Czechoslovak Mathematical Journal

Alexei Karlovich; Eugene Shargorodsky
An example of a reflexive Lorentz Gamma space with trivial Boyd and Zippin indices
Czechoslovak Mathematical Journal, Vol. 71 (2021), No. 4, 1199-1209

Persistent URL: http://dml.cz/dmlcz/149249

Terms of use:

© Institute of Mathematics AS CR, 2021

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized

documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/149249
http://dml.cz

Czechoslovak Mathematical Journal, 71 (146) (2021), 1199-1209

AN EXAMPLE OF A REFLEXIVE LORENTZ GAMMA SPACE
WITH TRIVIAL BOYD AND ZIPPIN INDICES

ALEXEI KARLOVICH, Lisboa, EUGENE SHARGORODSKY, London

Received August 14, 2020. Published online June 25, 2021.

Abstract. We show that for every p € (1, 00) there exists a weight w such that the Lorentz
Gamma space I'p « is reflexive, its lower Boyd and Zippin indices are equal to zero and its
upper Boyd and Zippin indices are equal to one. As a consequence, the Hardy-Littlewood
maximal operator is unbounded on the constructed reflexive space I'p « and on its associate
space F;,’w.
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1. INTRODUCTION

Let m denote the standard Lebesgue measure on R™. The Hardy-Littlewood
maximal operator M is one of the most important operators in harmonic analysis.
For a function f € L{ _(R™,m) it is defined by

loc

1 n
(M f)e) = sp s /Q FW)ldy, @ eR™,

where the supremum is taken over all cubes Q C R™ with sides parallel to the axes.
We are interested in the following question: Given a class & of Banach function
spaces (see [1], [9]), is it true that the Hardy-Littlewood maximal operator M is
bounded on each reflexive space X (R™, m) € & or on its associate space X'(R",m)?
It is well known that the answer is “yes“ for the class of all Lebesgue spaces. We show
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that the answer is “no” for the class of Lorentz Gamma spaces I', ,,(R™, m) (being a
proper subclass of the class of all rearrangement-invariant Banach function spaces).

A measurable function w: (0,00) — [0,00) is called a weight function. Follow-
ing [6], page 289, we say that a weight function belongs to the class D,, 1 < p < o0,
whenever for all z € (0, c0),

oo

0< W(x):= /(:C w(t)dt < oo, Wy(x):= xp/ t7Pw(t) dt < 0.

Let (R, i) be a totally o-finite nonatomic measure space such that ©(R) = co. The
Lorentz Gamma space I'j ,, (R, i) is the set of all y-measurable functions f: R — C
such that

Il o= ([ e @yt dt)l/p <o,
where

o= [ e

and f* is the decreasing rearrangement of f (see e.g. [1], Chapter 2, Section 1
or [7], Chapter II, §2 for its definition and properties). The Lorentz Gamma spaces
were introduced by Sawyer (see [10]), but they can be traced to earlier works of
Calderén, Hunt, O’Neil and others. These spaces have been studied by many au-
thors (see e.g. [3], [4], [5], [6] and [9], Chapter 10 and also the references in the above
monograph). The Lorentz Gamma spaces are examples of rearrangement-invariant
(or symmetric) Banach function spaces (see [1], Chapter 2 and [7], Chapter II for
the theory of rearrangement-invariant Banach function spaces). We should also note
that one can study quasi-Banach Lorentz Gamma spaces I'y, ,, if one admits that
0 < p < oo, see e.g. [6].

It is well known that Boyd and Zippin indices play important role in many
questions related to interpolation properties of rearrangement-invariant spaces and
boundedness behavior of classical operators of harmonic analysis (like the Hardy-
Littlewood maximal operator or the Hilbert transform) on rearrangement-invariant
spaces. The Boyd indices

and Zippin indices

of a rearrangment-invariant space X (R, ) were introduced in [2] and [11], respec-
tively. We refer to [1], Chapter 3, [7], Chapter 2, and [8] for their definitions, prop-
erties, and applications in interpolation theory and harmonic analysis. Boyd indices
of Lorentz Gamma spaces I'y, ,, were studied in [4], [6].
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In this paper we construct an example of a reflexive Lorentz Gamma space
I'pw(R, 1), whose Boyd and Zippin indices behave “badly”, (one says that the
indices are trivial in this case) by rather elementary techniques:

a(lpw) =p(Lpw) =0, BIpw) =q(lpw) =1.

It may well be that examples of reflexive rearrangement-invariant spaces X (R, i)
with both Boyd indices being trivial are known to experts or can be obtained from
known results, but we were unable to find a published example of such space. More-
over, we believe that an example of a reflexive Lorentz Gamma space I'p ,(R, pt) with
trivial Boyd and Zippin indices is of interest because it leads to the negative answer
to the question posed above not only for the whole class of rearrangement-invariant
Banach function spaces, but to its narrower subclass of Lorentz Gamma spaces.

For a precise definition of what we mean by a “rearrangement-invariant Banach
function space“ and by its “associate space”, see [1], Chapter 1, Definitions 1.1
and 2.1; Chapter 2, Definition 4.1 and Section 2 below. Definitions of Boyd and
Zippin indices are also given in Section 2.

Theorem 1.1 (Main result). Let (R, u) be a totally o-finite nonatomic measure
space such that u(R) = oco. If p € (1,00) and

1
—, 0 1
(1 —logz)?’ D
(1.1) w(zx) = o1
— 3 =1,
(1 +logx)2’ v

then the Lorentz Gamma space I', (R, ) is a reflexive rearrangement-invariant
Banach function space and its Boyd and Zippin indices are trivial, that is,

a(lpw) =p(Lpw) =0, BIpw) =q(lpw) =1.

Combining Theorem 1.1 with the Lorentz-Shimogaki theorem (see e.g. [1], Chap-
ter 3, Theorem 5.17), we arrive at the following corollary.

Corollary 1.2. Let p € (1,00) and a weight w be given by (1.1). Then the
Lorentz Gamma space T'p, ,(R™,m) is a reflexive rearrangement-invariant Banach
function space and the Hardy-Littlewood maximal operator M is unbounded on the
space I', ,,(R™,m) and on its associate space I}, ,,(R™, m).
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The paper is organized as follows. In Section 2, we recall the notions of
a rearrangement-invariant Banach function space X (R, ) and its associate space
X'(R, 1), and give the definitions of its Boyd indices «(X), 8(X) and Zippin indices
p(X),q(X). In Section 3, we show that the Lorentz Gamma spaces I'p 4(R, u) fall
into the class of rearrangement-invariant Banach function spaces if 1 < p < oo and
w € D,. Further, we formulate necessary and sufficient conditions for the reflexivity
of T'p.(R, ). In Section 4, we prove Theorem 1.1 and Corollary 1.2.

2. REARRANGEMENT-INVARIANT BANACH FUNCTION SPACES AND THEIR INDICES

2.1. Banach function spaces. Let (R, 1) be a totally o-finite nonatomic mea-
sure space such that u(R) = oco. The set of all y-measurable complex-valued
functions on R is denoted by 9M(R, ). Let M (R, u) be the subset of functions
in M(R, ) whose values lie in [0, 00]. The characteristic function of a py-measurable
set £ C R is denoted by xg. Following [1], Chapter 1, Definition 1.1, a mapping

0: MH(R, 1) — [0, 0]

is called a Banach function norm if, for all functions f, g, f, (n € N) in MT(R, u),

for all constants a > 0, and for all y-measurable subsets E of R, the following axioms
hold:

(f) =0 f=0ae, olaf) = ao(f), o(f +9) < o(f) + o(g),
< fae = o(g9) < o(f) (the lattice property),

n T fae = o(fn) T o(f) (the Fatou property),
< oo = Q(XE) < 00,

A5) u(E) < oo = [ f(z)du(z) < Crolf)
with Cg € (0,00), which may depend on E and p but is independent of f. When
functions differing only on a set of y-measure zero are identified, the set X (R, u) of

\./\:Q

all functions f € M(R, ) for which o(|f]) < oo is called a Banach function space.
For each f € X (R, 1), the norm of f is defined by

1fllx == e (|-

Under the natural linear space operations and under this norm, the set X (R, u)
becomes a Banach space (see [1], Chapter 1, Theorems 1.4 and 1.6). If p is a Banach
function norm, its associate norm ¢’ is defined on M* (R, u) by

—sup{/f (2): f€MH(R, p), <f><1}, g€ M (R, ).
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It is a Banach function norm itself, see [1], Chapter 1, Theorem 2.2. The Banach
function space X'(R, ) determined by the Banach function norm ¢’ is called the
associate space (Kothe dual) of X (R, ). The associate space X'(R, u) is naturally
identified with a subspace of the (Banach) dual space [X (R, u)]*.

2.2. Rearrangement-invariant Banach function spaces. Let 9)(R, 1) and
IS (R, 1) be the classes of a.e. finite functions in 9M(R, u) and M+ (R, 1), respec-
tively. The distribution function py of f € My(R, p) is given by

ur(N) == iz € R: [f@) > Ah, A>0.

Two functions f,g € Mo(R, 1) are said to be equimeasurable if p1r(A) = pg(A) for
all A > 0. The decreasing rearrangement of f € 9M(R, ) is the function defined by

FH) = imf{A: pp () <t} t>0.

We use here the standard convention that inf ) = oc.

A Banach function norm g: 9 (R, u) — [0, 00| is called rearrangement-invariant
if for every pair of equimeasurable functions f, g € M7 (R, 1), the equality o( f) = o(g)
holds. In that case, the Banach function space X (R, ) generated by p is said to
be a rearrangement-invariant Banach function space (or simply a rearrangement-
invariant space). Lebesgue spaces LP(R,u), 1 < p < oo, Orlicz spaces L®(R, ),
and Lorentz spaces LPY(R,u) are classical examples of rearrangement-invariant
Banach function spaces (see e.g. [1] and the references therein). By [1], Chapter 2,
Proposition 4.2, if a Banach function space X (R, i) is rearrangement-invariant, then
its associate space X'(R, i) is also rearrangement-invariant.

2.3. Boyd and Zippin indices. A measurable function g¢: (0,00) — (0,00) is
said to be submultiplicative if

o(z122) < o(x1)o(x2) V1,22 € (0,00).

The behavior of a measurable submultiplicative function ¢ in neighborhoods of zero
and infinity is described by the quantities

1 1
(2.1) a(p) == sup M = lim M,
ze(0,1) logzx z—0 logx
1 1
B(p) ;== inf 7ogg(x) = lim 70gg(a:)
ze(l,00) loga z—oo logw
where
(2.2) —o0 < afp) < B(e) < oo,
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see [7], Chapter 2, Theorem 1.3. The numbers a(p) and S(p) are called the lower
and upper indices of the measurable submultiplicative function p.

Let (R, p) be a totally o-finite nonatomic measure space such that p(R) = oo.
Suppose X (R, u) is a rearrangement-invariant Banach function space generated
by a rearrangement-invariant Banach function norm p. In this case, the Luxem-
burg representation theorem (see [1], Chapter 2, Theorem 4.10) provides a unique
rearrangement-invariant Banach function norm g over the half-line Ry = (0, 00)
equipped with the Lebesgue measure m, defined by

a(h) = sup{ / Tgmnnat dlg) < 1},

and such that o(f) = a(f*) for all f € MJ (R, ). The rearrangement-invariant

Banach function space generated by g is denoted by X (R, m).
For each t > 0 let E; denote the dilation operator defined on M(R,m) by

(B f)(s) = f(st), 0<s<o0.

With X (R, p) and X(Ry,m) as above, let h(t, X) denote the norm of F;/ as
an operator on X (R, ,m). By [1], Chapter 3, Proposition 5.11, for each ¢ > 0,
the operator E; is bounded on X (R, m) and the function A(-, X) is increasing (and
hence, measurable) and submultiplicative on (0, 00). The indices of h(-, X) are called
the Boyd indices of the rearrangement-invariant Banach function space X (R, u) and
are denoted by

a(X) == a(h(-, X)), B(X):=B(h(;, X)).

Following [1], Chapter 2, Definition 5.1, for each finite value ¢ let E C R be such

that u(E) =t and let
px(t) = [[xellx-

The function px so defined is called the fundamental function of the rearrangement-
invariant Banach function space X(R,u). Following [11], page 271 (see also [8],
page 28), for a given rearrangement-invariant Banach function space X (R, u) with
the fundamental function ¢ x, let us consider the function

M(t,X):= sup px (tr)

, t€(0,00).
0<z<oo @X(x) ( )

It is easy to check that this function is increasing (and hence, measurable) and
submultiplicative on (0, 00). The indices of M (-, X) are called the Zippin (or funda-
mental) indices of the rearrangement-invariant Banach function space X (R, 1) and
are denoted by
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It is easy to see that M(t,X) < h(t,X) for t € (0,00). Combining this inequality
with [1], Chapter 3, Proposition 5.13, we conclude that

(2.3) M(t, X) < h(t, X) < max{1,t}, e (0,00).

It follows from (2.1)—(2.3) that

The lower Boyd (or Zippin) index is said to be trivial if a(X) = 0 (or p(X) = 0).
Analogously, the upper Boyd (or Zippin) index is said to be trivial if 3(X) = 1
(or ¢(X) =1).

Note that for the Lebesgue spaces LP(R, 1), 1 < p < 00, all these indices are equal
to 1/p. Hence the Lebesgue space LP(R, u) is reflexive if and only if its Boyd and
Zippin indices are nontrivial. In contrast, Theorem 1.1 asserts that an analogous
result fails for more general Lorentz Gamma spaces I'p ., (R, 1t).

3. LORENTZ GAMMA SPACES

3.1. Lorentz Gamma spaces are rearrangement-invariant Banach func-
tion spaces. The following lemma contains well known information on Lorentz
Gamma spaces (see e.g. [4], Section 2 and [6], Section 0). We give its proof here for
completeness.

Lemma 3.1. Let (R, ) be a totally o-finite nonatomic measure space such that
U(R) =o00. If 1 < p < oo and w € Dy, then the Lorentz Gamma space I'y, ,,(R, )
is a rearrangement-invariant Banach function space. The fundamental function of
Ipw(R, i) is given by

(3.1) pr,., (8) = (W) + Wp ()P, t € (0,00).
Proof. Axioms (Al)-(A3) in the definition of a Banach function space are
satisfied in view of [1], Chapter 2, Proposition 3.2 and Theorem 3.4.

If w(E) = 0, then x7 (x) = 0 for x € (0,00) and ||xg|lr, ., = 0. Let E C R be
a set of measure ¢ > 0. Then X}, = x|o,4 and x7 () = max{1,¢/x}. Hence

t %9 1/p
sarp,w<t>—||xE|rp,w—< [ wwass [ <t/x>pw<x)dx> — (W (t) + Wy (1) /7.

If w € Dy, then the right-hand side of the above inequality is finite. Therefore
w(E) < oo = ||xellr,. < oo. Thus, Axiom (A4) is satisfied and the fundamental
function of the space I'y, ,, is given by (3.1).
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Since w € Dp, we have 0 < W(t) < oo for all ¢ > 0. Let E C R be a set of
positive measure t and f € ', (R, ). By the Hardy-Littlewood inequality (see [1],
Chapter 2, inequality (3.1) and Theorem 2.2),

(3.2) /E £ @)l duty) < / £ () da = £ ().

Taking into account that f** is decreasing (see [1], Chapter 2, Proposition 3.2), we
have

t 1/p
B3 0= g O [ wea)
t 1/p t

It follows from (3.2)—(3.3) that

W(E) < 0o = /E F @)l duty) < Call flr, ..

where C; = pu(E) /(W (u(E)))'/?. Thus, Axiom (A5) is satisfied. O

3.2. Reflexivity of Lorentz Gamma spaces. Now we recall necessary and
sufficient conditions for the reflexivity of Lorentz Gamma spaces.

Lemma 3.2. Let (R, ) be a totally o-finite nonatomic measure space such that
#(R) = oo. Suppose that w € D, is a weight such that

x
(3.4) / wt)t Pdt =00 Vz € (0,00).
0
Then the Lorentz Gamma space T'p ., (R, 1) is reflexive if and only if
(o) (o)
W(o0) = / w(t)dt =00 and V(o0)= / v(t) dt = oo,
0 0

where 1/p+1/p’ =1 and

YW ()W (t)
(W (t) + Wp(t)p'

u(t) =

t € (0, 00).
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The above lemma is proved in [3], Lemma 6.4 in the case of (R, p) = (R4, m). Its
proof is a combination of three ingredients. Two of these ingredients, namely, see [1],
Chapter 1.1, Corollary 4.4 and [4], Theorem A, are proved for the measure spaces
(R, 1) under consideration. It remains to observe that, although the last ingredient
(see [6], Proposition 1.1 (1)) is proved for (Ry,m), an inspection of its proof shows
that it is also valid for (R, p).

4. PROOF OF THE MAIN RESULTS

4.1. Proof of Theorem 1.1. Taking into account (1.1), a straightforward cal-
culation gives that

1
4.1 =—— f 1
(4.1) W (z) [ logz or z € (0,1],
xP i
4.2 = 1,00).
(4.2) W, (x) T logz or z € [1,00)

Thus w € D,. By Lemma 3.1, the Lorentz Gamma space I', ,,(R, 11) is a rearrange-
ment-invariant Banach function space.

Let us show that the space T'p ., (R, 1) is reflexive. Using L’Hépital’s rule, one can
easily derive from (1.1) that

. W(x) 1
4. lim — 2\ 2
(4.3) o+ 2P(1+logz)=2 p’
< tPw(t) dt 1
(4.4) i Ve L trw®dt 1

=0 (1 —logw)~2 a-0zP(1—logx)~2 p

It follows from (4.2) and (4.3) that

(4.5) W(o0) = lim W(z) = oo

T—00

and

o W (@)W ()

(W) + Wy(z))P'+

— P —1+2p—p(p'+1) 1+o(1) ( 1+0o(1) 1 )_(p/"'l)
p(1+logx)3 \p(1+logz)? (1+logx)

B . 1+0(1) e
= oz (14 o) (o 1)

]. /
= —(1+logz)? "2(1+0(1)) asz— oco.
px
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Since p’ > 1, i.e., 2 — p’ < 1, it follows from (4.6) that

1

It is easy to see that (3.4) holds for w defined by (1.1). Then it follows from (4.5)
and (4.7) that the conditions of Lemma 3.2 are satisfied and hence the space
Ipw(R, p) is reflexive.

Let us calculate the Boyd and Zippin indices of the space I', ., (R,u). By
Lemma 3.1, the fundamental function of Ty ., (R, i) is given by the formula

(48) o1y (@) = (W (@) + Wy(@)'7?, 2 € (0,00).
If t € [1,00), then it follows from (4.2) and (4.3) that

W (tx) + Wp(tx) _ W (tz) + Wp(tx)

su —_— Y 1m (
W) 2 W+ Wylw) ~ % W) + Wy(a)
— 4 lim 1+logz \2 . 14+0(1)+p (1+10g(ta:))_tp
:c—>oo(]_ —|—log(tx)> o 1+o(1)+p(1+logz)

If t € (0,1), then it follows from (4.1) and (4.4) that

W(tz) + Wy(tx) _ .. W(tz) + Wp(tx)
4.10 > lim —————=
WO S W r W)~ W) 1 )

_ ,m( 1—logz )2 lim p(1 —log(tx)) + 14 o(1) _
z—0\1 —log(tx)/ -0 p(1 —logz)+ 1+ o(1)

Combining (4.8)—(4.10), we conclude that for ¢ € (0, 00),

er,., (tr) W (tz) + Wp(tx)\'/P
411 M t,F w) = su I pwtr 7 _ Ssu - -
(4.11) (t,Tpw) oot o, . (2) 0@500( W (z) + Wy () )
> max{1,t}.

Then it follows from (2.3) and (4.11) that
M(t,Tpw) = h(t,T'pw) =max{l,t}, te(0,00).
Applying (2.1) to the submultiplicative functions M (-, T .,) and h(-, T} ), we get

. logmax{1,t
a(lpw) = p(lpw) = lim log max{1,t} _

t—0 logt ’
B .. logmax{l,t}
B(Fp,w) - Q(Pp,w) - tllglo T - ]-a
which completes the proof. O
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4.2. Proof of Corollary 1.2. In view of Theorem 1.1, the Lorentz Gamma space
I'p.w(R™,m) is a reflexive rearrangement-invariant Banach function space such that
its Boyd indices are trivial, that is, &(T'p.) = 0 and (T ) = 1. Since S(Tp.w) = 1,
the Hardy-Littlewood maximal operator M is unbounded on the space I'p ,(R™, m)
in view of the Lorentz-Shimogaki theorem (see e.g. [1], Chapter 3, Theorem 5.17).
By [1], Chapter 3, Proposition 5.13, 5(I"}, ,,) = 1 — a(I'yw) = 1. Now, applying [1],
Chapter 3, Theorem 5.17 to the associate space I'}, ,,(R™,m), we conclude that the
operator M is unbounded on the space T, , (R™,m). O

Acknowledgment. We would like to thank the anonymous referee for useful
remarks, which helped us to improve the presentation.
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