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Abstract. In this paper we study the asymptotic behavior of a system composed of an
integro-partial differential equation that models the longitudinal oscillation of a beam with
a memory effect to which a thermal effect has been given by the Green-Naghdi model type
III, being physically more accurate than the Fourier and Cattaneo models. To achieve
this goal, we will use arguments from spectral theory, considering a suitable hypothesis of
smoothness on the integro-partial differential equation.
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1. INTRODUCTION

The analysis of oscillations in flexible structures (beams, plates, and so on) has
received a central treatment in the scientific literature in recent years. This is due to
its multiple interesting applications in the field of science and technology. Namely,
one of the main problems both from the physical and mathematical point of view
corresponds to the question of the stabilization of the vibrations of a flexible struc-
ture. As is well known, there are several types of stability, where the most important
is the exponential stability. On the other hand, if a flexible structure is given a heat
effect, a model is created that is sufficiently precise and realistic from the physical
point of view. The effects of heat on a structure are mainly given by the classic
Fourier law of heat conduction, but this law has a number of shortcomings. One
of the first shortcomings is that the heat propagates infinitely on the body; another
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deficiency is that it is unable to take into account for the effects of memory on cer-
tain materials at low temperatures. One way to eliminate these paradoxes is to use
another model of heat conduction, such as the Cattaneo model, which predicts the
propagation of heat in a structure by means of finite waves [4]. This phenomenon is
commonly called second sound. However, but this model generates suspicions among
scientists, because it has a subtle deficiency of the analytical type; that is to say, the
problem of the non-objectivity of the character of the material derivative of the vec-
tor field associated with the heat flow [5]. The model of Green-Naghdi type III [14]
does not have the deficiencies presented by the Fourier and Cattaneo models and
provides a model of easy analytical manipulation that is free from the paradoxes and
controversies of the two previous laws. More details of the above statements can be
found in [12], [23].

When a flexible structure oscillates, the moment of the linear balance gives us the
relation [1], [17]:

muy — oy = f(x),

where o represents the stress defined by the expression
0 = 0(Ug, Ugt) = P(X)Uy + 26(X)Ugst,

where m(z) is the mass per unit length of the structure, d(z) is the coefficient of
internal material damping, and p(x) is a positive function associated with stress
acting on the body. From the above, we obtain directly the equation of the longitu-
dinal movement of the beam oscillation when an exterior disturbing force acts on it,

namely:
(1.1) mug — (P(x)uy + 26()ugt)r = f-

We observe that in the study of this type of problem, a desirable goal is that the
semigroup associated with these equations or systems, coupled with some dissipative
effect, decays exponentially when ¢ tends to infinity. In this sense we note that
in general there are several contributions to the study of the asymptotic behavior
of systems associated with thermoviscoelastic problems with memory, namely [16],
[7], [9], [20], [3], [10], [22] and references therein. In this direction, the following
works can be mentioned where g(s) = 0 whose results are closely related to the one
presented to this paper:
For example for (1.1), Gorain et al. [13] consider the system

m(x)uy — (p(x)ug + 20(x)ugt)e + KB, = f,

gt — 99393 — RUgt = 0.
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and they prove the exponential decay of the semigroup associated with the sys-
tem, which in this case is composed of the equation (1.1); that is, a flexible non-
homogeneous structure which experiences a thermal effect given by the Fourier law.

Recently, Alves et al. [1] considered the system

m(z)uee — (p(x)uz + 20(2)ugt)z + Ny = 0,
(1.2) 0¢ + ke + Nuae = 0,
Tq: + Bq + kb, = 0.

They prove the exponential stability of the associated solutions of a flexible homo-
geneous structure with a heat effect given by Cattaneo’s law.

In this paper, we will study a variation of the model (1.2) in which a memory effect
is considered in the material and a non-classical heat effect given by the model of
Green-Naghdi type III which allows us to make an improvement on the deficiencies
and controversies given by the models of heat flow named above. Our study system
is given by the following equations:

(1.3) m(x)uy — g(0)ugy — 0z (Us, Ugt)
- / g (8)uze(t — s)ds — €0, =0 in I,
0
(1-4) Ot — KOzz — B0zt — gy =0 in I

where v = u(z,t), § = 0(z,t) are the longitudinal displacement of the beam and the
temperature difference between the current state and a referential state. The term
Oz (U, Ugt) = (P(x)uy + 20(2) Uzt ), represents the derivative of the stress operator in
the structure, and the set I" is given by I' = Q x RT™ = (0,1) x (0, 00). The constants
B, k, € are assumed to be strictly positive and

(1.5) m(x),p(z),5(z) € WH>*(Q), m(z), p(z), 6(x) >0 Y0,
We consider the following boundary conditions:

(1.6) u(0,t) =wu(l,t) =0, 0(0,t)=0(,t)=0 Vt=0,

and initial conditions

(L.7)  w(z,0) = up(x), ue(z,0) =ui(x), 0(x,0) = bp(x), 0(x,0) = po(x) in .
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The integral term in (1.3) represents a history term with kernel ¢ satisfying the
following hypothesis:

Hi: g(s) € C%(0,00) N C[0,00), ¢ € L*(0,00),

Ha: g(s) >0, ¢'(s) <0, ¢"(s) >0 on (0,00),

Hs: g(c0) > 0,

Hy: g"(s)+ 09'(s) =20 on (0,00) for some constant o > 0,

and there exist positive constants s1, K such that for s > s1, ¢”(s) < K|¢'(s)|.

Remark. According to the hypothesis H3, we can assume in the rest of this
work that g(co) = 1.

The main goal in this work is to prove the well-posedness and exponential stability
of the problem (1.3)—(1.7) under smoothness assumptions on the functions m, p, 4,
and g. To prove the well-posedness of the problem, we will use the Lumer-Phillips
theorem [21] and for the proof of exponential stability we will use the Gearhart
theorem [11], which considers spectral theory arguments, that is:

Theorem 1.1. Let e! be a Cy-semigroup of contractions on a Hilbert space.
Then T(t) = e*! is exponentially stable if and only if

(1.8) iR C o(A)

and

(1.9) i [[(AT = A)7 | < oo
hold.

This paper is organized as follows: Section 2 briefly outlines preliminary results
and notations. In Section 3, well-posedness of the system is established. In Sec-
tion 4, we show the exponential stability of the solutions corresponding to the semi-

group T'(t).
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2. SEMIGROUP SETTING

In this section, we provide the semigroup context and the main tools that will be
used to obtain the main result.

The usual spaces that we will use throughout this paper will be the standard
Lebesgue and Sobolev spaces; that is to say

LP(Q), 1<p<oo and H}(Q).

In the case p = 2, we write ||u|| instead of ||ul|2, and according to the Poincaré
inequality, we get

lull < Cplluall and full gy o) = lluall  Yu € Ho(Q).

In order to write the system (1.3)—(1.7) as a Cauchy problem in a Hilbert space, we
introduce a new variable in the form proposed by Dafermos [7]

(2.1) n'(z,s) = n(s) = u(z,t) —u(x,t —s), (r,5) €Q xR, t>0.

Substituting the variables (u,v, 8, p,n) in the original system, where v = u, p = 0,
have to satisfy the equivalent system:

(2.2) m(x)vy — Ugpy — 0z (Uz, Vz) + /oo g (8)Nzz(s)ds —Ep, =0 in I,
0

(2'3) ot — Kbze — Bea — &y =0 in I
(2.4) m—v+ns=0 in I x R,

where 04 (ug, v;) = (p(x)uy +26(x)v, ), and the equation (2.4) is obtained by differ-
entiating (2.1). Thus, the boundary conditions become

(2.5) uw(0,t) = u(l,t) = 0,(0,t) = 0,(1,t) = n(0,s) =n(,s) =0
for t > 0, s > 0 and where the initial conditions are given by

(26) U(LL',O) = ’U,()(l'), ut(x,O) = ul(x)v 9(%,0) = QO(x)a 50(55,0) = 900(1.)
no(xa S) = U(IE,O) - U(IE, _S) = 770(8)7 x € Qa s> 0.

In view of the assumptions H,—H,, we define W = L;([R*, H}) being the Hilbert
space of all Hg-valued, square integrable functions defined on the measure space
(RT,]g'| ds) equipped with norm

Iy = / / 9 Ina(s)P ds da.
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Let us now introduce the phase space
H=Hy x L* x H} x L> x W.

We define the inner product on H by

(2.7) (U,Ur)y = /P umuudx—i—/m vvldx+/sagaldx

—|—/<;/t9 91Idx+// 8)|12771, ds dez,

where U(t) =U = (uvvvngan)Ta Ul(t) = Ul - (ulvvlvglasolvnl)—r and P(l‘) =
p(z) + 1.
The norm induced in H is given by

1015, = VP @)uall® + [/ m()ol* + lel* + sll6xl® + [InFy-

Note that ||-||3, is equivalent to the usual norm of H

On the other hand, using (2.1) and v = wus, ¢ = 6; the initial value problem
(2.2)-(2.6) can be reduced to the following abstract Cauchy problem for a first-order
evolution equation

Luw = Aav@), U©) = U,

(2.8) -

where
Uo = (uo,vo,00,%0,m0) " -
The linear operator A: D(A) C H — H is given by

v
1 [ o0
—— |Uga + Oz (Ug, V) — / g'(s)nm(s) ds + &p,
(29) AU m(z) 0
¥
KOzo + Bozz + &z
U —=1s

with the domain D(.A) of the operator A defined by
D(A) = {(u,v,@,gp,n) €EH:veHy, kO+Bp e H* neW, ngew

n(0) =0, P(z)us + 26(x)v, — /000 g (8)n.(s)ds € Hl}.
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3. WELL-POSEDNESS

Theorem 3.1. The operator A generates a Cy-semigroup T (t) = e** of contrac-
tions on the space H.

Proof. We will show that A is a dissipative operator and 0 belongs to the

resolvent set of A, denoted by o(.A). We observe firstly that D(A) = H, by using (2.7)
and we have for any U € D(A) that

(3.1) (AU, U)y = /Q’P(a:)vxﬂx dx + /Q[umC + (p(x)uy + 20(x)vy) v de
_/Q[/o g(s)nmds—fgpm}ﬁdx—i—ﬁ/ﬂapxﬂxdx
+ / [’iegcx +/650;c:c +€U:c]¢dx
Q

[ = nm, dsa

Integrating by parts in (3.1), we easily see that

1 (o]
(3:2) RedU, U = =2 [ S@)luaPdo 5 [ PP do =5 [ ") nel?ds <o,
Q Q 0

thus A is a dissipative operator.

On the other hand, to prove that 0 € g(.A), we will use similar arguments to those
given in [18], [2], [8] and references therein. In fact, given F' = (f1, fo, f3, f1, f5) | € H,
we must show that there exists a unique U = (u,v,0,¢,1)" in D(A) such that
AU = F. Indeed

(3.3) v=fi € Hy,

(3'4) Ugg + Ux(uxa U:c) - / gl(s)nxx(s) ds +&px = m(x)fQ € L27
0

(3.5) o = fs € Hy,

(36) Haxm + 6909595 + fvx = f4 S Lza

(3.7) v—"1s =[5 €W.

We can get a unique v € H} from (3.3), and then from (3.7) we get

(3.8) n(s) = /Os(v — fs(m)dr =sf1 — /OS fs(m)dr
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It is clear that 1(0) = 0 and ns € W. We want to prove that n € W. For any T > 0,
e > 0, by Hy and the Cauchy-Schwarz inequality, we have

T T T
L|ﬂMW@W®<—Lsﬂﬂm@F®<§L9%ﬂm@ﬁ®

Integrating by parts and straightforward calculations, we have

69 [ 0l ds <= g @neP + = [ 196)] sl ds.

Let us notice that —2071¢'(¢)||n.(e)[|> — 0 as € — 0. As a result from (3.9) by
letting T'— oo and € — 0 that n € W and

2 4 o 2
wm<?/|ﬂwmawd&
0

On the other hand, from (3.6) and (3.3) we obtain
(K0 + Bp)a € L*.
From the regularity theory for the linear elliptic equations we find that
KO + Bp € H.

Moreover, from (3.4) we get

(3.10) (Pwmx+%uwx—éwy@magdﬁxeL?

Hence,
P(z)uy + 26(z)v, — / g (s)n.(s)ds € H'.
0

Moreover, it is obvious that there is a positive constant C, being independent of U,
such that ||U||3 < C||F||%. Therefore, we conclude that 0 € o(.A), and so A becomes
the infinitesimal generator for a contraction semigroup in . O

From this theorem it follows the well-posedness for the abstract Cauchy prob-
lem (2.8) thanks to the semigroup theory, specifically to the Lumer-Phillips theorem.
In particular, the following theorem [21] is obtained immediately.

Theorem 3.2. For every initial condition Uy € D(A), problem (2.2)—(2.6) has
a unique solution satisfying

U € C*(0,00); 1) N C((0,00); D(A)).
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4. EXPONENTIAL STABILITY

In this section, we focus on proving the exponential stability for T'(t) = eAt

a semigroup associated with the operator A, given by (2.9). Firstly we need to
consider the resolvent equation, i.e., for any F' € H and U € D(A) the following
holds

(iA] — A)U = F,
ie.,
(4.1) iu—ov=fi,
(4.2) i\v — @(um + 02 (U, 02) — /OOO 9'(8)Nea(s) ds + Epz) = fa,
(4.3) IN — ¢ = fs,
(4.4) i)\@ — Kby — /BSO;C:E - EUJE = f4a
(4.5) iAn—v+ns = fs.

Theorem 4.1. The semigroup T(t) = e!, generated by the operator A given
in (2.9) is exponentially stable, i.e., there exist constants M, v > 0 such that

IT@)]| < Me™ V>0

To prove this proposition we will use Theorem 1.1. Firstly we will prove (1.8) i.e.,
iR C o(A). We will follow similar ideas to those given in [18], [2], [19], which consist
of the following steps:

(i) Since 0 € o(A), for any real number A with |AA"!|| < 1, the linear bounded
operator i\A~! — I is invertible, therefore i\l — A = A(iMA~! — I) is invertible
and its inverse belongs to £(H); that is, i\ € o(A). Moreover, ||(iX] —.A)~Y| is
a continuous function of A in the interval (—|| A=Y ~L, [ A=Y 71).

(i) If sup{||GA —A)7Y|: Al < A7 71} = M < o0, then for [Xo| < [[A7]|~! and
A € R such that [A—Xo| < M~ we have ||[(A— o) (iAol —A) "t < 1. Therefore,
the operator

i — A= (iAol — AT +i(A— X)X — A

is invertible with inverse in L£(#); that is, i\ € p(A). Since Ay is arbitrary,
we can conclude that {i\: [A| < A7+ M~ C o(A)} and the function
|| GAI—.A)~1]| is continuous in the interval (—||A=|| =t =ML A7t + M ).
(i) Thus, it follows by item (ii) that if iR C p(A) is not true, then there ex-
ists w € R with [|[A7!|7! < |w| such that {i\: |A\| < |w|} C o(A) and
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sup{||G\ — A)7|: |\ < |w|} = oo. Therefore, there exists a sequence of
real numbers (A,) with A, — w, |A,| < |w| and sequences of vector functions

U, = (un7vn79n;80n777n)—r € D(A);Fn = (fln;an;anaf4naf5n)T € H, such
that (i — A)U,, = F,, and ||U, || = 1 and F,, — 0 in ‘H when n — oo, that is:

(4.6) ity —vp = fin — 0 in Hg,

1
4. i ntn — nrx x\%x, Vo
(4.7) iApv @) (Ungz + 0z (Uz, V)

1 * / _ : 2
—J))</0 g (S)nnxx(s)ds_fgpnz> - f2n —+0 inL 9

~
(4.8) iMbp — 0 = f3n — 0 in H},

(4.9) M@ = Kbnze — Bonaz — EVng = fan — 0 in L?,
(4.10)  iIAun — U+ s = fsn — 0 in WL

We observe that
(4.11) Re(ir,Up — AU, Up)y — 0 as n — oo.

Thus from (3.2) we have

1 oo
@2) 2 [ @l ot [ ewPdot g [ Ol ds -0,
Q Q 0

From H4 we obtain

(1.13) ity <5 [ 9" OlmalPas

Using (4.12) and (4.13), it follows

(4.14) M —0 inW and vpy =0, @nz —0 in L? as n — oo.
From the Poincaré inequality and (1.5) we get

(4.15) v, =0 and /m(z)v, -0 in L? asn — oc.

We note that v, — 0 in H}. Thus from (4.6) we have u,, — 0 in H}, and therefore
from (1.5) we see that

(4.16) P(2)tne — 0 in L? as n — oo.

416



On the other hand, taking the inner product in (4.9) with ¢,, in L? and integrating
by parts, it follows that

(4.17) A (Pn, on) + KOnzs Pna) + B{Pna;s Pnz) + E(Vn, Pra) — 0 as n — oo,
therefore by (4.14) and (4.17) it follows that
(4.18) ¢on — 0 in L? asn — oo.
Using (4.14) and (4.18) in (4.8), we have
(4.19) 0, -0 and 6,, >0 in L?asn — oco.
From (4.14), (4.15), (4.16), (4.18), and (4.19) we have that
(4.20) lim ||Uy,||% = 0.
n—oo

Hence, U,, cannot be of unit H-norm.

For the proof of (1.9) we will use contradiction arguments. Suppose that (1.9
is not true. Then there exists a sequence \,, with |\,| — oo and a sequence U,, =

(Uns Vny Ony Py Mn) | in D(A) with unit norm in H such that ||(iA, ] — A)U,| — 0 as
n — oo, i.e.,

(4.21) ity — v, — 0 in Hy,
1
(4.22) iUy, — W(um + 04 (Uz, vs))
1 o :
i ([ @maas-gen) 0 w12
(4.23) iNOp —n — 0 in Hp,
(4.24) IAn@n = KOnza = Bnze — Eve = 0 in L2,
(4.25) i — Up + s — 0 in W.

Again we have (4.11), i.e.,
Re(i\, U, — AU, Up)3 — 0 as n — oo.

Thus -
1
2 / 5(2) vne? dz + / (onsl?da + 2 / ¢ () 17z |2 ds = 0.
Q Q 2 0
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Using similar steps to those given in the above proof and straightforward calculations,
we have

N, — 0 inWasn— oo

and

Vm(x)v, — 0, /P(x)up, — 0 in L? as n — oo,

Onz — 0, @, =0 in L? as n — .
Therefore, we conclude
(4.26) lim ||Uy,||% = 0.
n—roo

Hence, U,, cannot be of unit H-norm. In this way our main theorem is proven.

Further remarks:

(i) Note that in this work we have considered g(co) = 1. Otherwise, the functional
—g(00)ug, can be changed in (2.2) for the functional —u,, and we can rede-
fine the integral kernel g(-) = g¢(-)/g(c0), thus obtaining a similar problem to
(2.2)—(2.6).

(ii) An example of a function g satisfying the hypothesis Hi—Hy, is given by the
called Maxwell type kernel, namely

g(s) =1+ Me %  k M>o0.

(iii) The proof of =207 1¢/(¢)||n.(€)]|> — 0 as e — 0 is proved with similar arguments
to those given in [18], [20] and references therein.

(iv) Exploiting (4.23), and with similar steps to those given in [18], [19], it follows
that iX\,0, — ¢, — 0 in L? and iM\y0pe — Yne — 0 in L?. Then with the
assumptions about ¢, and ¢,, we obtain (4.19).

(v) The condition (1.5) guarantees the equivalence of the norms ||v|| and ||\/mv||, as
well as the equivalence ||u,|| and |[vPu,|. In this way we can show (4.15) and
(4.16).
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5. CONCLUSIONS

As we know, Fourier’s law essentially tells us that any thermal disturbance at one
point has an instantaneous effect on any other part of the body and at the same time
does not consider the memory effects at low temperatures. On the other hand, the
Cattaneo model has the defect of the derivative of the vector field associated with
the heat flow. When we prove the well-posedness and the exponential decay and not
another weaker type of decay (for example, the polynomial decay) we have made
an improvement of the works named in the Section 1, offering with it a much more
realistic model from the physical point of view. Let us say that these results can be
improved furthermore by considering the Coleman-Gurtin [6] or Gurtin-Pipkin [15]
law instead of equation (1.4), obtaining an effective prediction for heating propa-
gation on the structure. All these statements constitute a promising set of new
questions to be addressed in further research.
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