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ROBUST HIERARCHICAL SLIDING MODE CONTROL
WITH STATE-DEPENDENT SWITCHING GAIN FOR
STABILIZATION OF ROTARY INVERTED PENDULUM

Muhammad Idrees, Shah Muhammad and Saif Ullah

The rotary inverted pendulum (RIP) system is one of the fundamental, nonlinear, unstable
and interesting benchmark systems in the field of control theory. In this paper, two nonlinear
control strategies, namely hierarchical sliding mode control (HSMC) and decoupled sliding
mode control (DSMC), are discussed to address the stabilization problem of the RIP system.
We introduced HSMC with state-dependent switching gain for stabilization of the RIP system.
Numerical simulations are performed to analyze the performance of the hierarchical sliding
mode controllers with the decoupled sliding mode controller and the controller obtained from
the pole placement technique. We proposed HSMC with state-dependent switching gain as it
shows better performance as compared to HSMC with constant switching gain, DSMC, and the
state feedback controller based on pole placement technique. The stability analysis of proposed
HSMC is also discussed by using Lyapunov stability theory.
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1. INTRODUCTION

Sliding mode control (SMC) due to its simplicity of design has been successfully employed
for solving nonlinear control problems [12, 15, 16, 20]. It was first used in the 1960s and
its basic formulations are due to the work of Utkin [44]. Utkin provided the definition
of the sliding surface from which equivalent control is derived. Utkin together with
Yang continued their work and in 1978, they derived the term nonlinear switching from
linear state space derivation which ensured the robustness of SMC [45]. Based on SMC,
different new techniques are designed to address nonlinear control problems [36, 41, 48,
53]. It is widely used to design controllers for robotics [33, 37, 54], under-actuated cranes
[21, 27, 42, 43], quadrotors for unmanned aerial vehicles (UAV) [1], and under-actuated
vessels [22].

The main features of SMC include robustness, easy tuning, and implementation [2, 8].
It uses Lyapunov function to guarantee the robustness property which makes SMC a bet-
ter option as compared with other control design techniques. However, a known draw-
back of this nonlinear control technique is chattering. To overcome this problem, Slotine
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proposed adopting thin boundary layer neighboring switching surfaces, by replacing the
sign function with a saturation function [38].

Inverted pendulum (IP) systems represent a significant class of nonlinear underactu-
ated mechanical systems, well-suited benchmarks for the validation and practical appli-
cation of ideas emerging in control theory and robotics. The RIP system is an example
of IP systems that have numerous real-life applications, for example, control of satellite
and aerospace vehicles [9, 30], and balancing robots [24, 25]. Stabilization of a pendu-
lum rod in the unstable upright position is considered a benchmark control problem that
has been solved by attaching the pendulum to a base that rotates in a horizontal plane
[3, 13].

This article is concerned with the RIP system which consists of an inverted pendu-
lum in a plane perpendicular to the rotating arm. Various control methodologies for the
RIP systems have been proposed. Jinquan presented a model analysis control algorithm
based on the state feedback method. Irfan et al also proposed a control design algo-
rithm based on the state feedback method for controlling the RIP [11]. Hassanzadeh
designed a controller for the RIP system using evolutionary algorithms [10]. Jose used
(Proportional-Integral-Derivative) PID and (Linear Quadratic Regulator) LQR control
techniques to balance the pendulum in its upright position [14]. Kurode used sliding
modes for the swing-up and stabilization of the RIP [17]. Yigit used a model-free sliding
mode approach to stabilize the RIP system [51] and Zhang used nonlinear SMC to sta-
bilize the RIP while a fuzzy-PD regulator was applied to stabilize the rotary pendulum
by Oltean [29]. Khanesar proposed fuzzy sliding mode control for the stabilization of
the RIP systems [18].

In addition, many advanced control techniques are also used to stabilize the RIP
system: for examples, Chen used adaptive control [4], Sirisha used H∞ control [39],
Wu et. al. used the Lagrange modeling method [49], and Yue et. al. used an indirect
adaptive fuzzy control technique [52]. All these control techniques are used to achieve the
same objective. Some of the control techniques described above are using linearization of
the mathematical model of the RIP system around an unstable equilibrium point. If the
pendulum is far from that point, then these control techniques do not give satisfactory
results. Some control structures do not consider the stability while others are overly
intricate. Many of these control techniques did not consider robustness. Recently, Wen
designed a controller for stabilizing the RIP system based on a logarithmic Lyapunov
function [50]. His simulation results are satisfactory. However, he used the linearized
model of the RIP system that may not reflect the performance of controller completely
because the RIP is a highly nonlinear system.

Among the possible robust control strategies, SMC attributes such as low complexity,
low computational burden, less weight and low-cost control method make this a suitable
approach to be implemented for stabilization of the RIP system [32]. Further, the
mathematical model of the RIP systems is strongly nonlinear single-input and multi-
output system. Therefore, in this paper, we introduced two up-gradations of the SMC
to address the stabilization problem of the RIP system. The aim is to determine which
one is the better one.

The main goal of this article is to provide an appropriate nonlinear control method-
ology for the RIP system that is intrinsically nonlinear. The main contribution of this
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paper is to analyse and investigate the more suitable hierarchical sliding mode controller
for the RIP systems. We design both hierarchical and decoupled sliding mode control
for stabilization of the RIP systems and both give better performance as compared to
other complicated control techniques.

The remainder of this paper is organized as follows. In the second section of this
article, mathematical model of the RIP system is presented. In the third section, com-
plete description of HSMC is provided while in the fourth section, description of DSMC
is discussed. In the fifth section, stability analysis of HSMC is discussed. In the sixth
section, results of numerical simulations are presented. The conclusion of the article is
given in the seventh section, followed by a statement acknowledgement and the list of
references.

2. MATHEMATICAL MODEL OF THE ROTARY INVERTED PENDULUM

In 1992, the RIP system was first introduced by Furuta [7]. Since then, the RIP system
has also been known as the Furuta pendulum. The structure of the RIP system is
described in Figure 1. It consists of a pendulum of length L attached to a rotating
horizontal bar of length r. The pendulum sets up an angle α in the vertical direction,
and the horizontal bar moves in clockwise and anticlockwise directions with an angle θ.
The motion of the pendulum is in the vertical plane, while rotation of horizontal bar is
in the horizontal plane.

The mathematical model of the RIP system consists of two second-order nonlinear
differential equations given below [19]:

ς1θ̈ − (ς2 cosα)α̈+ ς2 sinα(α̇)2 + ς5θ̇ = ς6Vm , (1)

ς3α̈− (ς2 cosα)θ̈ − ς4 sinα = 0 , (2)

where ς1 = Jeq + mr2, ς2 = mLr, ς3 = 4
3mL

2, ς4 = mgL, ς5 =
ηmηgKtKmK

2
g+BeqRm

Rm
,

and ς6 =
KtKgηmηg

Rm
. The description of the parameters of this model is given in Table 1.

The state space representation of the RIP system is:

ẋ1 = x2 ,
ẋ2 = f1(x) + b1(x)τ + ∆ ,
ẋ3 = x4 ,
ẋ4 = f2(x) + b2(x)τ + ∆ ,

 (3)

where x1 represents angle of inverted pendulum, x2 represents angular velocity of in-
verted pendulum, x3 represents angle of horizontal bar, x4 represents angular velocity
of horizontal bar, τ represents control input, and ∆ is bounded external disturbance.
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Symbol Description

m Mass of Pendulum

g Gravitational Acceleration

ηm Motor Efficiency due to Rotational Loss

ηg Gearbox Efficiency

Kt Motor Torque Constant

Km Back EMF Constant

Kg Rotary Servo Base Unit (SRV02) Gear Ratio

Rm Armature Resistance

Vm Input Voltage

Beq Equivalent Viscous Friction

Tab. 1. Description of parameters of the RIP system.

The nonlinear functions f1, f2, b1 and b2 of state variables are given below:

f1(x) =
− ς

2
2

2 sin(2x1)x22 − Γ2ς5x4 + ς1Γ3

Γ1 − Γ2
2

,

f2(x) =
ς3f1(x)− Γ3

Γ2
,

b1(x) =
Γ2ς6

Γ1 − Γ2
2

,

b2(x) =
ς3ς6

Γ1 − Γ2
2

,

where Γ1 = ς1ς3, Γ2 = ς2 cosx1, and Γ3 = ς4 sinx1. The RIP system have two equilib-
rium points which are (0, 0, 0, 0) and (π, 0, 0, 0). The point (π, 0, 0, 0) is stable but
(0, 0, 0, 0) is unstable. The control objective is to smoothly stabilize the pendulum at
the unstable equilibrium point (0, 0, 0, 0) in a short time in the presence of bounded
external disturbances.

3. HIERARCHICAL SLIDING MODE CONTROL

Sliding Mode Control (SMC) is constructed to drive the system states onto a particular
surface in the state space. This surface is called the sliding surface. Once the sliding
surface is reached, SMC keeps the system states in the close neighborhood of the sliding
surface [31, 46, 47]. Hence the sliding mode control design technique consists of two
parts. In the first part, we design a sliding surface so that the sliding motion satisfies
design specifications. The second part is concerned with the selection of a control law
that will make the sliding surface attractive for the system states. Therefore, SMC
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Fig. 1. Structure of the rotary inverted pendulum.

consists of an equivalent control and a switching control. i. e.,

τ = τeq + τsw . (4)

Several control techniques and applications in the fields of sliding mode control for
the RIP system have been published in various journals and conference proceedings
[5, 18, 19, 51]. In spite of all these advances, still there is need to work more in this field.
HSMC is the systematic and effective design procedure, which has both theoretical
and practical significance [32]. It fills the gap between sliding mode control and its
applications to the RIP system. HSMC is a technique which consists of two types of
sliding surfaces which are called the first-level sliding surface and the second-level sliding
surface [34, 35].

To design HSMC for the RIP system, we divide the given system into two subsystems.
Subsystem I includes the state variables x1 and x2, while the subsystem II includes the
state variables x3 and x4. HSMC for the given system consists of two first-level sliding
surfaces and one second-level sliding surface. The structure of hierarchical sliding mode
surfaces is illustrated in Figure 1.

We define the 1st first-level sliding surface as:

σ1 = %1x1 + x2 , (5)

where %1 is a positive constant. Differentiating Eq.(5) w.r.t ‘t’, we have

σ̇1 = %1ẋ1 + ẋ2 , (6)

σ̇1 = %1x2 + f1(x) + b1(x)τ + ∆ . (7)

Let σ̇1 = 0, the equivalent control of subsystem I is obtained as:

τeq1 = −%1x2 + f1(x) + ∆

| b1(x) | +δ
, (8)

where δ is a small positive constant to avoid indeterminate form when b1(x) is zero.
As δ is positive, so we are also using here absolute value of b1(x) to avoid zero in the



460 M. IDREES, S. MUHAMMAD AND S. ULLAH

denominator when | b1(x) | +δ is zero. We define the 2nd first-level sliding surface as:

σ2 = %2x3 + x4 , (9)

where %2 is a positive constant. Differentiating Eq.(9) with respect to time ‘t’, we have

σ̇2 = %2ẋ3 + ẋ4 , (10)

σ̇2 = %2x4 + f2(x) + b2(x)τ + ∆ . (11)

Let σ̇2 = 0, the equivalent control of subsystem II is obtained as:

τeq2 = −%2x4 + f2(x) + ∆

| b2(x) | +δ
. (12)

We define the second-level sliding surface as a linear combination of both the first-level
sliding surfaces,

Ω = σ1 + λσ2 , (13)

where λ is a constant. Differentiating Eq.(13) w.r.t. ‘t’, we have

Ω̇ = σ̇1 + λσ̇2 , (14)

Ω̇ = %1x2 + f1 + b1τ + ∆ + λ(%2x4 + f2 + b2τ + ∆) . (15)

From Eqs.(4), (8), and (12), we have

Ω̇ = (b1 + λb2)τsw. (16)

In order to derive a control law which switches the system states to the sliding surface
Ω = 0, we define a Lyapunov function as:

V =
1

2
Ω2 . (17)

If the derivative V̇ is negative definite, then the system is asymptotically stable, i. e., its
trajectories will approach the sliding surface, ultimately converging to the origin [26].

V̇ = Ω · Ω̇. (18)

To make it negative definite, we define

Ω̇ = −ε · sat(Ω) , (19)

where ε is a switching gain and sat is the saturation function defined as:

sat(Ω) =

{
sgn(Ω), if |Ω| ≥ 1

Ω, if |Ω| < 1

and

sgn(Ω) =

{
1, if Ω > 0

−1, if Ω < 0.
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The switching gain can be selected in two ways: one is the switching gain with a constant
value ε and the other is the switching gain ε(x) which is a function of the state variables.
If the switching gain is selected as a constant, then it must be a positive constant to fulfil
the stability condition for the second-level sliding surface. If we choose a state-dependent
switching gain, then it can be defined as

ε(x) = β(Ω2 + γ),

where β and γ are positive constants. Now Eq.(18) becomes

V̇ = −ε(x) · Ω · sat(Ω) < 0. (20)

From Eqs.(16) and (19), the switching control law is obtained as:

τsw =
−ε(x) · sat(Ω)

| b1 + λb2 | +δ
. (21)

Finally, total control input is

τ = τeq1 + τeq2 + τsw . (22)

Fig. 2. Schematic block-diagram of HSMC.

4. DECOUPLED SLIDING MODE CONTROL

Decoupled sliding mode control is a nonlinear control design technique. It is widely used
for the stabilization of underactuated nonlinear systems [6, 23, 28]. The basic structural
difference between HSMC and DSMC is that in the latter, we use an intermediate
variable instead of the second-level sliding surface. DSMC also consists of an equivalent
control and a switching control.

The main idea of DSMC is to decouple the RIP system into two subsystems: subsys-
tem I and subsystem II. Subsystem I consists the state variables x1 and x2, while the
subsystem II includes the state variables x3 and x4. The control objective is to drive the
states of subsystem I to the unstable equilibrium point at the origin. For this purpose, it
is reasonable to consider the information of subsystem II as secondary information. An
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intermediate variable ζ is used to accomplish this task as illustrated in Figure 3. Hence
sliding surfaces for DSMC are modified as:

σ1 = %1(x1 − ζ) + x2 , (23)

σ2 = %2x3 + x4 , (24)

where ζ is the decay oscillation [23]. It is defined as:

ζ = sat

(
σ2
ψ

)
· ϕ , 0 < ϕ < 1 , (25)

where ψ is the boundary layer of σ2 which is used to smooth the intermediate variable
ζ. The final control input of DSMC is derived as:

τ = τeq + τsw , (26)

where

τeq =
−%1x2 − f1 −∆

| b1 | +δ
, (27)

τsw =
−ε · sat(σ1)

| b1 | +δ
. (28)

The equivalent control τeq is derived from Eq.(23) and the switching τsw is derived by
defining a Lyapunov function similar to HSMC.

Fig. 3. Structure of DSMC.

5. THEORETICAL STABILITY

This section consists of two theorems which deal with the asymptotic stability of the
second-level sliding surface and the first-level sliding surfaces. To prove these theorems,
we use Lyapunov stability theory and Barbalat lemma [40].

Theorem 5.1. (Asymptotic Stability of the Second Level Surface) Consider a
class of under-actuated dynamical systems of the form (3). If we use the control law (22)
along with sliding surfaces as designed in Eqs.(5), (9), and (13), then the second-level
sliding surface is asymptotically stable.
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P r o o f . Consider the Lyapunov function as defined in Eq.(17),

V =
Ω2

2
.

Differentiating the above equation w.r.t. ‘t’, we get

V̇ = Ω · Ω̇ ,

V̇ = −ε(x) · Ω · sat(Ω) .

Integrating both sides of the last equation from 0 to t, we have∫ t

0

V̇ dχ = −
∫ t

0

ε(x) · Ω · sat(Ω) dχ ,

V (t)− V (0) = −
∫ t

0

ε(x) · Ω · sat(Ω) dχ ,

V (0) = V (t) +

∫ t

0

ε(x) · Ω · sat(Ω) dχ ,

V (0) ≥
∫ t

0

ε(x) · Ω · sat(Ω) dχ .

The steady state form of the above equation is given by

lim
t→∞

∫ t

0

ε(x) · Ω · sat(Ω) dχ ≤ V (0) <∞ . (29)

According to Barbalat lemma [40],

lim
t→∞

ε(x) · Ω · sat(Ω) = 0 . (30)

It follows from Eq.(30) that lim
t→∞

Ω = 0. As a consequence of this, we can conclude that

the second-level sliding surface is asymptotically stable. �

Theorem 5.2. (Asymptotic Stability of the First-Level Surfaces)
Consider an under-actuated dynamical system of the form (3). If control law adopted
is as given in (22) with the sliding surfaces as designed in Eqs.(5), (9), and (13), then
the first-level sliding surfaces are asymptotically stable.

P r o o f . The proof of this theorem is sketched in the sequel. From Eq.(29) and con-
sidering V̇ = ΩΩ̇ < ∞, it follows that Ω, Ω̇ ∈ L∞, where L∞ denotes the space of all
bounded functions. From Eqs.(13) and (14), we can see that the linear combination of
the first level sliding surfaces σi, i = 1, 2 and their time derivatives σ̇i, i = 1, 2 are also
bounded functions, i. e., σ1 +λσ2 ∈ L∞ and σ̇1 +λσ̇2 ∈ L∞. It follows that σ1, σ2 ∈ L∞
and σ̇1, σ̇2 ∈ L∞. As a consequence of this, we have

sup
t≥0
| σi |=‖ σi ‖∞<∞, i = 1, 2.
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Therefore, the steady state form of the first level surfaces will be as given below

lim
t→∞

σ1 = lim
t→∞

σ2 = 0.

This proves the asymptotic stability of the first level surfaces. �

6. NUMERICAL SIMULATIONS

Two nonlinear controllers HSMC and DSMC, and one linear state feedback controller
(Pole Placement) are applied to the RIP system and simulated in MATLAB. The com-
parative performance is presented in this section. The values of the model parameters
and constants used for the simulations are taken from [19]. The values are: m = 0.125 kg,
L = 0.1675 m, r = 0.215 m, ηm = 0.87, ηg = 0.85, Kt = 0.00767, Km = 0.00767,
Kg = 70, Rm = 2.6, Jm = 0.0035, Beq = 0.004, g = 9.8 m.sec−2, Jeq = 0.0023. Values of
the design parameters of HSMC and DSMC are %1 = 5, %2 = 0.98, λ = −0.481, ψ = 22,
ϕ = 0.9425, δ = 0.0001, and ε = 10.

In Figure 4, we compare HSMC with state-dependent switching gain to HSMC with

Fig. 4. Variation of angle of the pendulum with time starting from

initial conditions [π
3

0 0 0]T and [−π
3

0 0 0]T .

constant switching gain. It can be seen that response time of the proposed HSMC is
much faster as compared to the conventional HSMC. Figures 5 and 6 show the compar-
ison of proposed HSMC with DSMC and conventional linear state feedback controller
based on pole placement technique. Simulation results demonstrate the stabilization of
the RIP system is achieved from proposed HSMC is much quicker and smoother than
DSMC and pole placement technique.

We introduce a sinusoidal external disturbance, ∆ = sin t, to test the robustness of
our proposed controller and DSMC. The simulation results shown in Figures 7 and 8
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Fig. 5. Comparison of the proposed HSMC and DSMC with Initial

Conditions at [π
3

0 0 0]T and [−π
3

0 0 0]T .

Fig. 6. Comparison of the proposed HSMC and Pole placement

technique with initial conditions at [π
3

0 0 0]T and [−π
3

0 0 0]T .

demonstrate the stabilization of the RIP system by using these controllers. For these
simulations, we fluctuate the external disturbance by varying the amplitude of the si-
nusoidal disturbance to validate the robustness of the proposed HSMC and DSMC. It
can be seen from these figures that our proposed HSMC stabilizes the RIP system much
quicker than DSMC in presence of the external disturbances. Further, by keeping the
amplitude of the external disturbance fix, we change the values of parameters L, r and
m to check controller robustness for parameter uncertainty. The results are shown in
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Figures 9 and 10. From these results, it is clear that the proposed controller is robust
with parametric uncertainty. DSMC shows oscillations and large response time which is
not the desirable performance.

Fig. 7. Robustness test of the proposed HSMC for sinusoidal

external disturbances.

Fig. 8. Robustness test of DSMC for sinusoidal external

disturbances.

7. CONCLUSION

In this paper, our study is focused on the potential uses of SMC methods for stabiliza-
tion of the RIP systems. Two nonlinear controllers HSMC and DSMC are successfully
designed for the RIP systems in presence of external disturbances. HSMC for the RIP
system consists of two first-level surfaces and one second-level sliding surface. The
second-level sliding surface is used to interact the first level sliding surfaces and to ob-
tain switching control. DSMC also consists of two sliding surfaces. In this technique,
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Fig. 9. Variation in system states using the proposed HSMC for

varying values of parameters.

Fig. 10. Variation in system states with DSMC for varying values of

parameters.

an intermediate variable (ζ in this article) is introduced to pass the information of one
sliding surface to the other.

We have proposed a variant of HSMC with a state-dependent switching gain. Detailed
simulations are carried out to show the effectiveness of our proposed controller. Simu-
lations include the comparison of the proposed controller with the conventional HSMC
using a constant switching gain, DSMC, and state feedback controller based on pole
placement technique. Moreover, we have tested the robustness of the proposed HSMC
for variable external disturbances and parameter uncertainties. The proposed HSMC
showed robust stabilization in presence of bounded external disturbances and parameter
variations as compared to DSMC. Further, asymptotic stability of the first-level and the
second-level sliding surfaces of the proposed controller are also proved in this paper.
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