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KYBERNETIKA — VOLUME 57 (2021), NUMBER 1, PAGES 118-140

OUTPUT FEEDBACK H, CONTROL OF NETWORKED
CONTROL SYSTEMS BASED ON TWO CHANNEL
EVENT-TRIGGERED MECHANISMS

YANJUN SHEN, ZHENGUO L1, AND GANG YU

In this paper, we study dynamical output feedback Ho, control for networked control systems
(NCSs) based on two channel event-triggered mechanisms, which are proposed on both sides
of the sensor and the controller. The output feedback H., controller is constructed by taking
random network-induced delays into consideration without data buffer units. The controlled
plant and the output feedback controller are updated immediately by the sampled input and the
sampled output, respectively. By using the approaches of time delay and interval decomposition,
linear matrix inequality (LMI) based sufficient conditions are presented to guarantee that the
closed-loop system satisfies Ho, performance. Finally, we provide numerical simulations to
illustrate effectiveness of the proposed method.

Keywords: output feedback Ho, control, event-triggered mechanism, interval decomposi-
tion, NCSs, LMI

Classification: 93B52, 93B70

1. INTRODUCTION

A networked control system (NCS) is a type of system, which mainly includes sensor
nodes, controller units, actuator units and a controlled plant. With the development
of computer technology, network communication and control technology, NCS has been
applied in various fields, such as aviation, power system, transportation, factory au-
tomation [4l O] [15] 19, B2 B3]. It has also received widespread attention because of low
installation and maintenance costs, easy reconfiguration, high reliability, small wiring
volume and high system flexibility. However, the involvement of network (especially
wireless network) may bring some problems, for example, transmission delay, packet
loss, quantization [20, 21, 28] B5]. In order to solve these issues, the conventional pe-
riodic sampling (time-triggered) mechanism has been widely used [8] 12, 22, 25| [29].
In time-triggered mechanism, all sampled data will be transmitted through the net-
work, which may waste the communication bandwidth and communication resources.
Therefore, it is necessary to find a new method to solve this problem.

Recently, event-triggered mechanisms that can determine whether the sampled signals
are transmitted or not have received extensive attention [3| [B 6 [7, 13, 14} 16l 18]
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23, 24, 26], 27, B0, BI]. In comparison to the traditional periodic sampling method,
the network communication burden and the computing resources can be reduced. For
instance, in [26], the authors studied event-triggered Hy, control for NCS with network-
induced delay via state feedback. A co-design method of event-triggered mechanism and
controller feedback gain was proposed for NCS with network-induced delay and packet
loss [5]. In the above literatures, most of the authors proposed controller design by state
feedback under the event-triggered mechanism, and less mentioned controller design by
output feedback. In [24], a dynamical output feedback controller design method was
proposed for NCS based on an event-triggered scheme. The authors in [30] presented a
discrete event-triggered mechanism and investigated dynamical output feedback control
for NCS. The dynamical output feedback H, controller was proposed for NCS with non-
uniform sampling periods and an event-triggered communication scheme [3]. In [I8], the
authors considered the difference in transmission delays of two transmission channels.
An interval decomposition method was proposed to ensure that the output feedback
controller and the controlled plant were updated at the same time interval.

In conclusion, the event-triggered mechanism is designed on the sensor-to-controller
(S-C) side, which may reduce the network resources on the S-C side. However, due to
limitation of the network resources and bandwidth of the controller-to-actuator(C-A)
side, design of dual-side event-triggered mechanisms have been proposed by researches.
For instance, the authors studied stability and L., performance of the closed-loop sys-
tem based on a dynamical output feedback controller with decentralized event-triggered
mechanism [7]. In [16], the problem of output feedback control was proposed for sampled-
data systems with event detectors. However, transmission delays were not considered
both in [7] and [16]. The authors in [I3] introduced a novel hybrid event-triggered scheme
for NCS with networked delay. In order to facilitate analysis, they put the total trans-
mission delay on the actuator side. In [27], two-channel event-triggered transmission
strategies were proposed for NCS with communication delay via state feedback and a
novel delay system model was constructed. In [I4], the authors studied dual-side event-
triggered output feedback H, control for NCS with network delays. However, for the
convenience of analysis, the authors only considered the case with a fixed transmission
delay.

In this paper, we study output feedback H, control for NCSs with two channel event-
triggered schemes. As shown in Figure 1, the event-triggered NCS contains a plant, two
samplers, two sensors, a dynamical output feedback controller, two zero-order holds
(ZOHs), an actuator and two event generators. The sensor and sampler in the S-C (or
C-A) channel are used to measure and sample the output of the plant (or the dynamical
output controller), respectively. We assume that the sensor and the sampler are clock-
driven, and the dynamical output feedback controller and the actuator are event-driven.
The samplers in both channels work at a fixed period h. In the S-C channel, all sampled
data will be transmitted from the event generator 1 to the dynamical output feedback
controller via a network with transmission delays. In the C-A channel, all sampled data
will be sent from the event generator 2 to the actuator in the same way. The dynamical
output feedback control and the plant are updated immediately by the sampled output
in the S-C channel and the sampled input in the C-A channel, respectively. Our major
contributions include:
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Fig. 1. The structure of NCS with two channel event-triggered
communication schemes.

1. Output feedback H, control is addressed for NCS with dual-channel event-triggered
mechanisms with random transmission delay. We remove the data buffer units and
process the transmitted data whenever they arrive.

2. The approaches of time delay and interval decomposition are introduced to derive
the closed-loop system. LMI-based sufficient conditions are presented to guarantee
H, performance of the closed-loop system.

This paper is organized as follows. In Section [2| we present some preliminaries and
problem description. In Section[3] we give our main results: output feedback H, control
design with two side event-triggered schemes. Numerical simulations are provided to
illustrate the validity of the proposed design methods in Section[d] This paper concludes
in Section Bl

2. PRELIMINARIES AND PROBLEM DESCRIPTION
In this paper, we consider a class of linear time-invariant systems given by
z(t) = Ax(t) + Bu(t) + Byw(t),
2(t) = Cha(t), (1)
y(t) = Cax(t),
where z(t) € R", u(t) € R™, z(t) € RP, y(t) € R" and w(t) are the state vector,
the control input, the control output, the measured output and the disturbance input,

respectively. A, B, B,,,C1,Cs are known matrices with appropriate dimensions, and
x(tp) = xo is the initial condition.

For the system , we make the following assumptions:

1. The system output is sampled at a fixed period h. S; = {kh | k € N} represents
the set of sampled instants.
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2. In the S-C channel, the set of transmission instants is described by Se = {riph | k €
N}. S = {txh | k € N} indicates released instants by the event generator 2 in the
C-A channel. The logic ZOH before the output feedback controller (or actuator)
will keep the input of the output feedback controller (or actuator ) unchanged until
the next updated data on the S-C (or C-A) side arrive.

3. 7, and dj, are transmission delays from the sensor to the dynamical output feed-
back controller and from the dynamical output feedback controller to the plant,
respectively. We assume that the upper bounds of 7, and dj, are 7 and d, respec-
tively, and there exist two positive real numbers n; and ns such that 7 < n;h and
d S Tlgh.

Next, we propose two event-triggered schemes in the S-C channel and in C-A chan-
nel. As in [26], the event-triggered mechanism before the output feedback controller is
designed as

[y(rih +1h) — y(rih)] T Qi [y(rih + 1h) — y(rih)] < ory(reh + )T Quy(reh +1h), (2)

where (2 is a symmetric positive definite matrix, oy is a given scalar parameter, y(rph+
lh) (I = 1,2,...) represents the value of the measurement output y(¢) at the current
sampling instant, and y(rih) represents the value of the measurement output y(t) at
the latest triggering instant. The event-triggered mechanism decides whether the
current sampled output y(rph + (h) is transmitted or not. The sampled output data
will be sent to the first ZOH via the network when the event-triggered mechanism is
violated; otherwise, the sampled output date will be discarded immediately. From the
event-triggered mechanism , we know that the next release time is 7,41k, where

Tr+1h = rph + mlin{lh|[y(7‘kh +1h) — y(rh)) Qu [y (reh + 1h) — y(rih)]
> o1y(rph + )" Quy(reh + 1h)}. (3)
The other event-triggered mechanism before the actuator is expressed as
erl (t)Qaer(t) < a2 (tph + jh)T Qod (tih + jh), (4)

where eg(t) = Z(tgh) — Z(trh + jh), Qs is a symmetric positive definite matrix, oo is
a given scalar parameter, u(tph) = KZ(tph) and u(tyh + jh) = Ki&(txh + jh) (5 =
1,2,...) are the latest transmitted control signal and controller output data at the
current sampling time, respectively (K is the control gain and will be determined later).
The sampled control data will not be sent to the plant via the network when the event-
triggered mechanism is satisfied, which means that it will be discarded immediately.
From the event-triggered mechanism , we know that the next release time is tx41h,
where

ter1h = tph + mjin{ jhlexT (t)Qoep(t) > aa@(tph + jh) T Qoi(tph + jh)}. (5)

Remark 2.1. The event-triggered mechanism (2|) at the sensor side decides whether the
plant output data are transmitted or not, and the event-triggered mechanism at the
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controller side decides whether the output data are transmitted or not. Thus the data
transmission of the event-triggered mechanism ([2)) and the event-triggered mechanism
do not affect each other, which means that the event-triggered mechanisms on both
channels can be triggered simultaneously, but not necessarily synchronously.

Remark 2.2. In [14], for the convenience of analysis, the author defined the maximum
transmission delay of the dual-side transmission channels as 7, and only considered the
case with a fixed time delay. In this paper, we take into account stochastic transmission
delays of the sensor side and the actuator side, and remove the data buffer units. That
is, the dynamical output feedback controller and the controlled system are updated by
the sampled output and the sampled input, respectively, once they arrive.

According to the control strategy shown in Figure 1, we design the following dynam-
ical output feedback controller,

{ &(t) = A#(t) + Bu(t) + L(y(rih) — Coi(rih)), (©)

Ki(rph),t € [rih + T, "kp1h + Thy1), k> 0,

where Z(t) € R™ is the state of the controller, K € R™*? denotes the control gain and
L € R™*™ indicates the observer gain. The controlled system is given by

x(t) = Am(t) + BKf(tkh) + wa(t),t S [tkh + d, tk+1h + dk+1). (7)

Since 7 and dj, are different, the event generators are sampled simultaneously at a
fixed period. Then the output feedback controller @ and the system (7)) are updated
at different time intervals. As in [30], we use the updated interval of 0 decompose
the updated interval of to obtain a closed-loop system. Assume that there exist two
positive integers ¢; and ¢ such that

teh +di € [rg h + 7qy g1l + Tgr41) trgr h + dir € [rg, b+ Tgo, Tgai1h + Tgp41).

By interval decomposition, we can get

g —Tq, —1
[teh + dy, tesrh + djyy) = @9 = @09 U2 T @ U (8)
where
LCTRAAS [tkh + d, Ttthlh + TQ1+1)ﬂ
qg= r41+87t € [rlhﬂLSh’ + Tai+s TQ1+S+1h + TQ1+S+1)7 (9)
s=1,2,...,rq, —7¢ —1,
Tqas te [Tq2h + quvtk+1h + dk+1)a
and
(I)O’q = [tkh + dka Tq1+1h + Tlh-‘rl)a q="Tq,
PI = (I)g = [T(thSh + Tqr+ss Tq1+s+1h + Tq1+s+1)v q="Tgq +s» (10)

s=1,2,---,1rq —1q —1,
P = [quh+ TfI27tk+1h + dk+1)aq =Tqy-

Further, we decompose the above intervals by the sampled period h. For the interval
®04, note that txh+dy € [rg,h+74,7q+1h+Tg +1), then, there exists a positive integer
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ng = min{jhltyh + di, < rg,h + 74, + jh}. Since r¢, h + 74, + noh < rg 41h + T4 41, We
j

consider the following intervals,
[tkh + di, T, h + T4, + noh), [Trg, b+ Tg, + s1h,7q b+ T, + s1R + h).
Then, there exists a positive integer N9 satisfying
Tah+ Tgy + N"h <1y 1h + Tg 41 < rg b+ 7g, + N9h + h.
Therefore, the time interval ®%9 can be decomposed into the following subintervals,

0,qg _ 70,9 NOa 0,9 , _
¢ _Ino—l Uslzno Isl 4 = Tqps

where

Ip9 | = [tih + dy, g, b + 74, +n0h),

20 = [rg h+ 74 + s1h,rq h + 74, + s1h+h),s1 =ng,--- , N*1 -1,

Ij%g‘q = [rg,h+ 74 + NO4h, Tgr+1h + Tgy+1)-

Let us define 7(¢) and e,(t) on the interval ®%9 as

t—rgh—(no—1hte Iyt
n(t) = t—rqlh—slh,telg{q,sl =ng, -, N —1, (11)

t—rgh— N%ht e 102,

and o
y(r‘h h) - y(rthh + (Tl() - 1)h)7t € Inf—l’
eq(t) =< y(rah) —ylrgh+ s1h),t € Igl’q,sl =ng, -, N -1, (12)
Y(rg h) — y(rg h + N%h) t € IV .

Then, 7(t) satisfies

0< 1 <nt) <ryh+ 7y +noh —rgh— (no —1)h < (1+n1)h,t € 19

no—1
0<7 <7y <nt) <rgh+7y +s1th+h—ryh—s1h < (14+n1)h,t e Ig;q,
s1=mng, -, N —1,
0<7 <7 <nt) < (1+ni)h,telVl,.

where 71 = min{7}, 7ar, = (1 + nq)h.

Similarly, ®¢ and ®!¢ can be decomposed by

a_ga (N a — - _ _
Ol =17, Us, 1 18452,q =Tq+s:8=1,2,... iTq, —Tq, 1,
and )
l,g — (| N"%7lq ., _
o - U33:0133 yd = Tqa
where

Ido = [rqutsh + Tots, Tgr+sh + Tg s + h),s = 1,2, Tqy, —Tq, — 1,
Igisg = [Tq1+sh + Ty +s + 52h77"q1+sh + Ty +s + soh + h)7 so=1,--- N7 —1,
IZN_? = [T(I1+5h + 7_(114-5 + quha Tq1+s+1h +Tq1+s+1)7
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and

IOI [quh + Tq27quh + Tgo + h)
L0 = [rg,h + 7q, + s3h,rgh + 74, + s3h+ h),s3 = 1,--- [ N11 -1,
Ijl\;lllq = [quh"‘qu + Nsh, tip1h + diy1).

Further, we define 7(t) and e,(¢) on the intervals ®¢ and &4, respectively,

t—rgsht €Ilg,s=1,2,-- vy —rg —1,
t—7rq+sh — SghtGISS,SQ—l, <o N —1,
t—rq4sh — NSh,t € I?

t—rgh,t €I,

t—rgh— 83ht6183,33—1,--~,N17‘1—1,
t—

rgsh — NVWht € INE

and
0,telly,s=1,2-- 1y —1q —1,
2 1
y(rerSh) y(rq1+8h + th) te Is 52782 = 1, e aqu - ]-,
y(rlJ1+Sh) (rlh+8h + N h) te I;]Nq’
cqlt) = 0,t € Iy,
y(rqzh) y(rg,h+ ssh),t € I9,s3 =1,--- [NV -1,

y(rauh) — y(rash + NoIh) £ € 150

Then,

0<m <7gas <nt) <

0< 7 <7g+s <nt) < (14 n1)h, telssz,
0<7 <Tgs <n(t) < (1+mn1)h,t el N

0<m <1 <t) < (14+m)ht € 137,
0<’7’1<Tq2<77()<(1+n1)htGIl’q s3=1,--- , Nb -1,
0<7 <7 <n(t) < (L+m)hyt €Iyt

By (1I). (12), and (14)), we can obtain that

y(gh) = y(t — n(t)) + eq(t) = Coa(t) — Cs / | HOs 40

L+n)htellys=1,2--- 1, —ry —1,
ay a
32:17"'3N8q_1a

s=1,2,---,1q, —1q — 1,

The event-triggered mechanism is rewritten as
eq” (t)Qeq(t) < ory” (t —n(t))uy(t —n(t)

= 01[Cox(t) — Cy /ti o i(s) ds]TQ[Cox(t) — Cs /ti z(s) ds].

n(t)

(13)

(14)

(16)

Let ¢(t) = t — gh. Then, the dynamical output feedback control law (@ can be

rewritten as

i(t) = Az(t) + BK&(t —s(t)) + L(y(t — n(t)) + eq(t) — Ca2&(t — <(1))), t € L.

(17)
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Since ®7 = [tph + d, tg+1h + digy1), for the event generator 2, we can obtain

[t/?h +di, tgr1h + dgy1) = [trh + di, th + di + h)
UIEB =Vt h 4 dy + ih, tih + dy, + ih 4+ B) U [teh + dy, + dagh, trgih + digr)-

Define
t —trh,t € [tkh+dk7tkh+dk +h),
) t—tgh —ih,t € [txh + di + ih,th + di + ih + k),
T(t)i l:1a277dM_17 (18)
t —tph —dyh,t € [tkh—de +dprh,tko1h + dgyq),
and
0,t e [tkh +dg, trh + di + h),
en(t) = Z(tph) — &(tkh +ih), t € [txh + d + ih, th + dg + ih + h), (19)
MU =Y i=1,2,-- ,dy — 1,

i‘(tkh) - i‘(tkh + th)7t S [tkh +di + dyrh, ts1h + dk+1).
Then, 7(t) satisfies
0<m<dg < T(t) < (1 + ng)h,t S [tkh + diy teprh + di41),

where 75 = min{dy }, 7ar, = (1 + n2)h.
Therefore,
Z(tph) = &(t — 7(t)) + ex(t), txh =t — 7(1). (20)

The event-triggered mechanism is rewritten as
e’ ()Qaer(t) < ood™ (t — 7()) Qi (t — 7(1)). (21)

Let e(t) = x(t) — (), Tne = max{7ar,, 7ar, }- By (7)., (L5), and (20), the closed-

loop system can be obtained,

#(t) = (A + BE)z(t) — BKe(t) - BK [ i(s)ds+ BK [/ é(s)ds
+BKeg(t) + Bow(t),
é(t) = (A — LCa)e(t) BKL = )d8+BKft T@ é(s)ds (22)

—(LC; — BK) ft ot )ds+(LC2 BK) j; o E(s) ds
+LCy ft_n(t) )ds—i—BKek( ) — Leg(t) + Bow(t),t € ®1.

To end this section, we introduce the following definition and four lemmas which are
used later.

Definition 2.3. (Wang et al. [23]) The closed-loop system with w(t) = 0 is
asymptotically stable. If under zero initial condition, there exists an H,, performance
index vy > 0, such that

()], < yllw®)ll., (23)
then, we call that has H,, performance with .
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Lemma 2.4. (Gu [I0]) For any positive definite matrix G € R™*", a scalar d > 0,
vector function w(s) : [0,d] — R™, then the following inequality holds,

l/odw(s) ds /Od w(s) ds] <d [/Odw(s)TGw(s) ds

Lemma 2.5. (Chen and Fei [2]) For any positive definite matrix Z € R"*", Z = ZT
zZ S

nXxn
, S € Rv*m, < . 7

differentiable vector function x(s), then the following inequality holds,

T
G

) > 0, a scalar function 7(t) satisfying a < n(t) < b, and a

—(b—a) ;2 X" (s)Z(s) ds <

_{x@@x@ﬂM]T[Z S ][xumX@mm
x(t—n(t) — x(t—b) * =7 x(t—n(t) — x(t—b)

Lemma 2.6. (Han [I1]) For a given symmetric matrix U € R"*" U = UT > 0, a scalar
¢ > 0, and a differentiable vector function 9¥(s), then the following inequality holds,

- C/tf IT () U (s) ds < —[0(t) — Dt — &) TUD(E) — 9t — c)].
Wi Wia

Lemma 2.7. (Boyd [I]) For a given symmetric matrix W = , where
War Wa

Wip € R™*"™ then, the following three conditions are equivalent to each other,
(LW < 0;
(2)Wi1 < 0, Was — Wip" Wi~ Wip < 0
(3)W22 < O, W11 — W12W22_1W12T < 0.

3. MAIN RESULTS

In this section, we construct a Lyapunov-Krasovskii functional and derive LMI-based
sufficient conditions to ensure H., performance of the closed-loop system .

Theorem 3.1. For given parameters ni, no, 71, T2, 01, 02, h, the system is asymp-
totic stable with an H., performance index - for the disturbance attenuation, if there
exist symmetric matrices P > 0, Q; > 0(: = 1,2,3,4,5), R; > 0(j = 1,2,3,4), Q; > 0,
Qo >0,and S; >0, Sy >0, L and K with appropriate dimensions, such that

( %” gg ) >0, (24)

Qs 52
(@ &)= (25)
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v 1,70, 1,70, 1,70,

* 21 0 0
* * 2o 0 <0, (26)
* * * X3
where
U, Uy WUy
v = x Wy Osxe |,
* * Wy
vy, —PBK 0 0 0 0 Q2 0
* a2 0 0 0 0 0 Q2
* * \1133 0 0 0 0 0
T - * * x* Wy 0 0 0 0
L= * * * x WUss 0 Q3-—5,T 0 ’
* * * * x  WUeg 0 Qs — ST
* * * * * * Wor 0
* * * * * * * Wgs
Q4 0 0 0 0 0 —-PBK PBK
0 Q4 0 0 0 0 —PBK PBK
Qs — ST 0 0 0 Qs — Sy 0 0 0
v, — 0 Q=S 0 0 0 Q-S 0 0
0 0 Q3 — 51 0 0 0 0 0
0 0 0 Q3 — 51 0 0 0 0
0 0 St 0 0 0 0 0
0 0 0 S 0 0 0 0
0 0 0 0 PBK PB,
Vo7 Vo138 PLCy, —PL PBK PB,
0 0 0 0 0 0
U — 0 0 0 0 0 0
8 0 0 0 0 0 0 ’
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
Wog 0 0 0 So 0 0 0
*  Wip10 0 0 0 So 0 0
* * Uit 0 0 0 0 0
* * * Uig12 0 0 0 0
Ya= * * * * Ui3,13 0 0 0 )
* * * * * Wi4,14 0 0
* * * * * * —32;4 0
* * * * * * 0 _ @

N
3
S
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U5 = diag{— SW’ 2672;1’ 3TM —Qy, —21},
Uy = P(A+BK)+ (A+BEK)TP+ Ry + Rs — Q2 — Q1 + C, "4,
\1122:P(A—L02)+(A—LCQ)TP+R1+R3—Q2—Q4,
Wsg = Wag = —2Q5 + S2 + S2”, W55 = Wgg = —2Q3 + S1 + 51",
Wrr = Wgg = Ry — Ry — Q2 — Q3, Vg9 = V10,10 = Ry — R3 — Q4 — O,
Ui = Vg2 = —Ry —Q3, V1313 = V1414 = —Ry — Qs,
Uy 17 = =Wy 13 = —P(LCy, — BK),
7=y Mp" ), To'=(Tn" ' Ths® My’ T ),
7= ( 37 Ta” a7 Ma” a7 ),
= (C; 00 000O0OOTO 0O OO
00000O0O0O —-Cy 00 0),
:(I—]OOOOOOO 0
000 —-I I 0O0O0TO0O0 0,
=Ty =My3 =My =Ilys =( A+ BK —-BK 0 0 0 0 0 O
000000 -BK BK 000 0 BK B,),

H31=H32:H33=H34=H35:(0 A—LCQ 0O 0 00O O 0 0 O0O0
0 0 0 -BK BK —(LCy—BK) (LC;—BK) LC, —L BEK B, ),
Q 0 -
@1:< 0 Q >’21 0 — >
Q Q Q
Bp = By = dig{ 3~ g Lo — 5~ S )

Oy = O3 = diag{Q1,Q2, @3, Q4, Qs }.

Proof. Construct the Lyapunov—Krasovskii functional V (¢) = Vi (t) + Va(t) + V5(¢) +
Va(t), where

t—T71

Vi(t) = z(t)T Px(t) + /t_ 2(s)" Ryz(s) ds + /t 2(s)" Rox(s) ds

—TM,

+/ti 2(s)" Ryx(s) ds—i—/t o 2(s)" Ryx(s) ds, (27)

—TMsy

t
Va(t) :/ / i(s)" Qui(s dsdp—i—ﬁ/ / )7 Qqii(s) dsdp+
t—Tm —711 Jt+p
(Tay, — 71) / / ng dsdp+72/ / Q4x ) dsdp (28)
™M, —T2

.
TMQ—TQ/ / )T Qs (s) dsdp,
TMy

t—71

Va(t) = e(t)” Pe(t) + /ti e(s)" Rye(s)ds + /t e(s)" Rae(s) ds

—TM;

+/t7 e(s)TRge(s) der/ - e(s)TR4e(s) ds, (29)

—TMsy
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t
Va(t) :/ / é(s) T Qué(s dsdp+7‘1/ / )7 Qa6(s) dsdp+
=Ty —711 Jt+p
(Tar, —11) / / Q3€ dsdp—&-m/ / Q4e )dsdp (30)
=Ty —T2

m
TMQ—T2/ / )T Qsé(s) dsdp.
—

When t € ®9, calculating time derivatives of Vi (t), Va(t), V3(t) and V4(t) along the
trajectories of yields

Vl(t)
=2z(t)" Pi(t) +z(t — 1) (Re — R)a(t — 1) + 2(t — 72)" (Rs — R3)z(t — ) (31)
+ ()T (R + R3)a(t) — x(t — 7ar, )T Rox(t — Tar,) — 2t — gy )T Ruz(t — Tasy),

Vo(t) = 27 () [t @1 + 71°Q2 + (Tar, — 71)?Q3 + 72 Qu + (Tar, — 72)°Qs)(¢)
— /t T (s)Q1a(s)ds — 1 /t iT(5)Qai(s) ds — 7o /t 7 (5)Qu(s) ds
t—Tm t—71 t—T2
(32)

- [ Qi) ds— (=) [ T (5)Qsis) ds

t—TnMmy t—Thny

Vs(t)
2e(t)T Pé(t) +e(t — )T (Ry — Ry)e(t — 1) + e(t — 1) (Ry — R3)e(t — )  (33)
( )T(Rl + R3) ( ) - €(t - TMl)TRQe(t - 7_M1) - e(t - 7_M;_>)TR4€(t - TMZ)?

Vi) = T () Q1 + 12Qa + (Tar, — 71)2Q3 + 722 Qu + (s, — T2)2Q5]é(t)—

/t_ el (s)Q1é(s)ds — 7 /t_ ¢l (5)Qaé(s)ds — 7o /t_ eT'(5)Qqé(s)ds  (34)

~ (raty — 1) /t T (5)Q56(s) ds — (ag, — 7) / ¢T (5)Qsé(s) ds

—TM, t—Tny

From Lemma 2.4, we have

t 1 t 1 t
- / () Pi(s) ds < — / ()T Pir(s)ds — & / ()T Pir(s) ds
t—Tm 3 t—n(t) 3 t—7(t)
1 ¢ . T . 1 t . T t .
- 7/ z(s)” Px(s)ds < ——[/ z(s) dsP/ z(s)ds (35)
3 Ji—s 3T i) t—n(t)

t t t t
+ / i(s)" dsP / i(s)ds + i(s)" dsP / i(s)ds],
t—7(t) t—7(t) t—q(t) t—g(t)
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and
t 1t 1 st
- / eT'(s)Pé(s)ds < —f/ eT'(s)Pé(s)ds — 7/ ¢l (s)Pé(s)ds
t—rar 2 Ji—rt 2 Ji—s)
1 ¢ t 1 t t
<L ¢ (s) dsP é(s)ds — —— ¢T(s)dsP / é(s)ds. (36)
270 Ji—r(r) t—7(t) 2T Jr—(t) t—c(t)

From Lemma 2.5, we have

e(t —n(t)) — e(t — 7ar,)]" Qsle(t — n(t)) — e(t — 7ar, )] (39)
t—11) —e(t —n(t)]"Sile(t —n(t) — e(t = 7ar,)]

(

e(t —7(t)) —e(t — ar,)]" Qsle(t — 7(t)) — et — s, )] (40)
(
(
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From Lemma 2.6, we can get

-7 /t_ T (5)Qoi(s)ds < —[x(t) — x(t — 1)  Qala(t) — x(t — )],  (41)
— Ty /ti x'T(S)Q4j3(S)dd < 7[x(t) 7$(t*7'2)]TQ4[x(t) 793(25772)]’ (42)
-7 /t_ ¢T'(5)Qaé(s)ds < —le(t) — e(t — 1) Qale(t) — e(t — 1), (43)

t
o / ¢T(5)0aé(s) ds < —[e(t) — e(t — )T Qale(t) — et — 7). (44)
t T2
Substituting ((35) l l ), (42) into , , , , , into ,
and combining 1 21)), and 1 .i we have

V(t) < Vi(t) + Va(t) + Va(t) + Vi(t) + o1[Cox(t) — Co /tt " i(s)ds]T Q1 [Con(t)

- t i(s)ds] — ey ()T Qe oolz(t) — ' i(s)ds — e
CQ~/t—T(t) (5)ds] —eq(t)” Queq(t) + o2z(t) /t ) (s)d (t)

n(t
é(s)ds) T Qlz(t) — t z(s)ds —e t é(s)ds
w0~ [ s e+ [ ets)ad
w(t)

)
—er T () Qer(t) + 2()TCLTCLa(t) — ()T 2(t) — y2w(t)Tw(t) + 72w(t)Tw(t)(. :
45

Define

=" &7 &7 &7 ), =diag{o1, 020},
a7 = (207 e wt—r)T et ()" lt—nt) et—n®)" ),

&= at—m)" ett-m)" alt- 72)T (t —m) ot —m)” et —mn)T ),
7 = x(t—TM )T (t—TMQ)T ft 0@ ds [ s ds )
&' = ft «w® Tds ﬁ <) € "ds ft )T #(s)"ds eq(t)" en(t) w(t)” ),

Hy =E3 = dlag{TMQlaTl QQ,(TM1 —7'1) Q3,722Qu, (Tar, — 72)2Q5 }-
Thus,

V(t) + 2(t)T 2(t) — y2w(t)Tw(t) <

0 0 I,
v+ (mT mt o mt)| 0o 2 o IT, €. (46)
0 0 =3 I3

From Lemma 2.7, the condition is equivalent to

2 0 0 I,
U4 (T T msT ) 0 2 0 I, | <o,
0 0 =s I,
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which means that
V() + z(t)T2(t) — v2w(t)Tw(t) < 0,t € ®9. (47)

Since U2 ,[txh + di,tge1h + diy1) = [to,+oo) and z(t), e(t) are continuous on
[to, +00), V(t) is continuous on [tg, +00). Integrating the inequality from tih + dj
to t yields

t t

2(s)" 2(s) ds +~2 / w(s) w(s)ds.

V(t) = V(tgh + di) < —/
trh+dg

trh+dg
Then,
t t
V() - V(0) < — / 2(s)T2(s) ds + 2 / w(s)Tw(s) ds.
to to
Let t — oo, we can get

| s as <07 [T et as

Therefore, |z(t)||, < v|lw(t)|ly- The proof is completed.
We can design the dynamical output feedback H,., controller with the two event-
triggered mechanisms based on Theorem 3.1. O

Theorem 3.2. For given parameters ny, ns, 71, T2, 01, 02, h, there exists an H.,
controller of @ if there exist three symmetric matrices P > 0, 1 > 0, Q2 > 0,
R; >0(i=1,2,3,4), and S; > 0, So > 0, and two matrices L and K such that

P 5
(7 %)=0 49)
P S,
(* Z))>o7 (49)
Voo
* 21 O O
I A (50)
* % x g

Then, the system is asymptotic stable with an H,., performance index v for the
disturbance attenuation under the event-triggered mechanisms and , where

Uy Uy Uy
U= * Wy Osxe |,
* * @5
U, -K 0 0 0 0 P 0
¥ * * * Ty O 0 0 0
L= * * * x Uss 0 P-57T 0 ’
* * * * x  Uge 0 pP-s5T
* * * * * Uor 0
* * * * * * \1188
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P 0 0 0 0 0 -K K
0 P 0 0 0 0 -K K
P—8,T 0 0 0 P—S, 0 0 0
T, — 0 P-5" 0 0 0 P-S 0 0
0 0 P—- 5 0 0 0 0 0 ’
0 0 0 P—-5 0 0 0 0
0 0 S 0 0 0 0 0
0 0 0 S 0 0 0 0
0 0 0 0 K PB,
Uy17 Wa1s LCy —L K PB,
0 0 0 0 O 0
T, — 0 0 0 0 O 0
0 0 0 0 O 0 ’
0 0 0 0 O 0
0 0 0 0 O 0
0 0 0 0 O 0
Wog 0 0 0 Sy 0 0 0
* \1110}10 0 0 0 Sg 0 0
* * @11,11 0 0 0 0 0
— * * * @12,12 0 0 0 0
\114 = * * * * \Iflg 13 0 0 0 ’
* * * * * @14,14 0 0
* * * * —3P 0
T™M
* * * * * * 0 —2f
M

?5 = dlag{_%v _ﬁa _7%7 _le _QQ7 _721}7

Uy =PA+ATP+ K+ K"+ R+ Rs— 2P+ C,TCy,

oy = PA+ATP — LCy — Co" LT + Ry + Ry — 2P,

Uy = Uyy = 2P + Sy + Sy, W55 = U = —2P + 51 + 5,7,

W77 = Wgg = Ry — Ry — 2P, Vg9 = V10,10 = Ry — R3 — 2P,

Vi1 =VYi202 = —Ro — P, Wi313 = V1414 = —Ry — P,

o7 ==V = —LCs + K. ) ) ) )

1:11T:( 1:[?1 Hsz )LH2T:! HgL H2T2 7H2T3 H2T4 _ HQTs )»

3= ( M3, 105, M3, T35, T35 ), =, s = s,

H21=H22:H23:H24=H25:(PA+K -K 0 0 0 0 0 O
000000 -K KOO0OO K PB,),

M3y =M3p =T33 =034 =M35=(0 PA-LC, 0 0 0 0 0 0 0 0 0
000 -K K -LC;+K LC;—K LC, —-L K PB,),

Yy =3,Yy=Y3 = diag{—%, TP% (,,.Mlli.,.l)% ;Pza (.,.Mf_)Tz)z I

Moreover, the control gain K and the observer gain L can be obtained by K =
(BTB) 'BTP~1K and L = P~1L, respectively.
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Proof. Let P=Q1 = Q2 = Q3 = Q4 = Q5 , L =PL and K = PBK. Then, the
condition implies that the condition . O

4. NUMERICAL SIMULATIONS

In order to show the effectiveness of the proposed methods, we consider a linear time-
invariant system with two event-triggering conditions, which the parameters are given
as follows.

010 1 1 01 0 0
A = O —5 1 ,B = 2 7Bw — 1 ’Cl = O O 2 0 ,
0 05 -9 . . 0 0z 0
1 0 0 )
Co=(0 2 0 |,w@t)= 0.5 xsint,t G.[O, 10],
0 0 1 0, otherwise.

Case 1. Let h = 0.02, 01 = 0.05, 00 = 0.1, ny = 2, ny = 3, 1, = 0.001, o =
0.01. The initial conditions are given as #(0) = ( 0.3 —0.2 0.1 )T and z(0) =
(0.1 —03 0.4 )7 Applying the Matlab/LMIs toolbox, we can obtain v = 1.9095,
the controller gain K = (—0.0345 0.0542 0.0506 ), and the observer gain

0.5877 —0.0267 —0.0304
L= 07315 0.4857 0.1825

0.8115 0.2810 0.4866

The corresponding trigger matrices

0.1962 —0.0426 —0.0184 0.3469  0.0331 0.0007
Q=1 —0.0426 3.5459 —4.5019 | and Q9 = | 0.0331 3.8579 —2.4051
—0.0184 —4.5019 19.3247 0.0007 —2.4051 5.2934

The state trajectories and the release instants and release intervals are shown in Fiure 2
and Figure 3, respectively.

Case 2. Let h = 0.02, 01=0.1, 02=0.1, n; = 2, ny = 3, i, = 0.001, » = 0.01.

We can get v = 2.7977, the controller gain K = (—0.0318 0.0345 0.0344 ), and the
0.3767 —0.0420 —0.0255

observer gain L = | 0.8703 0.4753 0.1446
0.9077  0.2358  0.4265

The corresponding trigger matrices

0.1566 —0.0086 —0.0132 0.4182 0.05614 —0.0011
Q=1 —0.0086 1.8798 —1.9466 | and Qe = 0.0514 4.2898 —2.0678
—0.0132 —-1.9466 10.3138 —0.0011 —-2.0678  5.5935

In Figure 4, and Figure 5, it is shown the state trajectories and the release instants and
release intervals, respectively.
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Fig. 5. The release instants and release intervals of event generator 1
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In the above simulations, network delays 75, and dj, are random in the interval [0, 4h].
From Figure 2 and Figure 4, we can obtain that the system under two event-triggered
schemes can be stabilized while guaranteeing H., performance. Moreover, in Figure 3,
it is shown that only 57 sample data are transmitted from the event generator 1 to
the controller, which means that 1.43% of the sample data are transmitted, and the
maximum release interval is 3.56; only 1.08% sample data are transmitted from the
event generator 2 to the plant, and the maximum release interval is 5.56. Similarly,
Figure 5 shows that the number of release instants in the event generator 1 is 43, and
the number of release instants in the event generator 2 is 39, which implies that 1.08%
and 0.96% of the sample signals are transmitted in the event generator 1 and the event
generator 2, respectively; the maximum release interval in the event generator 1 and
the event generator 2 are 5.58 and 8.3, respectively. If only the event generator 1 is
considered, the release rates of the event-triggered mechanism under different value
of o7 are shown in Table 1. As the parameter o, increases, the release rate of the
event-triggered mechanism will decrease. If o1 = 0, we can get that the release rate
of the event-triggered mechanism is 100%. From the above analysis, the proposed
two event-triggered schemes can save network bandwidth and reduce network computing
resources while guaranteeing H,, performance.

o1 0 005 007 008 0.1 02
r(%) 100 143 133 1.18 1.08 0.75

Tab. 1. The release rate of the event-triggered mechanism under
different o .

5. CONCLUSION

The problem of output feedback H.,, control for NCS based on two channel event-
triggered mechanisms was investigated in this paper. The considered transmission delays
were random and the data buffer units were removed. The dynamical output feedback
controller and the plant were updated immediately whenever the triggered data arrived.
By using interval decomposition and time delay method, LMI-based sufficient condi-
tions were obtained for H., performance of the closed-loop system. Finally, numerical
simulations verified the effectiveness of the proposed methods.
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