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KYBERNETIKA — VOLUME 57 (2021), NUMBER 2, PAGES 272-294

RISK PROBABILITY OPTIMIZATION PROBLEM
FOR FINITE HORIZON CONTINUOUS TIME MARKOV
DECISION PROCESSES WITH LOSS RATE

HAIFENG HUO AND XI1AN WEN

This paper presents a study the risk probability optimality for finite horizon continuous-time
Markov decision process with loss rate and unbounded transition rates. Under drift condition,
which is slightly weaker than the regular condition, as detailed in existing literature on the
risk probability optimality Semi-Markov decision processes, we prove that the value function is
the unique solution of the corresponding optimality equation, and demonstrate the existence
of a risk probability optimization policy using an iteration technique. Furthermore, we provide
verification of the imposed condition with two examples of controlled birth-and-death system
and risk control, and further demonstrate that a value iteration algorithm can be used to
calculate the value function and develop an optimal policy.

Keywords: continuous-time Markov decision processes, loss rate, risk probability criterion,
finite horizon, optimal policy, unbounded transition rate

Classification: 90C40, 60E20

1. INTRODUCTION

Risk probability problems have formed a class of important stochastic optimization
problems, that can be used in risk analysis, queueing systems and finance [4, [6l [, [TT1
13,241 [32]. In contrast to the classical expected optimality problem [6] [7, [8l 20l 27] that
focuses on the expectations of the total reward/costs, the risk probability optimization
problem aims at minimizing (or maximizing) the risk probability, which means that the
total loss (or reward) during a given time range is no more than (or exceeds) a given
initial loss (or reward) goal. The results of this process can then be used to measure the
risk of a stochastic system (economic and financial systems). Inspired by this situation,
risk probability criteria have garnered significant attention and have been widely studied
by [T}, 2} 6, 10, 13, 15 26, 28, 29, [31] for Markov decision processes (for short MDPs).

Risk probability optimality problems for Markov decision processes are first divided
into three groups that are based on the hold times of the system state: discrete-time
Markov decision processes (DTMDPs) [2 26, 28], 29], B0, B1]), semi-Markov decision pro-
cesses (SMDPs) [10, 1], 12l 13l 25], and continuous-time Markov decision processes
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(CTMDPs) [14], 15] [16]. Then the second classification is grouped by the risk proba-
bility optimization problems with the reward case or the loss case. Most of the earlier
studies focus on the reward case, that minimizes the risk probability P™(B, < \) over all
the policies w, where B, denotes the total reward during a given time horizon, A denote
the reward level. It is clear that P™(B, < \) =1 — P™(B, > ), which combined with
the conclusions from [I3] 23] suggests that the risk probability minimization problem
P™(B, < A) in [I6] is not equivalent to the minimization problem P™(B, > ) in this
paper. Moreover, in some control models such as economic and financial systems, the
controller is often focused on the probability that the total loss incurred over a given
time horizon exceeds the initial capacity. Hence, limited literature [13| 9] is available
for the loss case, which minimizes the risk probability P™(B; > \) over all the policies 7,
where B; denotes the total loss during a given time horizon, A denotes the loss level (or
goal). Specifically, Huang, Zou, and Guo [13] investigate the loss rates risk probability
for first passage SMDPs, They use the invariant embedding technique to establish the
optimality equation and prove the existence of optimal risk probability policies. Simi-
larly, Liu and Zou [19] consider the risk probability criterion for finite horizon SMDPs
with loss rate using the idea and iteration technique in [14] to demonstrate that the
value function satisfies the optimality equation and the existence of optimal policies,
and to derive an efficient algorithm for solving the value function. A review of the above
mentioned literature demonstrates that the risk probability criterion with loss rate just
considered in SMDPs, and CTMDPs for the risk probability criterion with the loss rate
have not yet been explored. Moreover, there are many real-word situations, such as
queueing systems, in which the lifetime is usually finite. Therefore, to the best of our
knowledge, it is prudent to research the risk probability criterion for finite CTMDPs
with loss rates in this paper.

Compared with the first passage risk probability CTMDPs developed in [I5], the
considered ones for finite-horizon CTMDPs with loss rates have many different charac-
teristics due to their different performance criteria. (i) To define the policies, both loss
levels A and planning horizons t should be considered the extended states’ components,
while only reward levels A have been considered in [I5]. (ii) Our condition here is weaker
than those proposed in [I5]. The existence of optimal policies here is guaranteed by us-
ing the non-explosion of the controlled state process (see Assumption 1 in our paper),
while the existence of optimal policies is guaranteed by using the non-explosion of the
controlled state process and the properties of the target set B (see Assumption 3.2 and
3.6 in [15]). (iii) According to different policies, the probability space and the optimality
equation in our paper are different from those developed in [I5].

Since a key feature of our proposed model is that the loss levels and planning horizons
are considered when the controller makes decisions. Thus, we first characterize the
history-dependent policy with the system’s states, loss levels and planning horizons,
and reestablish a probability space. Secondly, following the same method utilized in
[6] [T, 8], we establish a so-called drift condition to ensure the controlled state process
is non-explosive. As a result of this condition and the continuity and compactness
condition, we use an iteration technique to prove that the value function is the unique
solution to the corresponding optimality equation, and from this optimization equation
we demonstrate that a risk probability optimization policy exists. It should be noted
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that the drift condition is imposed on the transaction rates for CTMDPs, which is
typical, unlike the regular condition as explained in [10] 11, 12l 13} 25], because the
transition rates are allowed to be unbounded, as detailed in Remark 3.3. Moreover, a
value iteration algorithm is developed for calculating the value function and optimal
policies. Finally, we provide two examples to explain our primary results. In the first
example we demonstrate that our condition is verifiable via a controlled birth-and-death
system. In the second example we use the value iterative algorithm to compute the value
function and optimal policies.

The remainder of this paper is organized as follows. In Section 2, we describe the
model of CTMDPs with the risk probability criterion, in which the policies depend on
the states of the system, loss levels, and planning horizons. In Section 3, we present the
value iteration technique for solving the concerned optimization problem. Our results
are illustrated with two examples in Section 4.

2. OPTIMAL CONTROL PROBLEM

Continuous-time Markov decision processes (CTMDPs) model consists of the data
{E,A, (A1) CA,i € E),q(jli,a),c(i,a)} (1)
with the following interpretation:

(a) E denotes the state space, which is assumed to be a nonempty denumerable set;

(b) A denotes the action space, which is assumed to be a nonempty Borel space,
endowed with the Borel o-algebra B(A);

(c) A(7) denotes a set of admissible actions at a given state i € E. The subset
K :={(i,a)|li € E,a € A(i)} of E x A represents the set of allowed state-action pairs;

(d) q(4]%, a) denote the transition rates, which are assumed to be conservative in that

> aljli,a) =0 V(i,a) € K, (2)

JjEE
and stable in the sense
q*(i) = sup gi(a) <oo V(i,a) € K, (3)
a€A(3)
where ¢;(a) := —q(ili,a) > 0 for all (i,a) € K and q(j|i,a) > 0 for all (i,a) € K such

that j # i;

(e) c(i,a) denotes the loss rate, which is assumed to be a nonnegative real-valued
function on K.

The stochastic evolution of the control model is described as follows: At the initial
time sg = 0, the system is in the state 79 and the controller has a loss level Xo := Ao. The
controller will do his/her best to manage the loss level during the planning horizon tg.
Roughly speaking, given the system state ¢y, the loss level Ay and the planning horizon
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to, the controller chooses an action ag € A(ip) according to some given policy. Once
such an action is taken, two things happen:

(i) The system stays at state igp until time s;. At time s1, the system moves to a

new state ¢; with the probability %(qio (ap) # 0). The holding time 6; = s1 — 59
i0

satisfies the exponential distribution 1 — e~ %o (@0)(s1=s0),

(ii) At time s, a loss ¢(ig,ap)(s1 — So) is incurred. Based on the current state iy,
loss level A\; = [A\g — ¢(io, ag)(s1 — s0)] T, planning horizon t; = [tg — (51 — s¢)]T, and the
previous state ig, loss level \g, planning horizon tg, the controller chooses another action
ay € A(i1), and the process is repeated. Thus, a sequence of losses stemming from all
the taken actions will be incurred. The aim is to seek out a control policy that optimizes
the risk probability criterion, that is the probability that the total losses exceeds a loss
level during a fixed planning horizon.

To formalize the above description, we denote by si (k > 1) the kth decision epoch,
by i the state of the system on [sk, sx+1), by ai the action at time s, by 0 := sx —Sk—1
the holding time at state ix_1. Moreover, we denote by Mi the loss level at the decision
epoch si, and by t; the planning horizon at the decision epoch s;. The loss level Ak
satisfies

M= L (i1, Ne—1, @k -1, 0k) == [No—1 — e(ip—1,a5—1)0] T, (4)
and the planning horizon ¢ satisfies
tk = Lg(tk_l,ok) = [tk—l — Gk]Jr. (5)

Here and everywhere else, the state process after moment s, := limy_, o Si is considered
to remain in the artificial state i, := A ¢ E forever. Thus, we set ¢(:|A,aa) := 0,
c(Ayapn) =0, Ap := AU {aa} with isolated point aa.

When the decision maker chooses actions, he/she must consider not only the state of
the system, but also the loss level and the planning horizon.Thus, we have to redefine
some policies and reestablish a probability space. The measurable space (2, F) is defined
by

Q = QOU{(io,Ao,tO781,i1,>\1,t1,...7Sk,ik,)\k,tk,...,OO,A,OO,OO,...)H()EE,)\O
€ [0,400),t0 € [0,400), s € (0,00],4; € E, A\ € [0,400),t; € [0,00),¥1 <<
kok > 1),

and F denotes the Borel o-algebra on €, where Q0 := E x [0,+00) x [0,+00) x
((0,+00] x E x [0,400) x [0,400))>°. For each k > 0, e := (g, Ao, to, S1,%15 A1y t1, -« - s
Sky Uk, My bk - - -) € Q, the k-component internal history is given by hg(e) := (49, Ao, to),
hi(e) := (i, Mo, to, S1,81, A1,t1,- -, Sk, ik, Ak, Li), the projections Sk, X, Ay, Ty are de-
fined by

Sk(e) = sk, Xi(e):=ig, Ag(e) =g, Ti(e) :=tg,

and S, := limy_, o, Sk. For simplicity, the argument e will often be omitted. The state
process {z} is defined by

Ts = Z Iis,<s<spintin + AI{SZSoo} for s > 0, (6)
k>0
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where I denotes the indicator function of a set B.

Definition 2.1. A deterministic history-dependent policy is a sequence m = { fo, f1,...}
of Borel measurable functions from € onto Aa for each £k = 0,1,2,..., and such that
for each e € Q2,5 > 0,

m(e,s) = Its—op fo(ho(€)) + D I(s, cszspory fulhi(€)) + Iiszs.10a, (da), (7)
k>0

where d,, (da) denotes the Dirac measure on Aa concentrated on the isolated point an.
The set of all deterministic history-dependent policies is denoted by II.

A deterministic history-dependent policy = = { fo, f1,. ..} is said to be Markovian, if
there exist some Borel measurable functions fe(k > 0) from E x Rt x [0,T] to Aa, such
that fy(hr(e)) = fi(ix, Ak, tx) for all e € Q. We denote by II,,, the set of all deterministic
Markov policies.

A deterministic Markov policy m = {fo, fl, ...} € II,, is said to be stationary if there
exists a Borel measurable function f from E x R* x [0,7T] to Aasuch that fe = f. When
it is the case, we denote by f such policy. The set of all deterministic stationary policies
is denoted by II,. Clearly, we have II; C I1,,, C II.

For any given policy © = {fo, f1,...} € II, from [7, [I7], the jumps intensity of the
process {zs} is given by

mﬂ(j|678) = I{s:O}mg(j|h0(e)) + ZI{Sk<8§5k+1}mg(j|hk(e))a (8)
k>0

where mf (j1ho(€)) i= a(jlios fo(ho(€)T(s.1i0} s (ilhi(€)) := alilir, filhr(€)) (s

Due to the changes in the loss levels and the planning horizons here, for each policy
© = {fo, f1,---} € Il and each initial probability measure v on E x Rt x RT, according
to the Ionescu Tulcea theorem (e.g., Proposition 7.45 in [3]), there exists a unique
probability measure P space on the measure space (Q,F, Py ), which has a projection
onto k-component internal history Hj with

P,;O(Z',d/\o,dto) = ’y(i,d)\o,dto), (9)
Pjyr,k-ﬁ-l(r X (dS,j, d>‘k+1, dtk-H)) = / Pak(dhk)l{9k<oo}m‘llcr(]‘hk) (10)
T

X eXP{—mZ(E\thS - Sk)}aLz(th*Sk)(dthrl)
X(SLl(ika)\hfk(hk)vs_Sk) (dAk+1) ds,

PF(T x (00,A,00,00)) := /P;r(dhk)l{é‘k:oo} (11)
¥

g, <oy oxD{— / m (Elhy) dv},
0

for (i,d\o,dtg) € E x B(RT) x B(R"), where Hy := E x R™ x Rt and Hj, := (E x
Rt x RT) x ((0,00] x Ea x R x RY)k for k = 1,2,..., T € B(Hg),m}(Elhy) :=
—q(iklir, fr(hy)), and B(X) stands for the o-algebra on X.
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Let ET denotes the expectation operator with respect to P . If the initial probability
measure v is concentrated on the initial (i,\,t) € F x Rt x R* we shall use E@)\’t)
and P(TE’ At) instead of ET and PJ, respectively.

To ensure the existence of the risk probability optimal policy, we need to assume that
the state process {xs, s > 0} is nonexplosive.

Assumption 2.1. For any 7 € I, (i, A\, t) € E x RT x [0, T7, P(Z,A,t)(SOO =o0) =1

The main goal of Assumption [2.1] is to avoid the possibility of an infinite number of
jumps during any finite horizon. We give a sufficient condition used in [5 [6] [7, [14] for
the verification of Assumption [2.1

Lemma 2.2. If there exist some constants ¢y > 0, bg > 0, My > 0 and a measurable
function V' > 1 on FE satisfying the following condition:

(@) YerV(5)a(i|i,a) < coV (i) + bo, for all (i,a) € K;
(b) ¢*(i) < MoV (i) for all i € E, with ¢*(i) = sup,ec 4(; gi(a)-

then Assumption [2.1] holds.

Proof. The statement follows from Theorem 1 in [14]. O

Remark 2.3. (1) Lemma is a generalization of the drift condition introduced in
[6, [7, [§]. The conditions of the Lemma are satisfied when the transition rates are
uniformly bounded (i.e. sup;cp ¢*(i) < 00).

(2) It should be noted that there is a significant difference between Lemma and
the regular condition described in some existing literature on SMDPs [I11, [12] [T3]. The
regular condition means that the semi-Markov kernel Q(6, E|i, a) satisfies Q(0, E|i, a) <
1 — & for some constants § > 0 and € > 0 and (¢,a) € K. For the model of CTMDPs,
it means that 1 — e~%(®)% <1 — ¢, or equivalently, e~9(%)% > ¢ for all (i,a) € K. This
implies that the transition rates ¢(j|i, a) must be bounded. Note that, in this work, we
allow for the transition rates to be unbounded, see Example

For any (i,A\) € E x R" and 7 € II, the risk probability criterion U™ (i, A, T') with
loss rate on the finite horizon T is given by

T
U (i, A T) = Pg;m(/o (s, 75) ds > )\), (12)

where c(zg, 75)(e) := c(xs(e), m(e, s)) for all e € Q and s > 0.
Definition 2.4. A policy 7* € I is called risk probability optimal if
U™ (i,\,T) = U*(i,\,T) Y(i,\) € E x R", (13)

where U*(i, A\, T) := infen U™ (¢, A, T') is the corresponding risk probability value func-
tion.
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3. MAIN RESULTS

In this section, some suitable conditions are provided for ensuring the existence of op-
timality equation and the optimal policies. Moreover, an efficient method is developed
for computing the value function and the optimal policies.

Notation: For a policy m € II, let U™ (i, A\, t) be the corresponding risk probability of
the controlled system from 0 to time ¢ € [0, T, given the initial state i € E and the loss
level A € RT, i.e.,

U™ (i, \ t) == ngA,t)(/ot (s, ms) ds > /\). (14)

Let
U*(i,\t) = 7:relfn U™ (i,\,t) V(i,\t) € Ex Rt x[0,T). (15)
Denote by Uy, the set of all Borel measurable functions from E x Rt x [0,T] to [0, 1].

For each (i,\,t) € E x R* x [0,T],U € Uy, f € Iy and a € A(i), we define the
operators H/U and HU on U,, by

HfU(% )‘a t) = I()x,+oo) (C(i, f)t)e_qi(f)t (16)
t
+3 [[U(ir = cli e = u)e gl ) du
j#i 70
HeU(i,\t) == Ix qoo)(c(iya)t)e @@t (17)
t
+ Z/ U(j, A —c(i,a)u,t — u)e*qi(“)“q(jﬁ, a)du
j#i 70
HU(i,\t) = inf HOU(i,\1), (18)
acA(i)

with q;(f) == —q(ili, f(i, A, 1)) and q(jli, f) := q(jli, f(i, A, 1))
Similarly, for every f € II,, we define iteratively the operators (H"U,n > 1), (H)"U,
n > 1) on U, by setting
H'U = HU,H""'U = H(H"U), (H)'U = /U, H'"T'U = H' ((H)"U),n > 1.

From the theoretical perspective, to show the existence of a risk probability optimal
policy, as in CTMDPs [6] [7, [8, [IT], we introduce the following assumption.

Assumption 3.1. For any fixed (i, A, t) € E x RT x [0,T],
(a) A(7) is compact.

(b) For all 4,j € E, the function ¢(i,a) and ¢(j|i,a) are continuous in a € A(i) and
q(i|i, a) is inf-compact on K.
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c) For each fixed U € U,,,, > .. ‘U G —cli,a)u,t —u)e %(@uq(5)i,a) du is lower
J#1J0

semicontinuous in a € A(7).

Remark 3.1. Assumption [3.1] is so-called continuity-compactness condition, which is
trivially satisfied when the action space is denumerable and the set A(¢) is finite for all
1€ L.

We list below some important properties of these operators.

Lemma 3.2. Suppose that Assumption 2.1 and 3.1 hold. The following assertions hold:

(a) If U,V € Uy, with U(i,\,t) > V(i,\t) for all (i,\,t) € E x Rt x [0,T], then
HeU(i, A\ t) > H*V (i, A\, t) and HU (i, A\, t) > HV (i, A\, t), for every a € A(7).

(b) IfU € Uy, then HU € Uy, and there exists a policy f € II; for which the infimum
in is attained at f(i, \,t) € A(3), i.e.,

HU (i, \t) = H'U(i,\t) V(i,\t) € Ex RT x [0,T]. (19)

Proof. (a) This part follows from the definition of the operator H.

(b) ¥ U € Uy, by , we know that HU € U,,. Moreover, under Assumption
and for any (i,A,t) € E x RT x [0,T], by the measurable selection theorem
(Proposition D.5(a) in [9]), we know that there is a policy f € II, for which the infimum
in is attained at f(i, A\, t) € A(3). O

For any (i, \,t) € Ex RT x[0,T] and € II, and based on facts that the state process
{zs,s > 0} is non-explosive, the loss rate c(i,a) is nonnegative, and the probability
measure is continuous, we may write U™ (i, \, t) as

t
U™(i,\t) = P(T;’)"t)(/o C(.Ts,ﬂ's)d8>)\>

Sm,+1 At

= P@,A,t)(;AmM c(xg,ms)ds > A)

Sm
= P(Z,A,t)(ﬁ " / +1Atc(x3,ﬂs)ds>)\>
n=1

=0 Sm At
Sm+1/\t

(s, ms) ds > )\)

Thus, we obtain a sequence {UT (i, A,t),n = —1,0,1,...} with U7 (i, A\, t) := 0, satisfy-
ing 0 < UJ(i, A\, t) SUT (6, A1) < 1,n > —1 and limy, oo UJ (i, A, 1) = U™ (i, A, T).

The following lemma provides a fundamental result for solving the optimality equa-
tion.

Lemma 3.3. Suppose that Assumption and hold. Then, for each (i, \,t) €
E x Rt x[0,T], # = {fo, f1,...} €T and n > —1,
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(a) UT € Uy, and U™ € Uy,.

(b) UZ1(i,\t) = HU, (i, A\ t), and U™ (i, A\, t) = HPU (i, \,t) with the 1-shift
policy of m, i.e. 7w = (fo, f1, )y Fr(S1,81, Ay t1, ooy Shbts tht 1, Aot 1, hg1) 1=
fk+1(i, Aty 81,01, A, Ty, .. . Sk+15Lh+1, )\k+1,tk+1), k=0,1,....

In particular, for f € Il,, U,]:H(z', M) = HIUS(i,\t) and U/ (i, \, t) = H'US (i, \, 1).

Proof. (a) We shall prove part(a) by induction on the integer n. The claims being
obvious for n = —1 since U™, (i, \,t) = 0 € U, for (i,\,t) € Ex RT x [0,T], 7 € IL.
We assume they hold for any n > —1. From and the property of the conditional
expectation, we have

n+1 Sm+t1/At

Ug—i—l(iv)‘vt) = ('L)\t) Z /

t
= Pl </0 c(xs,ms)ds > A\, S > t)
n+1 7n+1/\t

+P(1>\t Z~/9

- E(i,)\,t) [I{fot c(azs,ws)ds>)\,51>t}]
TEG 0 U

c(xs,ms)ds > /\)

(s, ms)ds > A, 81 < t)

m A\t

At
"+1 fS;?/Tfl c(wg,‘n's)ds>)\,5'1§t}]

- E(7ri,>\,t) [E(i,)\,t) [I{fo c(xs,ms) ds>)\,Sl>t}|Sl’ ) A17 Tl”
+EZTZ Ast) [EZ; A t)[ n+1 S Js SmA1/t C(Is,ﬂs)ds>k,51§t}|sl’ TSy, A17 Tl]]

mAt
+oo
= Z/ Pliab / c(zs,mg)ds > N, 81 > t|S1 = u, x5, =7,
JFi
A=\ = cli, fo)u Ti = [t = uf* ) e™"F0g(jli, fo) du

n+1 m—+1 Nt

—1—2/ P(Mt / (s, ms)ds + Z/ c(xs,ms)ds

Sm At
> )\7S1 < t|S1 =Uu,rs, :j,Al =A- C(iafO)uaTl = [t - Urr)
w e~ (fo)u q(jli, fo) du

n+1 Sim1 At

= )\oo)(( fo € ql(fg)t_"Z/ P(z)\t) Z/ J6‘8777':3)(13

J#i
> A= C(Z7f0)u75’1 S t|Sl =Uu,rs, = _77

Mo =Xl foJu, Ty = [t = u]* ) e~ g(jli, fo) du
= I(x 1o00)(c(i, fo)t)e (Fo)t
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n+1 7n+1/\t

+Z/ (1/\75 Z/ '/L‘l-&-u’ﬂ-l-‘ru) dl > /\_C( fo)u,

J#i
S1 < ST =u, x5, =4, A1 = X —c(i, fo)u, T1 = [t — U]+)
x e~ i (fo)u q(7li, fo) du
= I(x+400)(c(iy fo)t)e™ ™ (o)t
7n+1/\(t u)

+Z/ P foyut—u) Z/ c(xs, ) ds

i mA(t—u)

> A= c(i, fo)u )e i (fo)u q(7li, fo) du

= )\JrOO ( ( fO € QL(fO)t‘f'Z/ Ulc Ja (iva)u7t_u)
J#i
x e~ (fo)u (]\z fo)
= HPU(i, A1)

The induction hypothesis then gives U7, := HfOU,z7r € Uy,. Thus, by the limit of a
sequence of measurable functions is still measurable, we have lim,, oo U7 = U™ € U,,.
(b) Given (i,A,t) € E x Rt x [0,T], we have U7 (i, A\, t) = HoU, ™ (i, A, t), for
any n > —1. Thus letting n — oo, and applying the dominated convergence theorem,
we have U™ (i, \,t) = HPU (i, \,t). In particular, if 7 = f € II,, then U7 (i, \,t) =
HIUS (i, 1). O

Remark 3.4. Lemma [3.3] provides an efficient method for computing the function
U’ (i, A\, t), namely we have U/, (i, \, t) = H'UJ (i, \,t) and U (i, \, t) = lim,, oo U (3, \, 1)
for any (i,\,t) € E x RT x [0,T)], f € I, where U’ (i, \, 1) := 0.

The following result is new, and we shall use it to prove the uniqueness of the solution
to the corresponding optimality equation.

Theorem 3.5. Suppose that Assumption [2.1] and [3:1] are satisfied.

(a) Given U,V € U,, and f € T, if U(i,\,t) — V(i,\,t) < HI (U — V)(i, A\, t), then
Ui, \t) <V (i, A\ t) for all (i,A\,t) € E x RT x [0,T].

(b) U/ is the unique solution in U, to the equation

U(i,\t) = HU(i,\t) Vf eIl (i,\t) € Ex RT x[0,T].
Proof. (a) To prove part (a), we shall show that for all f € I, (i, \,t) € E x RT x
0,7),n=1,2,...,

()" (U = V)i 0) < Py (S0 < 1), (20)
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We shall prove (3.7) by induction on the integer n. We know that

(1)\t)(S1 t)
(z A,t) [I{S1<t}]
= E(l)\t) E(z/\t)[I{Sl<t}|Sl’XS1?AlyTl]]

- Z/ ,\t) Sl<t|Sl—UXsl—j,A1—)\—c( fu,

J#i
Ty = [t =" )e =D g(jli, f) du
- Z/eq’f)“ (§li, f) du

Jj#i
= 11—l

Since U,V € U,,, by the definition of the operator H, we have
HI (U -V)(i,\ 1)

= Z/ (U — V j, A —c(i, f)ut—u)

J#i

xe~ 1 ug(li, f) du
Z/ e~ u g (jli, ) du
J#i

= (zu)(sl <1),

IA

where the last equality follows from (21)). Thus, the statement is true for n = 1.
Suppose that the statement is true for any n > 1. By and the property of the

conditional expectation, we have

( n+1 < t)
- (l At) [I{Srz+1<t}]
= E(i A t) [E(i A t)[I{Sn+1<t}‘Slv XSUAla Tl]]

+oo
- Z/ zAt)(Sn+l<t|Sl—UXsl—j,Al—)\—c( Hu,

J#i
T = [t—u]+)e_qi(f)“ (jl4, f) du

= Z/ (GsA—c(, fu,t— u)(S <t—u)e a(fu q(j |7' f) du.

J#i

(22)

Moreover, from the definition of the operators (H7)™ and the induction hypothesis,
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we obtain

(Hf)nJrl(U _ V)(Z, /\,t)
= HI(H)"(U-V)(i,\t)
t
= Z/ (H)" (U = V) (. A = eis Put — u)
j#i 70
Xefqb(f)uq(]‘%f) du
t
f
Z/O P(J})\*T(i,f)u,tfu) (Sn <t-— u)
J#i
xeiql(f)uq(.]‘z’f) du
= P(];,)\,t)(sn-i-l <t)

IN

where the last equality follows from . This together with the sufficient condition
Ui, \t) = V(i,\t) < H (U — V) (i, A\, t) and the induction hypothesis yield

Ui, A t) = V(i A t) < (HD)(U = V) (i, A1) < Pl ) (Sn < 1), (23)
Letting n — oo in (23], and taking into account Assumption we obtain

Ui, A t) = V(i, A t) < lim PLy (S, < 1) =0,

n—oo

This concludes the proof of part (a) of the theorem.

(b) For each (i, \,t) € Ex RT x[0,T], it follows from Lemma (b) that U7 (i, A\, t) =
HIUZ(i,\t). If V is another solution in U, to the equation U(i, \,t) = H/U(i, \,t)
for (i,\,t) € E x Rt x [0,T], then U/ (i, \,t) — V (i, A\, t) = H (U (i, A\, t) — V (i, \, 1)),
which together with part (a) gives U7 (i, \,t) = V (i, A,t). This concludes the proof. (I

The following theorem is our main result. It shows that the unique solution to the
corresponding optimality equation is the value function and proves the existence of
optimal policies.

Theorem 3.6. Suppose that Assumption and hold.
(a) For any (i,\,t) € E x Rt x [0,T] and n > —1, define
Uy, :=HU,, with U*;:=0.
Then, lim, o U; =U".
(b) The value function U* is the unique solution in U,, to the optimality equation. i.e.,

U*(i, A\, t) = HU* (i, \,t) V(i,\,t) € E x RT x [0,T]. (24)

(c) There exists a policy f* € II, with U*(i,\,t) = H/ U*(i, A\, t) and U*(i,\,t) =
U™ (i, M\ 1).
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(d) Let fNO(?’a)HT) = f*(l7>\aT)7 fk(i7>\aT7$1ai17A17t17 s 7Sk7ika)‘k’tk) = f*(ik7 S‘katk’)
for (i, A\, T, s1,91,A1,t1,. ., Skyig, Agste) € Hy,k > 1. Then, The deterministic
history-dependent policy 7 := (fo, f1, ..., fi) is optimal, where A\, = L1 (ix—1, A\e—1,
(-1, Me—1s th1),0k), ti = Lo(te—1,0k),i0 = 3, A0 = A\ to = T, 0k = sk — Sp—1,
and Ly, Ly are defined in ,.

Proof. (a) By definition of the operator H and U}, we have
0 < Ui, M\t S UL (i M 8) < 1,n > —1.

This implies that lim, o Uy (i, A, 1) := Ui, \, t). To finish the proof, it remains to prove
that U = U*.
We first prove, for any 7 € II, by induction on the integer n > —1 that

Ur(i, A\ t) S UT(i,\t) Y(i,\t) € Ex RY x [0,T]. (25)

Obviously, holds for n = —1, since U*(i, A\, t) = 0 = U™, (i, A\, t) for any = € II.
Suppose that U (i, A, t) < UT (i, A\, t) for all 7 = {fo, f1,...} € Il and n > —1. Then, by
the induction hypothesis and Lemma b), we have

U*

n

(i A t) = HUZ (i, A t) < HU,™ (i, A\ ) < H U™ (i, A\ ) = UT, 1 (i, A, £).

Letting n — oo, we obtain U(i,\,t) = lim,_ oo U (i, \,t) < U™(i,\,t). This implies
that U (i, \,t) < U*(i, \, 1), as 7 is arbitrary.

To prove the converse, we consider the sets A, := {a € A())|H U (i, A\, t) < HU (i, \, 1)}
for all n > —1 and A* := {a € A()|HU(i,\,t) = HU(i,\,t)}. Under Assump-
tion using the operator H is monotone, and U} 1 U , we deduce that the sets A,
and A* are nonempty and compact, and A, | A*. Hence, it follows from the mea-
surable selection theorem (Proposition D.5(a) in [9]) that there exist a, € A, such
that H*U} (i, A\, t) = HU}(i,A\,t). Thus, using the facts that A(:) is compact and
A, | A*, we conclude the existence of a subsequence {a,, } of {a,} and a* € A* satis-
fying a,, — a* as ny — oo. Hence, in view of the monotonicity of the sequence {U}}
and the definition of the operator H, we have

HU; (i, A, t) > H* Uy (i, A\, 1) Yng > n.
Letting k£ — oo and applying the dominated convergence theorem, we obtain
Jim HOwUS (i, A1) = lim HU; (i, 0, 1) > HY U (i, \ t).
Thus U (i, A\, t) > H* UZ (i, A\, t).

Furthermore, letting n — oo, we obtain that U(z, A t) > Hf](z, A t). The Lemma
(b) ensures the existence of a policy f € Il satisfying

U(i, A\ t) > HU(i, A\, t) = H'U(i, A, 1),
which together with Lemma (b) and Remark gives that

Ui, M\ t) > (H)U (i, M\ t) > (HD"U_1(i, M\ t) = UL_ (3, A, 0).
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Letting n — oo, we obtain that
Ui, \t) > US (i, N\ t) > U*(i, \ t).

This fact concludes the proof of part (a).
(b) By Lemma |3.3] m{b ), for each (i, \,t) € E x RT x [0,T], we have

U™(i,\t) = HOU ™(i,\,t) > HoU*(i, A\, t) > HU*(i,\,t) Vr €11,

This implies that U* (i, A\, t) > HU*(3, A, t), as 7 is arbitrary.
On the other hand, from part (a) and the definition of U}, for each (i, \,t) € E x
R* x [0,T], we have

Upia(i,\t) = HU, (i, A\, t) < H U (i, A, t) Va € A(i).
Letting n — oo and invoking the dominated convergence theorem, give
U*(i, A\ t) < H'U(i, A\ t).

Therefore, U* (i, \,t) < HU*(%, A\, t), since a was taken to be arbitrary. Thus, U* = HU*.

Furthermore, for each (i,\,t) € E x RT x [0,T], the existence of a policy f € II;
satisfying U*(i, \,t) = HTU*(i, \,t) is ensured by Lemma b). Similarly, if V' € Uy,
satisfies the equation V' (i, A\,t) = HV (i, A, t) then there exists a policy f € Il such that
V (i, A\, t) = H' V (i, \,t). This implies that

UMt = HIU (i, Mt < H U(i, M\ 1), (26)
Vi = H V@M < HI V(DD (27)
Combining and gives
U*(i, M) — Vi, M t) < HY (U = V(i M 1), (28)
V(i, A\ t) = U*(i, A\, t) < HI(U* = V)(i, A\, 1), (29)

which together with Theorem a) yield U* (i, A,t) = V (i, A\, t). This proves part (b).
(¢)According to Lemma b)7 there exists a policy f* € Il; such that

U*(i,\t) = H U*(i, A\ t),

which together with Theorem .(b and part (b) gives U* (i, \,t) = UT" (i, \, t).
(d) Usmg . (10), and the definition of * for any (z A\ t) € Ex RT x[0,T], we
have P7 = PTr  and for all k& > 0. Therefore, P = P7r . Hence, we conclude that

U™ (i, A\, t) = Uf (4, A, t) =U*(i, A\, t), and so 7* is optlmal. O

The arguments of Theorem lead to the following iterative scheme for computing
the value function U*(i, A, t).
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The Value iteration algorithm

Step 1: Set U*, (i, \,t) :== 0 with (i, \,t) € E x Rt x [0,T].
Step 2: Substitute n + 1 for n, set

HaU;:(i,A,t) = I()\ +OO)( ( )t)e—q,:(a)t
+Z/ A= eli,aju, t’u>e “@g(jli,a) du,  (30)
Jj#i
Upi1(is A1) = m{i? {HU (i, M\, 1)} 51)
a€A(i)

Step 3: For a given fully small positive ¢, if Uy, (i, A, t) — U(i, A\, t)] < €, stop.
Otherwise, return to step 2.

Since, for large value of n, Uy, (4, A, t) and U} (4, A, t) are highly close, the value U},
is usually taken as the value function U*.

Remark 3.7. It should be noted that the formula is derived from the trapezoidal
integration method in [I8], which is explained as below.

b m—1
/ o) da ~ Z g(a+ kh) + gQ(a + (k+1)h) h, (32)

in which h is the step length, k& < m, k, m denotes positive integer with a + mh = b.

4. EXAMPLES

In this section, we provide two examples to illustrate our main results. The first one
concerns the birth-and-death system and illustrates the verification of the imposed con-
dition in this paper. The second one is about the risk management problem and exhibits
the usefulness of the value iteration algorithm for computing the value function and an
optimal policy.

Example 4.1. (Optimal control of birth-and-death system; see Example 6.1 in [6])
Consider a controlled birth-and-death system 7 below, in which the state variable
represents the population size. The positive constants p and p denote natural birth and
death rates, respectively. In state 0, the decision maker selects an action a from a
finite set A(0). This action may increase (u2(0,a) > 0) or decrease (u2(0,a) < 0) the
immigration parameter. In state i € {1,2,3,...}, the decision maker takes an action
a € A(i), where A(i) is a finite set. This action may increase (uz(i,a) > 0) or decrease
(uz(i,a) < 0) the immigration parameter, and also increase (uq(i,a) > 0) or decrease
(u1(i,a) < 0) the emigration parameter. Moreover, the decision maker takes a action
a € A(i),i € E, which incurs a loss at the loss rate ¢(i,a) > 0.

This birth-and-death system can be described by a continuous-time Markov decision
process. Suppose that the corresponding transition rates are given by

For i =0 and a € A(0),

Q(1|07a) = _Q(O|07a) = UQ(Ova’)v Q(jmaa) =0 fOT Jjz=2 (33)
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For ¢ > 1 and a € A(i)

i+ uq (4, a), if j=i-1,
0. —(p+p)i—ui(i,a) —u2(i,a), if j=1i,
ailisa) = § 0TIl muala), A= (34)
pi+ ug(i,a), if j=4i+1,
0, otherwise.

The goal here is to give some suitable conditions ensuring the existence of an optimal
policy. To do so, we establish the following conditions.

B1. pi+wui(i,a) > 0 and pi + uz(i,a) > 0 for all @ € A(i) and ¢ > 1; and uz(0,a) > 0
for all a € A(0).

B2. |lug| := sup(; o)ex luk(i,a)| < oo for k=1,2.
Under these conditions, we obtain the following :

Proposition 4.1. Under the conditions B1, B2, the birth-and-death system satisfies
Assumption [2.1] and [3.1] Thus, in particular, the existence of a risk probability optimal
policy is ensured by Theorem

Proof. To verify Assumption2.1] set V(i) := i+1fori >0, Mo := p+p+|lur ||+ Juz]|.
Since conditions B1 and B2 are satisfied, we have

q*(i) = sup gi(a) < MoV (i) (35)
a€A(7)

for all + € E, which implies that Assumption b) holds.
Moreover, using and ([34)), we obtain, for a € A(0)

SV (i)a(i10,a) = us(0,a) < (p+ WV (0) + Mo, (36)
JEE

for i > 1 and a € A(7). We also obtain

Z V(i)a(jli,a) = (p — p)i —ui(i,a) + us(i,a) < (p+ p)V (i) + Mo, (37)
JjEE

which together with , imply that Assumption holds with ¢y := p + p and
bo = M().

It follows from the finiteness of A(i) and Remark that Assumption holds.
Then, by Theorem we know that the risk probability optimal policy exists. O

Example 4.2. (A risk management problem) Consider a startup company with three
running status 0, 1 and 2, where the state 0 represents the company goes bankrupt, the
state 1 represents the company is running normally, the state 2 represents the company
has been a very good cash generator. In state 0, the company went bankrupt and could
not pay any losses, which means that the decision maker do not need to choose any
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decision action (we denote by ag1) and ¢(0,ap1) = 0,a01 € A(0). In state 1, the decision
maker can choose a financing way aq; incurring in a loss rate ¢(1,a11) > 0 or another
financing way a2 incurring in a loss rate ¢(1,a12) > 0. In state 2, the decision maker
can choose a high yield financing way a9 incurring in a higher loss rate ¢(2,as1) > 0 or
an ordinary financing way ass incurring in a lower loss rate ¢(2, as2) > 0. The evolution
of this controlled system as follows: when the system is in the state i € {1,2}, and
the action a € A(i) = {a;1,a:2} is chosen, the system remains at ¢ for an exponential-
distributed random time with the parameter ¢(i|i,a), and then moves to a new state j
with probability 2\ |(Za;‘ (gi(a) # 0,7 = 0,1,2). For this system, the main objective of
the decision marker is to find an optimal pohcy for the risk probability with loss rate
during a fixed finite horizon [0, T.

From the above evolution, this controlled system can be regarded as a model of
CTMDPs with the state space E = {0,1,2}, the action sets A(0) = {ao1},A(l) =
{a11,a12}, A(2) = {a21,a22}. Moreover, we assume that the planning horizon T = 15,
the transition rates are given by

q(0]0,ap1) = q(1]0,a01) = 0, q(2[0,a01) = 0,

q(0]1,a11) = 0. 0144 q(1]1,a11) = —0.18, q(2[1,a11) = 0.1656,
q(0[1,a12) = 0.0072, q(1]1,a12) = —0.12, q(2|1, a12) = 0.1128, (38)
q(0[2, az1) = 0.006, q(1]2, a21) = 0.294, q(2[2,a21) = —0.3,

q(0]2, azz) = 0.0018, q(1]2, az2) = 0.0582, q(2[2, as2) = —0.06,

and the loss rates are given by
¢(0,a01) =0, ¢(1,a11) =4, c(l,a12) =3, ¢(2,a21) =5, ¢(2,a2)=2.

From , we know that the transition rates are uniformly bounded, the state space and
the action space are finite. Then, by Remark [2:33] and [3.1] we obtain that Assumption
and are satisfied under the condition V = 1 in Lemma Thus, we can use
the value iteration algorithm in Theorem to compute the value function and optimal
policies.

For i = 0, by , we know the state 0 is a absorbing state. Hence, from ¢(0, ag1) = 0,
we have the value function U*(0, A, t) = U™ (0, \,¢) = 0 for any policy 7 € II.

Fori=1,2,) € [0, +00) and t € [0, 15], by Theorem (a), we compute the function
U*(2, A\, t) as follows:

Step 1: Set U*,(i, A, t) :==0.

Step 2: Employing and 7 we calculate the functions U, (i, A, t) and
w1 (i, A1) as follows:
Fori=1,a € A(l),n > 1,

HUE (L) = I 4oo)(4t)e” 018

t
+0.08 x 0.18 x / U0, — du,t — u)e—O.ISu du
0

t
+0.92 x 0.18 x / UX(2, A — du, t — u)e 18" du,
0
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HY2Ux (1, A1)

n+1(1 A t) =
Fori=2,a € A(2),n > 1,

HU*(2,0\,8) =

H*2U (2, \, 1)

n+1(2 >‘ t) =

Step 3: For each i = 1,2, if |U;:+1(i A t) —

I()\7+oo) (3t)€70'12t

t
+0.06 x 0.12 x / U0, X — 3u,t —u)e” 12 dy
0

t
+0.94 x 0.12 x / U (2, X — 3u, t —w)e "' du,
0

min{ H* U (1, A, ), HY2 HX (1, \, 1)}

T 4ro0) (51)e ™0

t
+0.02 x 0.3 x / UZ(0, X — bu, t —u)e” % du
0

t

+0.98 x 0.3 x / U (1, — bu, t — u)e 3" du,
0

[()\’+Oo)(2t)e—0.06t

t
+0.03 x 0.06 x / U0, — 2u,t — u)e 20" du
0

t
+0.97 x 0.06 x / Ur(1,A = 2u,t — u)e—o.om du,
0

min{ H* U (2, \, ), H22U*(2, \, ) }.
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U (i, A\, t)| < 10712, the iteration stops.

Then, go to step 4, the value U, is usually recelved as U*; or else go black to step 2
and by replacing n with n 4 1.

Step 4: Foreach: = 1,2t = 10, 15, drawing the graphs of these functions H*U* (i, A, t),

U*(i, A\, t), see Figures 7

H2U (1,1, 15)
o
[$,]

o
IS
T

Fig. 1. The function H*

H21U" (1 1,15)
H32U'(1,4,15) |
- = —H%U'(2,15) |
H22U' (2,0, 15)
»\\
‘v\ \
5N
'\L \11.
TN (30,0.1748)
1NN
NN
[N
. (45,0.1362)
\‘\ f;\ /
S e i SR
10 20 30 40 50 60 70 80 90

loss level A

U* (i, \, 15).
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——U'(1,A,15)
—U'@n15) |

0 10 20 30 40 50 60 70 80 90
loss level A

Fig. 2. The value function U*(i, A, 15).

From Figures [I]-[4] we can observe the following conclusions.

(a) From Figures f we see that at time sy = 0, the planning horizon is t = 15
and U*(i, A\, 15) = H*1U*(i, A\, 15) = H*2U*(i, A\, 15) = 0 with ¢ = 1,2, A > 90. At
state 1, when 0 < A < 45, H*11U*(1, A, 15) is less than H*2U*(1, A, 15); when 45 <
A < 90, Ho2U*(1, A, 15) is less than H1U*(1, A,15). At state 2, when 0 < A < 30,
H1U*(2, A, 15) is less than H*22U*(1, A, 15); when 30 < A < 90, H2U*(2, A\, 15) is
less than H*1U*(2, A, 15). In this case, under the minimum risk probability criterion
the optimal action is selected according to the following formula:

ail, 0 < A< 45 asy, 0 < \<30;
(1M 15) = < aya, 45 < X< 90; f*(2,\15) = < ags, 30 < X\ < 90; (39)
ann = a2, A>90. a1 = az, A > 90.

(b) From Figures[3]-[4 we see that U*(i,\,10) = H**U*(i, A, 10) = H*2U*(i, A, 10) = 0
with ¢ = 1,2,X > 90. At state 1, when 0 < A < 30, H*1U*(1,,10) is less than
H*2U*(1, A, 10); when 30 < X\ < 90, H*2U*(1, A, 10) is less than H1U*(1, A, 10). At
state 2, when 0 < A < 20, H1U*(2, A, 10) is less than H®2U*(1, A, 10); when 20 < A <
90, H*2U*(2, A, 10) is less than H*21U*(2, A\, 10). In this case, under the minimum risk
probability criterion the optimal action is selected according to the following formula:

ali, OS)\<30, a21, 0§>\<20,
f*(la Av 10) = @12, 30 S A < 907 f*(27>\a 15) = @22, 20 S A < 907 (40)
ain = a2, A>90. a1 = az, A >90.

It follows from (a), we know that at the initial time sy = 0, when the system state is
iop € {1,2}, the loss level Ay > 0 and the planning horizon ¢, = 15, the controller chooses
an action fo(io, Ao, to) := f*(ig, Ao, to) according to . Once such an action is taken,
the system stays at state ig until time s;, at which point the system moves to a new
state i1 € {0,1,2}(i1 # d0) and a loss ¢(ig, fo(i0, Ao, to))01 is incurred. If the system state
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Fig. 3. The function H*U™ (i, A, 10).
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Fig. 4. The value function U*(2, A, 10).
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i1 = 0, the system will remain in state forever, as can be seen from (38| . If the system

state i, # 0, based on the current state iy, loss level \; = Ly (i, Ao, folio, )\O,to) 1)
Ao — 8(207f0(10a)\0at0))91] , planning horizon t; = La(to,01) =
$1 — S0, the controller chooses another action fi(ig, Ao, to, $1, %1, A1,t1) 1=

Wl'Eh 60, =
f*(i17>\17t1) S

A(i1), where the holding time 6; = s; — so satisfies the exponential distribution 1 —

e—3io (Jo(io,20,t0))01

For example, suppose that 7 = 5, by (4) and , we know that
40

the corresponding planning horizon ¢; = 10. Then, from (40)), the optimal action f; is

taken. The evolution of this system is repeated, which together with Theorem [3.6] -

gives that 7 = {fo, f1, ..

.} is optimal.
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