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Abstract. Let K be a number field defined by an irreducible polynomial F (X) ∈ Z[X]
and ZK its ring of integers. For every prime integer p, we give sufficient and necessary con-
ditions on F (X) that guarantee the existence of exactly r prime ideals of ZK lying above p,
where F (X) factors into powers of r monic irreducible polynomials in Fp[X]. The given
result presents a weaker condition than that given by S.K.Khanduja and M.Kumar (2010),
which guarantees the existence of exactly r prime ideals of ZK lying above p. We further
specify for every prime ideal of ZK lying above p, the ramification index, the residue degree,
and a p-generator.
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1. Introduction

For every prime p of Z let νp be the p-adic valuation on Q and Fp the finite

field Z/(p). The Gaussian valuation of Qp[X ] which extends νp is defined by

νp

( l
∑

i=0

aiX
l−i

)

= min{νp(ai), 0 6 i 6 l}. Let K = Q(α) be a number field, where α

is a complex root of a monic irreducible polynomial F (X) ∈ Z[X ], ZK its ring of

integers, and ind(α) = [ZK : Z[α]] the index of the group Z[α] in ZK . If a prime

integer p does not divide ind(α), then a theorem of Dedekind says: The factorization

of pZK can be derived directly from the decomposition F (X) =
r
∏

i=1

ϕ̄i(X)li (mod p).

Namely, pZK =
r
∏

i=1

p
li
i , where every pi = (p, ϕi(α)), e(pi) = li is the ramification in-

dex, f(pi) = deg(ϕi) is the residue degree. Also, Dedekind’s criterion in [4] allows to

test whether p divides ind(α) or not. It is known that there exist number fields with

at least one prime integer p for which Dedekind’s criterion fails, that is, p divides
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the index [ZK : Z[α]] for all primitive elements α of ZK (see for example [1]). For

such primes and number fields it is not possible to obtain the prime factorization

of pZK by Dedekind’s theorem. An alternative approach towards obtaining the

factorization of pZK for these primes was initiated by Bauer in [2] using Newton

polygons. This method has been further developed by several mathematicians,

starting by Ore in 1923. In 2009, Khanduja and Kumar in [8] asked whether it is

possible to find a weaker condition in order to have exactly r prime ideals p1, . . . , pr
of ZK lying above p, with ramification indices, and residue degrees all as above.

In the same paper, they gave a weaker sufficient condition, a result which we state

in Section 3. Besides, in 1894, Hensel developed a powerful approach by showing

that the primes of ZK lying above a prime p are in one-to-one correspondence with

monic irreducible factors of F (X) in Qp[X ]. For every prime ideal corresponding

to any irreducible factor in Qp[X ], the ramification index and the residue degree

together are the same as those of the local field defined by the irreducible factor,

see [7]. The main goal of this paper is to give an improvement of the result given

in [8], by giving a weaker sufficient condition, which is also necessary to get exactly

r prime ideals p1, . . . , pr of ZK lying above p. A result which appears in our main

results: Proposition 3.2, Lemma 3.6 and Theorem 3.8. We further specify for every

prime ideal pi, the ramification index, the residue degree and a p-generator; i.e., an

integral element βi ∈ ZK such that pi is generated by p and βi.

2. Preliminaries

After Hensel’s work for every prime integer p the prime ideals of ZK lying above p

are in one-one correspondence with the monic irreducible factors of F (X) in Qp[X ].

Hensel’s lemma allows then to get the first step of the factorization of F (X) in Qp[X ].

First order Newton polygon techniques (Ore’s work) can be used to refine this factor-

ization namely, the theorem of the polygon and the theorem of the residual polyno-

mial, see for instance [6]. If all these techniques do not provide all irreducible factors

of F (X) in Qp[X ], then in 2012, Guardia, Montes, and Nart (see [6]) introduced

an alternative technique, namely high order Newton polygon. In each order, the

theorem of the polygon and the theorem of the residual polynomial could be used

again to refine the factorization.

Let p be a prime integer, ϕ ∈ Zp[X ] a monic polynomial whose reduction modulo p

is irreducible. Let Fϕ be the finite field defined by p and ϕ; Fϕ = Zp[X ]/(p, ϕ) and

red: Zp[X ] → Fϕ the canonical projection. For any polynomial F (X) ∈ Zp[X ], by

the Euclidean division by successive powers of ϕ, we can expand F (X) as F (X) =

an(X)ϕ(X)n+an−1(X)ϕ(X)n−1+. . .+a0(X); this is called the ϕ-expansion of F (X)

(ai(X) ∈ Zp[X ] and deg ai(X) < degϕ for every i := 0, . . . , n). The ϕ-Newton
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polygon of F (X), with respect to p, is the lower convex envelope of the set of points

(i, ui), ui < ∞, in the Euclidean plane, where ui = νp(ai(X)). The ϕ-Newton

polygon is obtained by joining all sides S0, . . . , Sg ordered by increasing slopes. We

express this construction as Nϕ(F ) = S0 + . . .+ Sg. Note that the sum here is only

a notation to express that the sides are joining in the order of increasing slopes. The

principal ϕ-Newton polygon of F , denoted by N+
ϕ (F ), is the polygon determined by

the sides of negative slopes of Nϕ(F ). For every i = 0, . . . , n, we attach the following

residue coefficient ti ∈ Fϕ defined by

ti =







0 if (i, ui) lies strictly above Nϕ(F ),

red
(ai(X)

pui

)

if (i, ui) lies on Nϕ(F ).

For every side S of N+
ϕ (F ), let l = ℓ(S) be the length of its projection to the x-axis

and H = h(S) the length of its projection to the y-axis. Then l is called the length

of S and H is called its height. Let d = gcd(l, H). Then d is called the degree of S

and −λ = −h/e is the slope of S, where h and e are two positive coprime integers;

h = H/d and e = l/d. Note that if s is the abscissa of the initial point of S, then

the points with integer coordinates lying on S are exactly (s, us), (s+ e, us − h), . . . ,

(s+ de, us − dh) and the abscissa candidates to provide nonzero residue coefficients

are exactly s, s+ e, . . . , s+ de. Let

FS(Y ) = cdY
d + cd−1Y

d−1 + . . .+ c1Y + c0 ∈ Fϕ[Y ]

be the residual polynomial of F (X) attached to S, where for every i = 0, . . . , d,

ci = ts+ie is the residue coefficient. The following are the relevant theorems from

Ore’s work (first order Newton polygon):

Theorem 2.1 (Theorem of the polygon). Let F ∈ Zp[X ] be a monic polynomial

such that F (X) is a positive power of ϕ̄. If N+
ϕ (F ) = S1+ . . .+St, then we can split

F (X) = F1(X)×. . .×Ft(X) in Zp[X ], such that N+
ϕ (Fi) = Si and FiSi

(Y ) = FSi
(Y )

up to multiplication by a nonzero element of Fϕ for every i = 1, . . . , r.

Theorem 2.2 (Theorem of the residual polynomial). Let F ∈ Zp[X ] be a monic

polynomial such that F (X) is congruent to a positive power of ϕ(x) (mod p),

N+
ϕ (F ) = S has a single side of slope −λ. If FS(Y ) =

g
∏

i=1

ψi(Y )ti is the factoriza-

tion in Fϕ[Y ], then F (X) splits as follows: F (X) = F1(X)× . . .× Fg(X) in Zp[X ]

such that Nϕ(Fi) = Si has a single side of slope −λ and FiSi
(Y ) = ciψi(Y )ti for

some ci ∈ F∗
ϕ for every i = 1, . . . , r.
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The following example illustrates the first order Newton polygon’s techniques.

Let p = 2, ϕ = X2 + X − 1 and F = ϕ5 + (12X + 6)ϕ3 + (12X + 12)ϕ2 + 72.

As ϕ is irreducible modulo 3, F = ϕ̄5 (mod 3), and ν3(72X + 48) = 1, then

Nϕ(F ) = S, with respect to p = 3, has a single side of height 1, and so its

residual polynomial is irreducible over Fϕ. Thus, F is irreducible over Q3. Let

K = Q(α) be the number field defined by F . Then there is a unique prime ideal

of ZK lying above 3. For p = 2, ϕ̄ is irreducible in F2[X ], F = ϕ̄5 in F2[X ],

and Nϕ(F ) = N+
ϕ (F ) = S1 + S2 (see Figure 1). By the theorem of the polygon,

F (X) = F1(X)F2(X), where Nϕ(Fi) = Si, and FiSi
(Y ) = FSi

(Y ) up to multiplica-

tion by a nonzero element of Fϕ for i = 1, 2. As d(S2) = 1, FS2
(Y ) is irreducible,

and so F2 is irreducible over Q2. Thus, F2 provides a unique prime ideal of ZK

lying above 2. For F1, Nϕ(F1) = S1 and F1S1
(Y ) = (Y + 1)2 is a power of an

irreducible factor, then we have to use second order Newton polygon techniques.

We recall here some fundamental techniques of Newton polygon of high order. For

more details, we refer to [6]. As introduced in [6], a type of order r − 1 is a data

t = (g1(X),−λ1, g2(X),−λ2, . . . , gr−1(X),−λr−1, ψr−1(X)), where every gi(X) is

a monic polynomial in Zp[X ], λi ∈ Q+, and ψr−1(Y ) is a polynomial over a fi-

nite field of pα elements, with α =
r−2
∏

i=0

fi, fi = deg(ψi(X)), satisfying the following

recursive properties:

(1) g1(X) is irreducible modulo p, ψ0(Y ) ∈ F[Y ] (F = Fp) is the polynomial ob-

tained by reduction of g1(X) modulo p, and F1 := F[Y ]/(ψ0(Y )).

(2) For every i = 1, . . . , r−1, the Newton polygon of the ith order Ni(gi+1(X)) has

a single side of slope −λi.

(3) For every i = 1, . . . , r− 1, the residual polynomial of the ith order Ri(gi+1)(Y )

is an irreducible polynomial in Fi[Y ], ψi(Y ) ∈ Fi[Y ] is the monic polynomial de-

termined by Ri(ϕi+1)(Y ) ≃ ψi(Y ) (are equal up to multiplication by a nonzero

element of Fi, and Fi+1 = Fi[Y ]/(ψi(Y ))).

(4) For every i = 1, . . . , r − 1, gi+1(X) has minimal degree among all monic poly-

nomials in Zp[X ] satisfying (2) and (3).

(5) ψr−1(Y ) ∈ Fr−1[Y ] is a monic irreducible polynomial, ψr−1(Y ) 6= Y , and Fr =

Fr−1[Y ]/(ψr−1(Y )).

Here the field Fi should not be confused with the finite field of i elements. As

for every i = 1, . . . , r− 1, the residual polynomial of the ith order Ri(gi+1)(Y ) is an

irreducible polynomial in Fi[Y ], by theorem of the product in order i, the polyno-

mial gi(X) is irreducible in Zp[X ]. Let ω0 = [νp, x, 0] be the Gauss’s extension of νp
to Qp(X). As for every i = 1, . . . , r − 1, the residual polynomial of the ith order

Ri(gi+1)(Y ) is an irreducible polynomial in Fi[Y ], then according to MacLane no-

tations and definitions (see [9]), gi+1(X) induces a valuation on Qp(X), denoted by
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1

0 1 5

S1

S2

Figure 1. Nϕ(F ).

ωi+1 = ei[ωi, gi+1, λi+1], where λi = hi/ei, ei and hi are positive coprime integers.

The valuation ωi+1 is called the augmented valuation of νp with respect to ϕ and λ

is defined over Qp[X ] as follows:

ωi+1(F (X)) = min{ei+1ωi(a
i+1
j (X)) + jhi+1, j = 0, . . . , ni+1},

where F (X) =
ni+1
∑

j=0

ai+1
j (X)gji+1(X) is the gi+1(X)-expansion of F (X). According to

the terminology in [6], the valuation ωr is called the rth-order valuation associated

to the data t. For every order r > 1, the gr-Newton polygon of F (X) with respect

to the valuation ωr, is the lower boundary of the convex envelope of the set of points

{(i, µi), i = 0, . . . , nr} in the Euclidean plane, where µi = ωr(a
r
i (X)gir(X)). The

following are the relevant theorems from Montes-Guardia-Nart’s work (high order

Newton polygon):

Theorem 2.3 ([6], Theorem 3.1). Let F ∈ Zp[X ] be a monic polynomial such that

F (X) is a positive power of ϕ̄. If Nr(F ) = S1+ . . .+Sg has g sides, then we can split

F (X) = F1×. . .×Fg(X) in Zp[X ], such thatNr(Fi) = Si andRr(Fi)(Y ) = Rr(F )(Y )

up to multiplication by a nonzero element of Fr for every i = 1, . . . , g.

Theorem 2.4 ([6], Theorem 3.7). Let F ∈ Zp[X ] be a monic polynomial such

that Nr(F ) = S has a single side of finite slope −λr. If FS(Y ) =
t
∏

i=1

ψi(Y )ai is the

factorization in Fr[Y ], then F (X) splits as F (X) = F1(X) × . . . × Ft(X) in Zp[X ]

such that Nr(Fi) = S has a single side of slope −λr and Rr(Fi)(Y ) = ψi(Y )ai up to

multiplication by a nonzero element of Fr for every i = 1, . . . , t.

The following example illustrates the high order Newton polygon’s techniques. Let

p = 2, ϕ = X , and F = X4 + aX2 + bX + c ∈ Z[X ] be an irreducible polynomial

over Q such that ν2(a) > 2, ν2(b) > 2, and ν2(c) = 2. Then modulo 2, F = X4,

N1(F ) = S has a single side of slope − 1
2 , and R1(F ) = (Y + 1)2. So, with Ore’s
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works, we can not conclude the factorization of F in Q2[X ]. Let ϕ2 = X2+2. Then

F = ϕ2
2+(a−4)ϕ2+(bX+ c+4−2a) is the ϕ2-expansion of F . Let ω2 = 2[ν2, X,

1
2 ]

be the augmented valuation of ν2 with respect to X and λ = 1
2 . As ω2(X) = 2λ = 1,

ω2(ϕ2) = 2, ω2((a−4)ϕ2) > 6, and ω2(bX+c+4−2a) > 5, the second order Newton

polygon of F is as follows:

5

4

0 1 2

S

9

6

4

0 1 2

S1

S2

(a) (b)

Figure 2. N2(F ) with (a) ν2(b) = 2; (b) ν2(b) = 4, ν2(c+ 4− 2a) > 5 and ν2(a) > 3).

If ν2(b) = 2, then N2(F ) = S has a single side with height 1 and length 2 (see

Figure 2 (a)). In this case, there is a unique prime ideal of ZK lying above 2 with

ramification index e1e2 = 4 and residue degree 1. If ν2(b) = 4, ν2(c + 4 − 2a) > 5

and ν2(a) > 3, then N2(F ) = S1 + S2 has two sides with length 1 each one (see

Figure 2 (b)). In this case, there is two prime ideals of ZK lying above 2 with

ramification index 2 and residue degree 1 each one. Thanks to the index formula

(see [6], Theorem 4.18), after a finite number of iterations, this process will provide

indij+1(F ) = 0; the index of (j + 1)th-order associated to the factor g1(X). In

this case, the data t = (g1(X), λ1, g2(X), λ2, . . . , gj(X), λj , gj+1(Y )) is said to be

F -complete. Thus, all factors of F (X), provided by applying factorization of each

order from 1 to r, are irreducible in Qp[X ]. So, thanks to Hensel’s correspondence,

we deduce all maximal ideals of ZK lying above p (their number, in particular). In

the third example, we exhibit an example, where we have to use high order Newton

polygon to achieve the factorization of F (X) in Qp[X ], and so the number of maximal

ideals of ZK lying above p.

3. Main results

Throughout this paper, F (X) ∈ Z[X ] is a monic irreducible polynomial, α a com-

plex root of F (X), K the number field generated by α, ZK its ring of integers and p

a prime integer such that F (X) ≡
r
∏

i=1

ϕli
i (X) (mod p), where every ϕi ∈ Zp[X ] is
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a monic polynomial and whose reduction modulo p is irreducible, ϕi and ϕj are not

congruent modulo p for all i 6= j. For every i = 1, . . . , r let F (X) =
Li
∑

j=0

aij(X)ϕj
i (X)

be the ϕi-expansion of F (X) and Ni = N+
ϕi
(F ) the ϕi-principal polygon of F (X).

According to Newton polygon notations and terminology (see [8], Corollary 1.2)

can be reformulated as follows: If for every i = 1, . . . , r either li = 1 or li > 2 and Ni

has a single side of degree di = 1, then there are exactly r prime ideals p1, . . . , pr

of ZK lying above p.

Proposition 3.2 gives a much weaker sufficient condition on F (X) that guarantees

the existence of exactly r prime ideals p1, . . . , pr of ZK lying above p and for every

prime ideal pi, the ramification index e(pi), the residue degree f(pi) and a p-generator

of pi are given too; an element ωi ∈ ZK such that p = pZK + ωZK .

For a p-generators of pi we need the following lemma:

Lemma 3.1. An element ω ∈ K being a p-generator of p is characterized in the

following way: If e(p) > 2, then ω ∈ ZK , νp(ω) = 1 and νp′(ω) = 0 for every other

prime ideal p′ lying above p. If e(p) = 1, then the condition νp(ω) = 1 can be

replaced by νp(ω) > 1, where νp is the p-adic valuation on K.

P r o o f. Let p be a maximal ideal of ZK lying above p. If p = (p, ω) = pZK+ωZK ,

then ω ∈ p and νp(ω) > 1. If e(p) > 2 and νp(ω) > 2, then ω and p are both in p2,

which is impossible because p 6⊂ p2. Hence, if e(p) > 2, then νp(ω) = 1 and if

e(p) = 1, then condition νp(ω) = 1 can be replaced by νp(ω) > 1. If pZK 6= p, then

let p′ 6= p be an other maximal ideal of ZK lying above p and set s = νp′(ω). If s > 1,

then p′s ⊂ (p, ω) = p, which is impossible because p′s and p are coprime ideals. �

Proposition 3.2. Suppose that for every i = 1, . . . , r, either li = 1 or li > 2, Ni

has a single side and FNi
(Y ) is irreducible. Then there are exactly r prime ideals

p1, . . . , pr of ZK lying above p.

Moreover, for every i = 1, . . . , r, f(pi) = midi, e(pi) = li/di, where mi = deg(ϕi),

di = gcd(νp(a
i
0(X)), li), and if e(pi) = 1, then pi = (p, ϕi(α)), otherwise pi =

(p,Gi(α)(ϕ
xi

i (α)/pyi)+ϕi(α)), where hi and ei are two positive coprime integers such

that −hi/ei is the slope of Ni, xi and yi are two integers solution of hixi − eiyi = 1

with 0 6 xi < ei and Gi(X) =
∏

j 6=i

ϕj(X)yi .

P r o o f. If for every i = 1, . . . , r, li = 1, then by Dedekind’s criterion, p does

not divide ind(α) and pZK =
r
∏

i=1

pi. Else, as F (X) ≡
r
∏

i=1

ϕli
i (X) (mod p), by

Hensel’s lemma we can split F (X) =
r
∏

i=1

Fi(X) in Zp[X ], where for every i = 1, . . . , r,

Fi(X) is monic and Fi(X) ≡ ϕli
i (X) (mod p). So, in order to have exactly r prime
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ideals of ZK lying above p, it suffices that every Fi(X) is irreducible in Zp[X ], see [7].

Fix i = 1, . . . , r. By theorem of the polygon (see [6], Theorem 1.15, page 372) and

by assumption, Nϕi
(Fi) = N+

ϕi
(F ) = Ni has a single side up to a translation and

FiNi
(Y ) = FNi

(Y ) up to multiplication by a nonzero constant. As FNi
(Y ) is irre-

ducible in Fϕi
[Y ], FiNi

(Y ) is irreducible in Fϕi
[Y ]. By [3], Theorem 1.6, Fi(X) is

irreducible in Zp[X ]. Finally, for every i = 1, . . . , r, Fi(X) is irreducible in Zp[X ].

Thus, by [7] there are exactly r prime ideals p1, . . . , pr of ZK lying above p.

We next calculate the ramification index, the residue degree and a p-generator of

each prime ideal pi. To simplify notations, fix i = 1, . . . , r and set f(X) = Fi(X),

ϕ(X) = ϕi(X), S = Ni, β a root of f(X) = Fi(X), K = Qp(β) the local

field, p its maximal ideal, and ZK its ring of integers. As f(X) = ϕ̄l(X) (mod p),

the ϕ-expansion of f(X) is f(X) = ϕ(X)l + bl−1(X)ϕ(X)l−1 + . . . + b0(X). Let

ν = νp(a
i
0(X)). As S = Nϕi

(Fi) = N+
ϕi
(F ), ν = νp(b0(X)). Moreover, the fact

that S has a single side of slope −λ implies that ν = lλ. Since 0 = f(β) ≡ ϕl(β)

modulo p, let β be the projection of β in ZK/(p). So, ϕ(X) is the minimal polyno-

mial of β over Fp. Since ϕ(X) does not divide (b0(X)/pν), we have (b0(β)/pν) 6= 0̄

modulo p. So νp(b0(β)) = e(p)νp(b0(X)) = e(p)ν = e(p)lλ. We now show that

νp(ϕ(β)) = e(p)λ. Note that as S has a single side, νp(bj(X)) > (l − j)λ for every

j = 0, . . . , l. So, νp(bj(β)) > (l−j)λe(p) (since β is integral over Zp). Thus, for every

j = 0, . . . , l, νp(bj(β))ϕ(β)
j) > (l− j)λe(p)+ jw, where w = νp(ϕ(β)). If w 6= e(p)λ,

then it follows from the ϕ-expansion of f(X) that νp(f(β)) = min(lω, le(p)λ),

which is impossible since νp(f(β)) = νp(0) = ∞. Thus, w = e(p)λ. Let

d = gcd(l, νp(a
i
0(X))), e = l/d, h = νp(a

i
0(X))/d and γ = ϕ(β)e/ph. Let us

show that e(p) = e. As νp(ϕ(β)) = e(p)λ = e(p)h/e and e and h are coprime, we

conclude that e divides e(p). Moreover, as νp(γ) = 0, γ is integral over Zp and γ 6≡ 0

(mod p). Consider the ring homomorphism

ι : Fϕ[Y ] → ZK/p, ā(Y ) 7→ a(γ).

Its kernel is the maximal ideal of Fϕ[Y ] generated by the minimal polynomial of γ

over Fϕ. Since fS(Y ) is irreducible over Fϕ, in order to show that [Fϕ[γ] : Fϕ] =

deg(fS(Y )), it suffices to show that fS(γ) = 0. Recall that fS(Y ) =
d
∑

i=0

ciY
d−i,

where ci = red(bie(X)/pih) (mod p, ϕ) = π(bie(X)/pih) with π being the canonical

projection defined by π : Zp[X ] → ZK/p, X 7→ β.

Now, let us show that fS(γ) = 0. As

f(X)

phd
=

∑l
j=0 bj(X)ϕj(X)

phd
=

d
∑

i=0

bie(X)

p(d−i)h

(ϕe(X)

ph

)i

+
∑

j 6∈eN

bj(X)

p(dh−⌊jλ⌋−1)

ϕj(X)

p1+⌊jλ⌋
,
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yj = dh − jλ is the ordinate of the point A = (j, yj) ∈ Nϕ(f) with abscissa j, and

so if j 6∈ eN, then ⌊yj⌋ = dh − ⌊jλ⌋ − 1 < dh − jλ < νp(bj(X)). By applying the

projection π, we conclude that

0 = π(f(β)) =

d
∑

i=0

bie(β)

pih

(ϕe(β)

ph

)d−i

+
∑

j 6∈eN

bj(β)

p(dh−⌊jλ⌋−1)

ϕj(β)

p1+⌊jλ⌋

=

d
∑

i=0

bie(β)

pih

(ϕe(β)

ph

)d−i

+ 0 = fS(γ).

It follows that

f(p) =
[

ZK

p
: Fp

]

=
[

ZK

p
: Fϕ[γ]

]

· [Fϕ[γ] : Fϕ] · [Fϕ : Fp].

Thus, m · d = [Fϕ[γ] : Fϕ][Fϕ : Fp] · deg(fS(Y )) · deg(ϕ(X)) and m · d divides f(p).

As e · d · m = deg(f(X)) = e(p) · f(p), d · m divides f(p), and e divides e(p), we

conclude that e(p) = e and f(p) = d ·m.

For generators, first notice that under the hypothesis of the lemma, there

is a one-one correspondence between maximal ideals of ZK lying above p and

ϕ1(X), . . . , ϕr(X). So, if i 6= j, then νpi
(ϕi(α)) > 1 and νpi

(ϕj(α)) = 0. Thus, if

ei = 1, then pi = (p, ϕi(α)). If ei > 2, then as gcd(ei, hi) = 1, let (xi, yi) be nonnega-

tive integers with xihi−yiei = 1 such that 0 6 xi < ei and set Gi(X) =
∏

j 6=i

ϕj(X)yi .

Then for every j 6= i, νpj
(ϕi(α)) = 0 we have νpj

(Gi(α)) = νpj
(ϕyi

j (α)) > yi,

νpj
(Gi(α)(ϕ

xi

i (α)/pyi)) > 0, and so Gi(α)(ϕ
xi

i (α)/pyi) ∈ ZK . Together with

νpi
(ϕxi

i (α)/pyi) = 1 and νpj
(ϕi(α)) = 0 we conclude that Gi(α)(ϕ

xi

i (α)/pyi)+ϕi(α)

is a p-generator of pi. �

Remark 3.3. By applying the theorem of Ore [3], Theorem 1.8, page 179 and [5],

Theorem 1 if for every i := 1, . . . , r, Ni has a single side, then pZK =
r
∏

i=1

ai, where ai

are coprime ideals of ZK . In order to have ai a power of a maximal ideal pi of ZK lying

above p, a condition is missing, namely the irreducibility in Zp[X ] of the factor Fi(X)

associated to the single side Ni. This is also mentioned in the paper [3], page 174,

between lines 22–24.

It is very important to consider the possibility of a converse of Proposition 3.2.

Lemma 3.4. If F (X) is irreducible in Zp[X ], then F (X) is a power of an irre-

ducible factor ϕ̄(X) and Nϕ(F ) has a single side.
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P r o o f. If we can split F (X) = F 1(X) · F 2(X) such that F 1(X) and F 2(X)

are coprime modulo p, then by Hensel’s lemma, F (X) = f1(X) · f2(X) in Zp[X ]

such that for every i = 1, 2, fi(X) ≡ Fi(X) (mod p). But as F (X) is irreducible

in Zp[X ], we conclude that F (X) is a power of an irreducible factor ϕ̄(X). Let

F (X) =

l1
∑

i=0

ai(X)ϕ(X)i be the ϕ-expansion of F (X), α a root of F (X), g(X) = X l+

bl−1X
l−1 + . . .+ b0 the minimal polynomial of ϕ(α) over Qp, and G(X) = g(ϕ(X)).

As F (X) is irreducible in Zp[X ], by Hensel’s correspondence (see [7]), there is only

one prime p of ZK lying above p. Let w = νp(ϕ(α)). The fact that the p-adic

valuations are invariant under Galois actions over the Henselian field Qp, by using the

formulas linking roots and coefficients of the polynomial g(X), we have νp(b0) = l ·w

and νp(bi) > (l−i)·w for every i = 1, . . . , l−1. Thus, νp(b0) = lλ and νp(bi) > (l−i)λ

for every i = 1, . . . , l − 1, where λ = w/e(p) and e(p) is the ramification index of p.

So, NX(g) = S has a single side of slope −λ and Nϕ(G) = S. Since G(α) = 0

and F (X) is the minimal polynomial of α over Qp, F (X) divides G(X), and by

theorem of the product (see [6]), Nϕ(F ) has a single side of slope −λ. �

Remark 3.5.

(1) By Theorem of the polygon (see [6], Theorem 1.15, page 372), in order to have

exactly r prime ideals of ZK lying above p the condition that N
+
ϕi
(F ) = Nϕi

(Fi)

has a single side for every i = 1, . . . , r, is a necessary condition for a converse of

Proposition 3.2.

(2) For every i = 1, . . . , r, let λi = νp(a
i
0(X))/li. If li is the smallest positive integer

such that li · λi ∈ Z, then νp(a
i
0(X)) and li are two coprime integers. Thus,

di = 1 and FNi
(X) is irreducible. It follows that Proposition 3.2 improves

Corollary 1.2 given in [8].

(3) The following example shows that a full converse of Proposition 3.2 is impossi-

ble. Let p = 2, ϕ = X and F = X4 + aX2 + bX + c ∈ Z[X ] be an irreducible

polynomial over Q such that ν2(a) > 2, ν2(b) = ν2(c) = 2 and let K = Q(α).

Then modulo 2, F = X4, N1(F ) = S has a single side of slope − 1
2 , and R1(F ) =

(Y +1)2. For ϕ2 = X2+2, we have that F = ϕ2
2+(a− 4)ϕ2+(bX+ c+4− 2a)

is the ϕ2-expansion of F . Let ω2 = 2[ν2, ϕ,
1
2 ]. As ω2(X) = 2λ = 1, ω2(ϕ2) = 2,

ω2((a− 4)ϕ2) > 6 and ω2(bX + c+4− 2a) = 5, the second order Newton poly-

gonN2(F ) has a single side of degree 1 (see Figure 2 (b)). Thus, there is a unique

prime ideal of ZK lying above 2 even if FS(Y ) is not irreducible over Fϕ.

Lemma 3.6. Suppose that there are exactly r prime ideals of ZK lying above p.

Then Ni has a single side and FNi
(Y ) is a power of an irreducible polynomial

of Fϕi
[Y ] for every i = 1, . . . , r. Moreover, mi|f(pi)|di ·mi and ei|e(pi)|li for every
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i = 1, . . . , r, where Ni has a single side of degree di = li/ei and slope −λi = −hi/ei,

hi and ei are positive coprime integers, and a | b means that a divides b. In par-

ticular, if FNi
(Y ) is not a power of an irreducible polynomial of Fϕi

[Y ] for some

i = 1, . . . , r, then there are more than r prime ideals of ZK lying above p.

P r o o f. As F (X) ≡
r
∏

i=1

ϕli
i (X) (mod p), let F (X) =

r
∏

i=1

Fi(X) in Zp[X ], where

Fi(X) ≡ ϕli
i (X) (mod p) for every i = 1, . . . , r. Then every Fi(X) yields at least

one prime ideal pi lying above p. If we assume that there are exactly r prime ide-

als of ZK lying above p, then by Hensel’s correspondence (see [7]), every Fi(X)

is irreducible in Zp[X ]. Fix i = 1, . . . , r and let K = Qp[αi] be the local field

defined by the polynomial Fi(X) and pi the prime ideal of ZK. Let Fi(X) =
Li
∑

j=0

aij(X)ϕj
i (X) be the ϕi-expansion of Fi(X), Hi = νp(a

i
0(X)) and λi = Hi/li.

As Fi(X) ≡ ϕli
i (X) (mod p), Li = li. Moreover, in the proof of Proposition 3.2,

that νpi
(ϕi(αi)) = e(pi)λi = e(pi)hi/ei, where ei and hi are positive coprime in-

tegers, and that ei divides e(pi) too. Let γi = (ϕi(αi))
ei/phi and g(X) = X l +

bl−1X
l−1 + . . . + b0 its minimal polynomial over Qp. Since νpi

(γi) = 0, γi is inte-

gral over Zp, g(X) ∈ Zp[X ], νp(bj) > 0 for every j = 1, . . . , l − 1, and νp(b0) = 0.

Let G(X) = plhig((ϕi(X)))ei/phi). Then G(X) =
l
∑

j=0

Ai
j(X)ϕj

i (X), where for ev-

ery j = 0, . . . , l, Ai
eij

(X) = pjhibj and A
i
j(X) = 0 if j 6∈ eiN. As G(αi) = 0

and Fi(X) is the minimal polynomial of αi, Fi(X) divides G(X). Since νp(b0) = 0,

Nϕi
(G) = S has a single side of slope −lhi/lei = −λi. By theorem of the prod-

uct (see [6]), Nϕi
(Fi) = Ni has a single side of slope −λi. By theorem of the

residual polynomial (see [6]), FNi
(Y ) is a power of an irreducible factor in Fϕi

[Y ]

(since Fi(X) is irreducible in Zp[X ]). As we showed in the proof of Proposition 3.2,

if we consider the homomorphism of rings ι : Fϕi
[Y ] → ZK/p, ā(Y ) 7→ a(γi), its ker-

nel is the maximal ideal of Fϕi
[Y ] generated by the minimal polynomial ψi(Y ) of γi

over Fϕi
and fS(γi) = 0. As by assumption fS(Y ) is a power of an irreducible factor,

fS(Y ) = ψi(Y )ri and di = ri · ki, where ki = deg(ψi). Thus, mi · ki = [Fϕi
: Fp]

divides f(pi) and ei · ri · ki ·mi = ei · di ·mi = li ·mi = deg(Fi(X)) = e(pi) · f(pi).

Since ei divides e(pi), we have f(pi) = ki ·mi ·µi and e(pi) = ei ·τi, where τi ·µi = ri.

�

Remark 3.7. The condition “Ni has a single side of degree di = 1 for every

i = 1, . . . , r” is not a necessary condition for having exactly r primes of ZK lying

above p such that e(pi) = li and f(pi) = mi for every i = 1, . . . , r.

Indeed, it suffices to have for some i, deg(ψi) = 1 and ri = τi as shown in the

previous proof. For example let F (X) = X4+aX2+bX+c ∈ Z[X ] be an irreducible

polynomial such that ν2(a) > 2, ν2(b) = 2 and ν2(c) = 2. Then for p = 2 we
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have F (X) ≡ X4 (mod 2), NX(F ) = S has a single side, and FS(Y ) = (Y + 1)2.

Then neither Proposition 3.2 nor Lemma 3.6 can provide the number of prime ideals

of ZK lying above 2. We next use Newton polygon techniques of higher order. For

ϕ2 = X2 + 2, F (X) = ϕ2
2 + (a − 4)ϕ2 + bX + c + 4 − 2a. Let ω2 = 2[ν2, ϕ,

1
2 ] be

the augmented valuation of ν2 with respect to ϕ and λ = 1
2 . Then ω2(ϕ

2
2) = 4,

ω2((a − 4)ϕ2) > 6 and ω2(bX + c + 4 − 2a) = 5 (because ν2(c + 4 − 2a) > 3,

ω2(c + 4 − 2a) > 6 and ω2(bX) = 5). It follows that the ϕ2-Newton polygon of the

second order of F (X) has a single side of degree 1, i.e., its residual polynomial is of

degree 1, and so there is only one prime ideal p of ZK lying above 2 with ramification

index e(p) = e1.e2 = 4 and residue degree f(p) = 1. Especially, 2ZK = (2, 12 (α
2+2))4

(because νp(ϕ
2
2(α)) = νp(bα+ c+4− 2a) = 10, νp(ϕ2(α)) = 5 and νp(

1
2ϕ2(α)) = 1).

Theorem 3.8. There are exactly r prime ideals of ZK lying above p if and only

if for every j > 1 and for every i = 1, . . . , r, N j
i has a single side and FN

j

i

(Y )

is a power of an irreducible factor, where N j
i is the principal Newton polygon of

order j attached to (ϕ1
i (X), λ1i , ϕ

2
i (X), λ2i , . . . , ϕ

j
i (X), λji ) and FN

j

i

(Y ) is the residual

polynomial of order j as defined in [6], Section 2.

P r o o f. By Lemma 3.6, it suffices to show the converse. By Hensel’s Lemma,

let F (X) = F1(X) · . . . · Fr(X) be in Zp[X ] such that Fi is a monic polynomial and

Fi(X) ≡ ϕei
i (X) (mod p) for every i = 1, . . . , r. So, in order to prove that there are

exactly r prime ideals of ZK lying above p, it suffices to show that Fi(X) is irreducible

in Zp[X ] for every i = 1, . . . , r. Fix i = 1, . . . , r. If we can split Fi(X) = Hi(X)Gi(X)

in Zp[X ] as a product of two nonconstant polynomials, then by [6], Theorem 2.26,

page 390, we can split F
N

j

i

(Y ) as a product of at least two nonconstant polynomials.

The fact that indij+1(F ) = 0 implies that N j+1
i has a single side of degree dji = 1;

length 1 or height 1 (see [6], Remark 4.13, page 405). Thus F
N

j+1

i

(Y ) is of degree

dji = 1 and Fi(X) is irreducible in Zp[X ]. �

Recall that thanks to the index formula (see [6], Theorem 4.18) after a finite

number of iterations, we get indij+1(F ) = 0. So the verification process is completed

after a finite number of iterations.

Remark 3.9. Let F ∈ Z[X ] be a monic irreducible polynomial which is congru-

ent to a power of a monic irreducible polynomial ϕ̄ in Fp[X ] with ϕ ∈ Z[X ] being

monic. Then according to the notations and definitions of [6], Section 2, there is

only a unique prime ideal of ZK lying above p if and only if the jth-order Newton

polygon N j of F has a single side for every j > 1.

Indeed, if for some j > 1, F
N

j

i

(Y ) has two coprime irreducible factors, namely gj

and hj , in the finite field Fj [Y ], then by [6], Lemma 2.17 (2), the length l(N+
j (F )) is

540



the greatest power of gj which divides Rj(F ), and so Nj(F ) 6= N+
j (F ). Thus, Nj(F )

has at least two distinct sides S0j and S1j with respective slopes −λ
j
0 and λ

j
1 with

λj0 6 0 and λj1 > 0.

4. Examples

Example 4.1. Let F (X) = X7 + 3X5 + 24X4 + 3X3 + 18X2 + 24X + 24. It is

clear that F (X) is 3-Eisenstein and so is irreducible over Q. Let K = Q(α), where α

is a complex root of F (X). We want to see the factorization of 2 in ZK . First

F (X) ≡ X3(X2 +X + 1)2 (mod 2). Let ϕ1 = X and ϕ2 = X2 +X + 1. Then

F (X) = . . .+ 3ϕ3
1 + 18ϕ2

1 + 24ϕ1 + 24

= (X − 3)ϕ3
2 + (6X + 23)ϕ2

2 − (46X + 2)ϕ2 + (28X + 6).

We can check that for every i = 1, 2, Nϕi
(F ) = Si has only one side with respective

slopes −λ1 = −1 and −λ2 = − 1
2 . Now, for i = 1, FS1

(Y ) = Y 3+Y 2+1 is irreducible

over F2
∼= Fϕ1

. For i = 2, since ν2(28X + 6) = 1, S2 is of degree d2 = 1, and thus

FS2
(Y ) = (j − 1)Y + 1, which is irreducible over Fϕ2

, where j ∈ F̄2 is a root of

X2 +X + 1. Hence, 2ZK = p1p
2
2, where p1 = (2, α), p2 = (2, α2 + α+ 1), f(p1) = 3

and f(p2) = 2.

Example 4.2. Let F (X) = X9 +48X7 +6X6 + 24X5 + 12X4 + 3X3 +18X2 +

48X +24. It is clear that F (X) is 3-Eisenstein and hence, is irreducible over Q. Let

K = Q(α), where α is a complex root of F (X). We have F (X) ≡ X3(X − 1)2 ×

(X2 +X + 1)2 (mod 2). Set ϕ1 = X , ϕ2 = X − 1 and ϕ3 = X2 +X + 1. Then

F (X) = . . .+ 3ϕ3
1 + 18ϕ2

1 + 48ϕ1 + 24 = . . .+ 1473ϕ2
2 + 642ϕ2 + 184

= . . .+ (141X + 204)ϕ2
3 − (174X + 36)ϕ3 + (66X − 8).

Thus, for i = 1, 3, N+
ϕi
(F ) = Si has a single side of slope −λ1 = −1 and −λ3 = − 1

2 .

For i = 1, FS1
(Y ) = Y 3 + Y 2 + 1, which is irreducible over Fϕ1

∼= F2. For i = 3,

S3 is of degree d3 = 1, and thus FS3
(Y ) is irreducible over Fϕ3

. But for i = 2, since

ν2(642) = 1 and ν2(184) = 3, N+
ϕ2
(F ) = S1 + S2 has two sides and so ϕ2 provides

two prime ideals of ZK lying above 2. Hence, there are 4 prime ideals of ZK lying

above 2.

Example 4.3. Let F (X) = X4 + aX2 + bX + c ∈ Z[X ] be an irreducible

polynomial, α a complex root of F (X) and K the quartic number field generated

by α. For p = 2, ν2(c) = 2, ν2(b) > 2 and ν2(a) > 2, F (X) ≡ X4 (mod 2),
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NX(F ) = S has a single side and FS(Y ) = (Y + 1)2. Notice that neither Propo-

sition 3.2 nor Lemma 3.6 can provide the number of maximal ideals of ZK lying

above 2. So, we next have to use Newton polygon techniques of high order. Let

t = (X, 12 , ϕ2(X), λ2, ψ2(Y )), where ϕ2(X) = X2 + 2, λ2 and ψ2 will be defined

in every case. As − 1
2 is the slope of the side S, ω2(a) = 2ν2(a) for every a ∈ Z,

ω2(x) = 1, and ω2(ϕ2(X)) = e = 2, where ω2 = 2[ν2, ϕ,
1
2 ].

(1) For ν2(b) = 2, F (X) = ϕ2
2(X) + (a − 4)ϕ2(X) + bX + c + 4 − 2a is the

ϕ2(X)-expansion of F (X). As ω2(ϕ
2
2) = 4, ω2((a − 4)ϕ2) = 2 + 2ν2(a− 4) > 6

and ω2(bX+c+4−2a) = 5, N2(F ) = S has a single side of degree 1, −λ2 = − 1
2

and ψ2(Y ) = Y + 1. Thus, 2ZK = p4, where ω2(
1
2ϕ2(α)) = 1.

(2) For ν2(a) > 3, ν2(b) > 4 and ν2(c + 4 − 2a) = 4, ω2((a − 4)ϕ2) = 6 and

ω2(bX+c+4−2a) = 8. Thus, N2(F ) = S has a single side of slope, −λ2 = −1,

degree 2, and ψ2(Y ) = FS(Y ) = Y 2 + Y + 1, which is irreducible. Thus,

2ZK = p2, where ω2(α) = 1.

(3) For ν2(a) > 3, ν2(b) > 4 and ν2(c + 4 − 2a) > 5, ω2((a − 4)ϕ2) = 6 and

ω2(bX+ c+4− 2a)> 9. Thus, N2
ϕ2
(F ) = S1 +S2 has two distinct sides. Thus,

there are two different maximal ideals of ZK lying above 2. More precisely,

2ZK = p21p
2
2.
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