = r(z(e), (e, t)) for all e € Q and ¢ > 0, which measures the risk
of the system that the total rewards incurred during a first passage time that the state
process first enters a target set B and does not exceed the reward level A when using
policy 7.

Definition 2.2. A policy 7* € II is said to be risk probability optimal if
F™ (i,\) = inf F7(i, ) := F" (i, ) (10)
TE
for all (i,A\) € E x RT. The function F*(i, \) is called the value function.
Remark 2.3. By the definition of 75, we know that 75 = 0 for all initial state i € B,
and thus F*(i,\) = F™(i,A) = 1 for each (i,\) € B x R and 7 € II. Below, we limit
our arguments to the case (i, \) € B¢ x RT.

The main objective of this paper is to give some conditions for the existence of an
optimal policy among the deterministic history-dependent policies, and to provide an
algorithm for computing the optimal policy.

3. MAIN RESULTS
Notation: Let us denote by

Gm :={F:B" x R" —[0,1]| F(-,-) is Borel measurable function}.
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For (i,\) € B" x Rt, f € II, and a € A(i), the operators H, H on G,, are given by

> q(j(Zf{)(l _ e—m(f)ﬁ)

jeB q;

vl
+ 3 [P v ) Ol e, (1)
j#ijeBe”

HOF(i,\) = Zw(l_e*qﬂa)ﬁ)

ey ¢i(a)

HIF(i,\)

A
+ Z F(j, A —r(i, a)u)e_‘”(a)"q(j\i, a)du,  (12)
j#ijepe”?

in HOF(i,)\). 13
Join (i,A) (13)

HF (i, \)

with ¢;(f) := —q(ili, f(i, A)), q(ilé, f) := q(jli, £ (2, A)).
Hence, the operators (H7)™, H™ are defined by
(HN'F = HIF,(H""'F = H/ (H/)"F),H'F = HF, H""'\F = H(H"F),n > 1.
The operators have the following important properties.

Lemma 3.1. The following results hold.

(a) If F,G € G, and F > G, then H*F(i,A\) > H*G(i,\), HF (i, \) > HG(i, \), for
any a € A(i), (i,\) € B¢ x RT.

(b) If F' € G, then HF € Gy, and there exists an f € II; such that HF(i,\) =
H/F(i,)\) for any (i,\) € B¢ x R*.

Proof. (a) Part (a) follows directly from the definition of operator H.
(b) The finiteness of A(i) for every ¢ € B¢ and the measurable selection theorem
(proposition D.5 in [9]) imply that there exists an f € II; attaining the minimum in

(). 0

To avoid the possibility of an infinite number of decision epochs during any finite
horizon, we need the following basic assumption.

Assumption 3.2. For any 7 € II, (i,\) € B" x RY, P (8o = 00) = L.

This assumption means that the states processes {z;,t > 0} is non-explosive. It follows
from [4, [6l, [7], we also give the following “drift condition” to verify Assumption

Theorem 3.3. If there exist a measurable function W > 1 on F and some constants
co >0, by >0, and Ly > 0 such that

(@) > exW(ia(i | i,a) < coW (i) + bo, for all (i,a) € K; and
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(b) q*(i) < LoW (i) for all i € E, with ¢*(i) = SUDge A(s) q:(a).
Then Assumption [3:2] holds.

Proof. It follows from Theorem 1 in [16]. O

Remark 3.4. (1) Theorem [3.3]is an extension of Condition 3.1 in [23] and Assumption
2.2 in [] for CTMDPs with the classical expected criterion. When the transition rates
are uniformly bounded (i.e. sup;cp¢*(i) < o00), Theorem is satisfied by taking
W =1

(2) Theorem is also called Lyapunov condition, which is weaker than the well
known regular condition for SMDPs in [I0, 12 13} [I4]. This is because the regular
condition for SMDPs means that Q(6, E | i,a) < 1—¢, for all (i,a) € K (for some § and
€ > 0), where Q(9, E | i,a) is the semi-Markov kernel. But compared with our model,
the regular condition becomes there exist some constants § > 0 and € > 0 such that
1 —e 9% <1 —¢ for all (i,a) € K. This implies that e=9(%)% > ¢ for all (i,a) € K
and thus the transition rates ¢(j | ¢,a) must be bounded. However, in this paper we
deal with the case when the transition rates are unbounded.

Due to the non-explosion of the state processes {z;,t > 0}, the nonnegativity of the
reward rate and the continuity of probability measures, for each (i, \) € B¢ x RT and
m € II, F™(i, A) is rewritten as follows:

FT(i,\) = Pf, / r (4, 74 dt<)\)

(
_ pg;,k)( i/ " Lpsgr(@nm) di < A)
(

m=0"Tm

= PGy Z/

m=0

T-m+1
= lim P(Z )\)( Z / I{I"Il":o{wTk ey (e, m) dt < )\).
m=0

S

m+1

I{mk O{ITkeBL)}}r(xt77rt) dt < )\)

~

m

n—oo T
m

Thus, a sequence {F7(i,\),n = —1,0,1,...} is given by
T7n+1
F (’L )\ P(Z A) Z / I{mm {kaeBc)}}T(l't,Wt)) dt < )\), with Fjl(i, )\) =1

for all (i,\) € B x RT.

Obviously, F7(i,A) > F7,(i,A),n > —1 and lim, o F7(i,\) = F7(i, \).

The following Lemma is the foundation of our main results, we will use it to establish
the optimal equation.

Lemma 3.5. Suppose that Assumption is satisfied, the following statements hold
for any (i,\) € B x Rt,n > —1,7 € IL
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(a) FT(i,\) € Gy, and F™(i,\) € Gy,

(b) Fr.,(i,\) = HPF,™(i,\) and F™(i,\) = H/oF'7(i, \), where 7 := (fo, f1,...) be-
ing the 1-shift policy of 7, and fy (1,51, My- -+ tets Tt Met) == Frorn (35 st i1,
ALy tigt, Gegt, Aeg1), B =0,1,. ..

In particular, for f € II,, F/(i,\) = Hf Ff(i, \).
Proof. (a) For any (i,A\) € B° x RT,n € T, F*,(i,\) = 1 € G,,. Suppose the
statement is true for n = k > —1, then

k+1

Fra(iN) = Py, Z /

E7, Ty,
Gl (b ot I{ﬂvknzo{mTkeBC}}r(wt,m)dtS/\}]

m+1

L {wr, eBeyy (e, m) dt < A)

E(i’)\) [E © )‘)[ {f T(wt,ﬂt)dt+2k+1 me+ I{ﬁm l{mTkeBC}}r(ztm't)dtg)\}

|xT17T1aA ]]
+o0 k+1 Tt
= Z/ LN / r(we, m) dt + Z/ L, ter,eBe))
YE) m=1

T(‘Tta Wt)dt S >\|le - j7 T1 = u, Al = [)\ - T(i7 fo)u]+)

xe~ 1ol q (513 fo) du
k+1

+oo m+1
= Z/ P(z)\ Z/ I{ﬂk 1{TTkEB }}r(xt,’frt)d

J#i
<A=r(i, foJuler, = 5. Th = w, Ay = [\ = 7, fo)ul?)
e (jli, fo) du

m+1

—+ 00
= Z/ Tin—r(i o) U>0}Pj>\ r(isfo)u Z/ Liny o {or, B}y

J#i
r(zy, m)dt < X —r(i, fo)u)e_‘h'(fo)“ (F1%, fo) du

+oo
= Z / Iin—rii,foyuzore” ™ (Fodug (4], fo) du

j#i,j€EB
1n+1
+ Z / I{,\ r( fo)u>0}P(J,\ —r(i,fo)u) Z/
itigene m=0

xIinm 0{$TkeBc}}'r(xt,7Tt)dt <A=r(i, fo)u )6 ai(fo)u q(4l%, fo) du

r(tf)
= X[ el g an

jeB
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P N k T,
T(l’f()) 171- m—+1
+ /0 P(j,)\fr(i,fo)u)( > _/T Ly gtor,eBeyyr (@, m) dt
m=0 m

J#i,3€B

< A= r(i. fo)u) e U q(li, fo)du

_ Z q ]|Z fO ( e—%(fo)ﬁ)

jeB QzO

A
b [T (= o) gl fo) du
j#ijeBe 0

= HPF,(i,\) € G,

where the third equality is due to the property of conditional expectation, the fourth
equality follows from . Thus, using induction, we have F7(i,-) € G,,. Hence, the limit
of a sequence of measurable functions is still measurable implying that lim,, oo F7 (¢, \) =
F™(i,A) € G-

(b) By part (a), for any (i,\) € B¢ x RT,n > —1, we know that

Fr o (i,\) = HOE, ™ (i, )),

which together with the dominated convergence theorem gives F™ (i, \) = HfoF ™ (i, \).
Moreover, for 7 = f € II,, F/(i,\) = Hf Ff (i, \). O

To show the existence and uniqueness of the solution to the equation F* = HF™*, we
need the following assumption.

Assumption 3.6. For any (i,\) € B¢ x RT, f € HS,P(J; N (1B < +0) = 1.

To explain the meaning of Assumption we need to introduce the following nota-
tion. For any given f € I, set X, := zr,,n = 0,1,..., where T,, and {x¢,¢ > 0} are
the same as in Section 2. Thus, we obtain a discrete-time embedded chain {X,,,n > 0}.

Remark 3.7. (1) Assumption indicates that, no matter what the initial state is,
what the reward level is, and what the policy is, the system states {x ¢ > 0} will
eventually arrive at B within finite time.

(2) Assumptionis equivalent to the following assertion. For every (i, \) € B¢ X R,

P({A (U{f(n eB) =1 or P(’;/\)(ﬂ{f(n € B}) =0.
n=1 n=1

The proof of this assertion is shown as follows. For (i, \) € B® x R, f € I,

Pl (5 <4) = Z L y(Xk€eB1<k<n—1X,¢€B)

= Pl (nL_Jl{)an € B})
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To verify Assumption [3.6] it is desired to give a sufficient condition imposed on the
data of our control model.

Proposition 3.8. If inf(; syepexa@) 2 jen q]‘(’a‘;) > 0, Then, Assumption is satis-
fied.

Proof. By Proposition 1 in [16], we obtain that this Proposition is true. O

Lemma 3.9. Suppose that Assumptions [3.2] and [3.6] hold.

(a) For any (i,\) € B¢ x R, F,F' € G, f € I, if F(i,\) — F'(i,\) < H/(F —
F')(i,\), then F(i,\) < F (i, ).

(b) For any (i,\) € B¢ x R*, f € II,, F/(i,)\) is the unique solution in G, to the
equation F(i,\) = H'F(i, \).

Proof. (a) For any (i,A\) € B¢ x RT, we first establish by induction that
n
(HI)"(F = F')(i,\) < P, ) ﬂ {Xy € BY}),n>1. (15)
Since F(i,\) — F'(i,\) < 1, then,
HI(F—F)(i,\) = H/F(@i,\) —H'F (i,\)
i, f> '
/ (7)\_T(Z>f)u>

Jj#i,j€B*
xe~ g4, £) du

< / e~ f)u q(jli, f) du
j#i,jeEBe
= P(M) (Xl € B°).

So the fact holds for n = 1. Assume the fact is valid for n = k. Then,

(HOMHF = F)6A) = HI(H)NEF = F)62)
_ Z /ru,f) (Hf)k(F_F/)(j7)\—T(i,f)u)
j#igeBe”?

xet (i, f) du

o)
> /H Ur—r(i Py ﬂ{Xlch

j#i,jEBC
xe”tDuq(jli, f) du (16)

IA
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The inequality in follows from the induction hypothesis. On the other hand,

k1
P} ,\)(m{Xl € B})
=1
_ ot B
o E(i«\)u{ﬁfjf{xzeBc}ﬂ
_ f f &
= EunEinEne ziesey X T M)
400 k-‘rl _ _
= Z/ (M) ﬂ{XIEBC}\Xlzj,ﬂ:u,
J#i =1
A==, f)u]+)e““(f)"q(j\i, f) du
oD k“
= Z/ (1>\) {XlGBC}JGBC|X1—j,T1—u
J#i
A =X— r(i,f)u) x e~ % (v q(4li, f) du
oG 75 k
- Z / j)\ r(i,f)u) (ﬂ{Xl EBC})
Jj#i,jEB* =

xe” 0 Duq(jli, f) du,

which together with gives that (H/)*1(F — F')(i,\) < Pf (ﬂkH{Xl € B°Y}).

Hence, by F(i,\) — F'(i,\) < Hf (F(i,\) — F'(i, \)), the fact and induction , we
obtain for all n > 1,

F(i,\) = F'(i,)) < (H))"(F(i,)) = G(i,\) < P, (ﬂ (X € BC}> : (17)

k=1

Letting n — oo in , from Assumption and , we have

F(i,)) = F'(i,)) < lim P} <ﬂ{5{k € Bc}> =1-PL, (J{Xxe B} =0,
k=1 n=1
which implies F(i, \) < F' (i, \).

(b) For any (i, ) € B°xR™, by Lemma. , we know that F'f (i, )(Ff(i, A) € Gn)
satisfies the equation F(i,\) = H/F(i,\). On the other hand, let F'(i,\) be another
solution in Gy, to the equation F(i,\) = HfF(i,\) on B® x R+, and thus F' (i, \) —
FI(i,\) = Hf(F'(i,\) — F/(i,)\)). Employing part (a), we have F'(i,\) = F/(i,\).
Then, the uniqueness of this problem is proved. O

Theorem 3.10. Under Assumptions 3.2 and for any (i,\) € B® x R™,

(a) set F* (i,\) := 1L, F; (i,\) := HF};(i,A\),n > —1. Then, lim, . F;(i,A) =
F*(i, \).
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(b) F*(i,A) is the unique solution to the equation F(i,\) = HF (i, \).
(c) There exists an f* € II, such that F*(i, \) = Hf F*(i,\) and F*(i,\) = F/ (i, \).

(d) Set fo(i,A) : = f*(i,A), and for (i, A, t1,i1, M, . .., tx i, M) € Hy, ke > 1,
f]:(i)AatlailvAh"'7tk7ik7Ak) = f*(zkaﬂk%

with Ay = L(ikfhj\kfhf*(ikq,}\kq),@ﬁ),éo = 1}530 =X 0 =sp —sp_1 and L
is given in (2). Then, the policy 7* := (f§, f1,..., f;) is optimal.

Proof. (a) It follows from Lemma a) that F(i,\) > Fy ,(i,\),n > —1 for any
(i,A\) € B¢ x Rt. Hence, by 0 < F¥(i,\) < 1, we get lim,, o0 F*(i,\) := F(i, \) exists.

To prove F(i,A) < F*(i, \), we need to prove by induction that F*(i, \) < F7 (i, \),
for all 7 € IT and n > —1. Since F*,(i,A) = F™,(i,\) := 1, it is obviously true for
n = —1. Suppose that Fy (i, \) < F[ (i, A) for all 7 € II holds. Then,

Fio(,A) = HE; (i, A) < HE,™(i,A) < HY F,7(6,A) = FF (6, M),

where the first inequality is due to the induction hypothesis, and the last equality follows
from Lemma [3.5(b). Employing the induction, we have

Fo(i,A) < Fi(i,A) (18)

for all 7 € Il and n > —1. Letting n — oo in (I8), we get F(i, \) = lim,, 00 F(i,\) <
F7(i,\), for all 7 € II. The arbitrariness of 7 yields F(i, \) < F*(i, \).

Then, to show the converse i.e. F(i,\) > F*(i,\), it is suffices to show that there
exists a policy 6 € I, such that Fy(i,\) = FJ(i,\) for any (i,\) € B¢ x R*. Tt is
clear that F*;(i,\) = 1 = F7,(i,A) for any m € II,,,. Suppose that the fact is true
for n = k > —1. By Lemma b)7 we know that there exists an f € IIg such that
HF}(i,\) = H'F} (i, \). Letting n = {f,0} € IL,,, the induction hypothesis and Lemma
b) give that Fy (i, \) = HF;(i,\) = HIF:(i,\) = HIF(i,\) = F!, (i, ).
Then, there exists a policy § € II,, such that F*(i,\) = F?(i,\). This implies that
Fx(i,\) = F2>i,\) > FP(i,\) > F*(i,\), thus lim,_ F*(i,\) = F(i,\) > F*(i,\).
This completes the proof.

(b) For any (i,\) € B¢ x R*, by Lemma [3.5(b), we know that
F(i,\) = HOF'™(i,\) > HF*(i,\) > HF*(i,\),Vr € IL.

Taking the infimum over all policies 7 yields F* (i, \) > HF*(i, A).
On the other hand, for any a € A(i), employing part (a), we obtain

Fra(i,A) = HE(i, A) < HUF (6, A),

which together with the dominated convergence theorem gives F* (i, \) < H*F™*(i, \).
The arbitrariness of a € A(7) gives that F*(i,A\) < HF*(i,\). Thus, F* = HF*.
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For any (i, \) € B¢ x R*, since F*(i, \) satisfies the equation F(i,\) = HF (i, \), by
Lemma b), we know that there is an f € Il such that

F*(i,\) = H F*(i, ). (19)

On the other hand, let F'(i,\) € G,, be another solution to the equation F(i,\) =
HF(i,\). Similarly, by Lemma b), we know that there exists an f € Il satisfying

F(i,\) =H F @\ (20)
Comparing with 7 we have
F*(i,\) = H' F*(i,)) < H' F*(i,\)

and ,
F'(i,\)=H! F'(i,\) < H'F (i, \),

which imply F*(i, \) — F' (i, \) < H (F' — F*)(i, \). Then, by Lemma (a), we obtain
F*(i,\) < F'(i,\). Hence, reversing the role of F' and F* gives F' (i, \) = F*(i, \).

(c) For any (i, \) € B¢ x R, since F'*(i, \) satisfies the equation F'(i,\) = HF (i, \),
by Lemma m(b we know that there is an f* € II, such that F*(i,\) = HEF*(i,\) =
HT F*(i,\). Moreover, from Lemma and Lemma (b), we know that F7 (i, \) is
the unique solution to the equation F(i, A\ = HI F(i, )\), which together with part (b)
gives I (i, \) = FI (i, \). ) o )

(d) Since f(i, )\,tl,il, )\1, ety Tk, AR) :Z*f*(l';g, M)y = (fo, f1,. - f) for kK >0,
which together with and @ give P/ ok = P“* for all £ > 0. This implies that
pf" =pr, PJ*(fJB r(xs,mi)ds # [)7 r(zs, f *)ds) = 0 and F™ (i, \) = F/" (i, \) =
F*(i,A). Thus, 7* is optimal. O

Theorem provides an value iteration algorithm for finding the value function and
optimal policies. The algorithm procedure includes the following three steps.

The value iteration algorithm:

Step 1: Set F*,(i,A\) :=1,forn=—1,(i,A\) € E x RT.

Step 2: For all n > 0,a € A(i), (i,\) € E x RT, by Theorem a), H*F} (i, \)
and F); (i, \) are calculated as follows:

HOF(i,)) = Z‘U'”( @)
JjEB a(

A
+ Y / Fi:(j,Afr(@a)u)e*‘l*“)“q(jw,a)du (21)
j#ijeBe”0

Zwll a ( _e—qm)ﬁ)
JjEB ai(
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m— 1

* Z Z {F* (ja - T(i,a)kh)e—qqz(a)kh

j#i,jeEBC k=1

+F (j, A —r(i,a)(k + 1)h)e—%<“><k+1)h] q(jli, a)h. (22)
FinN) ~ min (EGA), (23)

where h is the step length, & < m,k,m € N such that mh = N denotes the set

of natural numbers.

rza)7

Step 3: If |[F (i, A\, t) — F(i, A\, t)| < 107'2, the iteration stops, and the value F}}_
is usually approximated as F'*. Hence, by Lemma[3.1] we know that there exists a policy
f* such that HF* = HY F*, which together with theorem implies that 7* is an
optimal policy. Otherwise, increase n by 1 and go to step 2.

Remark 3.11.  Using the trapezoidal integration method in [I7], the formula
can be written as follows:

/b do ~ mzlgaJrkh g(a +(k+1)h)h’ (24)
a k=0

2

where the step length h satisfies a +mh = b,m € N, [a,b] is the integration interval.

4. EXAMPLE

In this section, two examples are given to illustrate our results. We illustrate the verifi-
cation of our conditions with the first example, which is a controlled queueing system.
The second example for the numerical calculations of the value function and an optimal
policy by value iteration techniques.

Example 4.1. (Optimal control of a queueing system) Consider a queueing system in
which the state variable denotes the total number of waiting in the queue at time ¢ > 0.
There are natural arrival and service rates denoted by nonnegative constants o and S,
respectively. There are two additional parameters h; and hsy, which are assumed to be
controlled by the decision maker. When the system state is ¢ € B¢ := {1,2,...} C
E ={0,1,2,...}, the decision maker takes an action a from a finite set A(%) of available
actions, which may admit (hx(i,a) > 0,k = 0,1.) or reject (hi(i,a) < 0,k = 0,1.)
arriving jobs, and increase (ha(%,a) > 0) or decrease (ha(i,a) < 0) the service rate. This
action results in a reward rate r(i,a) > 0. Moreover, we assume that some emergency
situations reduce the number of waiting in the queue directly to 0 with a rate being
ag > 0.

To formulate this control problem as a CTMDP, we introduce the transition rates
q(jl7, a) as follows:

For i =0 and a € A(0),

r(0,a) = 0,4(0|0,a) = ¢(4]0,a) =0 for j=>1. (25)
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For i =1 and a € A(1),

a0+h0(1,a), if 7=0,
— — ho(1,a) — ha(1 if =1
ity =4 (o0t O) ol ) halb ) E = (26)
B+ ha(1,a), if j =2,
0, otherwise.
For ¢ > 2 and a € A(i)
agt + h()(i, a), if j=0,
i+ hy(i,a), if j=i—1,
q(jli,a) = —(ag + a+ B)i — ho(i,a) — h1(i,a) — ha(i,a), if j=1i, (27)
Bi + ha(i, a), it =i+l
0, otherwise.

The aim in this example is to ensure the existence of a risk probability optimal policy.
To do so, we assume that the following conditions:

B1. agi+ ho(i,a) > 0, i+ hy(i,a) > 0 and i+ ha(i,a) > 0 for all a € A(4) and ¢ > 1;
B2. ||hg|| := sup(; o)ek [hi(i,a)| < oo for k=0,1,2.
Under these conditions, we obtain the following fact.

Proposition 4.2. Under B1 and B2, the above queueing system satisfies Assumptions
and Then, by Theorem there exists an optimal policy.

Proof. First, we will verify Assumption Set W (i) := i for all ¢ € E, Lo :=
ag + a+ B+ |[holl + ||h1 | + [|h2]|. For any i € E, by B1, B2, (2F), and (27)), we
have

q* (i) = sup gi(a) < LoW (d). (28)
a€A(i)

This implies Assumption b) holds.
On the other hand, for i =0, a € A(0), from (25, we obtain
> W(5)q(i10,a) = 0 < (ag +a + B)V(0) + Lo. (29)
JjeE
For i > 1 and a € A(i), employing (27), we have

ZW q(jli,a) < (o +a+ B)V (i) + Lo, (30)
JjEE

which together with gives that Assumption a) is verified with ¢g := (ap + a +
B),bo := Lg. Thus, Assumption holds.



First passage risk probability for Markov decision processes 129

Hence, by , we know that ¢+ = 0 is a single absorbing state. Moreover, for

1> 1,a € A(Q), using and , we have

Zq |Z a) — inf q(0]i,a) - aoz—|—h9(z,a) >0,
zaechAu acA(0) gi(a) T acA(0) Loi

which shows that Proposition is trivially true. Thus, Assumption holds. O

Example 4.3. (A management problem in an insurance company) Consider a car in-
surance company classifies its profit situation into three states 0, 1 and 2, which denote
the bankruptcy, the medium and the profit state, respectively. The state 0 means that
the company went bankrupt and had no income, i.e. 7(0,a01) = 0,a01 € A(0). In
state 1, the decision maker may take an insurance policy a;; or take another insurance
policy aja, which leading in a reward rate r(1,a11) > 0 or a reward rate r(1,a12) > 0,
respectively. In state 2, the decision maker can also choose an new insurance policy as;
resulting in a reward rate r(2,as1) > 0 or choose another new insurance policy ass to
result a reward rate r(2, as2) > 0. The evolution of of this system is described as follows.
For each i € {1,2}, when the action a € A(i) is selected, the system stays at ¢ with
a random time satisfying the exponential distribution with the parameter ¢;(a), where
a € A(i),q(a) # 0. At this new decision epoch, the system state changes into a new

state j(j # i, = 0,1,2.) with the transition probability P(j|i,a) = LI/:0) §>,a € A(i).
We formulate this control system as a CTMDP, some parameters are given as fol-
lows. The state space E = {0,1,2}, the target set B = {0}; the action sets A(1) =

{a11,a12}, A(2) = {as1, a2z}, A(0) = {ap1}. The transition rates are given as follows:

q(0|0,a01) =0 q(1|0,a01) =0, q(2]0,a01) =0,

q(0[1,a11) = 0.138, q(1]1,a11) = —0.46, q(2[1,a11) = 0.322,
q(0[1,a12) = 0.024, q(1]1, a12) = —0.06, q(2|1, a12) = 0.036, (31)
(02, az1) = 0.036, q(1]2,a1) = 0.084, q(2]2,a21) = —0.12,

q(0]2, azz) = 0.005, q(1]2, az2) = 0.045, q(2[2, az2) = —0.05,

and the reward rates are given by
T‘(O,a(n) = 0, 7"(170,11) = 06, 7"(170,12) = 05, 7"(270,21) = 01, 7"(270,22) =0.2.

Employing (1)), we have (i) the transition rates are uniformly bounded; (ii) The
state 0 is absorbing, and Proposition [3.§| is trivially true. Then, Assumptions [3.2] and
hold. This imply the first passage risk probability optimal policy exists. Hence,
using Theorem the value function F*(1,\) and F*(2,)) are calculated by the
value iteration algorithm as follows.

Step 1: For A € [0,400) and ¢ = 1,2, set F*{(i,A) :=1

Step 2: For i =1,

23X ﬁ
HFN(1,A) = 03x(1—e 30 )+0.7x 0.46 x / FX(2,\ — 0.6u)e™ 400 dt,
0
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82 o5 0.06t
H“12F:(1,/\) 0.4 x (1 - 6_75) + 0.6 x 0.06 x / F;(Q,)\ — 0.5u)e_ Pt de,
0

Foo(LA) = min{H"F(1,\), H*"*F;(1,A)}.
For i = 2,
&
HF (2,0) = 03x(1—e ") 407x012x [ FX(1,A—0.1u)e "2t de,
0
o2
H*F*(1,)) = 0.1x(1—e 3)+0.9x0.05x / CFA(1, A = 0.2u)e 00 dt,
0
Frq(2,0) = min{H*F(2,\), H*2F*(2,\)}.

Step 3: if [F', (i, \) — Fi(i,\)| < 107'2, go to step 4, the value F}_; is usually
approximated as F™*; otherwise, increase n by 1 and go to step 2.

Step 4: Plot out the graphs of these functions H*"' F¥(1,\), H*2F*(1,\), H*> F*
(2,X), H*2F%(2,)), F*(1,)) and F* (2,)), see Figure[l] and Figure

0.9

0.8F

0.7} (48.3,0.8116) 1
0.6}

0.5r

H2F'(i,1)

0.4r

0.3} i
H3F (1,1
0.2 — = HRRF (W []
0
01l H sz*(Z,K) ]
) H22F (2,1)

0 L L L L L L L L L
0 10 20 30 40 50 60 70 80 90

reward level A

Fig. 1. The function H*F* (i, \).

From Figures [I]-2] and the computational procedure, we have the following conclu-
sions.

(a) From Figure [1} we see that in state 1, H*2F*(1, ) is below H%!F*(1,\) when
A € (0,37.5), and H*'* F*(1,\) is below H*2F*(1,\) when A € [37.5,90]. This suggests
that the decision maker should take the action a;o with lower risk rather than the action
ayp when A € (0,37.5), or take the action a1; with lower risk rather than the action a;s
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0.9

0 . . . . .
0 10 20 30 40 50 60 70 80 90

reward level A

Fig. 2. The value function F*(i, A).

when A € [37.5,90]. Similarly, in state 2, the action agg is with lower risk than the action
az; when A € (0,48.3), but the action ag; is with lower risk than the action ass when
A € [48.3,90].

(b) From Figures[1]-[2| we know that the optimal actions depend on the critical points
A*(i), and the optimal actions are given as follows:

0 <A< 37.5; 0 < )\ <48.3;
f*(l, )\) _ a2, > < ) 7 f*(2,>\) _ a2, =~ < ’
ail, 37.5 S A S 90. ay, 48.3 S A S 90.

with F*(i,\) = HI F*(i, \).

This implies at time ty = 0, according to the system state iy and the initial reward
level \g, the decision marker chooses an action fa‘(io, o) = f*(ig, No) € A(ip). Conse-
quently, the system stays at ig until time ¢;. At this point, the system goes into a new
state i1, and the decision marker gets a reward r(ig, f~§ (i0, Ao))t1, and have a new profit
goal \; = L(ig, Ao, fa‘(io, o), 61) for the decision marker. Then the next decision epoch
comes, based on the current state ¢; and reward level 5\1, the decision maker takes an
action ff(io,)\o,tl,ih)\l) = f*(il,j\l) € A(i1). The decision maker takes action re-
peatedly in this way until the system state falls into the target set B := {0}. Then, by
Theorem we know that the policy #* = (fg, fi,...) is optimal.
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