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Abstract. We consider a biharmonic problem Ay, = fu with Navier type boundary
conditions uy, = Au, = 0, on a family of truncated sectors g, in R? of radius r, 0 < r < 1
and opening angle w, w € (2n/3, ] when w is close to n. The family of right-hand sides
(fw)we(2r/3,7] is assumed to depend smoothly on w in L%(Q). The main result is that u,

converges to ur when w — 1 with respect to the H?-norm. We can also show that the
H2-topology is optimal for such a convergence result.
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1. INTRODUCTION

We are interested in a family of Navier boundary value problems of the following
type. For €, an open polygonal convex set in R? and f,, € L?(€),,) given, we search
a (unique) solution u,: Q, — R to the problem

A2y, = fo in Q,
(Pu)

u=Au, =0 on 99,.

The proposed problem may describe the behaviour of a hinged plate coming from
linear elasticity in planar domains with corner type singularities. The question of
existence, uniqueness and regularity of the solution of such problems with differ-
ent boundary conditions has been addressed by many authors in the literature,
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cf. e.g. Kondratiev [9], Blum and Rannacher [1], Grisvard ([7], [8]), Maz’ya ([11],
[10], [12]), Nicaise ([14], [15], [13]), Dauge ([4], [5], [2]), [3], Stylianou [16], Tami
([17], [18]) and others.

Thanks to localization techniques similar to Chapter 7 of [8] or Chapter 2 of [17],
one can assume that the given open polygonal set €2, is a conic sector of Bi(0)
with opening angle w € (2n/3, 1], where w is defined uniquely up to rotation. The
solution u,, of problem (P,) in €, associated to a right-hand side f, € L?(€,)
exhibits a singularity at the origin 0 whose effect is to limit the regularity of w,,,
expressed in the scale of Sobolev spaces H?(€),) of order ¢ < 1 + n/w. In contrast,
when w = 7, the solution u, belongs to H4(€2;). Therefore, there is a jump in Sobolev
exponents describing the regularity of solution when w — m on the side w < 7, i.e.
maintaining {2, convex at 0.

Assumption 1.1. The family (fu)we(2r/3,7 is assumed to satisfy the following

convergence relation:

lim [ fo = frll 22y = 0-

The main goal of this paper is to prove under Assumption 1.1 and the convexity
of Q,, the convergence in H2-norm of u, to u. as w tends to = in the sense that

Jim [Juy, — vzl g2 (0,) =0
<
Since 1 + n/w tends to 2 for w close to w, this topology is expected to be the best
possible in that sense. To the best of our knowledge, very few authors have addressed
this question in the biharmonic case, while most other works in the literature only
consider second order problems.

Recently, in [18], we described the singularities of solutions of such problems locally
in the vicinity of the corner and we gave uniform estimates with respect to the angle
parameter w close to © which is analogous to a Taylor expansion of u, near 0 that
converges to the Taylor expansion of u;. If w < =, it is known cf. [18], [17], [1]
that the solution of this problem wu, decomposes in the vicinity of the origin as
Uy = Ul + U2, + U3, Where u; o, U2, are the singular parts of u, and us,, is
the regular part. More precisely, in the vicinity of the origin, u,, € H?(€,) for all
0 < 1+ n/w, while for w = =, the solution u, enjoys H* regularity on €.

An unpublished version of the result presented here, the proof of the H? conver-
gence, was completely achieved via a Fourier series technique in Chapter 4 of [17]
with the inconvenience of being tedious and quite technical. In addition, the method
was based on explicit estimates of Fourier coefficients of the solutions, hence making
it specific to the biharmonic operator. In the present paper, we give a different and
simpler version of the proof which is possibly applicable to other elliptic operators.
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The main tools are based on explicit estimates of the trace h,, of u; on the bound-
ary 0f),, which allows one to construct a suitable extension with desirable properties
in order to compare u, and u, on the whole of €2,,. The convergence result follows
thanks to the control of the maximal regularity of the Laplacian on convex domains.

The paper is organized as follows: In the second section, a problem setting is
presented on a truncated sector configuration with Navier type boundary conditions.
There, some definitions and a reasonable set of preliminary lemmas are given in order
to characterize some useful properties of traces and extension operators on radial
boundaries of a sector with explicit estimates with respect to to the opening angle w
close to n. Moreover, the extension operator is given explicitly in a very simple way,
provided some extra regularity on the traces. The third section is the main one,
where we give the proof of convergence theorem in the best expected topological
space, based on an additional lemma which describes the behaviour of solutions wu,,
at a nearly flat boundary with respect to the energy norm, highlighting that this
method takes partial advantage of the extra H* regularity of the solution u, on the
regular domain 2. Concluding remarks and future works are discussed in the last
section.

2. PROBLEM SETTING AND PRELIMINARY RESULTS

Let (Qw)we(27/3,x) denote a family of conic sectors of B1(0) in R? with an opening
angle w, and define the family of problems (P,) where f, € L?((,) is assumed
to depend continuously on w according to Assumption 1.1. Since Navier boundary
conditions are considered in a convex (Lipschitz) domain, it should be mentioned
that the notion of a solution to problem (P,) is understood in the sense of Chap-
ter 2.3 of [17] or equivalently Chapter 2.7 of [6] by solving a system of two Poisson’s
equations.

In polar coordinates (x = rcosf,y = rsin @), cf. Figure 1, we will use the following
notation such that 9Q, =T+ UC,, U E designates the closed boundary of €,

Q, ={(x,9); 0<r<1,0<0<w}, TT={(z,9); 0<r<1,0=0},

Co={(z,y); r=1,0<0 <w}, I, ={(z,9); 0<r<1,0=uw}

Trace spaces such as H*(T',,) are defined straightforwardly as follows. Let us
denote by J, := (cosw,sinw) the unit vector on I', as in Figure 1 and for any
¢ € D'(T;) define ¢ € D'(0,1) by the relation ¢(r) := ¢(rd,) for all r € (0,1).
Thus, for any real s, we set

H*(T5) ={¢€D'(T;); o€ H(0,1)},
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(cosw, sinw) =4,

Figure 1. The sector Qu, 21/3 < w <

endowed with norm ||| 7. 2 == ¢/l z(0,1)- In particular, integer order spaces such
as H™(T')) can be defined straightforwardly, i.e., a function ¢ defined on I'; belongs
to H™(T',) if and only if ¢ and all its tangential derivatives on I';, up to order m
are in L2(T').

Since the trace on I';, of a function in H}((2,) is not necessarily zero, we will need
to define the following space:

H(il“; (Qw) = {¢ S Hl(Qw)a ¢|BQW\E = 0},

which can be identified with the space of restrictions to ,, of functions in Hg ().
In particular, we will show that the semi-norm defined by [|[V? - [|12(q,) (V? de-
notes the Hessian matrix) is a norm on H?(€,,) N Hé - (92, equivalent to the norm
H?(€,,) with explicit control on the constant C'(w) with respect to w € (0, 2x]. More
interestingly, it will follow in the convex case w € (0, ] cf. Chapter 2.3 of [16] that
the Laplacian of a function is a norm on the space H?(€,) N H}(€,) with namely
the same explicit control on the fundamental norm inequality for the Laplacian with
respect to w € (0, .

In polar coordinates, we will denote by G(r, ) := G(r cos 6, rsinf), recalling that
H™(Q,,rdrdf) is defined as the space of functions G € L?(Q,,r dr df) such that

1 oG
rh2 Ofk2

2 A
€ L*(Q,rdrdd) and W(

1 gtk
k2 9rki 9gk:

) € L*(Qu,, rdr o)
for all kq, ko satisfying 0 < k1 + ko < m. It follows that functions G € Hér— ()
satisfy in this coordinate system G € H'(f,,rdrdf) and G(r,0) = G(1,0) = 0 for
all 7 € (0,1] and 0 € (0,w).

Lemma 2.1. Let w € (0,27n]. Then for all u € H?(£,) N H&_F, (Qw),
(2.1) lull f2(0,) < C@)V?ullz2(0,)-
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If w € (0,7, then for all u € H*(Q,,) N H} (W),

(2.2) lull 720,y < CW)|AullL2(q,)s

with C'(w) = v/1+ (1 +w)2.

Proof of Lemma2.1. Let u € H?(£,)N Hé - (©20). Then in polar coordinates
the trace a(-,0) lies in H3/2(0,1) < C*([0, 1]) and satisfies, for all r € (0, 1),

a(r,0) = %(r, 0) =0.
Hence,
0 o_
ir.0) = [ G0 do.

ou " 9%

E(T, 9) = A m(’r, Oé) dOé,
and with the help of Cauchy-Schwarz inequality one deduces the following inequali-
ties:

w 1 w 1 — 2

(2.3) / / \a(r, 0)|?r dr df < w/ / ‘@(r, 9) rdrdo,

(2.4) /Ow/ol}%(r,e)frdrde / /}aaa rdrd@.

The first inequality (2.3) yields the classical Poincaré’s inequality

(2.5) lulliz,) < wIVullizg,)-

On the other hand, the trace @(1,-) lies in H%/2(0,w) < C*([0,w]) and satisfies for

all 6 € (0,w),

ou
@(17 9) -

10u ! 1 0u\, , ,
;@(T’Q)__/T ar' (r 89)( 0)drs

and by the same argument of the Cauchy-Schwarz inequality one obtains

10u lau
. < .
(2:6) / / ‘7“89 rdrd@ / / ‘87“ r89 )‘ rdrdf

u(1,6) =

It follows that
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Taking the sum of (2.4) and (2.6), one obtains the second Poincaré’s inequality of
higher order type

(2.7) IVulliz (o, < @+ DIVulizq,)-
It follows from inequalities (2.5) and (2.7) that

(2.8) lullfrzo,) = lullZai,) + IVulizq,) + IV2ulli2q,)
< (14 (1 +w))IV2ulli2 )

for all u € H2(Q) N H&_F; (€2,), which gives inequality (3.3).

Finally, assume u € HQ(QM) N H}(Q,) and w € (0,n]. Then the Laplacian in-
equality (3.4) follows immediately, thanks to the fundamental convexity estimate for
the Laplacian (operator) ||V2U||L2(Qw) < |Au||p2(q,,), cf. Chapter 2.3 of [16], where
the author’s proof was based on convexity, integration by parts in H3(Q,,) N H} ()
and a density argument. The proof of the lemma is finished. O

Remark 2.1. Estimate (2.5) is the classical Poincaré’s inequality obtained us-
ing only the fact that u € H'(f,) with the boundary condition v = 0 on I'T.
The higher order inequality (2.7) needs more regularity and a Dirichlet boundary
condition in another direction as C.,,.

Lemma 2.2. Let h, := Tr(2;) on T';, where z, € H™1(Q,;) N H} (), m > 0,
then for any integer k, 0 < k < m,

o dk hy(rdy) |2 L 2
(29) /0 T W (7“ )‘ d?"“‘/o ;‘th('f"éw)‘ dr S (T[_W)HZT[H?{WL‘Fl(QK).

In particular, one has
(2.10) }){g 1ol grm gy = O-

Moreover, if m > 1, then h,, € C™ (%) and hy,(0) = hy(6,,) = 0.

Proof of Lemma 2.2. Taking tangential derivatives up to order m along I',;, we
obtain in polar coordinates (r, ), for any k, 0 < k < m,

dk ak B T akJrl B
th(r(sw) - Wzn(rvw) - . mzm(ra 0) d@,
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since z; € H™TY(Q,) N H}(Q,) implies that all radial derivatives of z.(r,0) are
zero at @ = n. Thus, thanks to the Cauchy-Schwarz inequality and the fact that
2, € H™T1(Q,), for all k < m we obtain the first estimate

(2.11) /OT\W (rw)‘ (n—w

Similarly, we have

d¥ hy(ré,)  OF zZ.(r,w) 10
drk ok / ark (r ('%))ZT[(T 6)dé,

1 akJrl
kg T

9)‘ rdr df.

and by the same arguments above one obtains for all k£ < m the second estimate

(2.12) /1 g:k_ (r, w)‘ (- w

r’f r89 zr(r 9)‘ rdrdf.

Then relation (2.9) follows by summing inequalities (2.11) and (2.12). Henceforth,

forall k, 0 < k < m,
k

2
—hw(réw)‘

i
Sl drk L2(r3)

wW—rT

:0,

i.e. (2.10) holds.

The last assertion is a direct consequence of Sobolev’s embedding theorem
H™(T;) < C™~Y(T') with m > 1 and the fact that z, € H™(Q,)NHE () which
yields z, € C°(2,), in particular h,(0) = Z.(0,0) = 0 and hy,(0,) = Z:(1,w) = 0.
The proof of the lemma is finished. O

The following lemma gives a weaker version of the existence of extension operators
for traces on I';, of functions at least H?(2,)NHg (). The interest in such a lemma
lies in the fact that the solution u, of our problem in 2, has an extra regularity of H*,
keeping it useful and powerful in the proof of the main result.

Lemma 2.3. Let w € (0,7, if g, = Tr(2;) on T, and 2, € H™1(Q,) N H3(Q,),
> 1, then the function G,, (extension of g, to €),,) defined in polar coordinates by

0

Cu(r,6) = 5ulr)
has the following properties:
(i) Tr(Gu) = g on T, and Gy, € H™(Q) N H | (Qw).

(ii) There exists a constant C'(m) > 0 dependent only on m, such that

T —Ww
(213)  [Gullima) < COm(wlgulZm o)+ lzelBrmsncan) )
(2.14) Uy?nqc |Gl 0y = 0.
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Proof of Lemma2.3. By definition of G, and using Lemma 2.2 with m > 1, we
obtain g, € HY(I') — CO(I‘w) and evidently Gy, (r,w) = gu(r), G, (r,0) = 0 for all

€ (0,1] and G,,(1,0) = 0 for all # € (0,w); hence G, € H&_F; (€2,) which finishes
the proof of (i).

We also have, for any k, 0 < k < m, where 62 /w? is estimated by 1,

dk
o //‘W )] rarat < /\ O < ol
1 1
1 oF _/ = 24 i k=1,
(2.16) //‘k(‘?@k )‘ rdrdd=<{ wJ, r|9 (r)fdr i
r 0 ifk>2

For the cross derivatives, we need to consider only those which are first order with
respect to 6, since all second-order #-derivatives vanish identically. So, for any inte-
gerk, 0 <k<m-—1,

Lo o 1 (1 1d*g,(r)
(2.17) //‘r@rkae 7"9)‘ rdrdg’a/o F‘ ark ‘
2 1t dr gu(r) 2
(2.18) / /’87"’“ 7"(99 (7“,9)’ rdrd@—;/o Ul i ’

Henceforth, since g, = Tr(z;) on T';, and 2, € H™H1(Q,)NHE(£,), then by applying
Lemma 2.2 to the right-hand sides of (2.16), (2.17) and (2.18) and summing the
resulting inequality with (2.15) for all values of k = 0,1,...,m, one obtains (2.13).
Finally, (2.14) holds thanks to Lemma 2.2 using (2.10) by passing to the limit in (2.13)
as w — 1 and the proof is finished. O

3. THE MAIN RESULT

We consider the family of problems defined in the previous section (P, )we(27/3.75
and we assume that f,, depends continuously on w according to Assumption 1.1.
Then, the following theorem is optimal with respect to the Sobolev exponent. How-
ever, it should be pointed that u,, and u, have different domains of definition which
justifies the notion of convergence below with respect to norms defined on different
Sobolev spaces H2(),) as w tends to .

Theorem 3.1. Let u,, the family of solutions to problems (P,), w € (2r/3, 1],
then
lim [luy — Uzl g2(0,) = 0.
wW—rT
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Notice that the restriction of u, — u, is actually in H 2(Qw) and not necessarily
in H?(Qy,) N HJ(€y,) since one does not necessarily have u, = 0 on I';;. We will
make use of the following lemma which first gives a (weaker) convergence result of
solutions u,, of problems (P,) as w — 7 with respect to the energy norm.

Lemma 3.1. Let u,, the family of solutions to problems (P,,), w € (2r/3,n]. Then
(3.1) Jlim Aty — Aug gra,) =0,

(3.2) ul;lglr [t — vzl m1(0,) = 0.

Proof of Lemma 3.1. We set v, := Au,, and v, := Au,. These are solutions of
the two following problems:

Av, = f, € L*(Q,) in Q,
(3.3)

v, =0 on 0,

Av, = f. € L?(Q;) in Q,
(3.4) f (Q:)

vy =0 on J9);.

If we use the same notation of a function defined on 2, and its restriction to €2,
then one has on Q:

Av, = f. € L*(Q,),
(3.5) v =0 on 99, \ T,

Ur = Gu onI',,

where g, = Tr(v;) on I'. Since u, € H*(€), then v, € H%(Q;) N Hi(Q,) and
Lemma 2.3 with m = 1 gives an extension of g,, to ), in polar coordinates G, (r, §) =
Ju(r)0/w, such that G, € H} () and

(3.6) Jim [|Go | (a.,) = 0.
<

We deduce by comparison of trace operators that v, — v, — G, € Hg (). On the
other hand, using (3.3) and (3.5), vz — v, — G, is a weak solution of the following
Dirichlet problem with homogeneous boundary conditions:

AD, = fr — fo — AG, inD'(Q,),
@w = O on aQw.

391



Hence, for any test function ¢ € D(£,),
/ V(UK—UW—GW)'VQOdJ):/ (frt_fw)@dx_/ VGvade
Qw Qw Qw

By density this last equality holds for ¢ in H}(€,), since f, — f., and VG, are in
L?(£,,). Thus, choosing ¢ = v, — v, — G, and using the Cauchy-Schwarz inequality,
we obtain

(B7) V(0 = v = Gtz < I1fs = fullzziu) lvx = v = Gull2.)
+IVGullr2 @ IV(x — v = Go)llz2 (o)

Following the lines of the proof of Lemma 2.1 and Remark 2.1, we have by the
Poincaré’s inequality (2.5),

(38) ||’Uw — VUp — GwHLz(Qw) < \/O_JHV(’Uw — Up — Gw)”L?(Qw)'

Thus, (3.7) implies

[V(vz — v — Go)llL2(00) < VWl fz = fullzion) + IVGull2a.)-
It follows thanks to (3.6) and Assumption 1.1 on the sequence (f,,). that

(3.9) lim |V (v — vz — Gu)llz2(0,) = 0.

wW—T

Therefore, (3.8) and (3.9) yield

(3.10) lim |lvy —ve — G|l a,) =0

wW—rT

and by the triangular inequality

[lvs — vw”Hl(Qw) < lvg — v — Gw”Hl(Qw) + ”GwHHl(Qw)v

the proof of (3.1) follows thanks to (3.10) and (3.6).
Similarly, the second assertion (3.2) can be proved by applying the same arguments
to u,, and u, which are solutions of the second-order elliptic homogeneous problems

{ Auy, = v, € L3(Q,) in Q,,

Uy =0 on 0,
Au, = v, € L?(9;) in Qg
ur =0 on 09,
which completes the proof. O

392



Proof of Theorem 3.1. Let h, be the trace of u, on T',. Since u, € H*(2;) N
H(Q,), then Lemma 2.3 with m = 3 provides us an extension H,, of h,, to Q, in
polar coordinates H,,(r,0) = h,(r)f/w, such that H, € H3(Q,) N Hé o (€%,) and

(3.11) Jim [ Hy, || 3 0,) = 0.

<
In particular u, — (ux — H,,) € H*(Qy,) N H}(,) and since w < 7, thus Lemma 2.1
gives us the elliptic inequality for the Laplacian

(3.12)  luw — us — Hy) || 2y < C(w)]| Aty — Atz + AH, || 12,

<C
< OW)]|Auy, — Augl| 20,y + CW)|AH || 120,
S CW)l[Aue, = Augl| 2. + CW)[[Holl #3 @),

with C(w) = /1 + (1 + )2 as w — w and the proof is finished thanks to Lemma 2.3,
equation (3.1) and relation (3.11). O

Remark 3.1. In the proof of the main result in Theorem 3.1 we did not need
the extra regularity of H* of the solution u,. In fact, H> is enough to have the
convergence result of the extension H,, in H2-norm which is more than enough to
continue the proof with the estimate (3.12).

CONCLUSION

The main result given throughout this paper allows us to describe the local be-
haviour of solutions of a biharmonic problem posed in a polygonal convex open set
near approximately flat boundaries. The convergence result is given with respect to
the best expected topology, in our case the H?-norm which gives actually a justifi-
cation of the Taylor expansion as obtained in the former work [18]. Even though it
can also be obtained from [17], Chapter 4 with different and more involved explicit
computation via Fourier methods, the techniques presented here are new and may
possibly apply to other operators as well.

Following Remark 3.1, it will be also interesting to consider the case of a more
general right-hand side f € H~! provided that one gives the right sense to the Navier
boundary conditions. Nevertheless, the authors claim that the optimal topology for
the convergence result becomes H' since for w < n the solution u, of the biharmonic
problem (P,) will have at most a regularity H? for o < n/w.

The case of non convex domains (w > 1) needs other techniques. Beyond Fourier
methods as in [17], the authors claim that techniques such as singular perturbation
methods and asymptotic analysis with respect to the angle parameter w close to =
may be powerful and more interesting to explore in forthcoming works.
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