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Abstract. We study homogeneous real hypersurfaces having no focal submanifolds in
a complex hyperbolic space. They are called Lie hypersurfaces in this space. We clarify the
geometry of Lie hypersurfaces in terms of their sectional curvatures, the behavior of the
characteristic vector field and their holomorphic distributions.
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1. Introduction

In Riemannian submanifold theory it is one of the most interesting objects to

investigate geometric properties of homogeneous submanifolds Mn in an ambient

Riemannian manifold M̃n+p. Here, by definition a homogeneous submanifold M is

expressed as an orbit of some closed subgroup of the full isometry group of M̃ . In this

paper, we adopt Lie hypersurfaces and a complex hyperbolic space as homogeneous

submanifolds M and an ambient space M̃ , respectively.

We denote by CHn(c) a complex n (n > 2) dimensional complete and simply

connected complex hyperbolic space of constant holomorphic sectional curvature c

(c < 0). It is known that CHn(c) is a Lie group itself as well as a Riemannian

symmetric space of rank one. In fact, we can identify a hyperbolic space with the

solvable part of the Iwasawa decomposition of the identity component of the isometry

group of the hyperbolic space. A Lie hypersurface of a Lie group is defined as an
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orbit of a closed subgroup with codimension one (see [2]). A real hypersurface M

in CHn(c) is a Lie hypersurface if and only if M is homogeneous and has no focal

submanifolds in CHn(c). The family of all such hypersurfaces is parametrized by

some interval (see also [2]).

It is known that every Lie hypersurface in CHn(c) is congruent to one of the

horoshere HS, the homogeneous ruled real hypersurface HR and an equidistant hy-

persurface Mr of HR at distance r (0 < r < ∞) (cf. [2], [3]). We here remark that

lim
r→0

Mr = HR and lim
r→∞

Mr = HS, that is, the above parametrization gives a defor-

mation of the homogeneous ruled real hypersurface HR to the horosphere HS through

equidistant hypersurfaces Mr. The geometries of the horosphere HS and the homo-

geneous ruled real hypersurface HR are studied in detail (see [1], [8], [9], [11], [13]).

One can see that the former is a great contrast to the latter in some sense. For exam-

ple, HS is a Hopf hypersurface but HR is a non-Hopf hypersurface (see [14]). In this

context, we are interested in Lie hypersurfaces of CHn(c), in particular equidistant

hypersurfaces Mr of the homogeneous ruled real hypersurface HR.

Our aim of this paper is to clarify geometric properties of equidistant hypersur-

faces Mr of HR. We first estimate sectional curvatures of Mr. Needless to say, the

sectional curvature is one of the most important and simplest geometric invariants

in Riemannian geometry. Our result is an improvement of a problem that was left

open in [5]. We determine the maximum and minimum values of sectional curva-

tures of Mr completely (Theorem 1). We next study the behavior of integral curves

of the characteristic vector field of Mr. Particularly, we find an interesting rela-

tion between the shape of integral curves of the characteristic vector field and the

maximum value of sectional curvatures of Mr (Theorem 2). We also investigate the

derivative of the shape operator and the integrability of the holomorphic distribution

of Mr.

2. Basic terminology on real hypersurfaces

In this section we summarize some basic materials about real hypersurfaces

in CHn(c). Let M2n−1 be a real hypersurface with unit normal local vector field N
of a complex hyperbolic space CHn(c) (n > 2). Then it is known that an almost

contact metric structure (ϕ, ξ, η, g) on M associated with N is naturally induced

from the Kähler structure J of the ambient space CHn(c). They are defined as

ξ := −JN , η(X) := g(ξ,X) and ϕX := JX − η(X)N ,

where g denotes the Riemannian metric on M induced from the standard metric g
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of CHn(c). They satisfy the following:

ϕ2X = −X + η(X)ξ, g(ϕX,ϕY ) = g(X,Y )− η(X)η(Y ),

η(ξ) = 1, ϕξ = 0 and η(ϕX) = 0

for all vectors X,Y ∈ TM . We call ϕ, ξ and η the structure tensor, the characteristic

vector and the contact form on M , respectively.

Denote by ∇̃ and ∇ the Riemannian connections of CHn(c) and M , respectively.

The relation between them is given by the following formulas of Gauss and Wein-

garten {
∇̃XY = ∇XY + g(AX, Y )N ,

∇̃XN = −AX

for all vector fields X and Y on M , where A is the shape operator of M in CHn(c)

associated with N . Then we have

(2.1) ∇Xξ = ϕAX

for each X ∈ TM .

Eigenvalues and eigenvectors of the shape operator A of M are called principal

curvatures and principal curvature vectors ofM in CHn(c), respectively. We usually

callM a Hopf hypersurface if the characteristic vector ξ ofM is a principal curvature

vector at each point of M .

3. Lie hypersurfaces

In this section, we prepare some fundamental facts on Lie hypersurfaces. Let Mr

be an equidistant hypersurface of the homogeneous ruled real hypersurface HR at

distance r (0 < r < ∞) in CHn(c) (n > 2). For simplicity of the notation, we put

(3.1) t := tanh

√
|c|r
2

, s := sech

√
|c|r
2

and

µ(t) :=

√
|c|
2

t(3− t2), ̺(t) :=

√
|c|
2

t3, λ(t) :=

√
|c|
2

t,(3.2)

µ(s) :=

√
|c|
2

s(3− s2), ̺(s) :=

√
|c|
2

s3, λ(s) :=

√
|c|
2

s.

We use this convention throughout the paper.
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Take a point p of Mr. Then by virtue of [2] and [5] we know that there exists

an orthonormal basis {A0, Z0, X1, Y1, . . . , Xn−1, Yn−1} of TpCH
n(c) satisfying the

following (see Section 2, 3 in [5] and Section 4 in [2]):

(1) The complex structure J of TpCH
n(c) is given by

JA0 = Z0, JZ0 = −A0, JXi = Yi, JYi = −Xi (1 6 i 6 n− 1).

(2) A unit normal vector N at p ofMr and the tangent space TpMr can be given by

N = tA0 − sX1,

TpM = SpanR{T, Z0, Y1, X2, Y2, . . . , Xn−1, Yn−1},

where

(3.3) T := sA0 + tX1.

(3) The Riemannian connection ∇ of Mr satisfies the following:

(a) ∇TT = 0, ∇TY1 = λ(t)Z0, ∇TX = 0, ∇TZ0 = −λ(t)Y1,

(b) ∇Y1
T = −λ(s)Y1 − λ(t)Z0, ∇Y1

Y1 = λ(s)T , ∇Y1
X = 0, ∇Y1

Z0 = λ(t)T,

(c) ∇XT = −λ(s)X , ∇XY1 = 0, ∇XY = 1
2

√
|c|g(JX, Y )Z0 + λ(s)g(X,Y )T,

∇XZ0 = − 1
2

√
|c|JX,

(d) ∇Z0
T = −λ(t)Y1 − 2λ(s)Z0, ∇Z0

Y1 = λ(t)T, ∇Z0
X = − 1

2

√
|c|JX,

∇Z0
Z0 = 2λ(s)T ,

where T is given in (3.3) and X,Y ∈ Span
R
{X2, Y2, . . . , Xn−1, Yn−1}.

(4) The matrix representation of the shape operator A of Mr with regard to the

normal vector N satisfies

A|Span
R
{Z0,Y1} =

(
2λ(t) −λ(s)

−λ(s) λ(t)

)
, A|v = λ(t)I2n−3,

where v := SpanR{T,X2, Y2, . . . , Xn−1, Yn−1}.
We see from the above facts that the characteristic vector of Mr is written as

(3.4) ξ = −JN = −tZ0 + sY1.

Put

(3.5) W := −JT = −ϕT = −sZ0 − tY1,

which is perpendicular to ξ. We then have the following lemma immediately.
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Lemma 1. LetMr be an equidistant hypersurface of the homogeneous ruled real

hypersurface HR at distance r (0 < r < ∞) in CHn(c) (n > 2) and p ∈ Mr.

Then there exists an orthonormal basis {ξ,W, T,X2, Y2, . . . , Xn−1, Yn−1} of TpMr

satisfying the following:

(1) ϕW = T , ϕXi = Yi, ϕYi = −Xi (2 6 i 6 n− 1).

(2) The Riemannian connection ∇ of Mr is given by

(a) ∇ξξ = ̺(s)T , ∇ξW = ̺(t)T , ∇ξT = −̺(s)ξ − ̺(t)W, ∇ξXi = λ(t)Yi,

∇ξYk = −λ(t)Yk,

(b) ∇W ξ = ̺(t)T , ∇WW = µ(s)T , ∇WT = −̺(t)ξ−µ(s)W, ∇WXi = λ(s)Yi,

∇WYk = −λ(s)Xk,

(c) ∇T ξ = −λ(t)W , ∇TW = λ(t)ξ, ∇TT = ∇TXi = ∇TYk = 0,

(d) ∇Xi
ξ = λ(t)Yi, ∇Xi

W = λ(s)Yi, ∇Xi
T = −λ(s)Xi, ∇Xi

Xj = δijλ(s)T,

∇Xi
Yk = −δik{λ(t)ξ + λ(s)W},

(e) ∇Yk
ξ = −λ(t)Xk, ∇Yk

W = −λ(s)Xk, ∇Yk
T = −λ(s)Yk, ∇Yk

Xi =

δki{λ(t)ξ + λ(s)W}, ∇Yk
Yl = δklλ(s)T .

(3) The matrix representation of the shape operator A of Mr with respect to an

orthogonal decomposition TpMr = SpanR{ξ,W} ⊕ v satisfies

A|Span
R
{ξ,W} =

(
µ(t) ̺(s)

̺(s) ̺(t)

)
, A|v = λ(t)I2n−3,

where v := SpanR{T,X2, Y2, . . . , Xn−1, Yn−1}.

4. Sectional curvatures

In this section, we study sectional curvatures of every equidistant hypersurfaceMr

at distance r (0 < r < ∞) from HR in CHn(c) (n > 2). Denoting the curvature

tensor of Mr by R, we have the equation of Gauss given by

g((R(X,Y )Z,U) =
c

4
{g(Y, Z)g(X,U)− g(X,Z)g(Y, U) + g(ϕY,Z)g(ϕX,U)

− g(ϕX,Z)g(ϕY,U)− 2g(ϕX, Y )g(ϕZ,U)}
+ g(AY,Z)g(AX,U)− g(AX,Z)g(AY,U)

for vector fields X , Y , Z, U on Mr. The sectional curvature K of Mr is defined by

K(X,Y ) := g(R(X,Y )Y,X), where X and Y are orthonormal vectors on Mr. Then

the equation of Gauss yields that

(4.1) K(X,Y ) =
c

4
(1 + 3g(ϕX, Y )2) + g(AX,X)g(AY, Y )− g(AX, Y )2.
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Theorem 1. LetMr be an equidistant hypersurface of the homogeneous ruled real

hypersurface HR at distance r (0 < r < ∞) in CHn(c) (n > 2). Set t := tanh 1
2

√
|c|r.

Then the maximum and the minimum values of its sectional curvature K are given

as follows:

maxK =





c

8

(
2− 3t2 − t

√
4− 3t2

)
(n > 3),

c

8

(
5− 3t2 −

√
−15t4 + 22t2 + 9

)
(n = 2),

(4.2)

minK =
c

8

(
5− 3t2 +

√
−15t4 + 22t2 + 9

)
(n > 2).(4.3)

P r o o f. Note thatmaxK for n > 2 and alsominK for n = 2 have been calculated

in [5]. Hence we have only to determine minK for n > 3. In the following we will

use the notation (3.2) and Lemma 1.

Let P be an arbitrary 2-plane in the tangent space TpMr at an arbitrary point

p ∈ Mr. Then there exist orthonormal vectors X , Y which are orthogonal to ξ,

such that the pair of vectors {X ′, Y }, where X ′ := (sin θ)X + (cos θ)ξ, forms an

orthonormal basis of the plane P for some θ ∈ R. Since X is orthogonal to ξ, one

has X ∈ SpanR{W} ⊕ v. Thus we can write

X = g(X,W )W + (X − g(X,W )W ), (X − g(X,W )W ) ∈ v.

We then see from Lemma 1, case (3) that

AX = g(X,W )(̺(s)ξ + ̺(t)W ) + λ(t)(X − g(X,W )W ).

We also have a similar expression of AY . By using these, one can calculate K(X ′, Y )

in terms of (4.1). For simplicity we put

(4.4) K := K(X ′, Y ), x := g(X,W ), y := g(Y,W ), z := g(ϕX, Y ).

Thus, a straightforward calculation gives

K =
|c|
4
{−1 + t2(3− t2) cos2 θ + t2 sin2 θ − t2(1− t2)x2 sin2 θ(4.5)

+ 2t(1− t2)3/2x sin θ cos θ − (1− t2)y2(t2 + cos2 θ)− 3z2 sin2 θ}.

We denote the right-hand side of (4.5) by F = F (x, y, z, t, θ). The variables satisfy

|x| 6 1, |y| 6 1, |z| 6 1, 0 < t < 1, 0 6 θ < 2π.
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Needless to say, these variables are not independent. However, we here show that

the following inequality holds, even if we think of F (x, y, z, t, θ) as a function of

independent variables x, y, z, t, θ:

(4.6) F (x, y, z, t, θ) >
c

8

(
5− 3t2 +

√
−15t4 + 22t2 + 9

)
.

First, we note that there is only one term of F containing z. Since |z| 6 1, one can

easily see

F > F |z2=1.

By a direct calculation, one has

F |z2=1 =
|c|
8
{−5− y2 − t2(−4 + x2 + y2) + t4(−1 + x2 + 2y2) +A cos 2θ+B sin 2θ},

where A = A(x, y, t) and B = B(x, y, t) are defined by

A = −{−3 + t4(1 + x2) + y2 − t2(2 + x2 + y2)}, B = 2t(1− t2)3/2x.

Putting R = R(x, y, t) =
√
A2 +B2 , we have A cos 2θ + B sin 2θ > −R. Hence one

has

F |z2=1 >
|c|
8
{−5− y2 − t2(−4 + x2 + y2) + t4(−1 + x2 + 2y2)−R}.

Let G = G(x, y, t) denote the right-hand side of this inequality again. We next

change the coordinates (x, y) to (u, α) by

x = u cosα, y = u sinα (0 6 u 6 1, 0 6 α < 2π).

Then one can express G = G(u, α, t) as

G =
|c|
16

{−10 + 8t2 − 2t4 − u2(1 − t2)(1 + 3t2) + u2(1− t4) cos 2α− 2R}

with R = R(u, α, t) =
√
A2 +B2, where

A2 =
1

4
{2(t2 − 3)(t2 + 1) + u2(t2 − 1)2 + u2(t4 − 1) cos 2α}2,

B2 = 2u2t2(1− t2)3(1 + cos 2α).

Let us set s = cos 2α afresh. Then, it satisfies |s| 6 1, and we get by differentiating

the function G = G(u, s, t) with respect to s

∂G

∂s
=

|c|
16

{
u2(1− t4)− 1

R

∂

∂s
(A2 +B2)

}
,
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where

(4.7)
∂

∂s
(A2+B2) =

1

2
(1−t2)u2{14t2+2t6+6(1−t4)+(−1+s+t2+st2)(1−t4)u2}.

In order to see ∂G/∂s 6 0, we recall that 0 < t < 1, 0 6 u 6 1, |s| 6 1. Then

u2(1 − t4) > 0 and we have ∂(A2 +B2)/∂s > 0 by substituting s = −1 in (4.7).

After a computation we obtain

{u2(1−t4)}2−
{ 1

R

∂

∂s
(A2+B2)

}2

= − 4

R2
(1−t2)4t2u4{2+6t2+(1−t4)(1−u2)} 6 0.

This implies ∂G/∂s 6 0. We hence conclude that the function G takes its minimum

with respect to s at s = 1. Applying the same procedure to G|s=1, one can find

the function G|s=1 takes its minimum with respect to u at u = 1. Thus, we obtain

F > G|s=1,u=1, hence the inequality (4.6) follows.

It remains to show that the equality of (4.6) is attained. Let us put X = W ,

Y = ϕW . Then we have x = 1, y = 0, z = 1 from (4.4), so that F becomes

F |x=1,y=0,z=1 =
|c|
8
{−5 + 3t2 +A cos 2θ +B sin 2θ},

where A = −2t4 + 3t2 + 3, B = 2t(1 − t2)3/2. Since θ is an independent variable

of X , Y , the part A cos 2θ + B sin 2θ of F |x=1,y=0,z=1 can take the value −R =

−
√
A2 +B2 = −

√
−15t4 + 22t2 + 9. This proves the relation (4.3). �

Remark 1. It is easy to see from (4.2) that the maximum values of K are

monotone increasing functions of the distance r. By an elementary computation we

observe that maxK = 0 implies

r =
1√
|c|

log
2
√
3 +

√
13−

√
73

2
√
3−

√
13−

√
73

for n = 2

and

r =
1√
|c|

log(2 +
√
3) for n > 3.

5. The integral curve of the characteristic vector field

We denote by CMn(c) a complex n-dimensional complete and simply connected

complex space form of constant holomorphic sectional curvature c, that is, CMn(c) is

a complex projective space CPn(c), a complex hyperbolic space CHn(c) or a complex

Euclidean space Cn according as c is positive, negative or zero.
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First of all, we shall review the real curve theory in CMn(c). Let γ = γ(s) be

a smooth real curve parametrized by its arclenth s in CMn(c). The curve γ is said

to be a Frenet curve of proper order d (2 6 d 6 2n) if there exist an orthonormal

system {V1 := γ̇, V2, . . . , Vd} of vector fields along γ and positive smooth functions
κ1(s), . . . , κd−1(s) satisfying:

∇̃γ̇Vj(s) = −κj−1(s)Vj−1(s) + κj(s)Vj+1(s), j = 1, . . . , d,

where κ0V0 ≡ κdVd+1 ≡ 0, and ∇̃γ̇ denotes the covariant differentiation along γ

with respect to the standard Riemannian connection ∇̃ of CMn(c). The functions

κ1, . . . , κd−1 and the orthonormal frames {V1, . . . , Vd} are called the curvatures and
the Frenet frame of the curve γ, respectively. We call a Frenet curve a helix when

all of its curvatures κ1, . . . , κd−1 are constant functions. A helix of proper order 2,

that is to say, a curve which satisfies

∇̃γ̇ γ̇ = kV2, ∇̃γ̇V2 = −kγ̇

for some positive constant k is called a circle of curvature k. We regard a geodesic

as a circle with null curvature.

For the Frenet frame {V1, . . . , Vd} of a Frenet curve γ, we set

τij(s) := g(Vi(s), JVj(s)) (1 6 i < j 6 d)

and call them the holomorphic torsions along γ. In the real curve theory in CMn(c),

the notion of holomorphic torsions plays an important role. A real curve γ in CMn(c)

is said to be homogeneous if it is an orbit of one-parameter subgroup of the full

isometry group I(CMn(c)) of CMn(c). It is known that there exit many helices

which are not homogeneous curves in a nonflat complex space form CMn(c) (c 6= 0)

(see [10]). We can give the necessary and sufficient condition for a Frenet curve to

be homogeneous in CMn(c) by using the notion of holomorphic torsions as follows:

Theorem A ([12]). A Frenet curve γ is homogeneous in a complex space

form CMn(c) if and only if it is a helix and all of its holomorphic torsions are

constant functions.

For a circle γ with positive curvature k in CMn(c), we have just one holomorphic

torsion τ12(s) = g(V1(s), JV2(s)). By easy computation one can find that the holo-

morphic torsion τ12 of the circle γ is automatically constant. Hence by Theorem A

every circle of positive curvature is homogeneous in CMn(c).

Now, we study integral curves of the characteristic vector field of Lie hypersurfaces

in a complex hyperbolic space CHn(c) (n > 2). We note that every integral curve of
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the characteristic vector of an arbitrary Hopf hypersurface M is a circle of common

curvature and of common holomorphic torsion τ12 = ±1 in CHn(c). Hence, so it

does on a horosphere HS in CHn(c). On the other hand, every integral curve of the

characteristic vector of the homogeneous ruled real hypersurface HR in CHn(c) is

a circle of common curvature 1
2

√
|c| and of common holomorphic torsion τ12 = 0

(see [1], [8]).

Theorem 2. Let Mr be an equidistant hypersurface of the homogeneous ruled

real hypersurface HR at distance r (0 < r < ∞) in CHn(c) (n > 2). Then the

integral curve γ of the characteristic vector field ξ of Mr is a homogeneous curve of

proper order 3 or 4 in the ambient space CHn(c). Moreover, for n > 3, the curve γ is

of proper order 3 if and only if the sectional curvature K of Mr satisfies maxK = 0.

P r o o f. Let ∇̃ and ∇ denote the Riemannian connections of CHn(c) and Mr,

respectively, and let N be a unit normal local vector field of Mr in CHn(c). In the

following calculation we use notation in Section 3 and Lemma 1.

Setting V1 := γ̇ = ξ, by the formula of Gauss, (2.1) and Lemma 1, case (3) we

have

(5.1) ∇̃γ̇V1 = ϕAξ + g(Aξ, ξ)N = ̺(s)T + µ(t)N .

We here put

(5.2) κ1 :=

√
̺(s)

2
+ µ(t)

2
(> 0) and V2 :=

1

κ1

(̺(s)T + µ(t)N ).

Formulas of Gauss and Weingarten and Lemma 1, the case (3) yield

(5.3) ∇̃ξT = −̺(s)ξ − ̺(t)W, ∇̃ξN = −µ(t)ξ − ̺(s)W.

By using (5.3) and the fact that µ(t) + ̺(t) = 3λ(t), we see

∇̃γ̇V2 =
1

κ1

(̺(s)∇̃ξT + µ(t)∇̃ξN ) =
1

κ1

(−(̺(s)
2
+ µ(t)

2
)ξ − ̺(s)(µ(t) + ̺(t))W )

= −κ1V1 −
3λ(t)̺(s)

κ1

W.

Set

(5.4) κ2 :=
3λ(t)̺(s)

κ1

(> 0) and V3 := −W.
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Then, we have

∇̃γ̇V3 = −̺(t)T − ̺(s)N = −κ2V2 + κ2V2 − ̺(t)T − ̺(s)N(5.5)

= −κ2V2 +
κ2

κ1

(̺(s)T + µ(t)N ) − ̺(t)T − ̺(s)N

= −κ2V2 +
(κ2

κ1

̺(s)− ̺(t)
)
T +

(κ2

κ1

µ(t)− ̺(s)
)
N .

Here, one finds from (5.4) and (5.2) that

κ2

κ1

̺(s)− ̺(t) =
3λ(t)̺(s)2

κ2
1

− ̺(t) =
1

κ2
1

((µ(t) + ̺(t))̺(s)2 − (µ(t)2 + ̺(s)2)̺(t))

= −µ(t)

κ2
1

(µ(t)̺(t) − ̺(s)
2
)

and similarly
κ2

κ1

µ(t)− ̺(s) =
̺(s)

κ2
1

(µ(t)̺(t) − ̺(s)2).

Thus, (5.5) implies

(5.6) ∇̃γ̇V3 = −κ2V2 +
1

κ2
1

(µ(t)̺(t)− ̺(s)2)(−µ(t)T + ̺(s)N ).

Definition (3.2) gives

µ(t)̺(t)− ̺(s)2 =
|c|
4

(
3 tanh2

√
|c|r
2

− 1
)
.

Set r0 :=
(
1/

√
|c|
)
log

(
2 +

√
3
)
. We here consider the following three cases:

(i) The case of 0 < r < r0. In this case, we have 0 < tanh 1
2

√
|c|r < 1/

√
3 and

µ(t)̺(t)− ̺(s)
2
< 0. Accordingly, from (5.6) we can put

κ3 : = − 1

κ2
1

(µ(t)̺(t) − ̺(s)
2
)‖ − µ(t)T + ̺(s)N‖ = −µ(t)̺(t)− ̺(s)2

κ1

,(5.7)

V4 : = − −µ(t)T + ̺(s)N
‖− µ(t)T + ̺(s)N‖ = − 1

κ1

(−µ(t)T + ̺(s)N ).

One can then see

∇̃γ̇V4 =
1

κ1

(−µ(t)̺(t) + ̺(s)2)W = −κ3V3

by use of (5.3), (5.4) and (5.7). Since all the curvatures κ1, κ2, κ3 are constant,

the curve γ in this case is a helix of proper order 4.
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(ii) The case of r = r0. In this case, we have tanh
1
2

√
|c|r = 1/

√
3 and µ(t)̺(t) −

̺(s)
2
= 0. Then, (5.6) reduces to ∇̃γ̇V3 = −κ2V2, so that the curve γ is a helix

of proper order 3.

(iii) The case of r > r0. We have µ(t)̺(t)− ̺(s)
2
> 0. Then, in the same way as in

case (i), we find κ3 = (µ(t)̺(t)−̺(s)2)/κ1, V4 = (−µ(t)T +̺(s)N )/κ1 and γ is

a helix of proper order 4.

We need to verify that all holomorphic torsions τij = g(Vi, JVj) are constant

along γ in each case. But this is clear because λ(t), µ(t), ̺(t), ̺(s) are all constant.

Therefore, by Theorems A the integral curve γ of the characteristic vector field ξ

of Mr is a homogeneous curve in CHn(c) of proper order 3 or 4.

The last assertion of Theorem 2 clearly follows from Remark 1. �

6. The shape operator and the holomorphic distribution

In this section we will investigate the length of the derivative of the shape operator

restricted to the holomorphic distribution and also investigate the integrability of

the holomorphic distribution of Lie hypersurfaces M in CHn(c). The holomorphic

distribution D
0 is defined as:

D
0 := {X ∈ TM : η(X) = 0},

where η is the contact form on M .

First of all, we recall some facts. There exist no real hypersurfaces with parallel

shape operator A in a nonflat complex space form CMn(c) (c 6= 0). Kimura and

the second author [6] introduced the notion of η-parallelism and classified Hopf hy-

persurfaces having η-parallel shape operator in a complex projective space CPn(c).

The shape operator A of M is said to be η-parallel if g((∇XA)Y, Z) = 0 for all

vectors X,Y and Z in D
0. Besides, for Hopf hypersurfaces M in a nonflat complex

space form CMn(c) (n > 2), the holomorphic distribution D0 onM is not integrable

(see [4]). It is known that the holomorphic distribution D
0 is integrable if and only

if g((ϕA + Aϕ)X,Y ) vanishes for any X,Y ∈ D
0. Motivated by these facts, we

establish the following.

Proposition 1. LetMr be an equidistant hypersurface of the homogeneous ruled

real hypersurface HR at distance r (0 < r < ∞) in CHn(c) (n > 2), and let

{e1, . . . , e2n−2} be an orthonormal basis of the holomorphic distribution D
0 of Mr.

Denote by A the shape operator of Mr in CHn(c). Then we have the following.
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(1) Set

‖∇0A‖ :=

√∑

i,j,k

g((∇eiA)ej , ek)
2.

Then

(6.1) ‖∇0A‖ =

√
3|c|
2

sech3
√
|c|r
2

tanh

√
|c|r
2

,

which takes its maximum value when r = (log 3)/
√
|c|. Moreover, we have

‖∇0A‖ > 0 and lim
r→0

‖∇0A‖ = lim
r→∞

‖∇0A‖ = 0, so that both the horosphere HS

and the homogeneous ruled real hypersurface HR are η-parallel, but it is not so

for Mr.

(2) Set

‖Ψ0‖ :=

√∑

i,j

g((ϕA+Aϕ)ei, ej)2 .

Then

(6.2) ‖Ψ0‖ =

√
|c|
2

tanh

√
|c|r
2

√
(
tanh2

√
|c|r
2

+ 1
)2

+ 4(n− 2),

which is a monotone increasing function of the distance r from HR. Further-

more, we have lim
r→0

‖Ψ0‖ = 0, so that the holomorphic distribution D
0 of the

homogeneous ruled real hypersurface HR is integrable, but it is not so for the

other Lie hypersurfaces in CHn(c).

P r o o f. We employ {W,T,X2, Y2, . . . , Xn−1, Yn−1}, which is given in Lemma 1,
as an orthonormal basis of D0. Then we obtain (6.1) and (6.2) by straightforward

calculations. Let us set t := tanh 1
2

√
|c|r. Then it satisfies 0 < t < 1, and one can

write (6.1) as

‖∇0A‖ =

√
3|c|
2

t
√
(1− t2)3.

Denoting the right-hand side of this relation by f = f(t), we get

df

dt
=

√
3|c|
2

(1− 4t2)
√

1− t2.

Equation 1 − 4t2 = 0 implies r = (log 3)/
√
|c|. This proves the case (1) of our

proposition. The rest is easy. �

Remark 2. Kon and Loo obtained the complete classification of η-parallel real

hypersurfaces in a nonflat complex space form CMn(c) for n > 3. See [7].
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