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KYBERNETIKA — VOLUME 56 (2020), NUMBER 3, PAGES 500-515

CONTINUOUS FEEDBACK STABILIZATION FOR A CLASS
OF AFFINE STOCHASTIC NONLINEAR SYSTEMS

MOHAMED OUMOUN, LAHCEN MANIAR AND ABDELGHAFOUR ATLAS

We investigate the state feedback stabilization, in the sense of weak solution, of nonlinear
stochastic systems when the drift is quadratic in the control and the diffusion term is affine in
the control. Based on the generalised stochastic Lyapunov theorem, we derive the necessary
conditions and the sufficient conditions, respectively, for the global asymptotic stabilization in
probability by a continuous feedback explicitly computed. The interest of this work is that the
existing control methods are inapplicable to a lot of systems contained in the class of stochastic
systems considered in this paper.

Keywords: continuous state feedback, control stochastic nonlinear systems, global asymp-
totic stability in probability

Classification: 60H10, 93C10, 93D05, 93D15, 93E15

1. INTRODUCTION

In this paper, we consider a class of stochastic nonlinear systems described by

do = (fo(x) +ufi(x) + u2f2(x)) dt + (go(x) + ugl(x)> dw, (1)

where x € R™ is the state and v € R is the control and w is a standard R™-valued
Wiener process defined on a probability space (€2, F, F;, P) with Q being a sample space,
F a o-algebra on , F; a filtration and P a probability measure. fy, f1, fo : R® - R"
and go, g1 : R™ — R™™™ are continuous functions with f,(0) = ¢go(0) = 0.

Stochastic models have played an important role in many branches of manufac-
ture and engineering applications. Since the works, such as Khasminskii [I3], Kush-
ner [I5] and Mao [22] established a solid foundation for the stochastic stability theory,
the design of stabilization controller has been investigated widely for various stochastic
nonlinear systems. Several results on state-feedback stabilization and output-feedback
stabilization for various classes of stochastic nonlinear systems have been achieved in
[1, 5, [8, 16, 17, B2] and the references therein.

Most of the existing papers focus on the stabilization problems of nonlinear systems
using some fundamental stochastic stability theories presented in [I3] and [22], which
were useful tools for the controller design of stochastic nonlinear systems. However, these
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theories require that the stochastic nonlinear systems satisfy the local Lipschitz condition
or have a unique strong solution. This indeed impedes the application of the stability
theory, because many practical stochastic systems do not satisfy the local Lipschitz
condition, which is inherent or caused by a specified feedback controller. To relax this
restriction, Li and Liu in [I9] generalized the concepts and theorems of global stability
to the stochastic nonlinear systems without the local Lipschitz condition or having more
than one weak solution. Since then, many papers use the techniques developed in [19],
one can cite [I1], [27].

Stochastic control systems are of interest since thier coefficients are only contin-
uous, not necessary locally Lipschitz, and then can model many practical systems, such
as, the stochastic models for a sequencing-batch reactor and for a chemostat proposed
in [9], these models are affine in the control and have the coefficients involve the term
v/2(t). Among other applications in which stochastic differential equations may be only
continuous, we can cite stochastic financial and biological models in which, as mentioned
in [26], the diffusion coefficients often contain the term /|z(t)|, or more general |x(¢)|",

€ (0,1), for more details, we refer the reader to [I8| 23]. Therefore, the investigation
of systems [I] is practically relevant.

For deterministic nonlinear control systems, many techniques for studying the stabi-
lizability problem and for designing stabilizing feedback laws are known. Historically,
one of the first significant results is because of Artstein [2] who introduced the notion of
control Lyapunov function which gives a way to consider the choice of Lyapunov function
and the design of control simultaneously. For affine nonlinear control systems, knowing
a CLF, an explicit and simple proof of Artstein’s Theorem [2] is given by Sontag in [25]
and revisited later on by Lin and Sontag in [20].

In [6], Florchinger extends the Lin—-Sontag’s formula to the particular class of stochas-
tic affine control systems

dw = (fo(@) +ufi(@)) dt + (go(x) ) e (2)

For these systems, the associated infinitesimal generator £, satisfies £,V (x) = b(x)u +
¢(x), with known functions b and ¢. Knowing a stochastic control Lyapunov function
(SCLF) V, the state-feedback control u(z) defined in [20] 25] yields £,V (z) < 0, for
all x € R™\ {0}, which allows, as in [20] 25] for the deterministic case, to state in [6],
by application of the stochastic versions of Lyapunov theorem [I3], that the stochastic
affine system is globally asymptotically stabilizable in probability.

Later, Chabour and Oumoun in [3] and Daumail and Florchinger in [4] considered,
respectively, the systems

dx = (fo(iE) + ufl(x)) dt + (go(m) + ugl(:ﬁ)> dw, (3)

and the systems .

Contrary to system , for systems and (|1)), in which everything is corrupted
by a noise, the associated infinitesimal generator L£,, applied to a Lyapunov function
V, leads to £,V (x) = a(x)u?® + b(z)u + (), with known functions a, b and ¢. So, it
appears that the Sontag feedback defined in [25] 20] is no more a stabilizing feedback for
and ([1). In [3] and [4], explicit stabilizing feedbacks are, respectively, constructed for
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systems and , provided that known SCLFs V satisfy the assumption H: a(z) <
0 = b(x)? — da(x)c(z) < 0.

More recently, Florchinger [7] gave an explicit stabilizer for system under the
same assumption (H) with known stochastic a—control Lyapunov function.

Note that all the results in the last four cited papers [3| [4, [6] [7] require, respectively,
the coefficients of the systems 7 , being continuously differentiable and the con-
structed feedbacks are, also, continuously differentiable to guarantee the local Lipschitz
condition of the closed-loop system.

The aim of this paper is to relax this restriction, allowing the coefficients of the
system as well as the constructed feedback to be only continuous. Inspired by the
deterministic case Maniar et al. [2I] and based on a known SCLF, we first give a
necessary condition for the stabilization in probability by a continuous feedback. After
that, we present a sufficient stabilization condition which improve the stabilizability
condition (#). The main tool used in this paper is the generalised stochastic Lyapunov
theorem proved by Li and Liu [19].

The remainder of this paper is organized as follows. Section 2 gives some preliminary
knowledge on stochastic stability in the sense of weak solution. In section 3, we recall
some definitions and preliminary results while section 4 gives the main results of this
paper. In section 5 we provide a numerical example illustrating our results. Finally,
section 6 draws some conclusions.

2. STOCHASTIC STABILITY OF WEAK SOLUTIONS

We first revisit some fundamental theory about the stochastic systems. Consider the
following stochastic nonlinear system:

de = f(z)dt + g(z) dw, x(0) =2z € R", (4)

where x € R™ is the system state; w is an m-dimensional independent standard Wiener
process. The functions f : R® — R™ and g : R® — R"*™ are continuous and satisfy
f(0) =0 and g(0) = 0. Clearly, the origin is the equilibrium point of system .

As it is well known in stochastic differential equation theory (Khasminskii [I3] and
Mao [22]), in order to guarantee the existence and uniqueness of strong solutions of the
stochastic systems (), f(.) and g(.) are assumed to satisfy some definite conditions such
as local Lipschitz. But, here, since both f(.) and g(.) are only continuous, not locally
Lipschtiz, system may not have the solution in the classical sense as in Khasminskii
[13] and Mao [22]. However, the system always has weak solutions which are essentially
different from the classical (or strong) solution since the former may not be unique and
may be defined on a different probability spaces. The following definition gives the
rigorous characterization of the weak solution of system , and for more details of this
subject, we refer the reader to Ikeda and Watanabe [10], Klebaner [14], Li and Liu [19],
Ondrejét and Seidler [24], Zhang and Liu [31].

Definition 2.1. (Li and Liu [19]) If there exist a continuous adapted process z(¢) on a
probability space (Q%, F*, P*) with a filtration {F; };>, satisfying the usual conditions,
and an m-dimensional {F;}-adapted Brownian motion w®(t) with P*{w”(ty) = 0} = 1,
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such that the initial condition z(to) has the given distribution, and for all ¢ € [to,77,)
¢ ¢
x(t) = x(to) +/ flx(s))ds +/ g(z(s)) dw®(s) a.s.,
to to

then x(t) is called a weak solution of system , where 77 is the explosion time of the
weak solution x(t), that is 7§ = lim._, inf{t > to, ||z(t)]| > €, Ve > 0}.

Now, we can introduce the notion of asymptotic stability in probability for the equilib-
rium solution of the stochastic differential equation as follows.

Definition 2.2. (Li and Liu [I9]) The zero solution of system is said to be
(i) globally stable in probability: if for any € € (0,1), there exists a class K function «
such that for Vzy € R™ , every weak solution x(¢) of system satisfies

Psup [lz(t)]| < a(flzol)} =21 —e.
>0
(ii) globally asymptotically stable in probability: if it is globally stable in probability and
for Voo € R™ |, every weak solution z(t) of system satisfies
P?{lim z(t) =0} = 1.
t—o0

Definition 2.3. The infinitesimal generator associated with the stochastic differential
equation , denoted by L, is defined for any function ¥ in C?(R") by

1
LY(x) =VU(x)f(x)+ iTr(g(x)g(:E)TVQ\Il(x)),
where Tr{.} represents the trace of the argument.

Definition 2.4. Let V be a neighborhood of the origin in R™. We say that a function
V € C%(R",R") is a stochastic Lyapunov function of system on V if

(i) V(0) =0 and V(z) >0, Vz € V \ {0}.
(ii) LV (z) <0, Vz € V\ {0}.
(iii) If V = R"™, then V is proper, that is, V(z) — oo as ||z| — oc.

Lemma 2.5. (Li and Liu [I9]) For system , suppose that there exist functions
V e C?(R",RY), £ € CO(R™,RT) and class K, functions «, 3, such that

(i) a(llel) < V(@) < A(le]);
(i) LV () < —&(a).

Then the zero solution of system is globally stable in probability, and for Vzy € R"™,
every weak solution x(t) of system satisfies

p" { lim £(z(t)) = 0} =1

t—+oo

Particularly, if function & is positive definite, then the zero solution of system is
globally asymptotically stable in probability.
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To conclude this section, we list a lemma which shows the connexion between a
positive definite function and class K functions (see [12], Lemma 4.3).

Lemma 2.6. (Khalil [I2]) Let V : R® — R be a continuous positive definite function,
then, there exit class K functions o and 3, defined on [0, 00), such that

a(le]) < V(@) < B(lel), Vo €R™.

Moreover, if V is radially unbounded, then o and 8 can be chosen to belong to class K.

3. PRELIMINARY RESULTS

For a C? function V(z), the infinitesimal operator £,V associated with the system
is defined as
L,V (x) = ap(x)u® + by(x)u + ¢y (),

with
a(@) = TV (@) fo(@) + 5 Tr(on (0)n () 92V (2),

bu(x) = VV(ZE')fl(ZL'),
and )
co(z) = VV(z) fo(z) + §TT(90($)90(33)TV2V(37))~

In addition, for each fixed z € R™, let
Ay(x) = by(2)? — day (z)cy ()

be the discriminant of the equation: a,(x)A? + b,(z)\ + ¢,(x) = 0, and

—by(x) — /Ay(z) Noo() = —by(x) + /Ay (2)
2a, () r R 2a,(x)

/\1’1,(1') =

its roots when A, (z) > 0.

The following definitions come from [6].

Definition 3.1. (Florchinger [6]) A C? positive definite and proper function defined
on R” is a stochastic control Lyapunov function (SCLF) for the stochastic differential

system (1)) if
. . 2 n
inf £,V(2) = inf (av(:r)u +bv(x)u+cv(x))< 0, VzeR"\ {0}. (5)

Remark 3.2. If V is a SCLF for system then it is positive definite and proper, ac-
cording to Lemma there exit class K functions a and § satisfying the inequality (¢)
of Lemma [2.5] that is,

a([l=])) < V(x) < B(lll), VzeR"
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Definition 3.3. (Florchinger [6]) A function V € C?(R™,R") is said to satisfy the
small control property with system , if for each € > 0 there is § > 0 such that , if
x # 0 satisfies ||z|| < 0, then there is some u with |ju|| < & such that

L,V (2) = ay(2)u® + by(z)u + cp(z) < 0.
Remark 3.4. Note that if V' is a SCLF for system then:
(i) the functions a,(.), by(.), ¢,(.) and A,(.) are continuous over R™,

(ii) since V is positive definite, it has a minimum at 0, so VV'(0) = 0 and consequently
b,(0) = 0 and then A, (0) = 0 since ¢,(0) = 0.

(iii) if A,(z) > 0, one has

Mo(x) < Agp(z), if ay(z) >0,
and

Mou(x) > Ao (), if ay(z) <O.

Next, we recall the following result.

Proposition 3.5. (Chabour and Oumoun [3]) If V is a SCLF for the system (), then
we have:

L (Ay(z) <0) = a,(z) <0,

2. (Ay(z) =0 and a,(z) # 0) = a,(z) <0,

3. (Ay(z) = 0 and a,(z) = 0) = b,(2) = 0 and ¢, (z) < 0.

As far as possible, our objective is to define a state feedback law by explicit formulas
in such a way that the resulting equilibrium solution of the closed-loop system is asymp-
totically stable in probability. To be more precise, according to Remark [3:2] and Lemma

if V' is a known SCLF for the system , we shall define a feedback law v and a
continuous definite function £ such that

L,V (x) = ap(x)u*(x) + by(x)u(x) + cp(x) < —€&(x) <0, Vo€ R™\ {0}
The operator £,V (z) regarded as a polynomial in u(z), this last inequality leads to

u(x) € M 0(@), Aow(z)[, if ay(z) >0 and A,(z) >0,

and
u(@) ¢ [Aow(®), M(x)], if ay(z) <0 and A,(x) > 0.

In the next section, to prove main results of this paper, we use the following result.

Lemma 3.6. Let V be a SCLF for the system (1)) and zo € R™\ {0} such that a,(zo) =
0, we have:

~

cv(xo
bv (.130)

Ili_{go A(x) = —0c0 and ﬂc11_}190 A2p(z) = — , if by(zo) >0, (6)

ay,(z)>0 ay,(z)>0
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Jim Mo(x) = (o) and  lim Aou(x) = 400, if by(zg) <O, (7)
a,(z)>0 ay(z)>0
xILIEO Au(x) = —0c0 and mILH}O A2 () = 400, if by(z9) =0, (8)
ay(x)>0 a,(z)>0
lm A ,(x) =400 and lim Ao ,(z) = _cv(xo)7 if b, (o) >0, (9)
f— ) T—xTo ’ bv(l'())
a,(z)<0 a,(z)<0
lm A o) = — 2T and lim Aew(@) = —o0, if bo(zo) <0,  (10)
rTo ) bv(mO) r>To )
ay(x)<0 a,(xz)<0
Ili)nwlo Mp(x) = —00 and wli_)rgo Ao p(x) = —00, if b,(zg) =0, (11)
a,(z)<0 a,(z)<0
by (2)<0 by (2)<0
IILIEO Aw(z) =400 and mILH}O A2 () = 400, if b,(zo) =0. (12)
ay,(x)<0 a,(z)<0
by () >0 b () >0
Proof. The proof is similar to Lemma 2.5 in [2I] and is omitted here. g

4. MAIN RESULTS

The objective of this paper is to design a continuous feedback control law such that
the resulting closed-loop system deduced from system is globally asymptotically in
probability.

4.1. Necessary condition for continuous feedback stabilization

Using Lemma [3.6] we can state the following necessary condition for the stabilization of
system by a continuous feedback.
Suppose there exist a SCLF V for system and a connected open set O such that:

Al a,(x) <0and A,(z) > 0, for every z € O.
A2 There exist 1 and z3 in 0O (the border of O) such that a,(z1) = a,(z2) = 0.

A3 For any € > 0, there exist € B(x1,e)NO and y € B(z2,¢)NO such that b,(z) >0
and b,(y) <0.

Remark 4.1. For reasons of continuity, if assumption A3 holds, then b,(z1) > 0 and
bv (IQ) S 0.

In addition, if b,(x1) = 0 (respectively b,(x2) = 0), according to Proposition we
have ¢,(z1) < 0 (respectively ¢, (z2) < 0).

From assumption A1 and definition of A,, the inequality in assumption A3 becomes
strict, i.e., for any € > 0, there exist € B(z1,¢) N O such that b,(x) > 0 (respectively
there exist y € B(xa,¢) N O such that b,(y) < 0).
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Based on Lemma[3.6] we obtain the first main result in the following theorem. It pro-
vides a necessary condition for a stochastic control Lyapunov function to be a stochastic
Lyapunov function.

Theorem 4.2. Let V be a neighborhood of the origin in R™ and assume that V is a
SCLF for system . If there exists a connected open set @ C O C V such that assump-
tions A1— A3 hold, then, system is not asymptotically stabilizable in probability on
V by a continuous feedback with V' as the stochastic Lyapunov function.

Proof. First, from Remark[4.1] for any e > 0, the sets {z € O|||lz—z1|| < &, by(z) > 0}
and {z € O|||z — 22 <&, by(z) < 0} are not empty. Hence, from (10, and

wliﬁr& A,u(x) = +00 and $1LIIg£12 Ao p(x) = —00. (13)
z€O z€O
by (2)>0 by ()<0

Now, assume that there exists a continuous feedback law u that asymptotically sta-
bilizes in probability system and for which the SCLF V is a stochastic Lyapunov
function for the closed-loop system. Then, £,V (z) = a,(z)u?(x)+b, (z)u(z)+c,(z) < 0,
for every x € O. This implies that either u(z) < A2,(z) or A1 ,(z) < u(x) for every
x € O (notice that Ay, (x) < A1 () for every x € O). Hence

o If u(x) < Ay (z) for every z € O then, from and since w is continuous, we

ha,Ve llmm*)mg ’L[,(x) S hm T—To )\2 v(x) = —0Q.
z€O €O ’
by (2)<0

o If u(x) > Ay () for every x € O then, again from (13]) and since u is continuous,
we have limz—z, u(z) > lim z—z; A, (x) = +o0.
zcO zcO
by (2)>0

In both cases, we have a contradiction. O

4.2. Control design

In this section, we give universal formulas for the continuous stabilizers of system
via a known stochastic control Lyapunov function which not satisfies assumptions in
Theorem 21

First, we choose the two following continuous functions mapping R into itself

0 if <0, _J = if <0,
‘P(x)_{ v if z>0, 1/}(37)_{ 0 if >0
We also need the following result.

Lemma 4.3. If V is a SCLF for system which satisfies
(av(z) <0 and A,(z) > 0) = by(z) #0, (14)

then the function
w(zx) if Ay(x) >0,
K(z) = (15)
0 if A,(x) <0,
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where
(ST TNt 0,0y 20 and be) >0,
w(_bv(x;a_v\(/;f“(w)‘ + 2\({[5%(8)‘)) if a,(z)#0 and b,(z) <0,
w(z) = w( — gg; — L;)) if a(x)=0 and b(z) >0,
<p( - 253 - %ﬂ”)) if a(z)=0 and b(x) <0
0 if a(z) >0 and b(x) =0

is continuous in R™ \ {0}. Moreover, the function K is continuous at the origin if V'
satisfies the small control property.

Proof. Here, we follow the main lines of the proof of Theorem 3.9 from Maniar et al.
[21]. From the continuity of ¢, ¥, a, and A,, it is obvious that K is continuous on the
open sets: {a,(x) # 0, A,(x) > 0,b,(z) # 0} and {a,(z) < 0,A,(z) < 0}.

Since V is a SCLF, the set {a,(z) > 0,A,(z) < 0} is empty, and by assumption 7
the set {a,(x) < 0,A,(x) > 0,b,(x) = 0} is also empty. Thus, it remains to study the
continuity of K at the origin and on the sets:

Ar={z e R"\ {0} | A,(z) =0},

={z e R"\ {0} | a,(z)>0,A,(x) > 0,b,(x) = 0},
Az ={z e R"\ {0} | a,(z)=0,by(z) >0},
Ay ={x e R"\ {0} | a,(z)=0,b,(x) < 0}.

1. If g € A then, K(z9) = 0. Note that K(z) = 0 if A,(x) < 0, so, from now on,
we will focus on the case when A, (z) > 0 and we will Verlfy that K vanishes in some
neighborhood of zg. Since A,(x¢) = 0, from Proposition we either have a,(zo) < 0
or ay(zg) = by(wg) =0 and ¢, (z9) <0

Case 1. If a,(z9) < 0, then the functions A;, and A2, are continuous at zg. Note
that A, and a, are continuous and from assumption , by (z0) # 0 since A, (z9) = 0.
Hence, for x close enough to xy we have

A, .
o AMo(®) < Miw(@0)/2 and 5Yn s +a;(”; < —A1o(20)/2, if by(z0) < 0,

° )\271,( ) > /\2 U(Io)/Q and 2(1+a2(w < )\2 U(l‘o)/? lfb (l‘o) > 0.

In both cases, from the definition of K, it follows that K (z) = 0.

Case 2. In the case where a,(x9) = by(x0) = 0 and ¢,(xg) < 0, again, from continuity,
there exists a positive number [ and a neighborhood V,, of x¢, such that if z € V,, and

A, (z) > 0, we have ¢,(z) < 0, lc“ igi >1, 5 ”1+Aa2(wx)) <l and |b,(z)| < I. Moreover,
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o M\ y(z) < —lif ay(z) # 0 and by(x) < 0 (cf. and ),
o M\ y(z) >1if ay(x) # 0 and b,(x) > 0 (cf. and (12)).

It follows from the definition of K that in every cases, K(x) = 0. As a matter of fact,
when b, (x) < 0, it follows from the above inequalities that

. A, (x . /Ay (x
if ay(z) # 0, K(z) = ¢(A,0(2) + Wﬁ((ac)))) =0, since A\ ,(z) < —I and MT%‘((I))) <,

if ay(z) =0, K(z) = ¢( — ZZ—E;; — o)) — 0, since —% < —land —2{8) <.

The cases when b,(z) > 0 can be treated similary and the cases when b,(x) = 0 are
obvious, because, in this case, we deduce immediately from the definition of A, (z) that
ay(z) > 0. So, from the definition of K, K(z) = 0.

Thus, K is identically equal to 0 in a neighborhood of x(y and, therefore, is continuous
at xg.

2. If g € Ay, then K(x9) = 0. Denote a(z) = —\2/(3“(;?) + 2(\1/-?@@/2((:2))' From the

definition of K and the fact that a(zg) < 0, we obtain

, L Ay(z) N\ _ _0—

Jim K@) = Jim o(Mo(@)+ m) = ¢(alr0)) = 0= K(xo),

ay(x)>0 ay(z)>0

by () <0 by (2)<0

and
. . Ay (z)

ay(z)>0 ay,(z)>0
by (2)>0 by (z)>0

Also, if b,(z) = 0 and a,(x) > 0, then K(z) = 0 = K(xg). Thus K is continuous at
o € As.

3. If zyp € As, for reasons of continuity, we have b,(z) > 0 and A,(z) > 0 whenever z
is close enough to xg. So, continuity of b,, ¢, and ¥ lead to

lim K(z)= lim w(— (@) _ b”(””)) - w(— cu(20) _ b”m)) = K (),

S i by (z) 2 by (z0) 2
by (2)>0 by (2)>0

and, from @ and @D we have

| | 5.(2) (o) _ bulwo)

mhrrml K(z) = Ihrr% Y Agp(z) — ) = - _ — K(a0).
ai;(g);ZO ai,(*x));%o ( 2(1 +av(x))) ( )

by (z)>0 by (z)>0

It then follows that K is continuous at xy € As.

4. If xg € Ay, using the defintion of K and the assertions @ and , this case is
similar to the former one and is omitted here.
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Thus K is continuous in R™ \ {0}.

Finally, we wish to show that the function K is continuous at the origin. Note that
K(xz) = 0= K(0) when A,(x) < 0, so from now on, we consider A,(xz) > 0. Assume
that V satisfies the small control property and since A,, a, and b, are continuous and
A, (0) = b,(0) = 0 see Remark then, for every € > 0, let ¢’ = ¢/2 there exists 6 > 0
such that for every x # 0 satisfying ||z|| < §, there exists some w such that |w| < &’ and

L,V (x) = ap(x)w? + b, (z)w + ¢, <0, (16)

and
Ay(x)
2(1 + a2(x))

The inequality is equivalent to

<¢ and |b,(7)| <€ (17)

if ay(z) >0, w €A (), Aw(2)], (18)
if ay(z) <0, wé [Aeu(x), A1,0(2)], (19)
if ay(z)=0 and b,(z) <0, w> _?Eg’ (20)
if ay(z) =0 and b,(z) >0, w< —lc)vg% (21)

Consider the three following cases according to the sign of b,(z).

o If b,(z) < 0, we consider again three cases according to the sign of a,(x).

(i) If ay(z) > 0, then we have K(z) = ¢(A1,0(z) + 2(7%) From 1D we

have A; ,(x) < w < ¢’ which yields with , AMo(x) + 2(17% <2 =e.
Hence |K ()| = ¢ (A1,0(z) + 2(7%) <p(e) =e.

(i) If ay(x) < 0, (19) is equivalent to w < Ag,(x) < A1(z) or Agy(z) <
A,(x) < w. Since ay(z) < 0 and by(x) < 0, we have Ao ,(z) < 0 and
M w(z)] < [A2w(z)|. So, we always have A\ ,(z) < |w| < €. As above, we
show again that |K(z)| < e.

iii) If a,(z) = 0, in this case K(z) = o( — g:gg - b”éx)). From , we have
ng% < w < €' and the conclusion follows, as above, since |b,(z)| < ¢’.

o If b,(x) > 0, this case can be treated similary as the former one and is omitted
here.

o If b,(z) = 0, from assumption (I4), we have a,(z) > 0 since A,(z) > 0. But
a,(z) = 0 would contradict A, (z) > 0 and so we have a,(z) > 0. It then follows
from the definition of K that K(z) = 0.
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Thus, K is continuous at the origin and this complets the proof of Lemma [£.3] O

Now we study the asymptotic stability in probability of the stochastic system .

Theorem 4.4. If V is a SCLF which satisfies assumption and the small control
property, then the feedback law w(z) = K (x) renders the stochastic system globally
asymptotically stable in probability.

Proof. From Lemma [{.3] since V satisfies the small control property, we deduce
that u is continuous on R"™. It follows that the coefficients of the closed-loop system
deduced from the stochastic system with the control uw are continuous on R", then
so is the associated infinitesimal operator £,V (x), since the fonctions a,, b, and ¢, are
continuous.

Next, we will verify that

L,V () = ap(@)u?(z) + by(x)u(z) + cp(x) <0, Vo e R™\ {0},

according to the sign of A,(z). To do this, we again follow the main lines of the proof
of Theorem 3.9 from Maniar et al. [21].

1. If A,(z) < 0 then, a,(z) < 0 according to Proposition [3.5] and the sign of £,V (x)
is that of a, (), so L,V (z) <0

2. If A,(z) =0, then u(x) = 0, and so, £,V (z) = ¢,(x) < 0. As a matter of fact,
from Proposition [3.5] we know that a,(z) = b,(z) = 0 and c,(z) < 0 or a,(z) < 0.
If a,(z) < 0, from assumption we have b,(x) # 0 and so, from defintion of
A,, we get ¢, (z) < 0 since Ay(z) = 0.

3. If A,(x) > 0, in this case, we consider three cases according to the sign of b, (z).

i. Ifb,(x) <0, let f(x) = 2(7% then, u( ) o(Mw(x) +

that A, (2) < Au(z) 4+ B(2) < o(A1u(z (z))

we have A2 () < A14(2) < u(x), and hence E V(x
(z)

If ay(x) > 0, we have u(z) = (A1, (2) ) < 1o(x) 4+ B(x)) <
Aao(z). Indeed, A1y (2) + B(2) < Apo(@)+ Vf @) _ vl ) (@), and

(z) 2a,,(z)
since a,(x) > 0 and b,(z) < 0, we also have 0 < Ag, ().
Thus, A1 »(z) < u(z) < Ag,(x) and then, £,V (z) <0

If a,(x) = 0, since b, (x) < 0, we have

~

B(z)). It is clear
In case a,(x) <0,

u(ac
<

=
’aov

=

ax,

by () 2

therefore, £,V () = b, (z)u(z) + ¢y(z) < 0.

ii. If b,(xz) > 0, this case can be treated similary to the previous one.

iii. 1If by(x) = 0, from assumption (14)), we have a,(z) > 0. But a,(z) = 0 would
contradict A,(x) > 0, so, a,(x) > 0 which gives ¢,(x) < 0, and therefore,
L,V (x) = ¢y(x) <0, since u(x) = 0 according to the definition of u.

u(z) = 80( B () bv(z)) > 7cv(x) by () cv(x;
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Hence, £,V (x) is continuous and negative definite and since V(z) is a SCLF for system
(1), according to Lemma there exit class Koo functions a(x) and (x) and class K
function £(z), defined on R, such that

a([lz])) < V(z) < B([lx]), Ve eR",

and
L.V (@) = a@)u(z) + b()u(a) + c(x) < —€(all), Vo € R™.

The conclusion follows with help of Lemma [2.5] and this completes the proof of Theo-
rem 4.4 O

Remark 4.5. 1) In trying to build a continuous feedback w, the problem is when one
has the following situation: zy € R™ is such that, a,(xq) < 0, A,(z¢) > 0 and b, (x¢) = 0.
The global asymptotic stability require that £,V (z¢) < 0, two choices of u(xz¢) are pos-
sible: u(zo) < A2u(x0) < A1u(x0) O A2»(20) < A1 w(m0) < u(xp). In both cases, due to
the continuity of v and according to Lemma we can have u(z1) undefined for some
x1 € R™. To avoid this situation, we use assumption .

2) If Florchinger [6] used a universal formula for the system when fo = g1 =0
under a known SCLF, the problem of stabilization of system has not yet a universal
construction. Note that if V' is a SCLF for the system , the sufficient condition:
ay(z) < 0= Ay(x) <0, stated in [3, [, [§], is more restrictive than the assumption
stated in this paper.

5. EXAMPLE

To illustrate the usefulness of the above result, let us give an example. Consider the
following stochastic system

—x1 cos(2z1) + uzy sin®(x1) — ulxy sin?(z;) uxy sin(zy)
dex = dt + dw.
—x9 cos(2x1) + uwe sin2(x2) — u2z4 sin? (22) uwg sin(zg)
(22)
Taking the following function V defined on R? by
Vi) = AT E
2
we have
L,V () = ap(@)u? () + by(x)u(z) + ¢y (1),
with
1
ay(x) = 75(1% sin?(z1) + 22sin?(z2)), by(x) = 22 sin*(x;) + 22 sin?(22),
and

co(x) = — (2% + 23) cos(2z1).
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It is easy to see that for every x € R?, we have a,(z) < 0, and if x # 0 is such that
ay(z) = 0 then, b,(x) =0 and ¢,(z) < 0, so

inf £,V(2) = inf (av(x)u2 + by (2)u + cv(a:))< 0, VaeR2\{0}.

It then follows that V is a SCLF for system which satisfies the small control
property since ¢,(x) < 0 for all z # 0 such that z; €] — 7/4, 7/4].

It can be seen that the stabilizability condition: (a,(x) < 0 = A,(z) < 0) stated
in Chabour and Oumoun [3] and Daumail and Florchinger [4] is not satisfied, since
ay(m/4,m/4) <0 and A, (7/4,7/4) > 0.

However, for every x € R?\ {0}, we have (a,(z) < 0) = b,(z) > 0. Hence, as-
sumption is satisfied, and thus, according to Theorem system is globally
asymptotically stable in probability with the feedback

w(—w)ﬂ/mf VA (@) )i Au@) >0,

2a,(2) 3(17a2(2)

u(x) =
0 if A,(z) <0.

6. CONCLUDING REMARKS

In this paper, the global state-feedback stabilization problem has been investigated for
nonlinear stochastic systems when the drift is quadratic in the control and the diffusion
term is affine in the control. In the sense of weak solution, under the assumption that
a stochastic control Lyapunov function is known, we gave a necessary condition for the
stabilization by a continuous state-feedback. Moreover, under appropriate condition,
we designed state-feedback that ensures the zero solution of the closed-loop system is
globally asymptotically stable in probability.

Since the studied system is with less restriction, this result can be applied to many
practical models which are only continuous.

The following two problems are interesting for further investigation:

1. If the method can be used for the stabilization of deterministic nonlinear systems
such as offshore structures, see [28] [29] [30]

2. The construction of a stabilizing controls in probability of multi-input nonlinear
stochastic systems.

(Received July 30, 2018)
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