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Abstract. We show the existence of weak solutions in the extended sense of the Cauchy
problem for the cubic fourth order nonlinear Schrédinger equation with the initial data
ug € X, where X € {M3 ((R), H(T), H**(R) + H**(T)} and ¢q € [1,2], s > 0, or o > 0, or

s2 2 s1 2 0. Moreover, if M3 ,(R) — L3(R), or if o > %, or if 57 > % and sg > % we show

that the Cauchy problem is unconditionally wellposed in X. Similar results hold true for all
higher order nonlinear Schrédinger equations and mixed order NLS due to a factorization
property of the corresponding phase factors. For the proof we employ the normal form
reduction via the differentiation by parts technique and build upon our previous work.

Keywords: normal form method; modulation space; unconditional uniqueness; higher
order nonlinear Schrédinger

MSC 2020: 35A01, 35A02, 35D30, 35J30

1. INTRODUCTION AND MAIN RESULTS

We consider the Cauchy problem associated to the cubic fourth order nonlinear
Schrodinger equation, also known as the cubic biharmonic NLS, given by

i0yu — O%u + |u|*u = 0,
(1)

u(0, ) = uo(x)

with the initial data ugp € X for X € {Mj (R), H*(T), H**(R) + H**(T)}. The
biharmonic NLS provides an important model case for nonlinear partial differential
equations of super-quadratic order. The study of the biharmonic NLS goes back
to [22] and [23], where the partial differential equation was introduced to take into
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account the role of small fourth-order dispersion terms in the propagation of intense
laser beams in a bulk medium with Kerr nonlinearity (for applications of higher
order NLS, such as the sixth and eighth order one, see [9], [21], [33] and [36]).

A large amount of work has been devoted to the Cauchy problem (1) with the
initial data ug in the Sobolev spaces H*(R) or H*(T). In both settings solutions to
the problem enjoy mass and energy conservation. For a solution u to the continuous
setting this reads

(2) lu(t, )lzw) = lluollL2(r),
3) B(u(t, ) == %/Rmuﬁdx; : /R ful* de = E(uo)

and it is known that in the mass subcritical cases (with the nonlinearity |u|*lu,
a € [1,1+8/d)) the Cauchy problem (1) is globally wellposed in L?(R%) via Strichartz
type estimates (similar results hold in H?(R?) for the energy subcritical cases),
see [14] as well as [2], [4], [31], [32] and the references therein. For the results
outside of L(R?) (see [34]) and for the results, where the dispersive estimates were
used in the modulation space setting, see [16].

In the periodic setting it is known that the Cauchy problem (1) is globally well-
posed in H*(T) for s > —% (see [27] and [28]), where the proof is done via the
short-time Fourier restriction norm method. For more results we refer the interested
reader to [8], [12], [29] and the references therein.

From [3] and [26] it is known that the (semi-)group S(t) = 2", ¢ € R, defined as
a Fourier multiplier operator with symbol

(4) F(S(1)(€) == e’

is not bounded on M, ,(R) (for the definition of these modulation spaces see Sec-
tion 2) unless p = 2 in which case it is an isometry. If in addition we assume that
either g =1 and s > 0, 0or ¢ > 1 and s > 1/¢/, then the modulation space is a Banach
algebra. Hence, for the initial data ug € M5 ,(R) an easy Banach contraction argu-
ment implies that the Cauchy problem (1) is locally wellposed with the solution «
being the fixed point of the operator

(5) T(u) := S(t)uo :l:i/o S(t — 1) |u|*udr

in the space M(R,T) := {u € C([0,T], M3 ,(R)): [[ul| < R~ 2[|ugl|rs } for T >0
sufficiently small. We should also mention that in [7] it was shown that S(t) is
bounded from M},  (R) into M, ,(R) for p > 2 and as a result small data global exis-
tence was obtained still in the case that the modulation spaces are Banach algebras.
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One of the goals of this paper is to consider similar questions in the case, where
the modulation space M35  (R) does not belong to the previously mentioned Banach
algebra family, i.e., in the case, where ¢ > 1 and s € [0,1/¢]. This will be achieved
with the use of the differentiation by parts technique which was inspired by the
periodic case in [17] and was used in [5], [6] and [30] to study similar questions for
the cubic NLS in one dimension
(©) i0u — 0%u + |ul>u=0, (tz)eR?

u(0, z) = up(z), z € R.

Here let us remark that the (semi-)group of (6), namely the Schrodinger opera-
tor el*2, is bounded on all modulation spaces M, (R), p,q € [1,], s € R, and not
only in the special case p = 2, see again [3], [26].

In the periodic setting, as in [1] or [17], the differentiation by parts technique
transforms the PDE into a countable system of ODEs for the Fourier coefficients
of the solution. In the approach described in [5], [6] and [30] the authors replaced
the Fourier coefficients of periodic functions by the isometric decomposition opera-
tors g, in order to have a similar localization in the Fourier space. Using these
“box” operators for localization yields a unified approach to the periodic and the
continuous settings. According to this, a proof using normal form reduction via dif-
ferentiation by parts for the initial data ug € H*(T) can be transformed to a proof
for the initial data ug € M5 ,(R), ¢ € [1,2]. This is even possible for initial data
in the “tooth problem” space H*(R) + H*(T) (we refer to [5] for the modifications
to be made and also for the explanation why we call this a “tooth problem”). The
second goal of this paper is to emphasize these relations. Taking this into account we
shall only present the proofs of main Theorems 4 and 6 in the case of ug € M3 q(R).
A more detailed explanation is given in Remark 7.

As it was done in [30], in order to give a meaning to solutions of the bihar-
monic NLS in C([0,T], M5 ,(R)) and to the nonlinearity N'(u) := utu we need
the following definitions which first appeared in [10], [11], where power series so-
lutions to the cubic NLS were studied (see also [15] for similar considerations for
the KdV).

Definition 1. A sequence of Fourier cutoff operators is a sequence of Fourier
multiplier operators {Tn}nven on S’(R) with multipliers my: R — C such that

> my has compact support on R for every N € N,
> my is uniformly bounded, i.e., sup|my(z)| < oo,

> lim my(z) =1 for any z € R.”
N—oo
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Definition 2. Let u € C([0,T], M5 ,(R)). We say that N'(u) ewists and is equal
to a distribution w € §'((0,T) x R) if for every sequence {Tn } nen of Fourier cutoff
operators we have

(7) lim NV (Tyu) =w

N —o00
in the sense of distributions on (0,7") x R.

Definition 3. We say that u € C([0,T], M5 ,(R)) is a weak solution in the
extended sense of NLS (1) if it holds
> u(0,2) = uo(x),
> the nonlinearity A (u) exists in the sense of Definition 2,
> u satisfies (1) in the sense of distributions on (0,7") x R, where the nonlinearity
N (u) = u|u|? is interpreted as above.

Our main result which guarantees the existence of weak solutions in the extended
sense is the following theorem.

Theorem 4. Let 1 < g < 2 and s > 0. For ug € MQS!q([R) there exists a weak
solution in the extended sense u € C([0,T]; M3 ,(R)) of NLS (1) with the initial
condition ug, where the time T of existence depends only on ||u|| Mg - Moreover, the
solution map is locally Lipschitz continuous.

Remark 5. The restriction on the range of ¢ appears when estimating the res-
onant operator R,. See Lemma 15 in Section 3.

The next theorem is about the unconditional wellposedness of NLS (1) in modula-
tion spaces, that is, uniqueness of solutions in C([0, T'], M5 ,(R)) without intersecting
with any auxiliary function space (see [24], where this notion first appeared).

Theorem 6. For ug € Miq([}%) with either s > 0 and 1 < g < % or % < q<2and
s > % — 1/gq, the solution u with the initial condition ug constructed in Theorem 4
is unique in C([0, T, M3 ,(R)).

Remark 7. Having stated Theorems 4 and 6 for ug € M5 ,(R) let us explain
what happens in the cases of H*(T), s > 0, and H*'(R) + H*2(T), s3 > s1 > 0. In
the latter case we consider functions on T = R/Z as periodic functions on R.

In the periodic setting, Definition 1 remains the same, whereas in Definition 2 the
limit is taken in the sense of distributions on (0,7") x T. Then the proof follows
the calculations presented in the next sections, where instead of considering the
quantities [J,, u we have the Fourier coefficients of the periodic function wu, i.e.,

1
(8) Up(t) := / e 2HnTy(t x)dx, ne€ 7.
0
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In [28] the authors study (1) in the periodic setting but they are interested in the
energy and therefore, they use differentiation by parts for quadrilinear forms whereas
we aim for the existence of solutions and thus, we have to study trilinear operators.
The corresponding tree structures and the estimates for the multilinear expressions
in [28] are different from the ones in the present paper. Existence of local solutions
is proved in [28] by the Fourier restriction norm method and even includes negative
Sobolev spaces. The fact that the periodic cubic fourth order NLS is unconditionally
wellposed in H*(T) for s > % was already observed in [28] without including the
proof.

In the tooth problem space setting, i.e., that of the initial data ug = vg + wg €
H*'(R) + H*2(T), having the result for the cubic biharmonic periodic NLS with the
initial data wy € H*2(T) at hand (from the previous paragraph), we consider the
cubic modified biharmonic NLS given by

) {i@tv — 0tv+ G(w,v) =0, (t,r) €R xR,

v(0,2) = vo(zx) € H*(R), z€R,
where G(w, v) is the nonlinearity
(10)  G(w,v) = |w+v[*(w +v) — [w]Pw = |[v]*v + 0*T + w?T + 2w|v|* + 2v|w|>.

Then Definition 1 remains the same and Definitions 2 and 3 are the same as Def-
initions 4 and 5 given in [5]. The proof of the existence of a weak solution in the
extended sense v of (9) can then be done by modifying the calculations presented in
the next sections and combining them with what has been done in [5].

Remark 8. Notice that for ¢ = 2 in Theorem 6 we obtain that the cubic fourth
order NLS is unconditionally wellposed in H*(R) for s > ¢.

Remark 9. Theorems 4 and 6 (and Remarks 7, 8) remain true for the following

mixed order nonlinear Schrédinger equations

M . .
i — > (—1)7e;0%u =+ |ul?u = 0,
(11) j=1

u(0,2) = uo(x),

M
where M €N, g; € Ry for j € {1,..., M} and ) ¢; > 0. This is the case because
=1

the phase factors @95, j € {1,..., M}, (see (30) jfor their definition) enjoy a special
factorization property (see Proposition 30). For a more detailed argument we refer
to Section 6. The question whether such a factorization exists was asked in [18],
Remark 1.5.
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Remark 10. A recent preprint [25] deals with the unconditional uniqueness of
other dispersive PDEs on the multidimensional torus with the use of differentiation
by parts in a more abstract framework. It seems not to be clear how to adapt this
to the situation of the present paper.

We should also mention [20], where the authors use a different approach to the
unconditional uniqueness of the cubic NLS (6) which applies to various spatial do-
mains. The main idea is to exploit the relation of solutions of the cubic NLS to
solutions of the Gross-Pitaevskii hierarchy.

The paper is organized as follows: In Section 2 we present the preliminaries and
Section 3 contains the first few steps of the iteration process together with the es-
timates for the first resonant and non-resonant operators that appear. Section 4
describes the tree notation and the induction step, and Section 5 finishes the argu-
ment of the proofs of Theorems 4 and 6. Finally, in Section 6 we deal with the higher
order NLS (11).

The following notation is used throughout the paper: For a number 1 < p < co we
write p’ for its dual exponent, that is the number that satisfies 1/p + 1/p’ = 1. For
two quantities A, B (they can be functions or numbers) whenever we write A < B
we mean that there is a universal constant C' > 0 such that A < CB. For a set A
we use #(A) and |A] to denote its cardinality.

2. PRELIMINARIES

Let us denote by S(R) the Schwartz class and by S’(R) the tempered distributions.

Definition 11. Let Qg = [—%, %) and its translations Qr = Qo+ k for all k € 7.
Consider a partition of unity {oy = 0o(- — k) }rez C C°°(R) satisfying

> Je>0: Vn e Qo: |oo(n)| = ¢,

> supp(og) € {§ € R: [{] <1}

Note that this implies 1 = 0¢(0) = oy (k) for all k € Z. Given a partition of unity as
above, we define the isometric decomposition operators (box operators) as

(12) Opi= FT Vo F VEkeZ.

Then the norm of a tempered distribution f € S’(R) in the modulation space M ,(R),
sER, 1< p,g<oo,is

(13) I fllazs, = LRI Ok fllzew) trezllia@)s
where we denote the Japanese bracket by (k) := (1 + |k|?)'/2? and
(14 M o (R) 1= {f € S ®): || fllasy, < o).
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It can be proved that different choices of such sequences of functions {oy}rez
lead to equivalent norms in My (R). When s = 0 we denote the space M) (R)
by M, 4(R). In the special case, where p = ¢ = 2 we have M;,(R) = H*(R) the
usual Sobolev spaces

(15)  H(R) = {feS’(R): T ( / <€>23|f(€)l2d§>1/2 <oo}.

In this paper we use that for s > 1/¢’ and 1 < p, ¢ < o0, the embedding

(16) M; (R) = Cy(R) ={f: R = C: f continuous and bounded}

and for (1 < p1 < pa <00, 1 <1 € g2 <00, 81 = 82) or (1 <pp < p2 <o,
1< <q <00, 81> 8+ 1/¢ — 1/q1), the embedding

(17) M;lflla(h(R) - le221(12([R)

are both continuous and can be found in [13], Propositions 6.8 and 6.5. Also, by [35] it
is known that for any 1 < p < oo we have the embedding M,, 1 (R) — LP(R)NL>(R)
which together with the fact that M 2(R) = L?(R) and interpolation imply that
for any p € [2, o] we have the embedding M, ,(R) < LP(R). Later in the proof of
Theorem 6 we use this fact for p = 3, that is

(18) M3 3/5(R) — L3(R).

The following facts are useful in the calculations presented in the next sections.
Firstly, notice that for S(t) = eitd? being the biharmonic Schréodinger (semi-)group
we have the equality

(19) 1S@) fll2 = [I.f[l2-

Secondly, we need the multiplier estimate which follows from Young’s inequality and
is known as Bernstein’s inequality.

Lemma 12. Let 1 < p < o0 and 0 € C(R). Then the multiplier operator
T,: S(R) — S'(R) defined by

(Tof)=F Yo f) VfeS(R)

is bounded on L?(R) and

1 To || Lr)y—>Lr@) S O] L1 (R)-
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An immediate consequence is that for 1 < p; < p2 < oo we have

(20) IOk fllps S 1 Bk fllpr

where the implicit constant is independent of k and the function f (for a proof
see e.g. [30]).

Lastly, let us recall the following number theoretic fact (see [19], Theorem 315)
which is going to be used in the proof of Theorem 4.

Proposition 13. Given an integer m, let d(m) denote the number of divisors
of m. Then we have

(21) d(m) < ecllogm/ 108108 ™) — o(m®) Ve > 0.

3. DESCRIPTION OF THE ITERATION PROCESS

The proof follows the same steps as in [30] but the operators that originate from
applying the differentiation by parts technique are different and have to be estimated
differently in order to control them in the appropriate spaces. For this reason our
proof is detailed only in those steps, where a different approach is needed.

In the space M3  (R) there is a more convenient expression for its norm which is
the one we are going to use in our calculations. Let us denote by [j the frequency
projection operator f(’l)l[k7k+1]]-', where 1j; 141) is the characteristic function of
the interval [k, k + 1], k € Z. It can be proved that

~ 1/q
(22) g, ~ (Z<k>sq| sz) ,

kez

that is, the two norms are equivalent in M3  (R). We are going to use expression (22)
for the norm in Mj3 ,(R) and for convenience we still write [, instead of [J,, and oy
instead of 1y p41)-

From here on, we consider only the case s = 0 in Theorem 4 since for s > 0 similar
considerations apply. See Remark 27 for a more detailed explanation.

The next notations are essential for the analysis that follows. For n € Z let us put

(23) un(t,x) = O, u(t, x),
(24) o(t,z) = e Pu(t, z),
(25) on(t,x) = €, (¢, ) =0, (€% u(t, z)] =0, v(t, z).
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Also for (£,&1,&,&3) € R* we define the function

(26) B4($,61,6,8) =& — G+ 6 - &,

which is equal to (see [27], Lemma 3.1)

27)  Da(661,6,8) = (€ —6)E-&)E+ G +E +6 +2(6 +8)7)

if € =& — & + &3. Notice that if we let

(28) Dy(6,61,60,83) = -7+ 6 - &

then under the assumption £ = &, — & + &3, By = 2(€ — &) (€ — &3) and the relation
(29) | @] ~ max{[¢], |61, €], [€s1}71E — &[S — &] 2 |2

holds. More generally, for k € 7, we introduce the function

(30) Boi (6,61, 60,6) = EF — & + 58 — &3

which is studied in more detail in Section 6.
The main equation (1) implies that

(31) 10t — Otun+ O, (Jul*u) =0
and by using the expansion v = Y [y w it is immediate that
k
O, (vau) =0, Z Uy Uy Ung = Z O [, Ty Ung]s
n1,n2,n3 ni—nz+nzxn

where by =~ n we mean = n or = n+ 1 or = n — 1. During the calculations we
also write £ =~ n, where £ is going to be a continuous variable and n an integer. By
that we mean that £ € [n,n + 1) or, more generally, that £ is in a suitable interval
around n.

Next we do the change of variables u,(t,#) = e~ %y, (t,x) and arrive at the
expression

(32) Opvy, = i Z O, (eiw: [efita;tvn1 -eitaiim -efitaivns]).

ni—n2+nzx<n

The 1st generation operators are given by
. 4 . 4 . 4 . 4
(33) Q#t(vn1 1 Una,s ’Un3)($) =0, (eltam [eiltam Uny - eltam Uny - eiltam v’ﬂ3])
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or in other words
(34) Oy, = £i Z QLM (Vny s Ty Ung )-
ni—nz+tnzxn

Below we describe the first few steps of the iteration procedure known as differentia-
tion by parts technique. We define many operators, R, R,, Ni,, QLt, Ni,, Nt, Ni,,
and we need to be able to control all of them in the appropriate norms. This is done
in Lemmata 15, 16, 17, 19, 20 and 21.

To move forward we use the splitting

(35) Opvn =2 Y Qu(Uny, TngVny) = Y ok Y

ni—na+nzxn nl()?n ni1En#Ens
nyXn

and we define the resonant operator part

(36)  Ri(v)(n) — Ri(v)(n) = (Z Qi+ Y Q};t> =3 QY Um0y

nin nyx<n nixn
and
n3xn

with RY being equal to the sum of the first two summands and R} being equal to
the last summand, and the non-resonant operator part

(37) N{@)(n) = Y QY (vny,Tny, ny)-
ni#nzng

This implies the following expression for our biharmonic NLS (we drop the factor +i
in front of the sum since it plays no role in our analysis)

(38) Oron = R5(v)(n) — Ry (v)(n) + Ni(v)(n).
We have to split the non-resonant part N} further as

(39) Nf(v)(n) = Nfl(v)(n) + NfQ(’U)(n)? where Nfl(v)(n) = Z Q#t(vnlvﬁnwvns)a
An(n)
(40) An(n)

= {(n1,n2,n3) € Z%: ny —ng +n3 = n,ny % n % ns, |®s(n,n1,n2,n3)| < N}
and

(41) An(n)®

={(n1.n2,n3) € Z%: ny — ny + n3 ~ n,my % n # n3, [P4(n,n1,n2,n3)| > N}.
The number N > 0 is considered to be large and will be fixed at the end of the proof.
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At the N{, part we have to split even further, keeping in mind that we are
on An(n)¢. We perform all formal calculations assuming that v is a sufficiently
smooth solution. Later, we justify these formal computations. From (33) we know
that

}—(Q#t (Um » Ungs Uns))(g)
=on(§) /R2 P (&880 =80T (£1)T,, (6 — &1 — £3)Tns (&3) A€y &3

and by the usual product rule for the derivative we can write the previous integral
as the sum of the expressions

eitPa(§61,6—81—85.85) . R
@2)0(0n©) || Gy @€~ 6 - @) (€) 061 06

elt®a(§,61,6—861—¢3,83) 9.(5 ~ R it d
- Un(f) /[R2 i¢4(€,§1,€ — fl — §37§3) t(vn1 (gl)vnz(f - 51 - 53)1)»,13 (53)) 51 53

Hence, we have the splitting

(43) F(Qu") = 0F(@Qy") = F(T,")
or equivalently

(44) Q}l’t(vm,ﬁm,vns) = 8t(@}{t(vmjn2avns)) - Té’t(vm,ﬁm,vns),

which allows us to write

(45) Niy(v)(n) = 0y (N3 (v)(n)) + Nao(v)(n),

where

(46) Ny @)(n) = > QN (VnysTngsVny)
An(n)e

and

(47) Nip()(n) = > T (0ny, Tny, Uny)-
An(n)e

From the definition of Q1 we have

F(é#t(vrn s Ungy, Ung))(f) = eitf4 On (5) /[R? o Elfi g?ngl(fg__ggl__fggug;g)(gj)

d¢; dés

and we define the operator RL! by

(48) -F(R»}{t(unlaﬂnzaung))(g) _ Un(f)/ aru (fl)ﬂnz (f - 51 - f?))ans (53) dfl dfg

R2 D4(6,61,6— &1 —&3,83)
719



or, in other words,

(49) erz’t (Wny, Wy, Wny ) (2)
_ / eizfa (f) @nl (f1)ﬁn2 (f - 51 - 53)@713 (53)
R? Py(8: 61,6 — &1 —&5,83)
Writing out the Fourier transforms of the functions inside the integral it is immediate
that

d§; dé3 d§.

(50) erz’t(wm s Wy Wny ) (T)

= [ KD (@ w1y, @s)wn, (@), (0w, (@) o dy das,
R

where

NI W&+ 0+ &)
K\ (2, 21,y,23) = /elﬁl(z @1)+in(z—y)+igs (v —ws) on (&1 d&; dn dé:
n (T, 1,y,23) o Dy(&1 +n+83,61,m,83) frdndés

=F oD (@~ 21,2 —y,x — x3)

and
on(&1+n+&)

51 +n+£3a£1777a£3)
For the remaining part N, we have to make use of equality (38) depending on

(1) —
On (§15n7§3) - @4(

whether the derivative falls on v,,, on v,, or on v,,. The expression we obtain is

given by
Ny (v)(n) =
-2 Z [kat (Rg (U) (nl) - Ri (U) (nl)a Uny, Un:s) + @}L’t(Nf (U) (nl)a Ungy ), Ung )]
Apn(n)e
—i Y Q1 (way, R (@) (n2) — RL(D)(n2), vny) + Q" (vny, NY (D) (n2), 05,
Apn(n)e

(the number 2 appears in front of the first sum because the expression is symmetric
with respect to v,, and v,,). Therefore, we can write N4, as a sum

(51) Njo(v)(n) = Ny(v)(n) + Nj(v)(n),

where N(v)(n) is the sum including the resonant parts R} — RY.

In order to continue, the non-resonant part N needs to be decomposed even
further. Tt consists of 3 sums depending on, where the operator N} acts. One of
them is (similar considerations apply for the remaining sums, too)

(52) Y QN (VI (0)(11), Bz vy ),

AN(TL)"
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where

Nf(v)(nl) = Z izlt(vmnvmzvvms)

mi1@EniEms
and n7 ~ m; — mo + m3. Here we have to consider new restrictions on the fre-
quencies (mq,ma, ms3, na,ng), where the “new” triple of frequencies mq, ma, ms
appears as a “child” of the frequency n;. Putting by @1 = ®4(n,n1,n2,n3) and
w2 = ®y(n1,m1, ma, m3), we define the set

(53) C1 = {lp1 + 2| < 53|71

and split the sum in (52) as

(54) oDt D D =N (0)(n) + Ny()(n).

An(n)e Cy 14]\](71)r Cy

For the N!, part we have to apply differentiation by parts again which creates
the 2nd generation operators. Our first 2nd generation operator Q2 consists of
three sums

Q%:;: Z Z@#t(Nf(v)(nl)aT)nzavm)v

An(n)e C5

qQ:L = Z ZQlt Uny, N )(nQ) Uny ),
An(n)e CY

qg:; = Z Z@i’t(vm,ﬁm,Nf(v)(ng)).
An(n)e CY

Let us have a look at the first sum qf_’fb (we treat the other two in a similar manner).
Its Fourier transform is equal to

it®4(€,61,6—61-€5,63)

€
Z Zan(g) /[R2 ¢4(€7§155 _51 - §37§3)

An(n)e C¢
X F(NT(0)(11))(€1)Tnz (€ = €1 — &3)n, (€3) A dEs,
where
F(Ni(v)(n1))(&r)
equals

Y. owl&) /[R eSO, (6], (6161 —4)Tm, (65) dE; dES.

nixmi; —mso+ms
miZ&niZms
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Putting everything together and applying differentiation by parts we can write the
integrals inside the sums as

—it(p1+p2)
(00 [ omle =

Yor(pr + 2)
X i]\ml (Ei )%m2 (§1 - Ei - gé)%\ms (Eg)%YLQ (§ - §1 - 53)6%3 (53) dfi dfg d§1 d§3)

minus

e it(v1t¢2)

on8) /R4 om (&) o1(p1 + ©2)
X O (U (€1)Vima (61 — &1 — €5)0imy (€5)Tn, (€ — &1 — £3) Uy (&3)) A d€h &y dEs,

where @1 = ®4(§,&1,€ 61— E&3,83) and w2 = ©4(&1, 81,61 — &1 — &5, €3). Equivalently,
(55) Farh) = 0u@ry) — F(rih).

Thus, doing the same at the remaining two sums of Q%*, namely qgjfl, q?z,:fl, we obtain
the splitting

(56) F(QY') = 0, F(Q¥") — F(T2).

These new operators qffb, i1 =1,2,3, act on the following “types” of sequences

~2.t _ _
(h,n(vﬂh ) vmz ) vm3 ) vnz ) vn3)

with mq — mo +m3 &~ ny and ny —ngy + n3 =~ n,

~2.t _ —
q2,n(vn1 » Umys Umags Um3 ’ Um)

with my — mo + m3 = ny and ny — ny + n3 =~ n, and

~2t — —
Q3,n(v’ﬂ1 Unys Umys Ums) vm3)

with m1 — mao +ms3 =~ n3 and nqy — ne +n3z =~ n.
At this point let us stop the procedure and present how all these operators can be
estimated.

Remark 14. In the following part of the paper a series of lemmata is presented.
Unless stated otherwise we always assume that 1 < ¢ < 2.
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Lemma 15. For j =1,2,
1R (0)lliaze S vl

and
IR (v) = R(w)lliaz> S ([0ll3s,., + lwlliis )Mo = wllas -

Proof. It is the same as the one given in [30], Lemma 10. At exactly this point
the requirement 1 < ¢ < 2 is essential. O

Lemma 16.
INT () liazz S NY2CHoll3y,.

and
[Nt (v) = Niy (w)lliare S NV2CH(ol3g, , + lwliis, )l — wllas, -

Proof. The proof is similar to [30], Lemma 11 but with a small twist.
Obviously,

HNll N2 < Z HQlt (Uny s Onas Ung) |22,

which from (19), Lemma 12 and Hélder’s inequality is estimated from above by
D g tngungllze < Y N oo llwnsllze lung | s

Here we make use of (20) and Holder’s inequality in the discrete variable to obtain
the upper bound

1/q 1/q
S Nt et et 22 < ( T 1(1) (Z ||um||‘z2||un2||%2||un3|‘22)
AN(YL) AN(TL) AN(TL)
1/q
1
- ni 2 n2ilr2 n3llr2 .
#(Ay “(Z et 12 et | 1 |q)

Observe that from (29) we have the inclusion
An(n) C{(n1,n2,n3) € Z%: ny—no+ns~n,ni £n#ns, |®s(n,ni,ny, ng)| < N/}

and from the proof of [30], Lemma 11 we have that the cardinality of this last set
is o(N(1/2)+), Thus, we have

1/q
1N (0) a2 < NY/2+ (Z Sl 2||un2||%2||un3||%2)
nez AN n)
and this final summation is estimated by applying Young’s inequality in I*( Z) pro-

viding us with the bound (|ular,,, = [[vllars,,) | Nf (0)lliazz S NV20F|lo)l3y, -
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Lemma 17.

< Nvmllollons ll2llvns 12

57 QL (Vny s Ty s Ui :
( ) ||Qn (’Unl,’Un2,’Un3)||2 ~ |@4(n1_n2+n37n17n27n3)|

Proof. It is the same as the one given in [30], Lemma 12. It is simply a duality
argument that uses the localization of Fourier transforms of the functions v,,, vn,
and v,,. The denominator turns out to be the absolute value of

Qy(n1 —no +n3,n1, —ng,n3) = P4(ny — na + n3, N1, N2, N3).

O

Remark 18. Notice that Lemma 17 (this observation applies to Lemma 23, too)
is true for any triple of functions f, g, h € M5 4(R) and the only important property
is that they are nicely localised on the Fourier side since we consider their box
operators O,, f, O,, g and O,, h. Also, the same proof implies that the operator
QL (Vny, Uny, Uny ) satisfies the estimate

(58) HQ:{t(Um » Unas Uns)HQ 5 va HQHUM ”2””%3 ”2
These observations play an important role later on.

Lemma 19.
NGy (0)liarz S NV wl3y,

and
INg; (v) = Ngy (w)lliarz S NV (|oll3y, , + llwllig, )l — wllas, , -

Proof. From Lemma 17 we have

~ _ v 21|V 21|V 2
NG < S 105 (n B mg) 2 S 3 ol l2lona lallens |

An(n)e Ase | Bl =2+ mg,m1,m2,ms)|

and by Holder’s inequality the upper bound

1 1/4' 1/q
59 Uy 9. 12
(59) (AZ)C |®4 (11 —n2+n3,n1,n2,n3)|q'> ( E |Un1|2||vnz|2||vm|2)

N(n AN(n)C

1/q

1 l/q/
o ~( % ) (2 o Blenalglonlt)

antmye (= malln = ns) nmax A (n)e

where (29) was used and npax := max{|n|, |n1|, |n2|,|n3|}. The first sum of (60)
behaves like N¥/7 ! and to the remaining part we apply Young’s inequality. O
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Lemma 20.
INf@)liaz2 S NV wllhs,
and

1N () = Ni(w)liazz S NV (ol , + i, v = wllar,, -

Proof. We repeat the proof of Lemma 19 and apply Lemma 15 to the part
R;(v)(n1) = Ri(v)(na). O
Lemma 21.
N3 (0)l1a 2 S ol
and
IN31(0) = Ny (w)llaze S (I0ll3g,,, + lwllip )l = wl,-

Proof. Using of Lemma 17, Remark 18 and Hélder’s inequality we have

(61) N5 (0)]l2 < Z Z”Qlt s (VUmys Tmas Umg ) Unas Ung ) 2
AN(n)

<Y Z [[0ms |2 vall [[0ms [l2][0ns |2 vns 2

T ke or [ ®alm —n2 A ng,ma,ma, ms)|

1/d 1/q
(Z S5r) (S o lthemlflen e i z)

An(n)e C An(n)e C1

At ¢’ > 2, the first sum of (61) is controlled by the series

©2) ( 2 2 |so1|2>1/2'

~n(n)e C1

Observe that by the definition of the set Cy in (53) we have that

lpa| := |P4(n1, m1, ma, m3)| ~ |@1].

Since |u;| < (nl(ﬁ;x) for j = 1,2, where

(1) = maX{'”l? |n1|7 |n2|7 |’I’L3|}, n(2) - maX{|n1|7 |m1|a |m2|7 |m3|}a

max max

by setting pu; = Pa(n,n1,n2,n3), po = Pa(ny,mi, me, m3) we may estimate (62)
further by the expression

< 2 2 (11 2.2 )1/2 ( 2 Z |N1M2|1+>1/2S -

An(n)e C1 |M1M2|(nmaxnmux An(n)e C

Hence, Young’s inequality applied to the second sum of (61) finishes the proof. O
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The following lemma should be compared to Lemma 17.

Lemma 22.

oy _ - [0y l|2][0ms ll2][0ms ll2]0ns [l2 ][ 0ns |2
(63) |‘q1;n(vm,1;UYVLQ;UWL37UYL2;U7L3)||2 5 e m|201||§071n3—|— ¢2|n2 e

)

where o1 = ®4(n1 — n2,n3,n1,na,ng) and ps = P4(my — ma + mg, m1, ma, m3).
Proof. Similar to that of Lemma 17 and [30], Lemma 17. O

Having described the first steps of the iteration process it is time to introduce the
correct vocabulary in order to be able to express much more complicated operators.
This is done in the next section with the use of a suitable tree notation (see [5] for
a more sophisticated version).

4. TREE NOTATION AND INDUCTION STEP

The trees used here are similar to the ones described in [17] and are exactly the
same as the ones used in [30], the only difference being the phase factors y;, described
in [30], Equation (60) which we replace here by quantities of the form ®4(ny — ng +
ns,ni,n2,n3). Since this is the heart of the argument and since Lemmata 24 and 26
have different proofs than the corresponding ones from [30], Lemmata 22 and 23, we
describe the whole procedure again.

A tree T is a finite, partially ordered set with the following properties:

> For any ai,as,as3,a4 € T, if a4 < a2 < a1 and a4 < a3z < ap then ay < a3
or az < as.

> There exists a maximum element r € T', that is a < r for all a € T, which is called
the root.

We call the elements of T" the nodes of the tree and in this context we say that b € T
is a child of @ € T (or, equivalently, that a is the parent of b) if b < a, b # a and for
all ¢ € T such that b < ¢ < a we have either b = c or ¢ = a.

A node a € T is called terminal if it has no children. A nonterminal node a € T
is a node with exactly 3 children a, the left child, as, the middle child, and as, the
right child. We define the sets

(64) T° = {all nonterminal nodes},
and
(65) T°° = {all terminal nodes}.



Obviously, T =TOUT>, T°NT> = () and if |T°| = j € Z we have |T| = 35 + 1
and |T*°| = 25 4+ 1. We denote the collection of trees with j parental nodes by

(66) T(j) = {T is a tree with |T'| = 35 + 1}.

Next, we say that a sequence of trees {T} }3-’:1 is a chronicle of J generations if:

> T;€T(j) forall j=1,2,...,J.

> Forallj =1,2,...,J—1, the tree T}, is obtained by changing one of the terminal
nodes of T} into a nonterminal node with exactly 3 children.

Let us also denote by Z(.J) the collection of trees of the Jth generation. It is easily
checked by an induction argument that

(67) IZ() =1-3-5...(2J —1) =: (2] — 1)L

Given a chronicle {7} }}']=1 of J generations we refer to Ty as an ordered tree of the
Jth generation. We should keep in mind that the notion of ordered trees comes
with associated chronicles. It includes not only the shape of the tree but also how it
“grew”.

Given an ordered tree T' we define an index function n: T'— Z such that
D Mg A Ng, — Nay + Nay for all a € T, where a1, as, ag are the children of a,
> Ng % Na, and ng % ng, for all a € T°,
> |o1] == |Pa(np, — Ny + Ny, My, Ny, Ny )| > N, where 7 is the root of T,
and we denote the collection of all such index functions by R(T).

Given an ordered tree T with the chronicle {7} }}']=1 and associated index functions
n € R(T), we need to keep track of the generations of frequencies. Fix an n € R(T)
and consider the very first tree T7. Its nodes are the root r and its children 71, 7o, r3.
We define the first generation of frequencies by

1 1 1
(n(l)’ng )vn(2 ),né )) = (M, Mgy Mgy My )

From the definition of the index function we have
(1)

nM ~nit - ngl) + n(gl), ngl) #n) ngl).

The ordered tree T» of the second generation is obtained from 77 by changing one
of its terminal nodes a = ry € TT° for some k € {1,2,3} into a nonterminal node.
Then, the second generation of frequencies is defined by

2 2 2
(n(z)’ng ),né )an:(s )) = (Nas Nay > Nay, Nas)-

Thus, we have n(?) = nfﬂl) for some k € {1,2,3} and from the definition of the index
function we have

n® ~ n§2) — néQ) + néQ), n§2) % n? % n§2).
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After j — 1 steps, the ordered tree 7} of the jth generation is obtained from Tj_;
by changing one of its terminal nodes a € 772, into a nonterminal node. Then,
the jth generation frequencies are defined as

(n(j) ) ngj) ) néj)v néj)) = (nav NaqyNayy nas)
and we have nl)) = n,im)(: ng) for some m € {1,2,...,7—1} and k € {1,2, 3}, since
this corresponds to the frequency of some terminal node in 7;_;. In addition, from
the definition of the index function we have

n@ ~ ngj) _ néj) + ngj)’ n(lj) # n@ o n:(sj).

Finally, we use ¢; to denote the corresponding phase factor introduced at the jth gen-
eration. That is,

= 1= Bl ) 4 ) )

and we also introduce the quantities
J J
(69) e1= v, er=]%m
j=1 j=1

Notice that for p; = @9 (ngj) - néj) + ngj),ngj), n(Qj), néj)) we have the relation

N 2 2
(70) sl ~ (n)? 1] Z 11,
where we put nily = max{|n(7)|, |n§j)|7 |n§j)|7 |ngj)|}
We should keep in mind that everytime we apply differentiation by parts and split
into resonant and non-resonant parts, we need to control the new frequencies that
arise from this procedure. For this reason we introduce the sets

(71)  Co = {1@s] < (27 +3)* @'Y U {I@a 1] < (27 4 3) || 7H/10).

Let us denote by T, all the nodes of the ordered tree T' that are descendants of
the node a € T, ice., T, = {B€T: B< a, B #a}.

We also need to define the principal and final “signs” of a node a € T which are
functions from the tree T into the set {£1}:

41, a is not the middle child of his parent,
(72) psgn(a) = ¢ +1, a=r, the root node,
—1, a is the middle child of his parent,
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+1, psgn(a) =+1 and a has an even number of middle
predecessors,

—1, psgn(a) = +1 and a has an odd number of middle
predecessors,

(73)  fsgn(a) = |

—1, psgn(a) = —1 and a has an even number of middle
predecessors,

+1, psgn(a) = —1 and a has an odd number of middle

predecessors,

where the root node r € T' is not considered a middle parent.

In the general Jth step we have to deal with |Z(J)| operators of the Ej%[f n type”
each one corresponding to one of the ordered trees of the Jth generation, T' € T'(J),
where n is an arbitrary fixed index function on 7. We have the subindices T° and n
because each one of these operators has its Fourier transform supported on the cubes
with centers being the frequencies assigned to the nodes that belong to 7°.

The operators Ej;(f n are defined through their Fourier transforms as

—ite? ) —itod
(74)  Fl@fo p{wnyyser=))(€) = 7 F(Rys ,({e™ P wy, }per=))(€),
where the operator R# . acts on the functions {wy, }ger~ as
, J
(75) Ris o({wn, }oer=)(z) = / K@ @, {ws}ser=)| @) was(2s)] T] das
R2J+1 BET> BET>

and the kernel K(T‘é)n is defined as
(76) Ko (@ (@} per=) = F (050 o) {2 — 25} per=).
The formula for the function g( ) with (|7°°| = 2J + 1)-variables g, 5 € T, is

(77) o) ({€s}ser~) —[H o X sm)g)| o

aeT? BET>NTy

where we put

(78) @T = H SZOM 5504 = Z B

a€eTo BETO\T,

and for 5 € T° we have

(79) Y = (I>4(§,51 - 562 + 5637 §,51 ; §ﬁ2 ’ 563)7

where we impose the relation &, = &,, —&a, +&a; for every a € TV that appears in the
calculations until we reach the terminal nodes of 7°°. This is because in the definition
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of the function Q# we need the variables “£” to be assigned only at the terminal nodes
of the tree T'. We use the notation g in similarity to ¢; of equation (68) because this
is the “continuous” version of the discrete quantity. In addition, the variables ,,,
Eass Eas that appear in expression (77) are such that &, = 1y, Cay & Nasy Cas & Nasg
since the functions o, are supported in such a way. Therefore, || ~ |@,].

For the induction step of our iteration process we need the following lemma which

should be compared to Lemmata 17 and 22.

Lemma 23.

(50) 1 (s boer=)ll 5 (T onsll)

BET>
for every tree T € T(J) and index function n € R(T).
Proof. We use (74), (75) and duality: For g € L*(R) we have

(R ({1ns bocr=), )] = \ [ R b= OF@)(©) ds\
. <5ﬁ17 N é%)
2J

2J 2J
< L 00, @), (6= 360, )o@ T] deo, e
k=1

k=1 k=1

The last expression equals

2J 2J 2J
/[RzJ+1 Q’(szl(gﬁm ce 5552,] 5 77) H @nﬂk (gﬁk)@ng2J+l (77)5(77 + Z gﬁk) H dgﬁk d77
k=1

k=1

J
Qg—'l)l 5617"'7§/62J’77)

7'52J+1
2J 2J
X H Wng, (Epi ) NBoyt1 77)§<77+ ZEBk) H dég, dn|,
k=1 k=1 k=1
where the intervals I, ... ’I”ﬁ2,]+1 contain the compact supports of thefunctions
Wp, by , W, PR By Holder’s inequality we obtain the upper bound
o 2741 27 2 2J 1/2
J —~
ol TT I ([ [ Jato+ S| 11 den )
k=1 I"Bl "B2J+1 = k=1
2J+1
J
= llofall H s, 2 HgnzH g |12,

which finishes the proof. O
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Given an index function n, 2J + 1 functions {v,,}ger~ and a € T, we define
the action of the operator N{ (see (37)) on the set {v,,}ger~ to be the same set as
before but with the difference that we substituted for the function v, the new func-
tion N¥(v)(na). We denote this new set of functions by Ny**({v,, }ger=). Similarly,
the action of the operator R5 — R} (see (36)) on the set of functions {vy, }ger~ is
denoted by (Ry® — Ry™)({vn, }ser=).

The operator of the Jth step, J > 2, that we want to estimate, is given by the
formula

(81) NPwm) = 3 3 S @ N ({vn, Y per=))-

TeT(J-1) €T neR(T)
n,=n

In the following will you keep in mind that from the splitting procedure we are
on the sets An(n)¢, Cf,...,C5_, and since |¢1| > N, we trivially have for all
jef{2,...,J}

(82) @5l > (27 + 3)° max{| @1 [TV, u [' 710} > (25 4 3)P N0,
Applying differentiation by parts on the Fourier side we obtain the expression
#3) N @)n) = (NG @)(m) + N @) (n) + N () (),

where

(84) NV (w)(n):

Yo D> Gron{vastper),

TeT(J) ne’R'_(T)

SN ST G (R — RY)({um, bser=)),

TeT(J) a€T>° neR(T)

n,=n

(85) NFV(w)(n) :

(86) NYHD@)n):= > D D @ (N ({vn }per=)).

TET(J) 2T nER(T)
n,.=n

We also split the operator N(/*1) as the sum
(87) NUFD = N NI,

where Nl(‘”l) is the restriction of N(/*1) onto C; and NQ(JH) onto C'§.
First we estimate the operators NSJH) and NT(J'H) by the following lemma.
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Lemma 24.
J+1
HNé + )( Wiore SN (J/2)(1— 1/100)” H2J+1

and
HN(§J+1)(,U) _ NéJ-ﬁ-l)(w)”quz < N%J/2)(14/100>(HU”M2 .t |\w||M2 q)Hv —w|[s,,-

Further,
INHD @) |pa gz S N-U/DA=L/100) 2743

and

INIFD () = NI (w)ae S N™EDAI00) (| 2742 4 )| 2742) o — ]|, ,.

Proof. From (78) we have that |¢;| < max{|@,;_1],|@;|} which together
with (82) implies

(88) (27)* N1y < 185l Vi€ {2,..., T}

This together with the use of (82) again shows that

J
(89) H (25 +3)°N'~ 1/1°°|</9]|]<<|901||90J|H [(25)> N1 5] <<H|</>J|2

Jj=2 j=1
Recalling that
1 1 1
(90) I %) S ¥
il |y (nh)?] ™ mdl
we obtain

1 N—J(1-1/100)

(91) <
ne%%T)]l_{ @512 H 1(27+3)? HG;T)H |SOJ

n,=n n,=n

—J(1-1/100)
SIS T
[1j=1(2j +3) ner(T) j=1 "I

n,.=n
where the last expression is bounded from above by
CJ N—J(1-1/100)

92 @13

for some constant C' > 0.
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By Lemma 23 we obtain

©3) Y 1@ (el S Y (H ”“w”Q)(,Eﬁ>

neR(T) neR(T) “BET>
n,.=n n,=n

which by Hélder’s inequality and (91), (92) is controlled by

o (% H )1/(1'(2 II |vnﬁ|z>1/q

q
lo1|>N 410] | nER(T) BET™
\%\>(2J‘+1)3N1—1/100 n,.—n
j=2,....J
J 1 1/2 /a
<( > Iz 2> ( > OII |vn5|2)
lo1|>N j=1 251 neR(T) BeTe
“Z]‘>(2j+1)3N171/100 nr_n
j=2,..
CJ/QN J/2(1 1/100) /a
ST ett)
[T, (25 +3)3/2

neR(T) BET>®
n,=n
Applying Young’s inequality for the last summand implies the desired estimate. For

the operator N, D the proof is the same but in addition we use Lemma 15 for the
operator R — RY. O

Remark 25. Note that there is an extra factor ~ J when we estimate the
differences NéJH)(v) - Né‘”l)(w) since

2J4+1
2741 _ 32041 < 2J+1—jpi—1 b
la IS |la — bl

J=1

has O(J) many terms. Also, we have ¢; = |Z(J)| many summands in the opera-
tor NéJH) since there are c; many trees of the Jth generation and c; behaves like
a double factorial in J, see (67). However, these extra terms do not cause any prob-
lem since the constant we obtain from (94) decays like a fractional power of a double
factorial in J or, to be more precise, we have

CJ/2CJ 1

95 ~ .
(95) H}]:2(2j+3)3/2 JJ/2

Here is the estimate of the operator Nl(‘]+1).
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Lemma 26.

J+1 _ _ _
N () 1a e S N-(-D/DA-1/100) ) 2743

and

INE D (0) = N (w) a2 € N =D/DA=L100) (| [2T42 4 )| 272

Proof. Since we are on C; the requirement

Bas1] = 1Bs + par1] S (2 +3)3| @1/

wllaz, v =wllas,,-

(similar considerations for the requirement |Zy 1| < (2 + 3)3|1[*~1/1%0) implies

that |¢ 41| < J3|@s|. With the use of (88) we obtain

J J

(96) [erllesal JT(27 +3)° N %050 < 72 [T 12512
Jj=2 j=1

Following the argument in (91) and (92) with the use of (90) we arrive at

1 Nf(J71)(171/100) J+1
(97) S T
oy H G S oy 2 LT o
nr—n n,=n

CJ+1 N—(J-1)(1-1/100)
<
I 2+ )8

which finishes the proof since trivially

Y 1@ W (N7 ({ons boer=))ll2

neR(T)
n,=n
< ¥ <|vnu1||2|vnu2||z|vnu3|2 11 ||vnﬁ||2>
ner(T) BeT>\{a}
n,=n
J 1 J 1/4’
(g X gp)
b1 | Pk lor |>N i=1 |%|q
|5]>(25+1)3 N1 -1/200
j=2,...,J
1/q
( S o [8lom, [4lonns 2 TT ||vnﬂ||3) |
neR(T) BeT>\{a}
n,=n

The first summand is controlled by (97) and to the second summand we apply

Young’s inequality.
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Remark 27. For s > 0 we observe that all the previous lemmata hold true if we
replace the 1L* norm by the 12L* norm and the My 4(R) norm by the M ,(R) norm.
To this end, notice that for large n(9) there exists at least one of ngj ), ngj ), (3j ) such
that |n§g)| > §|n(3)|, k € {1,2,3}, since we have the relation n0) ngj) éj) +n:(3j).
Thus, in the estimates of the Jth generation, there exists at least one frequency n,(cj )
for some j € {1,...,J} with the property

n)* < 3js<n](€j)>s < 3J8<nl(cj)>s'

This exponential growth does not affect our calculations due to the double factorial
growth in the denominator of (95).

5. EXISTENCE AND UNIQUENESS

The calculations of this section are the same as the ones given in [30], Subsec-
tions 2.3 and 2.4. The only small difference is the following lemma which deals with
the behaviour of the remainder operator Ny as J — oo.

Lemma 28. For v € M5 (R) with s > 0 and q € [1,2], if M5 ,(R) — L3(R) then
we have
lim ||V =0
im [Ny (v) 1 2 ‘
J—o00

Proof. By (83) we can write the remainder operator as the sum

98) Ny ()(n) = (NS @) m)+ S0 ST ST G (08 ({vny yper)),

TeT(J) a€T>® neR(T)
n,=n

where we define the action of 8t(a) onto the set of functions {v,, } ger~ to be the same
set of functions except for the a node, where we replace v, by the function d,v,,, .

We control the first summand 8t(NéJ+1)(v) (n)) by Lemma 24. For the last sum-
mand of the RHS of (98) we estimate its L? norm as

Yoo > D @ (N ({wng bser=))l2

TET(J) €T neR(T)
n,.=n

Oyvn,
DD | B -y

TET(J) €T neR(T) BET=\{a} [Ti=1 [#k]

735



which by Hélder’s inequality with exponents 1/¢g + 1/¢’ = 1 and (95) implies the
upper bound

S Z(Z I1 |vn5|3|atvna||g)”q.

TET ) a€T> “neR(T) HET\{a}

Then to the sum inside the parentheses we apply Young’s inequality in the discrete
variable, where for the first 2J functions we take the I' norm and for the last, and
the [°° norm ones we arrive at the estimate

lvl3z,., Sup [[9vnll2 = [VI137, , 19evnllime 2.

Since by (32) we have 0iv,, = el O, (Ju|?u) it is straightforward to obtain
18svnllie 2 S 10l
Indeed, from (19) and since 0, (Ju|?u) is nicely localised it suffices to estimate
1O (2 < 11 On (ulPw)ll < Nululls = llulls < lulfs, = vl .

where we used (20), Lemma 12 and the embedding M35 (R) < L3(R). Therefore,
putting everything together, we arrive at

1
||N ()||l°°L 5 J‘]/QH ||2J+3

which finishes the proof. (I

Observe that the assumption M ,(R) < L*(R) implies that if u is a solution of the
biharmonic NLS (1) in the space C([0,7], M3 ,(R)) then u and hence v = el y, are
elements of X7 < C([0,T], L3(R)). Thus, the nonlinearity of the biharmonic NLS (1)
makes sense as an element of C([0,7], L*(R)) and by (32) we obtain that d,v, €
C([0,T],L*(R)). The next lemma justifies all the formal calculations that were
performed in the previous sections (for a proof see e.g. [30], Lemma 27).

Lemma 29. Let f,0,f€C([0,T], L'(R?)) and define the distribution [,, f(-,z) dx

by
< f(-,fc)d:c,so> =/ f(t, x)p(t) de dt
R4 R JR4
for p € C°(R). Then, 9y [pa f(-,x)dx = [, 0, f (-, x) dx.
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Here is an application of the lemma. Consider (42) for fixed n and £. We want to
apply Lemma 29 to the function

elt®a(£,61,6—81—E3,83)

f(t,61,83) = Un(g)iq>4(§,§1,§ — &1 —&,83)

6”1 (51)%712 (f - 51 - 53)6713 (53)a

where £ = n, & ~ ny, & ~ng, £ — & — & =~ —ng and (n,n1,n2,n3) € Ay(n)¢
given by (41). Notice that f,8,f € C([0,T],L'(R?)) since v € C([0,T], M3 ,(R))
and dyv, € C([0,T], L}(R)) for all integers n. Thus,

eitPa(§:61,6—81—85.83) ~ R
4 [ O £ g g g (€ 6 - () a6 e

B 5 elt®a(£,61,6—861—83,83) N ~ ~ dé d
_ /RZU"(@ , {@4(57&,5 — = 537&)1)”1(51)1)”2(5 — &1 —&3)Uny (53)} &1dés

5 eltPa(§:61,6—61—E5,€3) N ~ R dé d
[ 700 ey P (€€ = 6 — ) (60 061 6

elt®a(§,€1,6—81—83,83) . ~ ~
+ [ O e e O ()€ — & — € ()] d61 A6

In the second equality we used the product rule which is applicable since v €
C([0,T], L3(R)) implies that d,v,, € C([0,T], L*(R)).

Finally it remains to justify the interchange of differentiation in time and sum-
mation in the discrete variable but this is done in exactly the same way as in [17],
Lemma 5.1. Similar arguments justify the interchange in the Jth step of the infinite
iteration procedure.

Having proved these lemmata we define the partial sum operators F%) as

J J
(99) Tw(t) = v + Y N (0)(n) = Y NS (wo)(n)

j=2

t J J )
+ / RY(v)(n) + B3 (v)(n) + 3" NP (0)(n) + 3 N (v)(n) dr,
j=2 j=1

where we have N\ := N¥, from (39), N\*) := N, from (45), N? := NI, from (54)
and N\? = N} from (51), and vy € M> 4(R) is a fixed function.

The argument from [30, Subsection 2.3] shows that for sufficiently large N and suf-
ficiently small T" > 0 these operators 1“5,;{) are well defined in X7 := C([0,T], M2,4(R))
for every J € NU {co}. We write I',, for I'gS.

The differentiation by parts argument presented in the previous sections shows
that if the function v is sufficiently smooth or if the modulation space Mj  (R)
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embeds in L?(R) then a solution v of the biharmonic NLS with the initial data vy is

a fixed point of the operator I',,, i.e.,
t

(100)  w(t) = v +1/ NI (v) = R} (v) + R5(v) dr
0

=W+ZMWMM—ZMmeHffmwm+%ww

Jj=2

+ i N9 (v)(n) + i N ()(n) dr = Ty .

The important property of the I',, operators is that if we are given two set of
initial data v(()l) and v(()z) that are close in M3 ,(R) then if vM) is the solution to the
biharmonic NLS with the initial data v(()l) and v® is the solution with the initial

data v(()Q) we have

(01 o = 0@ = P00 =T v® e S 0§ = 06 g,

As it was done in [6] and [30] for the cubic NLS (see also [5]), the proof of Theorem 4
consists of approximating the initial data vy := ug by smooth functions {v(()m)}meN
in Ms ,(R), solving the biharmonic NLS for such v(()m) in X7, using the I‘vém) opera-
tors with a smooth solution v("™), showing that v(") have a common time of existence
for all m € N and that the sequence {v(m)}meN is Cauchy in Xp. The limit v is the

weak solution in the extended sense of the biharmonic NLS with the initial data vg

that we were trying to find. The nonlinearity A (u) for u = e~ %y is equal to

lim A (u(™) in the sense of distributions in (0,T) x R, where u(™) = =i (m),
n—oo

The proof of Theorem 6 follows from (101) since if there are two solutions u;
and ug with the same initial data ug we obtain

Hul — UZHXT = ”Fuoul - Fu0u2||XT S ||U() - UOHMS,(; =0.

6. THE GENERAL HIGHER ORDER NONLINEAR SCHRODINGER EQUATION

For k € 7, consider the following Cauchy problem of the higher order NLS
a0 AL

u(0,2) = ug(x).

It is straightforward to see that its phase factor is given by the function ®of defined
in (30) which enjoys the following factorization.
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Proposition 30. Under the assumption £ = & — & + €3 we have that

(103) Do (€,61,82,83) = (&1 — &) (&3 — &) Pr(&1, 62, 83),

where Py (&1,&2,8&3) € Z[&1,&2, &3] is a non-negative homogeneous polynomial of de-
gree 2k — 2 with only the trivial root. More precisely, we have the formula

2k—2 2k—2—m 2k—2

(104)  Pu(&,6,8) = j{j & j{j gy j{j glegre

2k—1

+Zﬁ“m2<) - &)
As a consequence, if £ = &1 — & + &3 then

(105) |Pok| ~ max{[€], [€1], €], &1} 2IE — &11I€ — &3] 2 | @/

for all k € N.
Proof. As &2 — & + €3 — €2 =2(& — &)(& — &), we may write

2 _ g2k L ¢2k _ 2k
§ +&" &

&2 51 +& - &
2k 2+ (1 —y)** — (@ + (1 —2)*)
Y+ (1-y)?— (@2 +(1—-x)?)

(106) —Pk(€17§2;€3)

where we set s = £+ & = &1 + &5, v = &1 /s and y = & /s. Without loss of generality,
assume s # 0 else we see directly from the above expression that P, can only be zero
when & = & = & = 0. Consider the function f(t) = t2* 4+ (1 — ¢)?*. Then f(¢) is

symmetric around ¢ = % and a change of the coordinate u =t — % shows that

(107 fw) = (u+ %)% o (u- %)% _ ikz (22’;) 20D g2 11

=0

This implies that f is convex and strictly decreasing (increasing) when ¢ < £ (t > 1,
respectively). Hence, f(z) = f(y) can only hold if x = y or z + y = 1, which shows
that & = & or & = &9, respectively. Using I’Hospital’s rule, one easily sees that in
either case Py # 0 for nontrivial (&1, &, &3) whenever k > 2

In order to prove (105), note that both ®5; and Py, are homogeneous polynomials
and, therefore, it is enough to show the required estimate on the unit circle. Also
note that, since there is at least one positive value (choose (1,—1,1) for example),
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we have P, > 0 on R?\ {0}. Notice that Py < max(|¢;],[&2],]€5])2#72 is true for
any polynomial Py of degree 2k — 2. The other direction in this estimate then holds
because P attains the strictly positive minimum on the sphere. To conclude the
proof, observe that @5_1 < max(|&1], €], |€3])%F2 since @5_1 is a polynomial of
degree 2k — 2. O

Remark 31. In the case where k = 1 the polynomial is Pi(&1,82,&3) = 2,
whereas in the case of k = 2 the polynomial is

Py(€1,60,6) =G +E + &+ (&4 — &L+ &) +2(4 + &),

which is proved in [27], Lemma 3.1. Using (104) for the case of k = 3 after some
tedious but elementary calculations we obtain the following expression for Pis:

(108)  P3(£1,&,&) =&+ (G — &L+ &)!
+ %(éf + G &+ &) + &+ &+ ]
+2(& +&)%(G — L+ &)+ 8] +2(6 + &) (& + ).

Notice that all the summands are positive since all of them are even powers except
the very last summand which is also positive but for a different reason: & + &3
and & + & have the same sign. Thus, for the polynomial P3(&1,&2,&3) the trivial
root (0,0,0) is the only real root.

Because of (105), it is evident that all the calculations presented in Sections 3, 4
and 5 go through for the general higher order NLS (102), that is Theorems 4 and 6
(and Remarks 7, 8) hold true. The same reasoning applies to the mixed order
equation (11) described in Remark 9 since the phase factors sum up as

M M
109) 3 a6 E0s) = (61 — (6 §3>(Zeij<§1,&,§3>)

j=1 j=1

whenever £ = & — & + &5.
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