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Abstract. To each indefinite integral binary quadratic form @, we may associate the
geodesic in H through the roots of quadratic equation @Q(z,1). In this paper we study
the asymptotic distribution (as discriminant tends to infinity) of the angles between these
geodesics and one fixed vertical geodesic which intersects all of them.
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1. INTRODUCTION

The discriminants A with property that every integral binary quadratic form with
discriminant A is primitive (i.e. its coefficients are coprime) are called fundamental.

Let A > 1 be an odd fundamental discriminant, hence A = 1 (mod 4). We
consider the set Q(A) of all indefinite integral binary quadratic forms

(L.1) Q(x,y) = ax® + bry + cy’

with discriminant A. To each quadratic form () we may associate the geodesic line
in H given explicitly by

b .
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It is a semicircle with endpoints in the roots of the quadratic equation Q(x,1) = 0:

(1.3) 6, “b-VA 6, b+ VA
a

2a 2
The group SLy(Z) acts on the set of all 2 x 2 integral symmetric matrices: if
P € SLy(Z), then we have the map A — PAPT for any 2 x 2 integral symmetric
matrix A. This induces an action of SLy(Z) on the set Q(A). Every form of discrim-
inant A is equivalent (under the previous action) to some form (1.1) which satisfies
the conditions

(1.4) 0<b< VA,
VA —b < 2la| < VA +b,

and such a form is called reduced. We remark that the representative may be not
unique, but every class has a finite number of representatives because the number of
reduced forms is finite. For more details see [1], Section 3.1.

Because conditions (1.4) depend only on |a|, without loss of generality we can
assume that a > 0, which implies ¢ < 0. Let H(A) be the set of all lattice points
(a,b,c) € 7% on the one-sheeted hyperboloid b?> — 4ac = A which satisfy these
conditions. We will identify points (a, b, ¢) € H(A) with the corresponding quadratic
form Q(z,y) = ax? + bry + cy?. Lists of elements H(A) for small discriminants A
can be found in [1], page 30. Conditions (1.4) are equivalent to

(1.5) f1<—1 and 0<6y<1.

By Dirichlet class number formula, we have
6
(1.6) [H(A)] ~ ) log 2VAL(1, xa),

as A — oo over odd fundamental discriminants. The lower bound is L(1,xa) >
1/A® for any € > 0; Siegel’s theorem implies |H(A)| > A'/27¢. For this reason,
various statistical questions are possible in the limit as A — oco.

Let ¢t € [0,1] be a fixed parameter. Vertical geodesic p;: Rz = —t intersects all
geodesics Gg, for Q € H(A).

For a € [0, n] we denote

(1.7) H(At, ) ={Q € H(A): <(ps,Gq) < a},

where <((pt, Gg) is the angle from p; to tangent on the semicircle Gg in the counter-
clockwise direction. We can see all geodesics and intersection angles in the case
A =41 in Figure 1. In this paper we study the distribution function of this angle.
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Figure 1. For A = 41 we have five triples for (a,b,c) € H(41): (2,3,—4), (4,3,—2),

(1,5,—4), (2,5,—2) and (4,5,—1). Line p; intersects all the corresponding
geodesics.

For a finite A the distribution function |[H(A;¢,a)|/|H(A)| is a step function.
However, its limit function is continuously differentiable, precisely:

Theorem 1.1. Let t € [0,1]. Then, as A — oo over odd fundamental discrimi-

nants, we have

(1.8)

[H(At, )| log B

HD) ™ Slogd (1 —cosa) ifa € [0,arccos(l — 2t)),

|H (At )| o (1 —cosa)log lzi’f“ + (1 + cosa)log ch%
|H(A)] 2log 2
if o € [arccos(1 — 2t), arccos(—t)),
At
w ~1 if & € [arccos(—t), 7).
In other words, the angle is equidistributed with respect to the measure
log £t
210gt2 sinx dx if x € [0,arccos(1 — 2t)),

(1.9)

(1 +¢)(1 + cosx)
(1 —1¢)(1 —cosx)
if x € [arccos(1 — 2t), arccos(—t)),

I
dpz = Slog 5Sinz log

0 if x € [arccos(—t), ).
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Figure 2. Graphic of the distribution function Alirn [H(A;t, )| /[H(A)].
—o0

Figure 2 illustrates distribution of angles for some typical values of parameter t.

Duke, Friedlander and Iwaniec considered the distribution of the negative root 6
(see Section 2 or [2]). Every point (a,b,c) € H(A) gives rise to an ideal aZ +
1(b+ VA)Z of the ring of integers Oq(va) of the number field Q(v/A). Hence,
authors of [2] found in a sense the distribution of the generators of ideals in Oava)-
Theorem 1.1 gives in a sense the distribution of angle associated to the pair of ideals

b+ VA +b+\/ZZ
2 2 ’

(1.10) o =al + Z and ay=aZ

which are extensions of the ideal aZ <1 Z that is aZ = ajas. One may say that this
is the angle associated to ideals aZ, for a € Z such that A/4a = 1.

Theorem 1.1 is a corollary of Duke-Friedlander-Iwaniec theorem and it will be
proven in Section 3. Next, we give some variations (corollaries) of this theorem in
Section 4.

2. WEYL SUMS AND DUKE-FRIEDLANDER-IWANIEC THEOREM

The main ingredient of our proof is Duke-Friedlander-Iwaniec theorem for Weyl
sums for quadratic roots ([2], Theorem 1.1). We present a brief summary of their
results.

As is well known, equidistribution results are based on the estimations for the
Weyl sums. Let X be a topological space with probablistic measure. Weyl sums are
the sums Y f(z), where f is the eigenfunction from the spectral expansion of £2(X).

Specially, when the space X is a circle R/Z, the spectrum consists of eigenfunc-
tions e(hz), h € Z, where e(z) = e?™#. Weyl’s criterion for equidistribution modulo 1
can be found in [4], Theorem 11.1.5.
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Authors of [2] considered the Weyl sum over roots of quadratic congruences:

(2.1) AN e(hé).
b (mod c)
b2=A (mod c)
These sums have only a few terms, bounded by the divisor function, so there is not
much room to cancellation. For applications there is a lot of interest in bounds for
sums of these sums as ¢ varies over multiples of some modulus g:

(2.2) Wi(A) = DY fOWr(As0).

¢=0 (mod q)

Theorem 2.1 (Duke-Friedlander-Iwaniec, [2], Theorem 1.1). Let h > 1, ¢ > 1
and let A be a positive odd fundamental discriminant. Let f(y) be a smooth function
supported on 'Y < y < 2Y withY > 1, such that

(2.3) Fl <1, ¢?f"(y)l <1
Then
(2.4) Wi(A) < RY4(Y + VA)3/AAL/8-1/1331

as A — oo, where the implied constant is absolute.

This theorem is obtained using the spectral theory of automorphic forms. For
related results for negative discriminants see [3], Section 21.

For a smooth function W compactly supported on R* x R authors of [2] consid-
ered the sum

(2.5) wa) = Y W(%,\/—bz),

b2 —4ac=A

and using Theorem 2.1, proved ([2], Sections 12 and 13) that
(2.6) W(A) = RWVA + O(AY/2-1/1331)

as A — oo over odd fundamental discriminants, where

(2.7) R:%L(l,XA) and W = // W(u,v)dUdU.

u
R+ xR+

Using formula (2.6) we will prove Theorem 1.1 in the next section.
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In the mentioned paper, authors gave four geometric applications. One of them is
the distribution of negative roots of indefinite integral binary quadratic forms (with
the same assumptions as ours). For A > 1, authors denoted by H(A; \) a subset of
points in H(A) such that the absolute values of negative roots of the corresponding
forms are at most A, i.e.

(2.8) H(A;N) = {(a, b,c) € H(A):
In Theorem 1.4. in [2] (which is essentially a corollary of (2.6)), authors established

the asymptotics

HAN] 12
HA) “log2 BATI

(2.9)

as A — oo over odd fundamental discriminants. In other words, the first root (1.3)
is equidistributed with respect to the measure

dz
log2 x(x + 1)

dpx =

3. PROOF OF THEOREM 1.1

From elementary geometry (see Figure 3) it is known that the angle between
geodesic Go: —b/2a + \/Zei"o/2a and line p; is equal to the argument ¢ of the
intersection point of Gg and p;. Next, we can calculate that cos ¢y = (b — 2at)/V/A.

Y
bt

Yo

N

%0 '
1]t 0 1 x

Figure 3. Angle between geodesic and line p;.
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It is clear that |H(A;t,«)| counts lattice points on a hyperboloid which satisfy
conditions (1.4) and the additional condition (b — 2at)/v/A > cosa (because cosine
is a decreasing function on the segment [0, 7t]). A natural attempt to apply (2.6) to
the characteristic function of this set would not give result because this function is
not compactly supported in Rt x RT.

Consequently, we will replace the set H(A;¢t, «) by its complement

~

(3.1) H(At, o) = H(A)\ H(A; ¢, ).

Analogously, |’;Q(A; t,a)| counts lattice points on a hyperboloid which satisfy condi-
tions (1.4) and the additional condition (b — 2at)/VA < cosa.
Denoting u = a/V/A, v = b/v/A these conditions can be expressed as

(3.2) 0<l—v<2u<l+wv, v—2ut<cosa
or
(3.3) |2u — 1] < v < min{1, 2ut + cos a}.

Note that the set (3.3) is not empty iff

1+ cosa
2(1—1)

1 —cosa

(34) 2(1+1)

<u<min{1, } and cosa > —t.

For o > arccos(—t), it is clear that |H(A;t,«)|/|H(A)| = 1, because H(A;t, a) =0.

The number |7:Z(A;t,a)| is exactly the Weyl sum for W = xq, where  is the
domain in R? defined by conditions (3.2). Function yq is supported in R* x R* for
a > 0. (We know that |H(A;t,0)|/|H(A)] = 0 for all ¢, because H(A;t,0) = 0.)
Function xq is not smooth and we cannot apply (2.6) directly. However, we can
smooth it out by modifying (increasing and decreasing) it within a set of asymptot-
ically shrinking measure. By positivity, this gives us an upper and a lower bound
for |[H(A;t, )], both asymptoticaly equal. Hence the formula (2.6) is justified for
characteristic function xo. From |H(A;t, )| ~ RW+/A and (1.6) it follows that

[H(Ast, a) w

(8:5) HA) T 2l0g2’

as A — oo over odd fundamental discriminants, where
du dv
W ] et

R+ xR+
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For a € [arccos(1 — 2t), arccos(—t)) we have

(14-cos o) /2(1—t) du
W = (min{1,cos a + 2ut} — |2u — 1|)—
(1—cos a)/2(1+t) u

1/2

d
= / (Cosa+2ut+2u—1)—u
(1—cos ) /2(1+t) u
(14cos ) /2(1—t) du
—l—/ (cosa+ 2ut — 2u+ 1)—
1/2 u
t + cos o 1+1¢ t + cos o
=2(1+t)—/———+ —log ——— +2(t—1)—/—+
( +)2(1+t)+(cosa )Ogl—cosa+ ( )2(1—75)
1
+ (cosa+ 1) log y
1-— 1
= (1 —cosa)log % + (14 cosa)log %O:a
Similarly, for o < arccos(1 — 2¢t) we have
! , du
W = (min{1,cos o + 2ut} — |2u — 1])—
(1—cos ) /2(1+t) u
(1—cos a) /2t du 1 du
= / (cosa+2ut)—+/ —
(1—cos ) /2(1+t) u (1—cosa)/2t U
1/2 du ! du
+/ (2u—1)—+/ (—2u+1)—
(1—cos a)/2(1+t) u 1/2 u
1+t 1+ cosa 2t t+cosa
= 1 2t 1
cosaloe A T T —eosa T 22014 0)
1+1¢ 1
—log;—Q-——HogQ
1—cosa 2
1+t

=2log2 — (1 — cos ) log t

This completes the proof of Theorem 1.1.

4. SOME VARIATIONS

We could consider the absolute angle (smaller of the two supplementary angles)
between the geodesic Gg and line p;. Let ﬁ(A;t,a) be a set of triples in H(A)
such that the absolute angle is at most ow. We can determine the distribution of the
absolute angle from the relation

HAito)| _ [HA L) | A=)

(4.1) AN HD] T THG)
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and Theorem 1.1. There are several cases according to the parameter . For example,
for t € [0, %) we have

[H(Ait, )| log 4

(1 —cosar) if @ € [0,arccos(1 — 2t)),

[H(A) 2log 2
[H(Ast,0)| o1 (1 —cosa)log 15822 + (1 + cos a) log 1
(4.2) [H(A)] 2log 2

if o € [arccos(1 — 2t), arccost],
H(At )| o log i
H(A)] log 2

cos if o € (arccost, 3],

as A — oo over odd fundamental discriminants.

Of course, the same results are valid for a < 0, line Rz = t and angle in clockwise
direction. Similarly, for a € Z\ {0}, all geodesics intersect the line oz = 0. Let H(A)
be a set of points on hyperboloid b2 — 4ac = A which satisfy (1.4) (without a > 0)
and $H(A; «) a subset of triples in $(A) such that the angle is at most cv. As A — oo
over odd fundamental discriminants we have

9(A;a)|

(4.3) B0 ~ % + sgn(a - g)

" (1 —cosar)log(l — cosar) + (1 + cos ) log(1 + cos )
4log?2

Final remark. A natural generalization of our problem is a distribution function
of the angle between the geodesics G, @ € Q(A), and an arbitrary geodesic G in H
which intersects all geodesics Gg. When the geodesic G is a semicircle Cy, - : k+re'?,
the intersection angle (from Cj , to Gg in counter-clockwise direction) is equal to
wo + T — g, where o and 1)y are the arguments of the intersection point. One can

derive ( )2 -
b+ 2ka)® — A —4r<a
cos +n— = .
(o + 7= 4o) draVA

By the same procedure as in the proof of Theorem 1.1, we can derive the distribution
of the mentioned angle. The only difference is that the characteristic function yq
may be not compactly supported in RT x RT. However, then the procedure works for
the sequence of functions yq, T xq, where Q, = QN ([1/n,00) x R). Unfortunately,
in this case, the obtained formula is very complicated.
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