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Abstract. Let A be a finitary hereditary abelian category. We give a Hall algebra pre-
sentation of Kashaev’s theorem on the relation between Drinfeld double and Heisenberg
double. As applications, we obtain realizations of the Drinfeld double Hall algebra of A via
its derived Hall algebra and Bridgeland’s Hall algebra of m-cyclic complexes.
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1. INTRODUCTION

The Hall algebra $)(A) of a finite dimensional algebra A over a finite field was intro-
duced by Ringel in 1990, see [9]. Ringel in [8] and [9] proved that if A is a hereditary
algebra of finite type, the twisted Hall algebra £, (A), called the Ringel-Hall algebra,
is isomorphic to the positive part of the corresponding quantized enveloping alge-
bra. In 1995, Green in [3] generalized Ringel’s work to any hereditary algebra A and
showed that the composition subalgebra of §),(A) generated by simple A-modules
gives a realization of the positive part of the quantized enveloping algebra associated
with A. Moreover, he introduced a bialgebra structure on $),(A) via a significant
formula called Green’s formula. In 1997, Xiao [13] provided the antipode on $,(A)
and proved that the extended Ringel-Hall algebra is a Hopf algebra. Furthermore,
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he considered the Drinfeld double of the extended Ringel-Hall algebras and obtained
a realization of the full quantized enveloping algebra.

In order to give an intrinsic realization of the entire quantized enveloping algebra
via Hall algebra approach, one tried to define the Hall algebra of a triangulated
category (see for example, [5], [12], [14]). Kapranov in [5] considered the Heisenberg
double of the extended Ringel-Hall algebras and defined an associative algebra, called
the lattice algebra, for the bounded derived category of a hereditary algebra A. By
using the fibre products of model categories, Toén in [12] defined an associative
algebra, called the derived Hall algebra, for a DG-enhanced triangulated category.
Later on, Xiao and Xu in [14] generalized the definition of the derived Hall algebra to
any triangulated category with some homological finiteness conditions. In particular,
the derived Hall algebra DH(A) of the bounded derived category of a hereditary
algebra A can be defined and it is proved in [12] that there exist certain Heisenberg
double structures in DH(A).

Recently, for any hereditary algebra A, Bridgeland in [1] defined an associative
algebra, called the Bridgeland’s Hall algebra, which is the Ringel-Hall algebra of
2-cyclic complexes over projective A-modules with some localization and reduction.
He proved that the quantized enveloping algebra associated to A can be embedded
into its Bridgeland’s Hall algebra. This provides a beautiful realization of the full
quantized enveloping algebra by Hall algebras. Afterwards, Yanagida in [15] (see
also [16]) showed that Bridgeland’s Hall algebra of 2-cyclic complexes of a hereditary
algebra is isomorphic to the Drinfeld double of its extended Ringel-Hall algebras.
Inspired by the work of Bridgeland, Chen and Deng in [2] introduced Bridgeland’s
Hall algebra DH.,,(A) of m-cyclic complexes of a hereditary algebra A for each non-
negative integer m # 1. If m = 0 or m > 2, the algebra structure of DH,,(A)
has a characterization in [17], in particular, it is proved that there exist Heisenberg
double structures in DH,, (A).

Kashaev in [6] established a relation between the Drinfeld double and Heisen-
berg double of a Hopf algebra. Explicitly, he showed that the Drinfeld double is
representable as a subalgebra in the tensor square of the Heisenberg double.

In this paper, let A be a finitary hereditary abelian category. We first give a Hall
algebra presentation of Kashaev’s theorem on the relation between the Drinfeld dou-
ble and Heisenberg double. Then we apply this presentation to Bridgeland’s Hall
algebra and the derived Hall algebra of A.

Throughout the paper, all tensor products are assumed to be over the complex
number field C. Let & be a fixed finite field with ¢ elements and set v = \/q € C.
Let A be a finitary hereditary abelian k-category. We denote by Iso(.A) and K (A) the
set of isoclasses of objects in A and the Grothendieck group of A, respectively. For
each object M in A, the class of M in K (.A) is denoted by M , and the automorphism

254



group of M is denoted by Aut(M). For a finite set S, we denote by |S| its cardinality,
and we also write aps for |Aut(M)|. For a positive integer m, we denote the quotient
ring Z/mZ by 7,, = {0,1,...,m — 1}. By convention, Zy = Z.

2. PRELIMINARIES

In this section, we recall definitions of the Ringel-Hall algebra, Heisenberg double,
and Drinfeld double (see [5], [10], [13]).

2.1. Hall algebras. For objects M, Ny,...,N; € A, let g]]‘\ffl___Nt be the number
of the filtrations
M=MyDMD...2M;_12M;=0

such that M,;_,/M; = N; for all 1 < ¢ < ¢. In particular, if t = 2, g%]\,z is the
number of subobjects X of M such that X = Ny and M/X = N;. One defines the
Hall algebra $H(A) to be the vector space over C with the basis [M] € Iso(A) and
with the multiplication defined by

[M]o[N] =" girnIL].
(L]

By definition, it is easy to see that for each 1 < i < ¢,

M M X Y M
INy..N, = ZgNl...N,;_ngN,;...N,, = ZgNl...N,;gYNH_l...N,,'
[X] (Y]

For any M, N € A, define
(M, N) := dimy, Hom 4 (M, N) — dimy, Ext’y (M, N).
It induces a bilinear form
() K(A) x K(A) = 7,
known as the Fuler form. We also consider the symmetric Euler form
() K(A) x K(A) = 7,

defined by (o, 8) = (o, 8) + (B, ) for all a, B € K(A).
The twisted Hall algebra $),,(A), called the Ringel-Hall algebra, is the same vector
space as $)(.A) but with the twisted multiplication defined by

[M][N] = o) [M] o [N].
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We can form the extended Ringel-Hall algebra $(A) by adjoining symbols K, for
all @ € K(A) and imposing the relations

(2.1) KoKpg=Kaip, Ko[M]=0vM  [M]K,.

Green in [3] introduced a (topological) bialgebra structure on $¢(A) by defining
the comultiplication as
ALK = Y oMW L MK, ®[N]K, for any L € A, o € K(A).
[M],[V] a
The fact that A is a homomorphism of algebras amounts to the following crucial
formula.

Theorem 2.1 (Green’s formula). Given M, N, M’ , N’ € A, we have the formula

1
(2.2) apMaNGM AN Z ININIR N ar
(]
|Ext (A, B")| "N
" iy TG, B[ e a0kt g
[A],[A7),[B],[B'] ’

2.2. Heisenberg doubles. Let A and B be Hopf algebras, and let ¢: AxB — C
be a Hopf pairing. The Heisenberg double HD(A, B, ) is defined to be the free
product A * B imposed by the relation (with ¢ € A and b € B)

bxa= Zap(ag,bl)al * b,

where (and elsewhere) we use Sweedler’s notation A(a) = > a1 ® as.
There exists a so-called Green’s pairing po: H5(A) x H(A) — C defined by

v(aMB)

Po([M] Ko, [NKs) = 0 )~ —

which is a Hopf pairing.

Now let us apply construction of the Heisenberg double to Ringel-Hall algebras.
Let H(A) (or H~(A)) be the Ringel-Hall algebra $¢(.A) with any [M]K, rewritten
as uj, KI (or py, K5 ). Thus, considering A = H~(A), B = H*(A) and ¢ = o, we
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obtain the Heisenberg double Hall algebra, denoted by HD(A). By direct calcula-
tions, we give the characterization of HD(.A) via generators and generating relations
(with o, 8 € K(A) and [M], [N] € Iso(A)) as follows (cf. [5]):

(2.3) papndy = > v Nglnt,
L]
parin = oM Mgk v,
L]
(2.4) Kruf, = o M)u"’ K,
Ko iy = v K
(2.5) KiKy =K, g
KiK; =v P K K],
(2.6) K piyy = i Ko
Ky phy = v @Dy i
(2.7) phiy = Y v <N VXTI K o oy ik,

(X],[Y]
where (and elsewhere) y3y = axay /apan Y. argVg¥; .
(L]
Similarly, one defines the dual Heisenberg double Hall algebra HD(A), which is
given by the generators and generating relations (with a, 8 € K(A) and [M], [N] €
Iso(A)) as follows:

(2.8) viavh = ZU<M’N>QJ%4NZ/Z,
(£]
VyVn = ZU<M’N>QJ%4NZ/Z,
(£]
(2.9) Krvif, = oMyt cf
o ). — e
Koy =o' @Mys Ko,
+E £
(2.10) KaKs =Koip:
Kiky =v(@OK KL,
(2.11) Kyvi; = viKy,
Kivy, =v~ (e 3) v K,
(2.12) VNV = Z pN-¥.¥-X) }G?&ICAiAZ/;Z/Y
(x1,[v]

2.3. Drinfeld doubles. Let A and B be Hopf algebras, and let p: Ax B — C
be a Hopf pairing. The Drinfeld double D(A, B, ¢) is defined to be the free product
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A % B imposed by the relations (with a € A and b € B)

(2.13) Z pla1,b2)by *x ag = Z (ag,by)ay * by.

Applying construction of the Drinfeld double to the Ringel-Hall algebras H~(.A) and
H™(A), we obtain the Drinfeld double Hall algebra denoted by D(A), which is defined
by the generators and generating relations (with a, 8 € K(A), [M],[N] € Iso(A)) as

(2.14) Wiy = Z o) gMNwz_v
(L]
wywy = Y oMM gy,
(]
(2.15) HFwh, = v @Myt ot
A wyy =veMer e
(2.16) HEHG = H
KA = Ay AT
(2.17) Ky, = v @My gt
K wi = o= (@ M)+ e s
(2.18) Z (M=% M- N> e NAT Awyw;g
[(X1,[v]

_ M-X,N-M)_ YX +
= Z o' >7NMJ£C\ LWxWy

(X1,[Y]

3. KASHAEV’S THEOREM: HALL ALGEBRA PRESENTATION

In this section, we prove Kashaev’s theorem (see [6], Theorem 2) in the form of
Ringel-Hall algebras. There are some similar constructions in [4], but they are not

so natural.

Theorem 3.1. There exists an embedding of algebras I: D(A) — HD(A) ®
HD(A) defined on generators by

+ + oot + My, M) AMLOAMy M gt +
K KoK, wi— Z (M1, Mz) P ngMQuMlK@@yMQ,

[M1],[M2]
a a
K KL @Ky, wye Y v %g%%u;ﬁl ® Vi, Ky -
[M],[Me] M
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Proof. In order to prove that I is a homomorphism of algebras, it suffices to
show that the relations from (2.14) to (2.18) are preserved under I. We prove only
the relations (2.14) and (2.18), since the other relations can be easily proved.

For the first relation in (2.14),

ar,,ay,
ZU<M,N>9§4NI(OJ‘LF) = Z v<M’N>+<L1’L2>fgz\L/ngﬁlLQﬁ‘ZlKi: ® VZZ,
(L] (L)L), (La] L
(%) I(WJJ\QI(OJ]J\F]) = Z 1)<Ml,1\/12)4-(1\7171\72)aj\/llail‘/ba]\haN2
aya
(M), (Ma] (V][N ME
M N + ot o+ et + o+
X I Mo 9Ny No P, B i B, Ky ® Vi, Vi,
= Z ’Uxo —aMl aM2 aNl aN2
apran

[M1],[Mz2],[N1],[N2]

M N o+t Rt +
X IMy M INL N H g BNy K@HVQ O Vp, VN,

el AN, AM; AN, AN,

[My], (Mo, [N1] [Na], (4], [ 2] AMAN

M N Ly Lo + + +
X INMa IN NN N, IV N L, KT B Vs

where zg = <M1,M2> + <N1,N2> + (MQ,Nl) and 1 = <M1,M2> + <N1,N2> +
(M3, N1) + (M7, N1) + (M2, No). For any fixed L1, Lo, noting that in (x) M =
M1 + MQ, N = N1 + NQ, Lz = M,L' + N,L' for i = 1,2, we obtain that xr, =

(M,N) + (L1, Ly) — 2(My, N3). Thus, by Green’s formula, we conclude that

21 OM1OM AN ANy Af N Ly Lo
v M M>9IN N9 My Ny IML N,
. aman
(M],[N:],i=1,2
_ (M,NY+(L1,Ly) YL @Ly [ L
= E v —— 9MuNIL. L,
ar,
[L]

and thus

Hwi)I @) =Y v Mgl nI(w).
(2]

Similarly, we can prove that the second relation in (2.14) is also preserved under I.
Now, we come to prove that the relation in (2.18) is preserved under I. First of
all, substituting 'y]\)?;, = (axay/apan) Eang/IXg{yL into (2.18), we rewrite (2.18)
(L]
as

Z U<L’M7N>GXGYGLQ%(Q%JJK{(JJ;W}
[(X],[Y],[L]

= > oV Maxayarg¥ely A7 wker
(X][Y][L]
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On the one hand,
LHS := Z (.M axayaLgLXQYLI(%/ )I(W;)I(W;_()
Y],

= Z vyoa‘Xla’Xza‘YlaYzaLgngi((ngg}}%YlggLKf_/
[XT,[YT,[L],
[Y1],[Y2],[X1],[X2]

-t Kt — = K=t
Xy, ix, K5 @ Kooy, Ko vy,

= Z ¥ ax,ax,0y; aYzang/IXleg{/v'zYlLKfT
[L],[X1],[X2],[Y1],[Y>]
- +
Xlu’Yllu‘XlK ®’Cy+L YQVX27
where
yo = (L, M — N) + (X1, Xa) + (Y2, V3)
and
y1 = yo — (Y1,Y2) = (L, M — N) + (X1, Xo) — (Y3, Y2)
By (2.12),
_ Yo—B,B—A)_BA —
Vyzl/;gz = Z p{Y2=B, >7Y2X21C;§2_§1/1{1/B
[A,[B]
O B_Ayasaapac
- Z G A>a7930/239142 K VAVB
[AL[BL.[C) X2 0¥
Thus
LHS = Z v?arax, aAaCaBaYlgyXlAngBYlL
[L],[X1],[¥1],[A],[B].[C]
% Kf“i”Xl KA+C ® ’C; +LICCVA VB
= > v aLax,aAacapay, g1 x, ac9OBY; I
[L],[X1],[¥1],[A],[B].[C]
- - + +
X KZ“Y1“X1K2+6 ® K% I/AVBICY P
where

PN o~ ~ -~

yo =y +(C,B—A) = (L, M — N)+ (X1,A+C) — (Y1,B+C) + (C,B — A)

~

ys = (LM —N)+ (X1, A+C) - Y1,B+C)+ (C,B— A+ (L+Y1,B+0O).



On the other hand,

RHS = 3 o5 Mayayargly ol [06) 1w (wy)
(X1.IY],[L]

_ 20 X M N Y
= E V7ax,0X,0y,0Y,0L9X, x,9XLILY 9Ya 1

[(X1],[Y],[L],
[X1],[X2],[Y1],[Y2]

+.+ - +.,+ - K=
x K2 ule)?zuyl ® K2 VXQVYJC}A/I
z M N
= Z VT ax, 0x,0y,0Y, ALIX, X, LILY,Y:
[L],[X1],[X2],[Y1],[Y2]

+ —
X KX +LMX1,uY1 ®ICA1/X21/Y2/C

—~

where 29 = (L, N — M) + (X1, Xo) + (Y, Y1) and 2, = 2 — (X1, X3) = (L, N — M) +
<Y2,Y1> — <X2,X1>. By (27),

oy, = S o BAPIAR Ko
[A],[B]
=y apsapac — —
_ Z (G A= >mgg;‘g§cz(6u3uj;.
[A],[B],[C] Y
Thus
RHS = > VR aCaAaX,aL0y,ABIS X, LIy, BO
[L],[X2],[Y2],[A],[B],[C]
x K)J; +LKCMB‘UA © K7 VX2VY2’C1;+C
= Z v 3acaAaX2GLGYQGBgé’/IAX2Lg£VYQBC
(L],[X2],[Y2],[AL[B],[C]

Jr
X KAMB:UAKX N ® K< Z/X2 Y2K§+c’

where 2 = 21 +(C, A—B) = (L, N—M)+(Ys, B+C)— (X5, A+C)+(C,A-B) and

— (L, N— M)+ (Ys, B+C)— (X2, A+C)+(C, A= B)+ (L+ X5, A+C. Identifying
L, X1, A, C, B, Yy in LHS with C, A, X5, L, Y2, B in RHS, respectively, we obtain
that y5 = (C, M — N) + <A X;+L) = (B, Yo+ L) +(L,Yo = Xo) + (B+C, Y2+ L),
Noting that in RHS M~ N = X -V = (X; - Y1)+ (Xy - ¥3) = (A= B) + (X, - Va),
we have that

y3_<67;[_§>+<6,A2>_<6,A2>+<27)?2>+<A\,E>_<B\7§'2+E>
+(L,Ys — Xo) + (C,L) + (C,Ya) + (Y2,C) + (B, Y3 + L) + (Y2, B) + (L, B)
+ (A, L) + (LY.
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23 =(L,B) — (L, A) + (L,Ys — Xo) + (Yo, B+ C) — (X5, A+ C) + (C, A — B)
+(C,L)+ (L, A + (A, L) + (X0, A+ C) + (A+ C, X,)
=(L,B)+ (L,Ya — X3) + (Y5, B+ C) + (C,A— B) + (C,L) + (A, L)
+<E—|— A,X’g) = y3.

Hence, LHS = RHS and we have proved that [ is a homomorphism of algebras.
Since D(A) =2 H*(A) ® H™ (A) as a vector space and the restriction of I to the

positive (negative) part is injective, we conclude that I is injective. Therefore, we

have completed the proof. O

4. APPLICATIONS

In this section, we apply Theorem 3.1 to Bridgeland’s Hall algebras of m-cyclic
complexes and derived Hall algebras.

4.1. Bridgeland’s Hall algebras. Assume that .4 has enough projectives,
Bridgeland’s Hall algebra of 2-cyclic complexes of A was introduced in [1]. Inspired
by the work of Bridgeland, for each nonnegative integer m # 1, Chen and Deng in [2]
introduced Bridgeland’s Hall algebra DH,,,(A) of m-cyclic complexes. For m = 0 or
m > 2, we recall the algebra structure of DH,,, (A) by [17] as follows:

Proposition 4.1 ([17]). Let m = 0 or m > 2. Then DH,,(A) is an associative
and unital C-algebra generated by the elements in {epr;: [M] € Iso(A), i € Z,,}
and {K,,: o € K(A), i € Z,,}, and the relations

Ky jKoi,  i=j+1,
(4.1) KoiKgi =Kaysi, KaiKpj= U_((y76)KB,jK(y7i, i=m—1+]
Kp jKai; otherwise,
e, i Kais i=7,

(42) Ka,ieM,j = Uf(a’M)CMJ‘KQ’i, 1=m-—1 +j,

p(M)

em,;j Ko, otherwise,
(4.3) €M ,ieN,; = ZU<M’N>QJ%4N6L,ia
(L]
(4.4) EM,i+1€N,i = Z U<M_X’X_Y>’71)\(4§/VK1\7_)?71'€Y,%‘6XJ+1v
(X1.[v]
(4.5)  emqenj=enjemq, (—j#0,1orm—1.
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Corollary 4.2. Let m =0 or m > 2. Then for each i € Z,,,
(1) there exists an embedding of algebras k;: HD(A) — DH,,(A) defined on gen-

erators by
K= Ko, K= Ko, Bl = emitt,  Bap = €M

(2) there exists an embedding of algebras f;: HD(A) < DH,,(A) defined on gen-

erators by

—_ Jr —
]C;t — Ka,ia ,Ca — Ka’iJrl, Vnr — €M, is Vpnp = €M, i+1-

Proof. By Proposition 4.1 the defining relations of HD(A) and HD(A) are
preserved under k; and K;, respectively, and we obtain that x; and %; are homomor-
phisms of algebras. According to [17], Proposition 2.7, we conclude that they are
injective. O

As a first application of Theorem 3.1, we have the following:

Theorem 4.3. Let m = 0 or m > 2. Then for each i € Z,,, there exists an
embedding of algebras v;: D(A) — DH,,(A) @ DH,,(A) defined on generators by

(M1, M) OM1AMy  pf

+
%—i_ = Ka,i+1®Ka,i; Wy E v an gM1M26M1,’L+1Kj/[\27i+1®6M2,’i

[M1],[M>]
and

(Mo, My) OM1AMs  pf

Ky Ko i®Kaip1, wyrr Y, v s IN My €M i QM i+ 1 7, iy

[M1],[M2]
Proof. For each i € Z,,, by the commutative diagram

<—>HD A) @ HD(A

A) @ DH,,

we complete the proof. O

Remark 4.4. As mentioned in Introduction, there is an isomorphism p:
D(A) — DHz(A), which is defined on generators by

E Fyr
+ — —
wM»—>—aM, wy = ——, Ko Ko, K K

anr
where the notations Eyr, Far, K, and K are the same as those in [16]. Hence,
Theorem 4.3 establishes a relation between Bridgeland’s Hall algebra of 2-cyclic

complexes and that of m-cyclic complexes.
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4.2. Derived Hall algebras. The derived Hall algebra DH(A) of the bounded
derived category of A was introduced in [12] (see also [14]).

Proposition 4.5 ([12]). The derived Hall algebra DH(A) is an associative and
unital C-algebra generated by the elements in {Z][\Z/}: [M] € Iso(A), i € Z} and the
relations

(4.6) 2078 = 3" ghyZl,
(L]

(4.7) 2l = S X)Xy gl gl
(X].[Y]

(4.8) Z][\Z}Z][\{] _ q(—l)’*qN,M)Z][\J]‘]Z][\i}, Y

According to [11], we twist the multiplication in DH(A) as
(4.9) 2 s ZU = (0" M) i

The twisted derived Hall algebra DHiy (A) is the same vector space as DH(A), but
with the twisted multiplication. In order to relate the modified Ringel-Hall algebra,
which is isomorphic to corresponding Bridgeland’s Hall algebra if A has enough
projectives, to the derived Hall algebra, Lin in [7] introduced the completely extended
twisted derived Hall algebra DHEE (A).

Definition 4.6 ([7]). The completely extended twisted derived Hall algebra
DHE (A) is the associative and unital C-algebra generated by the elements in {Z il
tw M
[M] € Iso(A), i € Z} and {K([f]: a € K(A), i € 7}, and the relations
(a,J\/Z)Z[i]K[i] = —1.0
X . . (% a, 1 s Uy
410) KUK =gl o glizlh =" M
( ) a8 ath oM ZJ[C}K(@, otherwise,
(411) KUK = v(a’ﬁ)KEKg“], ‘K([j]K[Bﬂ =KJ KD i g > 1,
pole M) ZiR gl -y — 10,
Z][\iju K([f] , otherwise,
p(e ) gt gl —

Z][\i[_qu], otherwise,

i i+1
(4.12) KLzl

i i—1
(4.13) Kzl ]—{

For any |i — j| > 1,
vV @D ZU el i — g and [j] > 1,
(4.14) Kzl = L0 @l U el G = g and |j 41 > 1,

Zj[\jl K ([li] , otherwise,
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(415) MZ['L] Z,U (M,N) L [Lz]’

@16)  zZy Nz = T o MmN 20 2,
[ 1LY
417)  ZiZ0 — TN ZE ZE s,
Remark 4.7. In Definition 4.6, we have employed the linear Euler form, not the
multiplicative Euler form used in [7]; K, ([J] and Z][\z/} here are equal to K([l_z] and Z][V_[z]
in [7], respectively.

Now we reformulate Theorem 5.3 and Corollary 5.5 in [7] as follows:

Theorem 4.8. Assume that A has enough projectives. Then there exists an iso-
morphism of algebras ¢: DH{S (A) — DHo(A) defined on generators (withn > 0) by

Z% s epro, KM e Ko,

n—1

n
n M.M -n —n{M,M
ZJ[\/I] — ’Un< ? >6M,n H K(—l)iﬁ,n—i’ ZJ[\/I ] = v (M, >6M7_n H K(—l)HlJ/\/f\,i—n'
i=1 =0

Remark 4.9.
(1) The inverse of ¢ in Theorem 4.8 is the homomorphism ¢~ ': DHo(A) —
DHE (A) defined on generators (with n > 0) by

eM,O’_>Z][\3]; Ka,nHKgl]v

n—1 n
eMn U—n<M,M>ZJ[\Z} H K(q)wiﬂﬁ,y M —n Un(M7M)ZJ[\;n] H K(—wmﬁ,—i-
=0 =1

(2) Theorem 4.8 establishes the relation between Bridgeland’s Hall algebra of
bounded complexes over projectives of A and the derived Hall algebra of the
bounded derived category D’(A). In other words, one can realize the derived

Hall algebra via Bridgeland’s construction.
As a second application of Theorem 3.1, we have the following
Theorem 4.10. For each i € 7, there exists an embedding of algebras @;:

D(A) — DHEE(A) @ DHE (A). Explicitly,
(1) ifi = —1, ¢, is defined on generators by

ji/(;F — K&O] ®K([y71], w[\-‘,—/[ — Z (M Ms) a AN, g%lMQZJ[\?[]lK[ ] ®Z}[\4 ]K[ 1]

ans aM
Ay o Ko KD, oy o 30 oMm B g AU @ 2 K
[M],[Mo] am
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(2) ifi =0, p; is defined on generators by

o o+ (ML) ML OMy [1] 1] 70] [0]
A K oKD, wiie Y v ng%ZMleKM ® Zyp.»
[M1],[Mz] M
_ 1 — (M, M) OM.OMy  Af [0] (1] 7-[1] 7-[0]
% ,_)K[]@K[L wM|_>[ ]z[: ] 2 #gM2M1ZM1®ZM2K]/\Z1K]/M\27
M1 M2

(3) ifi < —1, ¢, is defined on generators by

A Kt o kU o= KU @ K
JF

CUM’—>
an,a iy 1) i TT el
L anan, z+1 i+1 i —j
Z v W M1M2 H K( 1)7+J+1M1KJ/\4\2 ®ZM2 HK(_l)H'jMQ’
[My],[M2] =
Wy
ap,a Rid
[y (i [i+1] ] [i+1]
Z Uy# M2M1Z HK L+JM ZM2 H K(*l)HjJrlM\zK]\/Zl ’
(M, (M) =

where x = (M, My — My) —i((My, My) + (Ms, Ms)) and y = (M, My — M) —
i((My, My) + (M2, Mz)).
(4) ifi > 0, p; is defined on generators by
A Kt o K0 o= o Kl @ K+
+

Wy —
o AM1 QM [i+1] [i+1]
Z (% v M1M2Z HK yi- JM1KM2 ®ZM2HK yi—i- 1M7
[M1],[Mz]
Wy
i—1
OM,OMy M (4] (4] [l+1] (4] Flit]
Z v¥ an gMlelenK( 1)i=i—10 Z HK —1)i=i M, M1 ’
[Mi],[M2] J=0

where x = (M, My — M) — i((My, My) + (M, Ms)) and y = (My, My — My) —
i((My, My) + (Ma, My)).

Proof. By the commutative diagram

D(A) Y DHo(A) ® DHo(A)

x\ g\L¢1®¢1

DH (A) @ DHE (A)
we complete the proof. O
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