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Abstract. We study Carleson measures and Toeplitz operators on the class of so-called
small weighted Bergman spaces, introduced recently by Seip. A characterization of Carleson
measures is obtained which extends Seip’s results from the unit disk of C to the unit ball
of C". We use this characterization to give necessary and sufficient conditions for the
boundedness and compactness of Toeplitz operators. Finally, we study the Schatten p
classes membership of Toeplitz operators for 1 < p < co.
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1. INTRODUCTION

Let C" denote the n-dimensional complex Euclidean space, B, ={z € C": |z| < 1}
be the unit ball and S,, = {z € C": |z| = 1} be the unit sphere in C". Denote
by H(B,,) the space of all holomorphic functions on the unit ball B,,. Let dv be
the normalized volume measure on B,,. The normalized surface measure on S,, is
denoted by do.

Let o be a positive continuous and integrable function on [0,1). We extend it
to B, by o(z) = o(|z|) and call such ¢ a weight function. The weighted Bergman
space AZ is the space of functions f in H(B,,) such that

HfHZ = / If(2)]20(2) dv(z) < co.

n

Note that AZ is a closed subspace of L?(B,,, 0dv) and hence it is a Hilbert space
endowed with the inner product

(f.q)s = /B f()ae(z)dv(z), f.ge A2
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When o(r) = (1 —7?)®, a > —1, we obtain the standard Bergman spaces A2.
We impose a normalization condition on p:

1
/ " o(x)dx = 1.
0

Consider the points 7 € [0,1) determined by the relation
1
/ o(z)dz = 27",
T
Denote by S the class of weights ¢ such that

1—
(1.1) inf—& 51,
N

Since the function

Ds(r) = /S () dor(€)

is non-decreasing, we also have the equivalent norm

(1.2 <> 2 [ 17oR dote). 1 e a2

k=1 n

The class S was introduced by Kristian Seip in [13]. It is easy to see that the

functions

o@)=(1-2)"" 0<p<1,
and )

—(1— )1 -
o(z) = (1 —ux) (logl_ ) , l<a<oo,

belong to S.

In this paper we prove a characterization of the Carleson measure for weighted
Bergman spaces Az with o € S. This result is then used to study spectral properties
of Toeplitz operators on these spaces.

Let u be a finite positive Borel measure on B,,. We say that p is a Carleson
measure for a Hilbert space X of analytic functions in B,, if there exists a positive
constant C' such that

[ s ae <k, sex

n

It is clear that y is a Carleson measure for A2 if and only if A2 C L?(B,,du) and
the identity operator Id: Af) — L?(B,,,du) is bounded. The Carleson constant of s,
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denoted by CM(AE), is the norm of this identity operator Id. Suppose that p is
a Carleson measure for AQQ. We say that p is a vanishing Carleson measure for AZ if
the above identity operator Id is compact. That is,

1mlﬁ|h@WdM@=0

k— o0

whenever {f;} is a bounded sequence in Aﬁ which converges to 0 uniformly on
compact subsets of B,,.

The concept of Carleson measure was first introduced by Carleson (see [2], [3]) in
order to study interpolating sequences and the corona problem on the algebra H° of
all bounded analytic functions on the unit disk. It has quickly become a powerful tool
for the study of function spaces and operators acting on them. Carleson measures on
Bergman spaces were studied by Hastings (see [4]), and later on by Luecking (see [6])
and many others. Recently, Pau and Zhao in [8] gave a characterization for Carleson
measures and vanishing Carleson measures on the unit ball by using the products of
functions in weighted Bergman spaces. In [9], Peldez and Rittyd gave a description
of Carleson measures for AZ on the unit disk when p is such that

1 1
el / o(t) dt

is either equivalent to 1 or tends to co, and in [10] they then got a criterion for Af)
on the unit disk when p € D, which means

1 1
[eoass [ s
T (r+1)/2

In [13], Seip gave a characterization of Carleson measures for Ag with o € S in
the case n = 1. One of our main results, Theorem 2.1, extends this result to the
case n > 1.

Given a function ¢ € L>(B,), the Toeplitz operator T, on AZ with symbol ¢ is
defined by

Tof = P(of), fe€A4;,

where P: L?(B,,, odv) — Ag is the orthogonal projection onto Af). Using the integral
representation of P, we can write T}, as

T, f(z) = / K o(2w) f (w)p(w)e(w) dv(w), = € By,
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where K,(z,w) is the reproducing kernel for Ag. The Toeplitz operators can also be
defined for unbounded symbols or for finite measures on B,,. In fact, given a finite
positive Borel measure p on B,,, the Toeplitz operator 7}, : AQQ — AQQ is defined as

z) = /[Bn Kp(z,w) f(w)dp(w), =z € By.

Note that
(Tuf.g) / F()aE) du(z),  fog € A2

The Toeplitz operators acting on various spaces of holomorphic functions have been
extensively studied by many authors, and the theory is especially well understood in
the case of Hardy spaces or standard Bergman spaces (see [14], [15] and the references
therein). Luecking in [7] was the first to study Toeplitz operators on Bergman spaces
with measures as symbols and some interesting results about Toeplitz operators
acting on large Bergman spaces were obtained by Lin and Rochberg, see [5]. In this
paper, we study the boundedness and compactness of 7}, on AZ with o € S.

Next we study when our Toeplitz operators belong to the Schatten class. We
refer to [15], Chapter 1 for a brief account on the Schatten classes. A description
of the standard Bergman spaces on the unit disk was given (see [15], Chapter 7),
and a description for the case of large Bergman spaces on the disk was obtained by
Arroussi, Park, and Pau in 2015, see [1]. In 2016, Peldez and Rétty4 in [11] gave an
interesting characterization for the case of small Bergman spaces on the unit disk,
where the weight Q€ D. Note that S G D, but {A2: pe S} ={A2: o€ D} In
fact, for p € S U D we can find ¢ € S N D such that A2 = A2 Indeed, by the
monotonlclty of the functlons ®r, we obtain that if h,, Z Ross then A2 C A2,
where . ( fl , 0(t)dt. Correspondingly, if hy, < hy,, then A% = A2 Now, if
o €S, then we can 1nterpolate h, linearly between the points 1 —ry, k£ > 1, to get hj
such that A2 = A% and h@(Acx) < 2hs(x) for some ¢ > 1. Iience, hs(2x) < dhg(x) for
some d > 1 and thus ¢ € D. On the other hand, if ¢ € D, then we can interpolate
log h, linearly between the points 27%, k > 1, to get h; such that AQQ = A% and
hs(dz) < 2hs(x) for some d > 1. Hence, g € S.

We introduce a subclass S* of weights in S determined by the condition that
0*(r) S o(r) for r € (0,1), where

o) = — / oft) dt.

1—r

For example, the weights

1 «
ow) = (1=2)(log =), 0<B<1 aeR,
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belong to S*, but the weights

o(x)=(1—2)* (10g T x)a, a < —1,
o(z) =(1- x)*1<1og )_1(1oglog

do not belong to S*.
For weights p in S*, we obtain a characterization of the symbols of the Toeplitz

«
), a<—1,

1—=z 1—=2x

operators in the Schatten classes S,. In [12], Peldez, Réttyd and Sierra gave a char-
acterization for the case of dimension n = 1 when the weight is regular, that is
0*(r) < o(r). As an easy observation, our result is equivalent to their result when
n = 1. We point out that our approach is completely different from that of [12],
which does not seem to work in higher dimensions. On the other hand, for regular
weights ¢ in S\ S*, this characterization fails. A counterexample was given in [12].

In this paper, we restrict ourselves to the case 1 < p < oo. For the case 0 < p < 1,
the techniques we use should be modified.

The paper is organized as follows: The main results are stated in Section 2 and
their proofs are given in Sections 3-5.

2. MAIN RESULTS

Throughout this text, we use the following notation. For every nonnegative inte-

ger k, set
O ={2€Bpn: rp < |2| <Tky1}

and let pp be the measure defined by pr = xq,it whenever a nonnegative Borel
measure p on By, is given. The notation U(z) < V(z) (or equivalently V(z) 2 U(z))
means that there is a positive constant C' such that U(z) < CV(z) holds for all z in
the set in question, which may be a space of functions or a set of numbers. If both
U(z) SV(z) and V(z) S U(z), then we write U(z) < V(z2).

Our results are following:

Theorem 2.1. Let o € S and let p be a finite positive Borel measure on B,,.
Then:
(i) p is a Carleson measure for A2 if and only if each py, is a Carleson measure for
the Hardy space H? with the Carleson constant C,,, (H*) < 27% k > 0.
(ii) p is a vanishing Carleson measure for A2 if and only if

lim 2*C,, (H?) = 0.
Jim 2°C,, (H") =0
Theorem 2.1 (i) for the case n = 1 was obtained by Seip in [13].
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Theorem 2.2. Let o € S and let u be a finite positive Borel measure on B,,.
Then:
(i) The Toeplitz operator T}, is bounded on Ag if and only if i is a Carleson measure
for Af).
(ii) The Toeplitz operator T, is compact on Aﬁ if and only if pu is a vanishing
Carleson measure for A2.

Given z € B,, and 0 < o < 1, we consider the Bergman metric ball
E(z,a) ={w € B,: B(z,w) < a},
where (z,w) is the Bergman metric given by

o) — Lrog LT 12=0)

——= z,we€E B,.
2 71— o (w)] !

Here, ¢, is the Mobius transformation on B,, that interchanges 0 and z.
We know that E(0, «) is actually a Euclidean ball of radius R = tanh ¢, centered
at the origin, and
E(z,a) = ¢.(E(0,)).

Moreover, for fixed v, v(E(z,)) < (1—|z])"*!. See [14], Chapter 1 for more details.
For a measure p on B,, and « > 0, we define the function i, by

28 u(E(z, 0))
|z

Let ZN“M be the Berezin transform of 7}, defined by

ﬁa(z): z € Q.

T(2) = (Tukz, k2)gr 2 € By,

where k, is the normalized reproducing kernel of AQQ. Set

2"o(2) dv(2)

dAo(2) = W7

z € Q.
Theorem 2.3. Let g bein S*, i be a finite positive Borel measure and 1 < p < oo.
The following conditions are equivalent:
(a) The Toeplitz operator T), is in the Schatten class Sp.
(b) The function Tu is in LP(By, dX,).
(¢) The function fiy is in LP(B,,, d),) for a sufficiently small a > 0.
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3. PrROOF OF THEOREM 2.1

Given a € B, \ {0} and r > 0. Let §(a) = 1/2(1 — |a|). Define Q(a,r) C B,, and
O(a,r) CS,, as follows:

Qa,r) = {z € Bn: V|1 —{(a/lal,2)| < r},
={CeSu: V1 - (a/lal, ()] <r}.

For simplicity of notation, we write @, instead of Q(a, d(a)), O, instead of O(a, é(a)).

We recall a well known characterization of Carleson measures for the Hardy space
(see [14]): A positive Borel measure 1 on B, is a Carleson measure for H? if and
only if p(Qq) S (1 —la))™ for all a € By, \ {0}. Furthermore,

Cu(H?) = sup  pu(Qa)(1 — laf)™"
a€B,\{0}

We use the following covering lemma from [14], Lemma 4.7.

Lemma 3.1. Suppose N is a natural number, a; € B, \ {0}, 1 <I< N,

There exists a subsequence {l;}, 1 <1i < M, such that
(a) Oa,,1<i< M, are disjoint.
(b) O(ay;, 36(ay,)), 1 <i< M, cover E.

Lemma 3.2. Let p be a finite positive measure on B,. Then py is a Carleson
measure for H? if and only if ux(Q.) < (1 — |a|)" for all a € Q. Furthermore,
Cpup (H?) < sup (1 — |a]) ™" 1ux(Qu).

a€Qy,

Proof. Let a € B, \ {0}. Then a € Q for some I > 1. If [ > k, then
15 (Qq) = 0 and there is nothing to prove. When a € O, I < k, we can cover
Qo \ 7By, by a finite family {Qg,: [ € A} with a; € Q_1, where A is a finite index
set. Applying Lemma 3.1 to the set {O,,: | € A}, we get a subset Ag of A such
that O,,, | € Ay, are disjoint and O(a;,306(a;)), | € Ag, cover O,. Moreover, it is
easy to see that

Qa \ kB, C | Qar,35(ar)).
leAo
Then
pr(Qa) = pr(Qa \ 7:By) Z pi(Q(ar, 36(ay))).

I€Ao

217



Since a; € Q_1, we have pi(Q(ar,35(ar))) S (1 — |ai])™ < 0(0,, ). Hence

1(Qa) Y 0(0a) = (| Ou)-

€Ay leAo
Finally,
(| Ou) S o(0a) = (1= lal)".
LEAo
Therefore g (Qa) < (1 — |a])™. This completes the proof. O

Proof of part (i). (<) Since py, are Carleson measures for H? with Carleson
constants < 27% the same holds for H2 on the smaller ball 7, 2B,. Indeed, we
just use the characterization of Carleson measures and the fact that if Q(a,d(a)) N
7“;;4{291@ # 0, then 1 — |a| 2 1 — riyo and, hence, rp12Q(a,d(a)) C Q(a, Md(a)) for
some M < oo independent of a and k.

Therefore,

| @R 274 [ 1faag? doe
k n
for an arbitrary function f in AQQ and for all k. Summing this estimate over all £ > 1

we get

n

/ PR duz) S 3 2 / (a2 dor(€) = 1]
k=1 Sn

(=) We just need to check that 1x(Q.) < 27%(1 — |a])™ when a is in Q, k > 0.
We use the test function

(3'1) fa(z) = (1 - <avz>)7v

with large . By (1.2), we have

_ 1
‘fa”2 22 / de(f)x

Sn J

2-7
(1 —rjlaf)>r—

gk

1

Since a € Qy, relation (1.1) yields that

(3.2) I fally = 27%(1 — [a) =27
Indeed,
o . , .
277 277 277
s _ . S — -
2 T~ L Ao & T

R e =
A U R~ A (R ) N (R Y S (R TS

=2 k( - |a|)*27+".
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On the other hand, for every z in @, we have

1= {a,2)| = |(1 = lal]) + |a|(1 = (a/la], 2))| < (1 — |a]) + |al[1 = (a/lal, z)]|
< (1 —laf) + 2Jal(1 = [a]) < 3(1 = |a])-

Hence,
(3.3) lfa(2)| 2 (1 —la])™", 2z € Qa.

Thus,
/B a2 P du(=) 2 (1= Jal) ™ u(Qu 0 Q).

Since p is a Carleson measure for Ag, we get
wQa N ) S 275(1 — al)™.

This implies that s, is a Carleson measure for the Hardy space H? with the Carleson
constant C,, (H?) < 27" O

Proof of part (ii). Suppose that p is a vanishing Carleson measure for AZ.
Given a in Q, consider the function f, defined by (3.1). By (3.2),

I£all3 = 2751 = Jal) =7+,

Set

1—{a,z))™"
(3.4) ha(z) = 2]@52(1 i |a|>))'y+n/2'

Then ||h,||2 =< 1 and, by (3.3),

2k
ha(2)* 2

R a— 2 € Qq.

Since p is a vanishing Carleson measure for Aﬁ and h, tends to 0 uniformly on
compact subsets of the unit ball as |a| — 1, we have

lim |ha(2)? du(z) = 0.

|a]—1 B,

Thus,

2k N
sup /Jk(Qa k) 0

acy, (1= la)

as k — oo. Hence, lim 2%C,, (H?) = 0.
k— o0
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Conversely, let u" = /‘|Bn\m’ where rB,, = {z € B,,: |z| <r}. Then (u")r < pk,
k>1,and (u")r = 0if 7541 < 7. Therefore, part (i) of Theorem 2.1 implies that

/B ()P (2) < Collh2, he A2,

where

(3.5) C.= sup 2°C, (H?) and 1imlC'r:O.
r—

k: Thk+1>T

Let {fx} be a bounded sequence in Az converging uniformly to 0 on compact subsets
of B,,. Let e > 0. By (3.5), there exists a rg € (0,1) such that C, < ¢ for all r > r.
Moreover, by the uniform convergence on compact subsets, we may choose kg € N
such that |fx(2)|? < & for all k > ko and 2z € 7yB,,. It follows that

[ 1P = [ 1@+ [ AP )
B, roBn Bn\70Bn
<enmB) + [ IAER A ()
B,
< eplroBn) + Cro [l fll3 <€C, k> ko,

for some positive constant C. Hence, u is a vanishing Carleson measure for Az. ([

4. PROOF OF THEOREM 2.2
Proof of part (i). (=) Given a in €y, we define h, by (3.4). Then
||ha||§ =1 and |h(2)?>Z 21— |a))™", 2z € Q..
Consider the function

(4.1) TH(0) = (Tuha, ha)o = / a2 dpa(2).

Since T}, is bounded, A := sup T}#(a) < cc. Then
acBy

@2 Az [ P > [ P dule)

n n

> / ()] dui(2) 2 21— [al) " (Qu).

a
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Hence, 1x(Q.) < 27%(1 — |a|)™ for every a € Qk. By Theorem 2.1 and Lemma 3.2,
1 is a Carleson measure for AQQ.
(<) For every f,g € A2 we have

(Tuf,g)e = / F(2)9(2) du(z).

Then by Cauchy-Schwarz inequality, we get

(Tralid < [ UlEaue) < (/ ) dn(s )/(/ 19(2) 2 du(2) )

Since p is a Carleson measure for Ag, there exists a positive constant C' such that

/ FEPRdu(z) < CIfI3 and / l9(2) du(z) < Clall?.
B, B

Hence,
(Tutf,9)el < Clfllellglle ¥ £.g € A3,
Thus, T}, is bounded on A2. O
Proof of part (ii). We need the following auxiliary results. O

Proposition 4.1. Suppose that f € A2 with o € S. Then

Cc2*
[(EE

where C' is a positive constant independent of k and z.

(4.3) [f(2)]” < I£15, =€, k>0,

Proof. Letz € Q. Applying [14], Corollary 4.5 to the function g(z) = f(rg422)
at the point z/(rk42), we obtain

s (L= |o/risal?)"
< [ 1P 2 ao(0)

2[Try2, Q)27

By (1.1), 1= (2/Tk42, Q)| 2 1= [{2/Th42, Q)| Z 1= [2l[C]/rrq2 = 1= 2] /rrr2 2 12|
for z € Q, ¢ € S,,. Thus,

(1|
T

SW _k/ |f(rie2Q)* do ()

1+|z|
1=z

2 < / (g o(¢) < / (202 do(0)

J 2 2
Zz /|f 420 do(0) S =l I

with constants independent of k and z. O
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Corollary 4.2. A sequence of functions {fr} C Af) converges to 0 weakly in Af)
if and only if it is bounded in AQQ and converges to 0 uniformly on each compact
subset of B,,.

Proof of part (ii) of Theorem 2.2.  Suppose that T}, is compact on Aﬁ. We
define h,, a € B, by (3.4) and Tf by (4.1). Then [|he|[2 =< 1 and h, converges
uniformly to 0 on compact subsets of By, as |a| — 1. Since T}, is compact, T#(a) — 0
as |a| — 1. By (4.2) this implies that

sup 2kuk (Qa)

—0 ask — 0.
acy, (1 —lal)"

Hence,
lim 2%C,, (H?) = 0.
k— o0

By part (ii) of Theorem 2.1, 11 is a vanishing Carleson measure for A2.
Conversely, assume that p is a vanishing Carleson measure for Ag. For every
h e Af) we have

[Tuhllo = sup [{Tuh,g),l
geA?
llglle<1

Furthermore,

|<Tuhag>9| =

/ h(2)9(2) du(z)| < / 1h(2)llg(2)] du(z)
B, n

<(/ n |h<z>|2du<z>)l/2 (f n |g<z>|2du<z>)l/2
<(/ n |h<z>|2du<z)>1/2|g||g.

The last inequality follows from the fact that p is a Carleson measure for Ag. There-

fore,

1/2
||Tuh|gs(/ |h<z>|2du<z)> Chea

B
Now, let {fix} C Aﬁ be bounded and converge uniformly to 0 on compact subsets
of B,,. Since p is a vanishing Carleson measure for AZ,

lim / )P du) =0

It follows that || T, fx||, — 0 and hence T}, is compact. O

222



5. PROOF OF THEOREM 2.3

Proposition 5.1. Let K,(z,w) be the reproducing kernel of Af).
(a) Let k> 1, z € Q. Then
2k

(5.1) Ko(z,2) < =

(b) There exists o = a(p) > 0 such that for every z € B,,
(5:2) Koz, w)[* = K (2, 2) Ko(w, w)

whenever w € FE(z, a).

Proof. (a)Fix k> 1. Given z € , let L, be the point evaluation at z on AZ.
It is well known that
Ko(z,2) = || L%
By Proposition 4.1,
ok
(1 =1z

Furthermore, choosing h, by (3.4), we have ||h.||, <1 and

[FATRS

2k
() 2 ——-
’ (1 —z)h"
Hence,
2k
IL:]1? 2 ——
’ (1 =z~
Thus
2k Q
K = .
L)(Z)Z) (1_|Z|)n7 S k

(b) In this proof, we use an argument of Lin and Rochberg, see [5]. It is well
known that
K o(2,w)[* < Koz, 2) K p(w, w)

for all z,w € B,,. For any fixed zg € i, consider the subspace Aﬁ(zo) defined as
Ag(zo) ={fe Af)i f(z0) = 0}.
Denote by L., the one-dimensional subspace spanned by the function

oo () = —elZ:70)
o VKo (20, 20)
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Then we have the orthogonal decomposition
Ag = AE(Z()) &L,

Hence K,(z,w) = K, (2, w) + kp 2 (W)kp,2, (2), where K, ,, is the reproducing
kernel of A2(z). Therefore,

K20, w) = kg2 (w)ko,2, (20)
and
(5.3) Ko(w,w) = Ko 2 (w,w) + Ko,z (w)|2~
We are going to prove that there exists o > 0 such that

1

(5.4) Kp 2 (w,w) < iKg(w,w), w € E(zp, ).
By (1.1), there exists a3 > 0 such that F(zp,a) C Qk—1 U Qe UQk11, 0 < o < .
Hence, for every f € AQQ(ZO) such that ||f||, = 1, by Proposition 4.1 we have

2 2k 9k
(5.5) |f(w)]* £ 1= [w)" - (1 — |zo0])"

whenever w € E(zp, a). Since E(zp,a) = ., (F(0,a)), we can rewrite (5.5) as
ok
(1 = |zo)"
whenever n € E(0,a). Note that f(z9) = f(¢2,(0)) = 0. Therefore, by the Schwarz

lemma, we get

(5.6) (@0 m)I* <

k k
s
=Tl ~ " A= o )"

whenever n € E(0, «). This implies that there is a constant C' > 0 such that

|f (= ()I* < Il

2k
(1 = lpz (D™’

Therefore, we can choose « so small that

[f (2 (m)]* < Clnl? n e EQ, ).

el < 5K (@), @), m € B, )

This proves (5.4).

224



Now, from (5.3) and (5.4), we obtain that |k, ,(w)|?> > 3K,(w,w) whenever
w € E(zp,a). This means that

1
|Kg(wa20)|2 > §KQ(ZOaZO)K@(wvw)
whenever w € E(2¢, ), which completes the proof. O

Lemma 5.2. Let T be a positive operator on Ag and let T be the Berezin trans-
form of T, defined by
T(z) = (Tky, ks)p, =€ By
(a) Let 0 < p < 1. If T € LP(B,, d),), then T is in S,.
(b) Let p > 1. If T is in Sp, then T € L?(B,,, d),). Here,
28 p(2) du(2)
dy(z) = ——~=
¢ (1—=1z)m
if z € Q.

Proof. Note that d\,(z) < K(z,2)0(z)dv(z) = || K.[]?0(z) dv(z).

The proof is similar to the proof of [1], Lemma 4.2. The positive operator T is
in S, if and only if T” is in the trace class Si. Fix an orthonormal basis {ej} of A2.
Since TP is positive, it is in S7 if and only if > (TPey, ex), < 00. Let U = VTP. By

k

Fubini’s theorem, the reproducing property of K., and Parseval’s identity, we have

Z (TPeg, k) = Z ||U€kH§ = Z/ |U€k(2)|2g(z) dv(z)
k k = JBn
= /B (%:|Uek(z)| >Q(z)dv(z) = /B <§k: [(Uek, K)ol >Q(Z)dv(z)

-/ (;|<ek,UKz>g|2)g(z>dv<z>= [ oo s

Br

- / (TPK., K.)p0(z) dv(z) = / (TPke, ) o| K- 20(2) du(2)
B

n

= /B (TPky, k) o dXp(2).

n

Hence, both (a) and (b) are the consequences of the well known inequalities (see [15],
Proposition 1.31)

(TPkz, k),
(TPkz, k),

= (TP, 0<p<l,
<Tk27k2>g = (T(Z))pv p=> 1l

VoA
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Lemma 5.3. Let o € S* and z € Q. Then there exists oy > 0 such that for
every o € (0,00) we have

2k

FOP S G /E e avw)

for all f € H(B,,).

Proof. Letz € Q. Foreach f € H(B,,), by the subharmonicity of the function
w > |f(w)|? and the estimate v(F(z,a)) < (1 — |z])"!, we have

)P < W /E )

It is easy to see that 1 — |z| < 1 — |w| for w € E(z, «). Hence,

1 / , 1
T | f(w)] du(w)
(1 - |Z|)n E(z,a) 1- |w|
2k / 27](2
=7 |f (w)[? du(w).
(1 - |Z|)n E(z,a) 1- |w|

By (1.1), for small oy we have E(z,ap) C Qr—1 U Qi U Qiy1. Therefore, for every
a € (0,ap), we have r_1 < |w| < ri42 for w € E(z,a). Since f:ﬂz o(t)dt = 27+-2,

(5.7) f(2)? <

we obtain 2% < fﬁu‘ o(t)dt for every w € E(z,a), a € (0,a0). Plugging this
into (5.7) and using that o*(w) < o(w), we get
2k
(1 —=1]z])m
2k

S W/E(z,a) |f(w) P o(w) dv(w).

This completes the proof. ([

)P < /E e ) dvw

Proof of Theorem 2.3. (a) = (b). This follows from Lemma 5.2 (b).
(b) = (c). By Proposition 5.1 (b), for sufficiently small o > 0, we have

K (w)]? < IEGI Kully, w e E(z,a), 2 € By

Then by Proposition 5.1 (a), we get

b0 = [ @) dutw) = K2 [ )P dt)

n n

> K52 / K (w)]? dp(w) = / 1 Kll? dpr(aw) = fia(2).
E(z,a) E(za)

Since Tu is in LP(By,, dA,), i is also in LP(B,,, dX,).
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(¢) = (a). For every orthonormal basis {;} of A2, we have

P

5:5) St =3 ( [ latPan))
1 1

By Lemma 5.3,

2k

led(2)]” < m

/ lei(w) ?o(w) dv(w),  z € Q.
E(z,a)
By Fubini’s theorem and Holder’s inequality, we have

/ (=) du(z) < / le2(w) 2 (w) () do(w)
B

n n

< ([ lararewam) ([ awiowam)
- <~/[B le1(w) i (w)? o(w) dv(w)>1/p7

where 1/p + 1/g = 1. Thus, (5.8) implies that

S e s | (Z|€z ) ofw) do(w)

l

/ 1Kl 2 ()P 0() () = / o ()P g (w) < o0,
B, B,

This proves (a). O

Remark 5.4. Let 1 < p < co. In the case of large weighted Bergman spaces,
Arroussi, Park and Pau proved in [1], Theorem 4.6 that
T, €Sy & ne(z) = is in the corresponding weighted L?,
where B(z,¢) is the Euclidean ball with the center z and radius ¢(1 — |z|). When
the dimension n = 1, we can see that g, is in L? if and only if fi. is in LP. However,
for n > 1, this equivalence is not true anymore.

Let us verify this. Choose z; € B,, such that |zi| tend to 1 sufficiently rapidly as
k — oo. Consider

= ZCkXB(zk,s) and pu* = ZCkXB(zk,ZSs)v
— k=1
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where ¢, > 0 will be chosen later. We have

WS e Sp
and - -
v(B(zg,€)) R v(B(zg,€))
> /7 < < _ 7 .
kZ:le’U(E(Zk,E))XE(Zk’E) ~ Me S kzz:lckv(E(zk’E))XE(zk,Bs)
Hence oo
fe € L & chv(B(zk,s)) < 00
k=1
and -
. B(zk,€)))P
cl’P< )y & (o : <
" 2 A T <
Since

LB )P OB ) _ (Bl v _
: chv(B(zk,€)) (U(E(Zk,é))> = (1= |zx]) —0

as k — oo, we can choose ¢, such that fi. € L? but jic ¢ LP. On the other hand, one
can easily see that ji. € LP implies ji. € LP.
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