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Abstract. We introduce the notions of h-conformal anti-invariant submersions and h-
conformal Lagrangian submersions from almost quaternionic Hermitian manifolds onto
Riemannian manifolds as a generalization of Riemannian submersions, horizontally confor-
mal submersions, anti-invariant submersions, h-anti-invariant submersions, h-Lagrangian
submersion, conformal anti-invariant submersions. We investigate their properties: the in-
tegrability of distributions, the geometry of foliations, the conditions for such maps to be
totally geodesic, etc. Finally, we give some examples of such maps.
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1. INTRODUCTION

To study geometric structures and geometric properties on Riemannian mani-
folds with some additional structures, we usually use C*°-maps. There are two
ways: We take these ones as either base manifolds or target manifolds. As we
know, isometric immersions are examples for studying target manifolds and Rie-
mannian submersions are examples for investigating base manifolds. As a gener-
alization of isometric immersions and Riemannian submersions, Riemannian maps
were used to study both cases. The author introduced several types of new notions
on this topic and by using them, the author obtained many interesting results on
them. We recall some historical events on this topic, which are related with this
paper.

In 1960s, Riemannian submersions between Riemannian manifolds were indepen-
dently introduced by O’Neill in [20] and Gray in [11].

In 1976, Watson in [31] introduced the notion of almost Hermitian submer-
sions between almost Hermitian manifolds. Given an almost Hermitian submer-
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sion F: (M,gm,Jm) — (N,gn,Jn), we know that Jys(ker F,) = ker F, and
Jar((ker F,)*) = (ker F,)*, where (ker F,)* denotes the orthogonal complement of
ker F, in T M. Using this notion, he obtained some differential geometric properties
among fibers, base manifolds, and total manifolds.

In 2010, by changing the invariance of ker F, under almost complex structure Jyy,
Sahin in [26] defined an anti-invariant Riemannian submersion F' from an almost
Hermitian manifold (M, gas, Jas) onto a Riemannian manifold (V,gy). It satisfies
Jur(ker F,) C (ker Fy,)1. Using this notion, he also obtained lots of properties: the
integrability of distributions, the geometry of foliations, the condition for such a map
to be totally geodesic, some decomposition theorems, etc.

In 2017, as a generalization of an anti-invariant Riemannian submersion from an
almost Hermitian manifold, the author in [23] introduced the notions of an h-anti-
invariant submersion and an h-Lagrangian submersion from an almost quaternionic
Hermitian manifold.

In 1970s, as a generalization of Riemannian submersions, a horizontally conformal
submersion was introduced independently by Fuglede in [10] and Ishihara in [17].

In 1997, Gudmundsson and Wood in [13] studied conformal holomorphic submer-
sions between almost Hermitian manifolds. They found the condition for a conformal
holomorphic submersion to be a harmonic morphism.

In 2016, Akyol and Sahin in [1] defined a conformal anti-invariant submersion from
an almost Hermitian manifold onto a Riemannian manifold. And they obtained some
interesting propertis on it.

In 2016, Jin and Lee in [18] investigated a conformal anti-invariant submersion
from a hyperkihler manifold.

Given a C*°-submersion F' from a Riemannian manifold (M, gar) onto a Rie-
mannian manifold (N, gx), with some additional structures, we get several types of
submersions, see [1], [3], [7], [9], [11], [12], [14], [20], [21], [22], [23], [24], [26], [27],
[28], [29], [31].

Riemannian submersions are related with physics and have their applications in
the Yang-Mills theory (see [6], [32]), Kaluza-Klein theory (see [5], [15]), supergravity
and superstring theories (see [16], [19]). We know that the quaternionic Kihler
manifolds have applications in physics as the target spaces for nonlinear o-models
with supersymmetry, see [8].

The paper is organized as follows. In Section 2 we recall some notions, which are
needed in the following sections. In Section 3 we introduce the notions of h-conformal
anti-invariant submersions and h-conformal Lagrangian submersions and obtain some
properties on them: the characterization of such maps, the harmonicity of such maps,
the conditions for such maps to be totally geodesic, the integrability of distributions,
the geometry of foliations, etc. In Section 4 we obtain some decomposition theorems.
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In Section 5 we give some examples of h-conformal anti-invariant submersions and
h-conformal Lagrangian submersions.

2. PRELIMINARIES

In this section we recall some notions, which will be used in the following sections.

Let (M,gn) and (N, gny) be Riemannian manifolds, where gy and gy are Rie-
mannian metrics on C*°-manifolds M and N, respectively.

Let F: (M,gpm) — (N,gn) be a C*°-map.

We call the map F' a C°°-submersion if F' is surjective and the differential (F}),
has maximal rank for any p € M.

Then the map F is said to be a Riemannian submersion (see [9], [20]) if F' is

a C'*°-submersion and

(Fu)p: ((ker(Fy)p) ™ (90)p) = (Te@) N, (98) Fp))

is a linear isometry for any p € M, where (ker(F),)" is the orthogonal complement
of the space ker(F), in the tangent space T, M to M at p.

The map F is called horizontally weakly conformal at p € M if it satisfies either
(i) (Fx)p =0 or (ii) (Fy), is surjective and there exists a number A(p) > 0 such that

(2.1) N ((FL)p X, (F),Y) = Ngu(X,Y) for X, Y € (ker(F,),)".

We call the point p a critical point if it satisfies the type (i) and call the point p
a regular point if it satisfies the condition (ii). And the positive number A(p) is said
to be dilation of F' at p. The map F is called horizontally weakly conformal if it
is horizontally weakly conformal at any point of M. If the map F' is horizontally
weakly conformal and it has no critical points, then we call the map F' a horizontally
conformal submersion.

Let F': (M, gn) — (N, gn) be a horizontally conformal submersion.

Given any vector field U € I'(T'M), we have

(2.2) U=VU+HU,

where VU € T'(ker F,.) and HU € I'((ker F,)1).
Define the (O’Neill) tensors 7 and A by

(2.3) AgF = HVygVF + VVyHE,
(2.4) TeF = HVyeVF + VVygHF
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for E, F € T'(T'M), where V is the Levi-Civita connection of gas, see [9], [20]. Then
it is well-known that

g (TuV, W) = —gu(V, TuW),
(2.6) g (AvV, W) = — gu(V, AuW)

for U,V,W e T'(TM).
Define VxY := VVxY for X,Y € ['(ker F,).
Let F': (M, gn) — (N,gn) be a C*°-map.
Then the second fundamental form of F is given by

(VE)(X,Y):=VEEY — F,(VyY) for X,Y € I(TM),

where V' is the pullback connection and we denote conveniently by V the Levi-
Civita connections of the metrics gp; and gy, see [3].

Remind that F' is said to be harmonic if the tension field 7(F') = trace(VFy) =0
and F is called a totally geodesic map if (VF,)(X,Y) =0 for X,Y € (T M), see [3].

Lemma 2.1 ([30]). Let (M, ga) and (N,gn) be Riemannian manifolds and F':
(M, gn) — (N, gn) a C*°-map. Then we have

(2.7) VERY - VERX - F.([X,Y]) =0

for XY e ' (TM).

Remark 2.2.
(1) By (2.7), we see that the second fundamental form VF, is symmetric.
(2) By (2.7), we obtain

(2.8) [V, X] € T'(ker Fy)
for V € I'(ker F,) and X € T'((ker F,)").

Proposition 2.3 ([12]). Let F': (M, gn) — (N, gn) be a horizontally conformal
submersion with dilation A. Then we obtain

(29) AxY = VX Y] Xou(X, V)V (5}
for X,Y € T'((ker F})1).
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Here, Vy denotes the gradient vector field in the distribution ker F, C T'M

(i.e. Vyf = > Vi(f)V; for f € C°°(M) and a local orthonormal frame {V4,...,V,,}
of ker ). =1

Lemma 2.4 ([3]). Let F': (M,gnm) — (N,gn) be a horizontally conformal sub-
mersion with dilation A. Then we have

(2.10) (VEN(X,Y) = X(InNEY +Y(In NEX — gar(X,Y)F, (VI \)
for X, Y € T'((ker F,)1).

We remind some notions. Let (M, gas, J) be an almost Hermitian manifold, where
J is an almost complex structure on M (i.e. J? = —id, g (JX,JY) = gu(X,Y)
for X,Y e I'(TM)).

We call a horizontally conformal submersion F': (M, g, J) — (N, gn) a confor-
mal anti-invariant submersion (see [1]) if J(ker F,) C (ker F,)*.

Let M be a 4m-dimensional C°°-manifold and let E be a rank 3 subbundle of
End(T'M) such that for any point p € M with a neighborhood U, there exists a local
basis {J1, Jo, J3} of sections of F on U satistying for all « € {1,2,3}

2 .
J, = —id, Jona—i-l = - oz+1Jo¢ = Ja+2;

(e

where the indices are taken from {1, 2,3} modulo 3.

Then we call E an almost quaternionic structure on M and (M, E) an almost
quaternionic manifold, see [2].

Moreover, let g be a Riemannian metric on M such that for any point p € M
with a neighborhood U, there exists a local basis {J1, Jo, J3} of sections of E on U
satisfying for all o € {1,2,3}

(2.11) J2 =—id, JaJas1 = —Jat1Ja = Jato,
(2.12) 9(JaX, JaY) = g(X,Y)
for all vector fields X, Y €T'(T'M), where the indices are taken from {1, 2, 3} modulo 3.

Then we call (M, E, g) an almost quaternionic Hermitian manifold, see [14].

Conveniently, the above basis {Ji, J2, J3} satisfying (2.11) and (2.12) is said to be
a quaternionic Hermitian basis.

Let (M, E, g) be an almost quaternionic Hermitian manifold.

We call (M, E,g) a quaternionic Kdihler manifold if there exist locally defined
1-forms w1, we, ws such that for a € {1,2,3}

VxJo = war2(X)Jat1 — War1(X)Jare
for X € T'(T'M), where the indices are taken from {1,2,3} modulo 3, see [14].
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If there exists a global parallel quaternionic Hermitian basis {J1, Ja2, J3} of sections
of Eon M (ie. VJ, =0 for o € {1,2,3}, where V is the Levi-Civita connection of
the metric g), then (M, E, g) is said to be a hyperkihler manifold. Furthermore, we
call (J1, J2, J3,g) a hyperkdihler structure on M and g a hyperkdhler metric, see [4].

Let (M, Ey,gn) and (N, En, gn) be almost quaternionic Hermitian manifolds.

A map F: M — N is called a (Eys, En)-holomorphic map if given a point © € M
for any J € (Epr), there exists J' € (En)p(y) such that

F.oJ=J oF,.

A Riemannian submersion F': M +— N which is a (Ejs, En)-holomorphic map is
called a quaternionic submersion, see [14].

Moreover, if (M, En, gar) is a quaternionic Kdhler manifold (or a hyperkéhler
manifold), then we say that F is a quaternionic Kdhler submersion (or a hyperkdhler
submersion), see [14]. It is well known that any quaternionic Kidhler submersion is
a harmonic map, see [14].

Let (M, E, gpr) be an almost quaternionic Hermitian manifold and (N, gn) a Rie-
mannian manifold.

A Riemannian submersion F': (M, E, gy ) — (N, gn) is called an h-anti-invariant
submersion if given a point p € M with a neighborhood U, there exists a quaternionic
Hermitian basis {I,.J, K} of sections of E on U such that R(ker F,.) C (ker F,)* for
Re{I,J K}, see [23].

We call such a basis {I, J, K} an h-anti-invariant basis.

A Riemannian submersion F': (M, E, gy ) — (N,gn) is called an h-Lagrangian
submersion if given a point p € M with a neighborhood U, there exists a quaternionic
Hermitian basis {I,.J, K} of sections of E on U such that I(ker F.) = (ker F,)*,
J(ker F,) = ker F., and K (ker F}) = (kerF*)L, see [23].

We call such a basis {I, J, K} an h-Lagrangian basis.

Throughout this paper, we will use the above notations.

3. ALMOST H-CONFORMAL ANTI-INVARIANT SUBMERSIONS

In this section, we introduce the notions of h-conformal anti-invariant submersions
and h-conformal Lagrangian submersions from almost quaternionic Hermitian man-
ifolds onto Riemannian manifolds. We investigate their properties: the integrability
of distributions, the geometry of foliations, the conditions for such maps to be totally
geodesic, etc.

Definition 3.1. Let (M, E, g)r) be an almost quaternionic Hermitian manifold
and (N, gy ) a Riemannian manifold. Let F': (M, E, gn) — (N, gn) be a horizontally
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conformal submersion. We call the map F' an h-conformal anti-invariant submer-
sion if given a point p € M with a neighborhood U, there exists a quaternionic
Hermitian basis {I,.J, K} of sections of F on U such that R(ker F,) C (ker F,)* for
Re{l,J, K}.

We call such a basis {I, J, K} an h-conformal anti-invariant basis.

Remark 3.2. Let F be an h-conformal anti-invariant submersion from an almost
quaternionic Hermitian manifold (M, E, gps) onto a Riemannian manifold (N, gn).
Then it is impossible to satisfy the condition dim(ker F,) = dim((ker F,)").

If not, then we choose a local quaternionic Hermitian basis {I,J, K} of E with
R(ker F,) C (ker F,)* for R € {I, J, K}. This means

R(ker F,) = (ker F,)* for Re {I,J,K},

K(ker F,) = IJ(ker F,) = I((ker F,)*) = (ker F.),

contradiction!
Due to Remark 3.2, we have:

Definition 3.3. Let (M, E, g)r) be an almost quaternionic Hermitian manifold
and (N, gy ) a Riemannian manifold. Let F': (M, E, gn) — (N, gn) be a horizontally
conformal submersion. We call the map F' an h-conformal Lagrangian submersion if
given a point p € M with a neighborhood U, there exists a quaternionic Hermitian
basis {I,J, K} of sections of £ on U such that I(ker F,) = (ker F.)*, J(ker F,) =
ker F,, and K (ker F,) = (ker F,)*.

We call such a basis {I, J, K} an h-conformal Lagrangian basis.

Remark 3.4.
(1) We easily check that J(ker F,) = ker F, implies J((ker F,)1) = (ker F,)= .
(2) In a similar way to Remark 3.2, there does not exist a horizontally conformal
submersion F from an almost quaternionic Hermitian manifold (M, E, gas) onto
a Riemannian manifold (N, gn) such that

I(ker F,) = ker F,, J(kerF,) =ker F,, K(kerF,)= (ker F,)*

for a local quaternionic Hermitian basis {I,J, K} of E, i.e. K(kerF,) =
IJ(ker F,) = ker F., contradiction!
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Let F' be an h-conformal anti-invariant submersion (or an h-conformal Lagrangian
submersion) from an almost quaternionic Hermitian manifold (M, E, gjs) onto a Rie-
mannian manifold (N, gn). Given a point p € M with a neighborhood U, we have
an h-conformal anti-invariant basis (or an h-conformal Lagrangian basis) {1, J, K'}
of sections of E/ on U.

Then given X € I'((ker F,)*) and R € {I,J, K}, we write

(3.1) RX = BRX + CrX,

where BpX € I'(ker F,) and CrX € I'((ker F,)71).
If F: (M,E,gn)— (N,gn) is an h-conformal anti-invariant submersion, then we
have the orthogonal decomposition

(ker F,)* = R(ker F,) @ pu

for R € {I,J, K}. Then it is easy to check that u? is R-invariant for R € {I,J, K}.
Given X € I'((ker F,)1) and R € {I, J, K}, we obtain

(3.2) X = PrX + QrX,

where PpX € I'(R(ker F,)) and QX € T'(uf?).
Furthermore, given R € {I, J, K}, we get

(3.3) CrX € T(uf) for X € I'((ker F.)*)
and
(3.4) gu(CrX,RV) =0

for X € T'((ker F,.)*) and V € I'(ker F}).
Then we easily obtain:

Lemma 3.5. Let F' be an h-conformal anti-invariant submersion from a hyperkih-
ler manifold (M, I, J, K, gar) onto a Riemannian manifold (N, gn) such that (I, J, K)
is an h-conformal anti-invariant basis. Then we have:

(1) for V,{W € T'(ker F.) and R € {I, J, K}

TvRW = BRTyW, HVyRW = CrTvW + RVyW,
(2) for X,Y € I'((ker F.)*) and R € {I,J,K}
AxCRY +VVxBrY = BRHVxY, HVxCrY + AxBrY = RAxY + CrRHVxY,
(3) for V € T(ker F,), X € T'((ker F,)*), and R € {I,J, K}

AxRV:BRAXv, HV xRV = CrAxV + RVV V.
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Now, we will study the integrability of distributions and the geometry of foliations.
From [18], we obtain:

Theorem 3.6. Let F' be an h-conformal anti-invariant submersion from a hy-
perkidhler manifold (M,1,J, K, gy ) onto a Riemannian manifold (N, gn) such that
(I,J,K) is an h-conformal anti-invariant basis. Then the following conditions are
equivalent:

(a) the distribution (ker F,)= is integrable,
(b) for X,Y € I'((ker F,)*) and V € T'(ker F.)

1
ﬁgN(VgF*C[X — VEF.CY,E.IV)

= gM(.AyB[X — AxB1Y — C’IY(ln /\)X + CIX(hl)\)Y
+29m (X, CrY)V(In N), IV),

(c) for X,Y € I'((ker Fi)1) and V € T'(ker F})

1
EgN(Vf;F*CJX —VEF.C;Y,F.JV)
= gM(AyB]X — AXBJY — CJY(hl )\)X + CJX(hl )\)Y
+2g0(X, C;Y)V(In N), JV),

(d) for X,Y € I'((ker F,)*) and V € T'(ker F.)

1
VgN(V{;F*CKX —VEF.CkY,F.KV)
= gM(.AyBKX — .AxBKY — CKY(hl )\)X + CKX(IH )\)Y
+ 290 (X, CxY)V(In A), KV).

We deal with the condition for an h-conformal anti-invariant submersion to be
horizontally homothetic.

Theorem 3.7. Let F' be an h-conformal anti-invariant submersion from a hyper-
kdhler manifold (M,I,J, K,gn) onto a Riemannian manifold (N,gy) such that
(I, J,K) is an h-conformal anti-invariant basis. Assume that the distribution
(ker F,)* is integrable. Then the following conditions are equivalent:

(a) the map F is horizontally homothetic,
(b) for X, Y € I'((ker F,)*) and V € T'(ker F)

Ngy(AxBrY — AyBrX,IV) = gn(VEF.C1 X — VEF.CrY, E IV),
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(c) for X,Y € I'((ker F\)1) and V € T'(ker F})
Ngyu(AxByjY — AyByX,JV) = gn(VEF.C; X — VEF.C)Y, F,JV),
(d) for X,Y € I'((ker F,)*) and V € T'(ker F)

Mgy (AxBrY — Ay B X, KV) = gn(VEF.Cx X — VEF.CY, F.KV).

Proof. Given X,Y € I'((ker F,)*), V € '(ker F,) and R € {I, J, K} with some
computation we have

(35) 0= gjw([X, Y], V) = gjw(.AXBRY — Ay BrX + CRX(IH /\)Y
~ CRY(InN)X + 2g3(X, CrY)V(In A), RV)

1
- FQN(V{;F*CRX — VEF.CRrY,F.RV).

Using (3.5), we easily get (a) = (b), (a) = (c), (a) = (d).
Conversely, from (3.5) we have

(3.6) g (CrRX(INA)Y — CrY (In \)X + 290 (X, CrY)V(In \), RV) = 0.
Applying Y = RV to (3.6) and using (3.4) we obtain
gu(V(In ), CrX)gn(RV, RV) = 0,
SO
(3.7) gu(V(A),X) =0 for X € T(u®).
Applying Y = CrX, X € I'(u®) to (3.6) we have
200 (X, C3X)gn(V(In X)), RV) = —2g0(X, X)gnm(V(In X)), RV) = 0,
SO
(3.8) gu(V(N),RV) =0 for V eT(D¥).

By (3.7) and (3.8), we get (b) = (a), (¢) = (a), (d) = (a). Therefore, the result
follows. O
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Lemma 3.8. Let F' be an h-conformal Lagrangian submersion from a hyper-
kéhler manifold (M,I,J, K,gyn) onto a Riemannian manifold (N,gy) such that
(I, J,K) is an h-conformal Lagrangian basis. Then the following conditions are
equivalent:

(a) the distribution (ker F, )" is integrable,

(b) AxIY = AyIX for X,Y € I'((ker F},)1),
(c) AxKY = Ay KX for X,Y € T'((ker F,)%),
(d) AxJY = Ay JX for X,V € T'((ker F,)1).

Proof. Since Bg = R and Cr = 0 on (ker F,)* for R € {I, K}, from Theo-
rem 3.6 we obtain (a) < (b) and (a) < (c).
Given V € I'(ker F,) and X,Y € I'((ker F,)1), since J(ker F,) = ker F\, we get

M([X, Y], JV) = —gM(VxJY —VyJX, V) = gM(.AyJX —AxJY, V),

which implies (a) < (d). Therefore, the result follows. O

From [18], we obtain:

Theorem 3.9. Let F' be an h-conformal anti-invariant submersion from a hy-
perkédhler manifold (M,1,J, K, gy ) onto a Riemannian manifold (N, gn) such that
(I,J,K) is an h-conformal anti-invariant basis. Then the following conditions are
equivalent:

(a) the distribution (ker F,)* defines a totally geodesic foliation on M,
(b) for X,Y € I'((ker F,)*) and V € T'(ker F.)

gN(ViF*I‘/, F*C[Y) = )\QQAI(AxB[Y — C’IY(ln )\)X + g1\/[()(7 CIY)V(IH /\)7 IV),
(c) for X,Y € T'((ker F,)*) and V € T'(ker F,)
gN(szF*JV, F*C]Y) = )\2gM(AXB]Y — CJY(IH )\)X + gM(X, C]Y)V(hl )\), JV),
(d) for X, Y € I'((ker F,)*) and V € T'(ker F)
gN(Vf(F*K‘/, F*CKY)Z)\QQM(.A)(BKY—CKYOD )\)X—FQM(X, CKY)VOD )\), KV)
Theorem 3.10. Let F' be an h-conformal anti-invariant submersion from a hy-
perkidhler manifold (M,1,J, K, gy ) onto a Riemannian manifold (N, gn) such that
(I, J,K) is an h-conformal anti-invariant basis. Assume that the distribution

(ker Fy, )+ defines a totally geodesic foliation on M. Then the following conditions
are equivalent:
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(a) the map F is horizontally homothetic,
(b) for X, Y € I'((ker F,)*) and V € T'(ker F.)

gN(FLCrY, VY FIV) = N gy (Ax BrY, IV),
(c) for X,Y € I'((ker F,)') and V € T'(ker F,)

gn(FLCyY, VX F.JV) = Xy (AxB;Y, JV),
(d) for X,Y € T'((ker F,)*) and V € T'(ker F.)

gn(F.CrY,VEF.KV) = N2gp(Ax BkY, KV).

Proof. Given X,Y € I'((ker F\)*), V € I'(ker F), and R € {I, J, K}, by Theo-
rem 3.9, we get

(3.9) gn(VEF,RV, F.CRrY) = N2gn (AxBRY — CrY (In )X
+ gu (X, CRY)V(In \), RV).

Hence, it means (a) = (b), (a) = (¢), (a) = (d).
Conversely, from (3.9) we obtain

(3.10) 0=gm(—CrY(In )X + gn(X,CrY)V(In ), RV).
Applying X = CrY to (3.10) and using (3.4), we have
0 =gm(CRY,CrY g (V(In A), RV),
S)
(3.11) gu(V(A),RV) =0 for V € I'(ker F).
Applying X = RV to (3.10) and using (3.4), we get
0=gm(V(nA),CrY)gn(RV,RV),
S)
(3.12) g (V(A),Y)=0 forY eTI'(ug).

By (3.11) and (3.12), we have (b) = (a), (c) = (a), (d) = (a).
Therefore, the result follows. O
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Lemma 3.11. Let F' be an h-conformal Lagrangian submersion from a hyperkéh-
ler manifold (M, I, J, K, gar) onto a Riemannian manifold (N, gn) such that (I, J, K)
is an h-conformal Lagrangian basis. Then the following conditions are equivalent:

(a) the distribution (ker F,)" defines a totally geodesic foliation on M,
(b) AxIY =0 for X,Y € I'((ker F},)1),
() AxKY =0 for X,Y € T'((ker F,)"1),
(d) AxJY =0 for X,Y € I'((ker F,)1).

Proof. Since Bg = R and Cr = 0 on (ker F,)* for R € {I, K}, from Theo-
rem 3.9 we get (a) < (b) and (a) < (c).

Given V € I'(ker F,) and X,Y € I'((ker F.)1), since J(ker F..) = ker F,, we have

gu(VxY, JV) = —gu(VxJY, V) = —gu(Ax JY, V),
which implies (a) < (d). Therefore, we get the result. O

From [18], we obtain:

Theorem 3.12. Let F' be an h-conformal anti-invariant submersion from a hy-
perkéhler manifold (M, I,J, K, gy ) onto a Riemannian manifold (N, gy) such that
(I,J,K) is an h-conformal anti-invariant basis. Then the following conditions are
equivalent:

(a) the distribution ker F, defines a totally geodesic foliation on M,
(b) for X € I'((ker F,)*) and V,W € T'(ker F)

1
—ﬁgN(vaF*IV, FICX) = gu(TvIW, B X) 4+ gy (W, V)gu (V(In \), ICr X),

(c) for X € T'((ker F,)1) and V,W € T'(ker F)

1
—FQN(V§WF*JV, F.JC;X)=gu(TvJW,B;X) + gu(W,V)gm(V(In ), JC; X),
(d) for X € I'((ker F\)1) and V,W € T'(ker F)

1
—FgN(vf(WF*KV, F.KCkX) = gr(TvKW, B X)
+ g (W, V)gu(V(InA), KCk X).

Lemma 3.13. Let F' be an h-conformal Lagrangian submersion from a hyperkih-
ler manifold (M, I, J, K, gpr) onto a Riemannian manifold (N, gn) such that (I, J, K)
is an h-conformal Lagrangian basis. Then the following conditions are equivalent:

(a) the distribution ker F, defines a totally geodesic foliation on M,
(b) TvIW =0 for V,W € T'(ker F.),

(¢) TvKW =0 for V,W € T'(ker F}),

(d) TvJW =0 for V,W € I'(ker F}).
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Proof. Since Bg = R and Cg = 0 on (ker F,)* for R € {I, K}, from Theo-
rem 3.12 we have (a) < (b) and (a) < (c).
Given V,W € I'(ker F,.) and X € I'((ker F,)1), since J(ker F,) = ker Fi, we get

gu(Vy W, JX) = —gu (Vv JW, X) = —gu (T JW, X),
which implies (a) < (d). Therefore, we obtain the result. O

Lemma 3.14 ([3]). Let F' be a horizontally conformal submersion from a Rie-
mannian manifold (M, gyr) onto a Riemannian manifold (N, gn) with dilation A.
Then the tension field 7(F') of F' is given by

(3.13) 7(F) = —mF,.H + (2 — n)F.(V(In \)),

where H is the mean curvature vector field of the distribution ker F),, m = dim ker F},
n =dim N.

Using Lemma 3.14, we easily get:

Corollary 3.15. Let F' be an h-conformal anti-invariant submersion from a hy-
perkidhler manifold (M, 1,J, K, gy ) onto a Riemannian manifold (N, gn) such that
(I,J,K) is an h-conformal anti-invariant basis. Assume that F' is harmonic with
dimker F, > 0 and dim N > 2. Then the following conditions are equivalent:

(a) all the fibers of F' are minimal,
(b) the map F is horizontally homothetic.

Corollary 3.16. Let F' be an h-conformal anti-invariant submersion from a hy-
perkidhler manifold (M,1,J, K, gy) onto a Riemannian manifold (N, gxn) such that
(I, J,K) is an h-conformal anti-invariant basis. Assume that dimker F, > 0 and
dim N = 2. Then the following conditions are equivalent:

(a) all the fibers of F' are minimal,
(b) the map F is harmonic.

Lemma 3.17. Let F' be an h-conformal Lagrangian submersion from a hyperkéh-
ler manifold (M, I, J, K, gpr) onto a Riemannian manifold (N, gn) such that (I, J, K)
is an h-conformal Lagrangian basis. Then we have

(3.14) 7(F) = (2= 2m)F.(V(In \)),

where 2m = dim ker F.
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Proof. Since J(ker F,) = ker Fy, it means J((ker F}.)1) = (ker F.)1. So, we can
choose a local orthonormal frame {e1, Je1,...,emn, Je,} of ker F.
Given V,W € T'(ker F), we get

Ty JW = HVyJW = HIVyW = HI(Ty W + Vy W) = JTu W,

SO
omH =Y (Te,ei+ Tre,Jer) = (To,ei+ JTie,€:)
i=1 1=1
= (Teei+JTe,Jer) =Y (Te,ei — Topei) = 0.
i=1 1=1
By Lemma 3.14, we obtain the result. ([

From Lemma 3.17, we easily have:

Lemma 3.18. Let F' be an h-conformal Lagrangian submersion from a hyperkéh-
ler manifold (M, I, J, K, gpr) onto a Riemannian manifold (N, gn) such that (I, J, K)
is an h-conformal Lagrangian basis. Assume that dimker F, > 2.

Then the map F' is harmonic if and only if F' is horizontally homothetic.

Definition 3.19. Let F' be an h-conformal anti-invariant submersion from a hy-
perkéhler manifold (M, I, J, K, gp) onto a Riemannian manifold (N, gn) such that
(I, J,K) is an h-conformal anti-invariant basis. Then given R € {I,J, K}, we
call the map F (Rker F, uf?)-totally geodesic if it satisfies (VF.)(RV,X) = 0 for
V € '(ker F,) and X € I'(u®).

Theorem 3.20. Let F' be an h-conformal anti-invariant submersion from a hy-
perkéhler manifold (M, I, J, K, gy ) onto a Riemannian manifold (N, gy) such that
(I, J,K) is an h-conformal anti-invariant basis. Then the following conditions are
equivalent:

(a) the map F is horizontally homothetic,

(b) the map F is (I ker F,, u!)-totally geodesic,
(c) the map F is (J ker Fy, u”?)-totally geodesic,
(d) the map F is (K ker F,, u*)-totally geodesic.

Proof. Given V € T'(ker F,), X € T'(uf) and R € {I,J, K}, by (2.10), we have

)
(VE)(RV,X)=RV(InANF.X + X(In \)FL,RV — gp(RV, X)F,.(VIn \)
= RV(In\)F.X + X(In \)F,RV.
(

Since gy (F. X, F.RV) = XN2gpy (X, RV) = 0, {F. X, F.RV} is linearly independent
for nonzero X, V.
Hence, we get (a) < (b), (a) & (c), (a) < (d). Therefore, the result follows. [
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From [18], we obtain:

Theorem 3.21. Let F' be an h-conformal anti-invariant submersion from a hy-
perkéhler manifold (M, I,J, K, gy ) onto a Riemannian manifold (N, gy) such that
(I, J,K) is an h-conformal anti-invariant basis. Then the following conditions are
equivalent:

(a) the map F is a totally geodesic map,
(b) (i) TvIW =0 and HVyIW € T'(I ker F.,),
(ii) F is horizontally homothetic,
(i) VyBiX + TvCrX = 0, TvB;X + HVyC1X € D(IkerF,) for V,W €
[(ker F,) and X € T'((ker F,)%1),
(¢) (i) TvJW =0 and HVy JW € T'(J ker F,,),
(ii) F is horizontally homothetic,
(iii) VyByX + TvCyX =0, TvBs;X + HVyC;X € T'(Jker F,) for V,W €
[(ker F,) and X € T'((ker F,)%1),
(d) (1) TvEW =0 and HVy KW € I'(K ker Fy),
(ii) F is horizontally homothetic,
(iii) VyBgX + TvCxX =0, Ty Bk X + HVyCx X € I'(K ker F,) for V,W €
[(ker F,) and X € T'((ker F,)71).

Remark 3.22. Using the proof of Theorem 3.21, we can show that F' is hori-
zontally homothetic if and only if (VF,)(X,Y) =0 for X,Y € T'((ker F,)"*).

Lemma 3.23. Let F' be an h-conformal Lagrangian submersion from a hyperkih-
ler manifold (M, I, J, K, gar) onto a Riemannian manifold (N, gn) such that (I, J, K)
is an h-conformal Lagrangian basis. Then the following conditions are equivalent:

(a) the map F is a totally geodesic map,
(b) (@) TvIW =0,
(ii) F is horizontally homothetic,
(iii) AxIV =0 for V,W € I'(ker F) and X € T'((ker F})71),
(c) () TvKW =0,
(ii) F is horizontally homothetic,
(iii) AxKV =0 for V,W € T'(ker F,) and X € I'((ker F)1),
(d) @) TvJW =0,
(ii) F is horizontally homothetic,
(iii) AxJV =0 for V,W € I'(ker F.) and X € I'((ker F,)").

Proof. We know Bg = R and Cg = 0 on (ker F.)* for R € {I, K} and we get
VvRX = VRVyX = VRVxV = VVxRV = AxRV
for V € I'(ker F,) and X € T'((ker F,)71).
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By Theorem 3.21, we have (a) < (b) and (a) < (c).
Given V,W € T'(ker F}), since J(ker Fy) = ker F\., we get

(VENV, W) = F(JVyJW) = F,(J(Ty JW + Vi JW)) = F,JTy JW,

SO
(VE)V,W) =0 Ty JW = 0.

We claim that F is horizontally homothetic if and only if (VF.)(X,Y) = 0 for
X,Y € T'((ker F,)™h).
By (2.10), we have

(3.15) (VE)(X,Y) = X(InN)EY + Y (In )X — gy (X, Y)F(VInA)

for X, Y € T'((ker F.)"), so the part from left to right is obtained.
Conversely, from (3.15) we obtain

(3.16) 0=X(InNF.Y +Y(In\)F.X — g (X,Y)F.(VIn ).
Applying X =Y to (3.16), we have
(3.17) 0=2X(In\)F.X — gu(X, X)F.(VIn ).
Taking the inner product with F, X at (3.17), we get

0= MNgu(X, X)gn(X,VIn ),

which implies our result.
Given V € I'(ker F,) and X € I'((ker F,)1), we obtain

(VE)(X,V) = F,(JVxJV) = F,(J(Ax JV + VWxJV)) = F,JAxJV,

SO
(VE)(X,V) =0« AxJV = 0.

Hence, we have (a) < (d). Therefore, result follows. O

4. DECOMPOSITION THEOREMS

We will consider some decomposition theorems and we need to remind some no-
tions.

Let (M, g) be a Riemannian manifold and L a foliation of M. Let & be the tangent
bundle of L considered as a subbundle of the tangent bundle T M of M.
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We call L a totally umbilic foliation (see [25]) of M if
(4.1) MX,Y)=g(X,Y)H for X,Y €T(¢),

where h is the second fundamental form of L in M and H is the mean curvature
vector field of L in M.

The foliation L is said to be a spheric foliation (see [25]) if it is a totally umbilic
foliation and

(4.2) VxH eT(¢) for X € (),

where V is the Levi-Civita connection of g.
We call L a totally geodesic foliation (see [25]) of M if

(4.3) VxY eT(¢) for X,Y € T'(¢).

Let (Mj,g1) and (Ma,g2) be Riemannian manifolds, f;: M; x Mz — R a positive
C*-function, and 7;: M7 X Ms — M; the canonical projection for i = 1, 2.

We call My x4, 1,) M2 a double-twisted product manifold (see [25]) of (M, g1)
and (Ma, g2) if it is the product manifold M = M; x My with a Riemannian metric g
such that

(4.4) g(X,Y) = f} gi(m, X, 11, Y) + f2 - g2(m0, X, m,Y) for X, Y € I(TM).

We call M; X(f1,f2) Ma nontrivial if all the functions f; and fo are nonconstant.

A Riemannian manifold M x y My is said to be a twisted product manifold (see [25])
of (My,g1) and (M, g2) if My Xy My = My x(1,5) M.

We call My x ¢ My nontrivial if f is nonconstant.

A twisted product manifold M; x; My is said to be a warped product manifold
(see [25]) of (M1,¢91) and (Ma,g2) if f depends only on the points of My (i.e. f €
C>*(My,R)).

Let M, and M> be connected C'°°-manifolds and M the product manifold M7 x Ms.
Let m;: M — M; be the canonical projection for i = 1,2. Let & := kerms_;, and
P;: TM — &; the vector bundle projection such that TM = & © &. And let L; be
the canonical foliation of M by the integral manifolds of &; for i =1, 2.

Proposition 4.1 ([25]). Let g be a Riemannian metric on the product manifold
My x My and assume that the canonical foliations L, and Lo intersect perpendicularly
everywhere. Then g is the metric of
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(a) a double-twisted product manifold My X 4, 1,y M> if and only if L and Ly are
totally umbilic foliations,

(b) a twisted product manifold My Xy My if and only if Ly is a totally geodesic
foliation and Lo is a totally umbilic foliation,

(c) a warped product manifold M; xy My if and only if L; is a totally geodesic
foliation and Lo is a spheric foliation,

(d) a (usual) Riemannian product manifold My x My if and only if Ly and Ly are
totally geodesic foliations.

Let F' be a horizontally conformal submersion from a Riemannian manifold
(M, gpr) onto a Riemannian manifold (IV, gn) such that the distributions ker F, and
(ker F,)* are integrable. Then we denote by My, , and M, (ker ,)+ the integral man-

ifolds of ker F, and (ker F,)*, respectively. We also denote by H and H~* the mean
curvature vector fields of ker F, and (ker F} ), respectively, i.e. H = m™} i Te.€i
and H = n‘lzn:/lvivi for a local orthonormal frame {es,...,en} of ke;}l* and
a local orthonor;:leltl frame {v1,...,v,} of (ker F,)*.

Using Proposition 4.1, Theorems 3.9 and 3.12 we have:

Theorem 4.2. Let F' be an h-conformal anti-invariant submersion from a hy-
perkidhler manifold (M,1,J, K, gy ) onto a Riemannian manifold (N, gn) such that
(I,J,K) is an h-conformal anti-invariant basis. Then the following conditions are
equivalent:

(a) (M,gn) is locally a Riemannian product manifold of the form M e p,)r X

MkerF*’
(b) for X, Y € I'((ker F,)*) and V, W € T'(ker F.)

gn(VEEIV,F.CrY) = Mgy (AxBrY — C;Y (In M) X
+gm(X,CrY)V(In \), IV),
—%gN(VfWF*IV, F.IC!X) = gu(TvIW, B; X)
+ g (W, V)gar (V(In \), ICr X),

(c) for X,Y € I'((ker F\)1) and V,W € T'(ker Fy)

gn(VEFE.JV,F.C;Y) = gy (AxB;Y — C;Y (In\)X
+ gm(X,C;Y)V(InN), JV),
1
—3z gn(VEW FL IV, F.JC;X) = gu (T JW, By X)
+ g (W, V)ga(V(In N), JCs X),
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(d) for X,Y € I'((ker F,)*) and V,W € I'(ker F.).

gn(VEF.KV,F.CxY) = Mgy (Ax BxkY — CxY (In \) X
+ gm (X, CxY)V(In\), KV),
—%gN(Vf(WF*KV, F.KCkX)=gu(TvKW,BgX)
+9u(W,V)gu(V(InA), KCg X).

Using Proposition 4.1, Lemmas 3.11 and 3.13 we get:

Lemma 4.3. Let F' be an h-conformal Lagrangian submersion from a hyperkéhler
manifold (M, I, J, K, gn) onto a Riemannian manifold (N, gn) such that (I, J, K) is
an h-conformal Lagrangian basis. Then the following conditions are equivalent:

(a) (M,gnr) is locally a Riemannian product manifold of the form M e p,)1 X
Myer r,,

(b) AxIY =0 and Ty IW =0 for X,Y € ['((ker F,)*) and V,W € T'(ker F}),

() AxKY =0 and Ty KW =0 for X,Y € I'((ker F,)*) and V,W € T'(ker F,),

(d) AxJY =0 and Ty JW =0 for X,Y € I'((ker F,)*) and V,W € I'(ker F).

Remark 4.4. The necessary and sufficient conditions for the manifold (M, gr)
to be locally a Riemannian product manifold of the form M, )1 X Mker . in
an h-anti-invariant submersion are quite different from the necessary and sufficient
conditions for the manifold (M, gas) to be locally a Riemannian product manifold of
the form M(ker L X Myer F, in an h-conformal anti-invariant submersion.

On the other hand, the conditions for the manifold (M, gas) to be locally a Rieman-
nian product manifold of the form M, p,)1 X Myer F, in an h-Lagrangian submersion
are the same as the necessary and sufficient conditions for the manifold (M, gas) to
be locally a Riemannian product manifold of the form M g )1 X Mierp, in an
h-conformal Lagrangian submersion, [23].

We deal with the geometry of distributions ker F, and (ker F,)*.

Theorem 4.5. Let F be a horizontally conformal submersion from a Riemannian
manifold (M, gpr) onto a Riemannian manifold (N, gn) with dilation A. Assume that
the distribution (ker Fy )" defines a totally umbilic foliation on M. Then we have

where Vy, denotes the gradient vector in the distribution ker F.
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Proof. Given X,Y € I'((ker F,)1) and V € I'(ker F) we obtain

(4.5) g (VxY, V) = gu(AxY, V) = gu (X, Y)gu (H, V)
and
(4.6) gm(VxY, V) = —gu(Y,VxV) = —gu (Y, AxV).

Comparing (4.5) and (4.6), we have AxV = —gy(H, V)X, so
(4.7) gm(AxV, X) = g (H, V)gur (X, X).

On the other hand, by using (2.9), we get

(4-8) QM(AXWX)ZQAJ(VXKX):—gM(vax)
A2 1
= —QM(V, AXX) = gj\[<V, TQM(X’)QV"(ﬁ))
)\2

- ?gM(X, X)gm(V, VV<$)'

Comparing (4.7) and (4.8), we obtain the result. O

Remark 4.6. In Theorem 4.5, if F' is a Riemannian submersion, then we get
H+ =0, so the distribution (ker F,)* also defines a totally geodesic foliation on M,
see [23].

Theorem 4.7. Let F' be an h-conformal anti-invariant submersion from a hy-
perkéhler manifold (M, I, J, K, gy ) onto a Riemannian manifold (N, gy) such that
(I, J,K) is an h-conformal anti-invariant basis. Then the following conditions are
equivalent:

(a) the distribution ker F, defines a totally umbilic foliation on M,
(b) for V € T'(ker F,) and X € I'((ker F})*)

TvBrX +HVyCiX = —gu(H, X)IV,
(c) for V € I'(ker F\.) and X € T'((ker F})1)

TyByX + HVyCyX = —ga(H, X)JV,
(d) for V e T'(ker F,) and X € I'((ker F})*)

TvBg X + HVyCg X = —gM(H,X)KV.
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Proof. Given V,W € I'(ker F}.), X € I'((ker F},)) and R € {I, J, K}, we have

g (TvW, X) = gu(VyRW, RX) = —gm(RW,VyBrX + VyCrX)
= —gM(RVV, TvBrX —I—HVVCRX),

so we easily obtain
TvW = gM(V, W)H < Ty BrX + HVyCrX = —gM(H, X)RV.
Hence, we get (a) < (b), (a) < (c), (a) < (d). Therefore, the result follows. O

Lemma 4.8. Let F' be an h-conformal Lagrangian submersion from a hyperkéhler
manifold (M, I, J, K, gy ) onto a Riemannian manifold (N, gn) such that (I,J, K) is
an h-conformal Lagrangian basis. Then the following conditions are equivalent:

(a) the distribution ker F, defines a totally umbilic foliation on M,

(b) TvIX = —gp(H, X)IV for X € T'((ker F.)*) and V € T'(ker F,),
() TvKX = —gu(H,X)KV for X € I((ker F,)*) and V € T'(ker F,.),
(d) TvJX = —gn(H, X)JV for X € T'((ker F,)*) and V € T'(ker F}).

Proof. Since Bg = R and Cr = 0 on (ker F,)* for R € {I, K}, from Theo-

rem 4.7 we have (a) < (b) and (a) < (c).
Given V,W € I'(ker F) and X € I'((ker F..)"1), since J(ker F..) = ker F\, we obtain

gM(TVW, X) = gM(VvJVV, JX) = —gM(JW, ijX) = —gM(JW, TvJX),
so we get
ToW = gu(V,W)H < Ty JX = —gy (H, X)JV,
which implies (a) < (d). Therefore, we have the result. O

Using Proposition 4.1, Theorems 3.9 and 4.7 we obtain:

Theorem 4.9. Let F' be an h-conformal anti-invariant submersion from a hy-
perkéhler manifold (M, I, J, K, gy ) onto a Riemannian manifold (N, gy) such that
(I, J,K) is an h-conformal anti-invariant basis. Then the following conditions are
equivalent:

(a) (M, gnr) is Iocally a twisted product manifold of the form M e, ,y1 X f Myer . ,
(b) for X,Y € I'((ker F,)*) and V € T'(ker F.)

gn(VEEIV,F.C1Y) = Mgy (AxBrY — C;Y (In \) X
+9m (X, C1Y)V(In N), IV),
TvB X +HVyCr X = —gM(H,X)IV,
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(c) for X,Y € I'((ker F\)1) and V € T'(ker F})

gn(VEF.JV,F.C;Y) = Mgy (AxByjY — C;Y (In )X
+gM(X, CJY)V(IH)\),JV),
TvB; X +HVyC;X = —gM(H,X)JV,

(d) for X,Y € I'((ker F,)*) and V € T'(ker F.)

g (VEE.KV,F.CxY) = Ngy(Ax BkY — CxY (In )X
+ gm (X, CxY)V(In \), KV),
TvBkX + HVyCX = — gu(H, X)KV.

Using Proposition 4.1, Lemmas 3.11 and 4.8, we get:

Lemma 4.10. Let F' be an h-conformal Lagrangian submersion from a hyperkih-
ler manifold (M, I, J, K, gpr) onto a Riemannian manifold (N, gn) such that (I, J, K)
is an h-conformal Lagrangian basis. Then the following conditions are equivalent:

(a) (M, gnr) is Iocally a twisted product manifold of the form M ye, p,y1 X f Myer . ,

(b) AxIY = 0 and TvIX = —gyp(H,X)IV for X,Y € I'((ker F,)*) and V €
I (ker F.),

(¢) AxKY =0 and Ty KX = —gyp(H,X)KV for X,V € T'((ker F,)*) and V €
I (ker F.),

(d) AxJY = 0 and TvJX = —gy(H,X)JV for X,V € I((ker F,)!) and V €
I (ker F.).

5. EXAMPLES

Note that given an Euclidean space R*™ with coordinates (w1, 2, ..., Z4m), we
can canonically choose complex structures I, .J, K on R*™ as follows:

d ((’hiH) - 5‘xi+2’ I (axam) axiﬂ
I <8xi+3) - 8xi+4 d (au +4) 8xi+3
J (8xi+1) - 8xi+3 J(ax W,) 8xi+4
d (8xi+3) - _axiﬂ J(8x4k+4) 8xi+2’
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0 0 0 0
K(3$4k+1) - OTajya’ K(3$4k+2) - OTaps3’

0 0 0 0
K<3$4k+3 ) T Oxapta’ K(3$4k+4 ) T O0T4p11

for k€ {0,1,...,m —1}.

Then we easily check that (I,J,K,(,)) is a hyperkihler structure on R*™
where (, ) denotes the Euclidean metric on R*™. Throughout this section, we will
use these notations.

Example 5.1. Let (M, F, gy ) be an almost quaternionic Hermitian manifold
and (N, gy) a Riemannian manifold. Let F': (M, E,gn) — (N, gn) be an h-anti-
invariant submersion, see [23]. Then the map F' is an h-conformal anti-invariant
submersion with dilation A = 1.

Example 5.2. Let (M, FE,gy) be an almost quaternionic Hermitian mani-
fold and (N,gn) a Riemannian manifold. Let F: (M, E,gn) — (N,gn) be an
h-Lagrangian submersion, see [23]. Then the map F' is an h-conformal Lagrangian
submersion with dilation A = 1.

Example 5.3. Let (M, E,gn) be a 4n-dimensional almost quaternionic Her-
mitian manifold and (N, gn) a (4n — 1)-dimensional Riemannian manifold. Let
F: (M,E,gym) — (N,gn) be a horizontally conformal submersion with dilation A.
Then the map F is an h-conformal anti-invariant submersion with dilation A.

Example 5.4. Let F: R* — R3 be a horizontally conformal submersion with
dilation A\. Then the map F' is an h-conformal anti-invariant submersion with dila-
tion A.

Example 5.5. Define a map F: R* — R2 by
F(xy,...,24) = 3 (2, 21).

Then the map F' is an h-conformal Lagrangian submersion such that I(ker F,) =
ker Fy., J(ker F,) = (ker F},)*, K (ker F,) = (ker F},)*, and dilation \ = e34.

Here, (K, 1,J) is an h-conformal Lagrangian basis.

Example 5.6. Define a map F: R® — RS by

F(:L’l,...,xg) = 71'68(:[:2,...,%7).

Then the map F is an h-conformal anti-invariant submersion with dilation A = %8,
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Example 5.7. Define a map F: R'2 — R? by

F(xy,...,212) = (5, 27, 4, T8, T10, T11, T1, T2, T12)-

Then the map F' is an h-conformal anti-invariant submersion with dilation A = 7.
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