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Abstract. We combine the techniques of sequence spaces and general Orlicz functions
that are broader than the classical cases of N-functions. We give three criteria for the
weakly compact sets in general Orlicz sequence spaces. One criterion is related to ele-
ments of dual spaces. Under the restriction of iiglo M(u)/u = 0, we propose two other

modular types that are convenient to use because they get rid of elements of dual spaces.
Subsequently, by one of these two modular criteria, we see that a set A in Riesz spaces Ip
(1 < p < 00) is relatively sequential weakly compact if and only if it is normed bounded, that

o0
says sup . |u(z)|P < co. The result again confirms the conclusion of the Banach-Alaoglu
u€Ai=1

theorem.
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1. INTRODUCTION AND PRELIMINARIES

Since the inception of the study of Banach spaces, one of the main topics has been
the study of compactness. A set A in a topological space X is called compact if any
cover of open sets for A has a finite subcover; sequentially compact if any sequence
of A has a convergent subsequence; countably compact if any countable subset of A
has a cluster point in A, see [15]. The three compact types coincide if the topology
is metrizable.
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These types of compactness play important roles not only in theory but also in
practical applications. In 1880s, Arzela-Ascoli’s criterion was given for a compact
set in a continuous function space, see [3]. Kolmogorov’s criterion and Riesz’s cri-
terion for a compact set were given in Riesz function spaces and Orlicz function
spaces, see [1], [17]. In 1912, Brouwer gave a fixed point theorem in compact settings
(see [5]), which led to a broad and thorough development, see [6], [7]. Since then
Brouwer’s fixed point theorem has been a powerful tool in many theoretical and
applied fields, see [8], [12], [16], [18]. A significant contribution was made by Eber-
lein and Smulian who proved that for the weak topology over a normed space, the
three types of compactness coincide, see [14], [23]. James gave a powerful criterion
for a weakly compact set in Banach spaces related to attainable functional and
reflexivity, see [13].

Orlicz spaces are the extensions of Riesz spaces that have been widely adopted in
recent years, especially in nonlinear problems, see [19]. In 1962, Ando6 gave criteria
for weakly o(Lys, Ly)-compact sets in the Orlicz function space, see [2]. In 1982,
Wu studied normed compact sets and weakly compact sets in the same spaces in
general sense, see [24]. In 1997, Zhang and Shi gave a criterion for normed compact
sets in the Orlicz sequence space, see [26]. In 2009, Montesinos investigated the weak
compactness in L; (using different techniques), see [10]. We refer the reader to the
surveys in [4], [9], [14], [20] for an outline of the development and applications of this
theory. This paper contributes to the literature on the criterion for weak compactness
of Orlicz sequence spaces. We combine the techniques and ideas of sequence spaces
and Orlicz functions that are much different from N-functions, see [17]. In the end,
we also give some criteria which are convenient to use.

In the following part of Section 1 of the paper, we illustrate basic notions, ter-
minology, and original results. In Section 2, some criteria of weak compactness are
presented.

Let X be a real Banach space, and let B(X) and S(X) be the closed unit ball
and the unit sphere of X, respectively. By X* we denote the dual space of X. In
the sequel, N and R denote the set of natural numbers and the set of real numbers,
respectively. M: R — [0, 0o], where the co value may be possible, is called an Orlicz
function if M is vanishing and continuous at zero, convex, even, left continuous
on (0,00) and not identically equal to zero on (—oo,00). Let p(u) be the right-
side derivative of M (u). For every Orlicz function M, we define the complementary
function N: R — [0, co] by the formula

N(v) = sup{u|v]| — M(u): u > 0}.

The complementary function N is also an Orlicz function. Let ¢(v) be the right-side
derivative of N(v). Young’s inequality uv < M(u) + N(v) (u,v € R) holds and the
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equality in Young’s inequality applies if and only if v = p(u) or u = ¢(v), see [21].
For a given Orlicz function M and a scalar sequence u = (u(1),u(2),...), we define
a convex function by

2 (1) = 0y (Jul) = ZM (lu(@)

where |u| = (Ju(1)|, |u(2)], ..., |u()],...). We introduce the Orlicz sequence space [,,
generated by an Orlicz function M by the formula

In = {u: opm(Au) < oo for some A > 0 depending on u}.

This family is linear and is usually equipped with one of the two following equivalent

norms:

> the Luxemburg norm defined by:
u
= 1 N —_ g
lulln = mé{A > 0: 00 (5) <1}
> or the Orlicz norm defined by:
oo
l[ullv = Z
oN v) i=1
It forms a Banach space which is called an Orlicz sequence space, denoted by
Loy = (b Ny, T = (Lo (Ml ae)-

Let ho = {u = (u(1),...,u(i),0,...): i = 1,2,...}. The closure of hg in I(5s) or Ins
is denoted by h(yr) or has, respectively. Further details about Orlicz spaces can be
found in [11], [22].

Below we recall the basic facts about Orlicz sequence spaces that will be used in
this paper. The proofs can be found in [22].

Lemma 1.1 ([22]). For all u € l(ar)
(1) llull(ary < 1if and only if o, (u) < 1;
2) llullary < flullar < 2[jullan;

(3) llullary < 1 implies o, (u) < [lull(ar)-

Lemma 1.2 ([22]). Holder’s inequality:

D L@@ < lullanllolly (u € lan,v € ln),

D L@@ < llullallollny (€ larv € ).
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Lemma 1.3 ([22]). Representation of Riesz type. In the Orlicz sequence space,

hiavey = vy by =y,

or

where (u,v) = > u(i)v(i) for all w € h(pry, v € Iy or u € har, v € ().

s
Il
i

2. MAIN RESULTS

We recall that a set A is said relatively (sequentially, countably) compact in a topo-
logical space if the closure of A is (sequentially, countably) compact. In the sequel, we
assume A # {0} because it is trivial to discuss the compactness of a singleton set A.

Theorem 2.1 ([25]). For a set A in an Orlicz sequence space [y, A is relatively
sequentially weakly o(l(yr),In)-compact if and only if
(1) A is normed bounded,
(2) for eachwv €ln
Jim SlelpZIU i)|[v(i)

Proof. Sufficiency: Since [(,) is the dual space of h (see [22]), we have that the
normed bounded A is w*-compact according to the Banach-Alaoglu theorem. That
says, A is relatively weakly o(l(a), hv)-compact. Since hy is normed seperable
(see [17], [22]), the w*-topology on A can be metrizable, thus the bounded set A is
relatively sequentially weakly o(l(as), hn)-compact. We obtain that for any sequence
up € A, there exist u € [j; and a subsequence u,, such that u,, — u U(Z(M), hn)-
weakly. Moreover, uy, (i) — (i) for all natural numbers .

For each v € Iy and for any positive number &, by the condition (2), we have
a natural number I such that

By Holder’s inequality, E|u( )||v(i)] < oo, there exists a natural number Iy > Iy

such that
5 fufiye(i) <3
=1

From uy, (1) — u(?) for all natural numbers ¢, we have a natural number kq such
that for all &k > kg
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Therefore, for all k > kg

=
(v, tn,, — u)| = Z(unk (1) — u(i))v(i)

= Z(u”k —u)(i)v(i) + Z (un,, — u)(@)v(i)
i=1 i=I11+1
I 00

< Z(Unk w)(@)v(i)| + Z (tn,, —u)(i)v(i)
i=1 i=I1+1
I 0o

VAN
=
=

S
Ead

|

S
N—
~
=
=
<
=

_|_
=

=
3
Ead

|

S
N—
~
=
=
~
=

=1 i=I1+1
I e} o]
<Y Nune =wW)OI@[+ D Jun, @l0@)]+ D [u@)||o()]
i=1 i=I1+1 i=I1+1
[eS)
< ZI Un,, — w)(@)[o(i |+Sup2 lu(@o@)|+ D Ju(@)]o(i)]
Z Ip i=I1+1
E + - + —-<e€
4 4 4

It follows that for all v € I, (v, u,, —u) — 0, that says, A is relatively sequentially
weakly o(I(ar), [n)-compact.

Necessity: At first, A is relatively sequentially weakly o(l(ar), [n)-compact implies
that A is o(I(ar), [N )-bounded and by the Banach all bounded principle, we get (1),
i.e., A is normed bounded.

Next we prove (2), i.e., for all v € Iy

lim supZ|u (D)]]v(2)

I—o0 ueA

Otherwise, for some v € Iy and positive ¢, there must exist a strictly increasing

sequence of natural numbers I, such that

supZ|u (1)] > eo.

ueA
We take u,, € A such that

Z|U,n |>50

Since A is relatively sequentially Weakly o(lary, In)-compact, we deduce that the
sequence {u,} has a subsequence and we still write {u,,} for simplicity. For this sub-
sequence, there is u € I5s such that u, — u o(l(ar), In)-weakly. Then u, (i) — u(i)
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for all natural numbers i. By Holder’s inequality, we see that Y |u(i)||v(i)] <

lull(anyllv]|v < oo. So there is a natural number I’ such that =t

> lu@lfo(i)] < 3
=1’
Thus for all I, > I,
> (@) = u(@)o(D)] > Y fun)o(i)] = [u(@))06)]
i=1I, i=Iy
= > lun(ip@) = Y ()] > e0 - 3 = 2
i=1I, i=I,

For simplicity, we write u,, — u as w,. Then for all natural numbers n,

Since wy, is o(l(ar), [v)-weakly convergent to 6, we see that w,, (i) — 0 for all natural

numbers . -
By Holder’s inequality, Y |w1(é)||v(7)| < co. We write [; = 0 and we take a nat-
i=1

o)
ural number I{ > I such that > |wi(i)||v(i)] < teo. We write wy,, = w; and we

have i=h+
I; 00 0
o e @@= Y Jwi@lle@] = Y un@)lo@)]
i=I1+1 i=I+1 i=I]+1
€0 _ €0 _ 3%
2 8 8
Since wy, (i) — 0 for all natural numbers i, we take a natural number ng such that
I
Lo, > I, 3 wn, (D) l0(i)] < ge0-
i=1

&)
By Holder’s inequality, ) |wn, (7)|[v(i)| < co. We take a natural number I, > I,

i=1

o0
such that Y |wn, (i)||v(i)| < %e0, then
i=I]_+1
I, In, I, I,
Yo lwe @@= Y lwe @@+ D o (o)=Y we, (6)o(0)]
=1} +1 =1 +1 i=Ipy+1 i=Ipy+1
> = € € 3e
0 €o 0
= Y @@l - Y > 2 - 2%
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In the induction procedure, since w, (i) — 0 for all natural numbers i, we take

a natural number ny such that I,,, > I/  and

’
Mpe—1
9

>l @@ < 3

By Hoélder’s inequality, ) |wn, (2)|[v(i)| < co. We take a natural number I, > I,

such that =1
oo
> fwn, (0)]o(i)] < 3
z—I,{Lk—i-l
Then we have
I, I, I, I,
S fwn, (Wol)= D fwa, Do)+ D fwn, ()o@ = D fwn, (1)v(i)]
i=I,  +1 i=I,  +1 i=In, +1 i=In, +1
= = € € 3e
0 0 0
= Yl = Y i) > 2 - 2=
i=In, +1 =l +1

We set (i) = |v(i)|signwy,, (i) as I, < i < I,

ng?

where I, = 0. Obviously,
|0(¢)| = |v(i)] for all 4. Since I is symmetric, we get ¥ € . But for all k,

<1~]a wnk> = ank (Z){)(Z)

g —1 ng e}
= D w3+ Y wa, @)+ Y wa, (0)5(0)
i=1 1,7[7/%714»1 1,7[7/%4»1
I:"k—l I’:Lk o0
= wa (DBE) + D o, @@+ Y wa, (0)5(0)
i=1 1,:[7’%714»1 =1/ +1
- - o0
> = 3l @@+ Y wn @@ = D wa, (03(0)]
i=1 i:I;Lk_l+1 i:I;Lk+1
I:"k I':Lk_l e8]
= Y o @l@ = D o D@ = D wn, (Do)
i:I,:Lk_l-‘,-l i=1 i:I,:Lk-‘,-l

8§ 8 8 8
This is a contradiction with that w,, is o(l(ar), n)-weakly convergent to 6. It ends
the proof. O
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If a set A is sequentially weakly o(l(ar),ln)-compact, A is o(l(ar), [n)-closed. We
have immediately:

Corollary 2.2 ([25]). Given a set A in an Orlicz sequence space l(yp), A is se-
quentially weakly o(l(nry,In)-compact if and only if
(1) Ais o(lary, Iv)-closed,
(2) A is normed bounded,
(3) for eachv € ln

oo
lim sup u(?)||v(e)| =
i sup > u(@)lo(9)

Next, we give a modular criterion, which gets rid of the elements of [ of Theo-
rem 2.1 and is easier to use.

Theorem 2.3 ([2], [25]). Given lirr%) M(u)/u =0, a set A in an Orlicz sequence
u—>

space Iy is relatively sequentially weakly o(l(yr),[n)-compact if and only if

0u (§u)

lim sup ———+ = 0.

§20yueA

Proof. Sufficiency: It is enough to show that the conditions (1) and (2) of
Theorem 2.1 hold. As gliII(l) sup op(€u)/§ = 0, we take 0 < & < 1 such that
—VueA

sup om(&1u)/& < 1. Then sup 0, (§1uw) < & < 1. By Lemma 1.1, sup [|§1ul|(an < 1,
u€A

sup llull(ary < 1/&1. We get that (1) holds, i.e., A is normed bounded.

For each v € [y, by the definition of [y, we take a positive number A\ with
05 (Av) < o0. For any € > 0, by the given condition, there exists a positive number £
such that

0, (Eu) _ e
sup ——=— < —.
ueg § 2
We take a natural number Iy such that Y. N(Av(i)) < £A¢e. Then for all u € A
and all natural numbers I > I i=lo+1
D (@) < Y Jul Z Elu(@)|Alv(i) Z M (Elu(@)]) + N(Av(@)])
=1 ’i=[0 ’L IO 7,=I()
1 o0
:57 Z Z N (i
7,=I() 1= Io
g (Eu(z) N (i < + —=¢
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Hence, (2) of Theorem 2.1 holds:

e}

lim sup Z |u(é)v(i)| = 0.

I—o0
u€EA =1

Combing (1) and (2), by Theorem 2.1 we get that A is relatively sequentially weakly
o(l(ary, Iv)-compact.
Necessity: We will prove that
0 (Eu)

lim sup ————= = 0.
E—04ucA

Otherwise, there exists a positive number ¢ such that

inf sup M = lim sup M > €g,
€>04ucA §0uecA
where the identity holds due to M (u)/u being nondecreasing. We take u,, € lps such

that for each natural number n

Up, 1
O (2n+1)2n+ > €.

From Young’s inequality [17], we see that

V(p(5)) < ¥ (o(5)) + v () < 20 (53

By Lemma 1.1, we have that for each n

ou (r(5vir)) < o (25t7) < 2gmontun) <255 = 5

We set

. U () .
v(i) zsipp(%“), 1=1,2,...

By the left continuity of an Orlicz function NV, we have

i=1n=1 n=1 i=1
= On\P on+1 = on
n=1 n=1
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Now v is well defined and v € Iy. Since A is relatively sequentially weakly o (I ar), (N )-
compact, by Theorem 2.1, there exists a natural number I such that

supZ|u \—.

uEA

We note that |u(i)| < ¢, where ¢ := inf{t > 0: M(t) > 1} < oo for all u € A and
hn%) M (u)/u = 0. Then we deduce that for n large enough
u—>

We reache a contradiction:

n+l __ n+1 n+1
50<<QM(2n+1)2 ZM(QnJrl)Z + Z (2n+1)2

nt1 |un (i) ()) n+1
2 + z];rl 2n+1 (2n+1 2

i=1 1=I+1
! c = Un(7)
< M (G2 Dl swpp (i)
i=1 i=I+1
! c = €0 € €
n+1 _0 _O — _0
< Y M(G)2 X @ikl < T+ F =3
=1 i=I+1
This ends the proof. O

Due to the same reason, from Corollary 2.2, stating that a sequentially weakly
o(lary, In)-compact set is o(l(ary, [v)-closed, we have:

Corollary 2.4 ([2], [25]). Given lin}) M(u)/u =0, a set A in an Orlicz sequence
u—

space () is sequentially weakly o(l(ary, [n)-compact if and only if
(1) Ais o(lary,In)-closed,
(2) lim sup op(€u)/€ = 0.
§=04ucaA
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Finally, we give a criterion of a modular type which gets rid of the computation
of limit.

Definition 2.5 ([2]). For Orlicz functions ® and M over the real field R we
call @ strictly rapider than M for small u (write ® > M) provided that for any
positive number k, there are positive numbers D and d such that for all u > 0 with
M (u) < d, we have ®(Du) > DM (u).

Theorem 2.6 ([2], [25])). Given 7Elg%)M(u)/u = 0, a set A in an Orlicz se-
quence space Iy is relatively sequentially weakly o(l(nry,In)-compact if and only
if there exists an Orlicz function ® strictly rapider than M (write ® = M) such
that

sup oo (u) < 1.
ueA

Proof. Sufficiency: By ® >~ M, for any positive number k, there are positive
numbers D and d such that for all u > 0 with M (u) < d, we have ®(Du) > DM (u).

Put Iy = Cardinal {i: M(u(?)) > d, > ®(u(i)) = ea(u) < 1}, then I is a finite
i=1

number.
For any positive number € < 1 and positive number £ < min{(1/¢)cq,1/D}, where
cqg = inf{t > 0: M((t)) > d}, we have

) 1S gy S M)

M (&lu(i)])<d M(&lu(i)])>d

3 M<§u<z'>>+§ S M)
M(&lu(i)])<d M(&|u(i)])>d
Ly ME@) g MEd)
$ M (&lu(i)|)>d $

. M (Eul(i
> e+ >

M(Elu(d)])<d M(Elu(2)])>d ¢

B(u() o + T e < S, () +

M(Elu(d)])<d

N

N

M(glu(@)|)<d

where ¢ = inf{t > 0: M(t) > 1}. That says, %in%) sup ¢,,(&u)/¢ = 0. By Theorem 2.3,
—VyueA
it follows that A is relatively sequentially weakly o (I ar), [ )-compact.

Necessity: By Theorem 2.3, A being relatively weakly o (l(ysy, v )-compact implies

on(€u) _ o

lim sup
E—=0 4cA
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We take &k, 1 > &1 > ... > & > ... — 0, such that

Oum (fku) 1
sup 22— < —,
u€EA gk 22k

We recall an Orlicz function given by Ando, see [2]. For any u € R, we set

‘I)(U,) — i sz(fku).

k=1 Sk

Then ® is an Orlicz function. Further, ® > M and for any positive k we take
a natural number k' with 22 > k. We set D = 1/&ks. Thus for all u € R,

’ o o M s M (&
q)(DU)'U:fk'u = (I)(Egk/U/) = <I>(u) = ; ZQk% > 22k %

M
= 2% Mfv) > kDM (v).
k/

It holds for all v > 0 due to the arbitrary choice of u. Furthermore, for all u € A,

i) - S e M) S5 g5 M(Gal))
Q¢(U)=;©(u(z))=;;2k g;” zggk; g}:“
\;2 ﬁ_;?]ﬁ_1
It ends the proof. O

Analogously, we have:

Corollary 2.7 ([2], [25]). Given }LILI%) M(u)/u =0, a set A in an Orlicz sequence
space Iy is sequentially weakly o(l(ar),In)-compact if and only if
(1) Ais o(lary,In)-closed,
(2) there exists an Orlicz function ® strictly rapider than M (write ® > M) such
that

sup o, (u) < 1.
ueA

From Theorems 2.1, 2.3, 2.6, we see:

Remark 2.8. In an Orlicz sequence space l(55), a set A is relatively sequen-
tially weakly o(l(ar),In)-compact if and only if |A] is relatively sequentially weakly
o(l(ary, In)-compact, where |A| = {|u|: u € A}.
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Since |lull(ary < |lullar < 2||ull(ar), Iary is isomorphic to Inr. Since sequentially
weak compactness is invariant under an isomorphism in an Orlicz sequence space s
with Orlicz norm, we have:

Remark 2.9. All the main results obtained in Section 2 for the Luxemburg norm
of [(ar) hold for the Orlicz norm of /5;. That means that replacing l(ys) by I, in
Theorems 2.1, 2.3, 2.6, Corollaries 2.2, 2.4, 2.7, and Remark 2.8, all the statements
stay to hold.
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