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Abstract. We obtain some new sufficient conditions for the oscillation of the solutions of
the second-order quasilinear difference equations with delay and advanced neutral terms.
The results established in this paper are applicable to equations whose neutral coefficients
are unbounded. Thus, the results obtained here are new and complement some known
results reported in the literature. Examples are also given to illustrate the applicability and
strength of the obtained conditions over the known ones.
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1. INTRODUCTION

We are dealing with the oscillatory properties of solutions of a second-order quasi-
linear difference equation with delay and advanced neutral terms of the form

(1.1) A(C(D)(AX(@)Y) + oi)p (o (i) = 0, i =0 >0,
where x(7) = (i) + 01()¥ (i — k) + 02(4)1 (i + 1), subject to the following conditions:

(C1) {<(i)} and {p(7)} are real positive sequences with io: V(i) = oo

i=io
(C2) «a, B are ratios of odd positive integers and [ and « are positive integers;
(C3) {o(i)} is a sequence of integers and lim o(i) = oo;
71— 00
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(C4) {o1(¢)} and {p2(i)} are real sequences with p1(i) > 0, p2(7) > 1, and 2(i) # 1
eventually;

(Cs) {o1(¢)} and {p2(i)} are real sequences with p2(i) > 0, 01(¢) > 1, and 01 (i) £ 1
eventually.

We say a real sequence {¢(i)} is a solution of (1.1) if it is defined and satis-
fies (1.1) for all ¢ > i5. We consider only those solutions of { (i)} of (1.1) that
satisfy sup{|y(¢)|: ¢ = N} > 0 for all N > ip; moreover, we assume tacitly that (1.1)
possesses such solutions. Such a solution {t ()} of (1.1) is said to be oscillatory if it
is neither eventually positive nor eventually negative, and nonoscillatory otherwise.
Equation (1.1) is said to be oscillatory if all solutions of (1.1) are oscillatory.

The problem of oscillation and asymptotic behavior solutions to various classes of
delay and advanced type neutral difference equations have been widely investigated
in the literature, see for example [1], [2], [4], [5], [9], [10], [13], [14], [16], [17], [21]-]27]
and the references cited therein. However, oscillation results for mixed type neutral
difference equations are relatively scarce in the literature; some results can be found,
for example, in [3], [6], [7], [8], [11], [12], [15], [19], [18], [20] and the references cited
therein.

From the review of literature, we note that results obtained in [3], [6], [7], [8], [11],
[12], [15], [18], [19], [20] require both of {p1(i)} and {p2(7)} to be constant or bounded
sequences, and hence, the results established in these papers cannot be applied to the
cases where lim p1(i) = oo and/or lim 2(i) = co. Motivated by this observation,
we wish to dé?eoloop new sufficient cotic?i?i)ons which can be applied to the cases where
lim p;1(¢2) = co and/or lim p2(i) = co. Therefore, the results obtained in the present
;)zf)oer are new and cotﬁaﬁmen‘c some existing results in the literature. Thus, we
hope that the present paper will contribute significantly to the study of oscillation
of the solutions of the second-order mixed type neutral difference equations.

2. AUXILIARY LEMMAS

In this section, we present some lemmas that will play a significant role in es-
tablishing our main results. For the sake of convenience, we define the following

notation:

._i_l “1/a N 1 1 01(i —1)
F(z)—gvg Ye(s), €6) = 92(i_1)(1—92(i_2l) _gg(i—n—Ql))> 0,

1 (_ 1 F(i+2k)  0a(i+k) F(i+2/<;+l)) 0
01(i + k) 01(i+26) Fi+r) o01(i+26+1) F(i+k) ’

(i) =
for any N > ip and for all sufficiently large 7.
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Lemma 2.1 ([28]). If E >0, D > 0 and a > 0, then

a® Da+1

o 1+1/«
Du — Fu < (a+1)ot1 Eo

where equality holds if and only if D = E.

Lemma 2.2. Assume that (C1)—(Cy) (or (C1)—~(Cs) and (Cs)) hold, and let {1 (%)}
be an eventually positive solution of (1.1). Then there is an integer i1 > i such that,

fori > 11,
(2.1) x(@) >0, Ax(i) >0 and A(L(i)(Ax()*) < 0.
Proof. The proof is standard and so we omit the details. ([

Lemma 2.3. Assume that (C1)—(Cy) (or (C1)—(Cs) and (Cs)) hold, and {¢(3)}
is a positive solution of (1.1) such that (2.1) holds. Then

(2.2) x(i) = F(i)¢V* (i) Ax(i)
and
(2.3) {;((Zz))} is decreasing for all i > N > i;.

Proof. Since {¢(i)(Ax(7))*} is decreasing for all i > iy, we have

i-1 s $))e 1/«
) = x(i) + 3 G > /e ) axco.
Furthermore,
X@y _ 1 P @) Ax(E) — x(9) . N
(70) ~am@ Toraan <% e A0 = g
The proof is now completed. ([

Lemma 2.4. Assume that (C1)—(C4) hold. If {3(i)} is an eventually positive
solution of (1.1) such that (2.1) holds, then {x(%)} satisfies the inequality

(2.4) AC@(AX(D)®) + o) (a(i)x" (o(i) = 1) <O
for sufficiently large i.
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Proof. Let {¢(i)} be an eventually positive solution of (1.1) such that ¢ (i) > 0,
Y — k) >0, +1) >0, ¥(e(i)) >0 and x(i) satisfies (2.1) for all ¢ > i; for an
integer i1 > ip. From the definition of x(i) we obtain

)= — (= 1) =i — 1) — 01 (i — Db(i — i —
(25) W) = e (=) =0~ ) = i = Dl 5= D)
and
. 1 .
(2.6) Y(i) < mx(l —1)

Using (2.6) in (2.5), we have

' ! ‘ L ; o1(i 1) .
7)) > Gy (X =0 = G =20~ G g e 2)
1 L 01(i — 1) |
P ) Gt i R e AU

for ¢ > i1, where we have used {x(¢)} is strictly increasing. Since lim o (i) = co, we
71— 00

can choose an integer iz > 41 such that (i) > iz for all ¢ > 5. From (2.7) we have

(2.8) P(o(i)) = E(o(@))x(o(@) = 1), @ >

Combining (1.1) with (2.8), we conclude that (2.4) is satisfied. The proof of the
lemma is complete. O

Lemma 2.5. Assume that (C1)—(Cs) and (Cs) hold. If {4(i)} is an eventually
positive solution of (1.1) such that (2.1) holds, then {x(i)} satisfies the inequality

(2.9) ACE)(AX(@)Y) + i)’ (o (1)x" (o(i) + k) <0

for sufficiently large i.

Proof. Let {¢(i)} be an eventually positive solution of (1.1) such that ¢ (i) > 0,
Y —k) >0, ¢Y(E+1) >0, (o)) > 0 and x(¢) satisfies (2.1) for all ¢ > 4; for
an integer i1 > ig. Following a similar argument as in the proof of Lemma 2.4 and
taking into account that {x(i)/F (i)} is decreasing for all i > is for an integer iz > i1,
we obtain

o1 +2k) 01(i 42k +1)
> (  F@+26) o+ R)F(+ 26 +1)
T a(itn) F(i+r)oi(i+2k)  01(i+ 26+ 1) F(i + k)

(2.10) (i) > ———— x(i+2r)  oo(i+r)x(i+ 26+ z))

)X(i+/<;).
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Since lim o(i) = 0o, we choose an integer i3 > iz such that o (i) > i3 for all ¢ > is.
11— 00

Thus, from (2.10) we obtain

(2.11) P(o (i) = plo(@))x(o(i) + k), i>is.

Combining (1.1) and (2.11), we conclude that (2.9) is satisfied. The proof of the
lemma is complete. O

3. MAIN RESULTS

In this section, we present several sufficient conditions for the oscillation of all
solutions of (1.1).

Theorem 3.1. Assume that (C1)—(Cy) hold and i +1 > o(i). If 8 = « and there
exists a positive nondecreasing sequence {n(i)} such that for all sufficiently large
integer N > i1,

1—00

(3.1) limsupg;v(n(sm(s)ﬁ“(“(s)) Fo(s)  Fo(s+ 1)): >

then every solution of (1.1) is oscillatory.

Proof. Let {¢(i)} be a nonoscillatory solution of (1.1). With no loss of gener-
ality, we may assume that there is an integer i1 > ig such that (i) > 0, ¥(i—k) > 0,
P +1) >0, ¥(e(i)) > 0 and x(¢) satisfies (2.1) for all 4 > 41. Proceeding as in the
proof of Lemmas 2.3 and 2.4, we see that (2.2), (2.3) and (2.4) hold for all ¢ > ;.
Define

i) (Ax(i)*

(32) wli) = i) =5

iy

Clearly w(i) > 0 for ¢ > 41, and from (2.4) we obtain

33) () < —ntieti) R ST SO

G DA D)
oxelr Ty

From ¢ > o(i) — | and by (2.3) we get

X =) | Flot) -1
4 @ 7T FG)

, =i =1,
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Using (3.4) in (3.3) yields

Fe(o(i) — 1)
Fe(i)

i+ 1)(Ax(i+1))*

+An() x*(i+1)

35)  Aw(i) < —n(i)e(i) (a(1))
o

0
(1)C(0) (Ax (i)
X (i)x(i+1)

AX® (i), i > ia.
From (2.2), it is easy to see that

(3.6) #ﬂ) > (i + 1)%.
In view of (3.6), x(¢) > 0 and Ax(z) > 0, (3.5) yields

37) Buli) < ~nfiya(ie o) D=0 4 LI

for i > io. Summing up (3.7) from iz to i, we get

: Fo(a(s) = 1) An(s)

« _ < o
> (190l (06D a7 ~ Foqa 1)) < <),
5=12
which contradicts (3.1). The proof of the theorem is complete. ]

Theorem 3.2. Assume that (C1)—(C4) hold and i + 1 > o(i). If there exists
a positive nondecreasing sequence {n(i)} such that for all sufficiently large integers
N 2 il;

o vt (Ag(i)* 1 f(s)
(3.8) h?iigp ;V(El (s) = (E) (a+ 1)““’177(’(5)5“(5)): o0
where
5 0 1 if a=p3,
E() =)o) (i) =D a5 = ifa <,

FA(i)
MoF=1B/a(i41) ifa>f

for all My > 0, My > 0, then every solution of (1.1) is oscillatory.

Proof. Let {¢(i)} be a nonoscillatory solution of (1.1). With no loss of gener-
ality, we may assume that there is an integer i1 > io such that ¢ (i) > 0, ¥ (i —k) > 0,
P +1)>0,¢(c()) > 0 and x(3) satisfies (2.1) for all 4 > 4;. Define

(i) (Ax(i)*

(39) wli) = nfi) =

12 17.
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Clearly w(i) > 0 for ¢ > 41, and from (2.4) and (3.9) we get

) < (B (o X @ =1 AnG)
B10)  Awli) < (e (o) ST + i+ )
@) e A

By discrete mean value theorem (see [1]), we have

Using this and (3.4) in (3.10) gives

An(i)
n(i+1)

(3.11) Aw(i) < —E1(i) +

Since f1/%(i)Ax(i) is decreasing, we have from (3.9) and (3.11)
(3.12)

Aw(i) < — By (i) + An(i) wi+1)— 6¢w1+1/a(i + x4 1)

n(i+1) nitt/e(i+1)
e AN @06 g
DI T e e e R

where we have used that x(¢) is increasing for 8 > « and x(i)/F (i) is decreasing for

8 < a. Applying Lemma 2.1 with

_An) o Bn()o(i)
n(i+1)° ntHe(i 4 )¢ (i)’

we have from (3.12) that

(o/ B)* (An(i))*+1¢ (i)
(o4 1)t tn(i)oe(i)

=2 12.

Aw(z) g —El(i) +

Summing up the last inequality from i to i, we get

: (a/B)*(An(s)*+1¢(s) .
Z (_El(s) + (a + 1)otine(s)d>(s) )g w(iz),

S=’i2

which contradicts (3.8). The proof of the theorem is complete.
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Theorem 3.3. Assume that (C1)—(Cy4) hold, o =  and i + 1 < o(i). If there
exists a positive nondecreasing real sequence {n(i)} such that for all sufficiently
large N 2 il 2 io,

(3.13) lim sup Z (n(s)g(s)ﬁ“(o(s)) - %ﬁ)l)): 00,
s=N

i—00

then every solution of (1.1) is oscillatory.

Proof. Let {¢(i)} be a nonoscillatory solution of (1.1). With no loss of gener-
ality, we may assume that there is an integer i1 > io such that ¢ (i) > 0, ¥ (i —k) > 0,
P +1) >0, ¥(o(7)) > 0 and x(4) satisfies (2.1) for all 4 > 41. Proceeding as in the
proof of Theorem 3.1, we arrive at (3.3) for ¢ > i3 > i1. From i + k < o(i) we have
1< o(i) — 1l and so

(3.14) (GO

Using (3.14) in (3.3) yields

(3.15) Aw(i) < —n(i)o(i)E (o (i) + A”(i)w . ;L((Azi(g =

_ n@OCOAX@)" AX (@)
X*@x@+1)

WV

1.

Taking into account that (2.2) holds and using the fact that Ax(i) > 0, (3.15) takes
the form )
An(i)

Aw(i) < —n(i)e(i)6 (o (i) + Foli+1)

Z)Z’Q.

The remaining part of the proof is similar to that of Theorem 3.1 and the details are
omitted. The proof of the theorem is complete. O

Theorem 3.4. Assume that (C1)—(Cy) hold and i+1 < o(i). If there exists a posi-
tive nondecreasing real sequence {1 (i)} such that for all sufficiently large N > i1 > iy,

imsu : $)o(s)EP (o (s)) — ) (An(s)* " C(s) =00
316)  tmsw 3 (a)e" @) - (5) G perimgme) -

where 0(i) is defined as in Theorem 3.3, then every solution of (1.1) is oscillatory.

Proof. The proof follows from Theorem 3.2 and (3.14) and so the details are
omitted. g
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Theorem 3.5. Assume that a = 3, (C1)—(Cs) and (Cs) hold, and i —x > o(i). If
there exists a positive nondecreasing real sequence {n(i)} such that for all suz’ﬁaent]y
large N > i1 > 1,

1—00

(3.17) lim sup X;V(Eg m): 00,

where
Es(i) = n(i)e(i)¢® (o (i)
then every solution of (1.1) is oscillatory.

Proof. Let {¢(i)} be a nonoscillatory solution of (1.1). With no loss of gener-
ality, we may assume that there is an integer i1 > ig such that (i) > 0, ¥(i—k) > 0,
P +1) >0, ¢(c(i)) >0 and x(i) satisfies (2.1) for all 4 > i;. Proceeding as in the
proof of Lemmas 2.3 and 2.5, we have (2.2), (2.3) and (2.9) hold for ¢ > iy for an
integer io > i1. Define w(i) by (3.2). Then it follows from (3.2) and (2.9) that

x*(o(i) + k) ¢+ 1)(Ax(i + 1)
7+A (@) xe(i+1)

(3.18)  Aw(i) < —n(i)o(i)p™ (o (i)

\./

- 0>

Since i — k > o(i), we have i +1 > i > 0(i) + &, and from (2.3) we get

x(o() +#) _ Fla(i) + )
x@ T F@)

Substituting (3.19) into (3.18) yields

i+ DAXGE+ D) n(E)¢+ D (Ax( + 1)*Ax* (i)
x*(i+1) x*(@)x(i+1) ’

where i > i5. The rest of the proof is similar to that of Theorem 3.1 and hence the

(3.19)

Aw(i) < —E2(i) + An(d)

details are not repeated. The proof of the theorem is complete. ([

Theorem 3.6. Assume that (C1)—(C3) and (Cs) hold and i — > o(i). If there
exists a positive nondecreasing real sequence {n(i)} such that for all sufficiently large
integers N > i1,

= 00,

N\ s)etLe(s
() (An(s))*T¢(s) )

(8.20) th“PSZN(& B/ (a+ 1)t (s)6(s)

71— 00

where
p o(? K
Pl = ni)etd) 90/6(”“”%,

then every solution of (1.1) is oscillatory.
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Proof. The proof follows from Theorem 3.2 by using (3.19) instead of (3.4),
and so the details are not repeated. This completes the proof. O

Theorem 3.7. Assume that (C1)—(C3) and (Cs) hold o = g and i — k < 0(4). If
there exists a pos11;1ve nondecreasmg real sequence {n(i)} such that for all sufficiently

large integers N > i1 > iy,
Arn(s)
where

then every solution of (1.1) is oscillatory.

Proof. Proceeding as in the proof of Theorem 3.5, we arrive at (3.18). For

i—k < o(i), we see that ¢ < (i) + K, and so since using {x(¢)} is increasing, we have
(3.22) Xol) £ 1)
x(2)

Using (3.22) in (3.18), we obtain

Aui) < il + Ay A

n(@)¢( + D(AX( + 1)*Ax®(4)
x*(@)x*(@+1) ’

WV

1.

The remaining part of the proof is similar to that of Theorem 3.5 and so the details
are omitted. The proof of the theorem is complete. O

Theorem 3.8. Assume that (C1)—(C3) and (Cs) hold and i — x < o(i). If there
exists a pos1t1ve nondecreasmg real sequence {n(i)} such that for all sufficiently large
integers N > 11 2 i,

(3.23) lim sup i: <E5 (s) — (%)a @ _(’_Alqg_zzjl(C)(éi o ) ~ oo,

where §(i) is defined as in Theorem 3.2 and Es(i) = 1(i)o(i)¢”(c(i)), then every
solution of (1.1) is oscillatory.
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Proof. Proceeding as in the proof of Theorem 3.2 and using (2.9) instead
of (2.4) we obtain

w(i) < —n(i)oli)p? (o)X TD K | An@)
B2 8w < —ne@e o) TR D00
@ X)L
T 12
Using (3.22) in (3.24) yields
e An@ oy @) AXP()

The rest part of the proof is similar to that of Theorem 3.2 and so the details are
omitted. The proof of the theorem is complete. O

4. EXAMPLES

In this section, we present several examples to illustrate the importance of the
main results.

Example 4.1. Consider the second-order neutral difference equation
41 A(A@G) + 96— 1) + (i +2))°) + (@ + Dy’ (i +1) =0, > 10.

Here, « = 3 = 3, (i) = 01(i) = 1, 02(i) = n, o(i) = n*+ 1,k = 1,1 = 2 and
o(i) =i+ 1. It is clear that (C1)—(C4) hold, i + k > o(i), and

1 1 1 1 2 —-11i+29
N 1 3 _
£0) 1—2( 4 z—5) i 2G-DHi-5
1—1 1 1—1
F(Z):ZW:ZAS:Z_lo
s=N s=10

With 7(i) = 1, we see that (3.1) becomes

L (st 1) (52 — 115+ 29)3 (s — 11)3
lim su
HOOPS;O (5—2)3 (s—4)3(s — 5)° (s — 10)3

= o0,

which, in view of Theorem 3.1, means that all solutions of (4.1) are oscillatory.
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Example 4.2. Consider the second-order neutral difference equation

(4.2) A(%(A(w(i)ww(i—1)+8¢(z‘+2)))1/3)+(z’2+1)w1/3(z'+3) =0, i>2.

Here, a:B:%,C(')— 01(i) = 2, 02(i) =8, 0(i) =i*+ 1,k = 1,1 = 2, and
o(i) =i+ 3. It is clear that (Cl) (Cy) bhold, o(i) > (i + k) and
i—1 .
1 1 2y 5 2 —i—2
€n=50-5-5)5>0 Fi)=25="

With n(i) = 1, (3.13) becomes

5\1/3
lim su s+ 1) ( ) = 00,
Hoopz 64

which, in view of Theorem 3.3, means that all solutions of (4.2) are oscillatory.

Example 4.3. Consider the second-order neutral difference equation
(4.3) A((A®() + it (i — 1) +ap(i + 2)))) + %> (i — 2) =0, > 2.

Herea & = 6 = 37 C(Z) = 17 Ql(z) = 317 QQ(Z) = i? Q() =, k= 17 I = 27 and
o(i) =i — 2. It is clear that (C1)—(C3) and (Cs) hold, i — k > (z) and

, 1 1 i i+1 (i+1)
o(t) = =— (1 - — - - — )
3(i+1) 3i+2)i—1 3(i+4)(E—-1)
1 6i* + 243 — 39i2 — 69i + 14

= > 0.
3(i+1) 9(i% + 4 — 3i2 — 10i + 8)

With 7(i) = 1, we see that (3.17) holds for N > 2. Therefore, in view of Theorem 3.5,
every solution of (4.3) is oscillatory.

Example 4.4. Consider the second-order neutral difference equation
(4.4) AP((i) + 2'9(i = 2) + (i +1)) +9(2)p(i — 1) =0, i>5.

Here, a« = f =1, ((i) = 02(i) = 1
and o(i) = i — 1. It is clear that (C;y)—
F(i) =1 —5 and so

01(i) = 2% o(i) = 9(2Y), k = 2,1 = 1,
(C3) and (Cs) hold and i — x < o(i). Also

)

1 ; 97 —8
) =—— (2" - ) >o.
#0) = ( 526-3)) "
With 7(i) = 1, it is easy to see that (3.21) holds. Therefore, in view of Theorem 3.7,
every solution of (4.4) is oscillatory. In fact, {¢(i)} = {(—1)*} is such a solution.

282



5. CONCLUSION

In this paper, we have established several new oscillation theorems for equa-

tion (1.1) by using Ricatti transformation technique and summation averaging

method. Furthermore, none of the results obtained in the literature can be used for

the above examples to get any conclusion since the coefficients {o1(i)} and {02(7)}

are unbounded. Thus, the results established in this paper are new and complement

the existing results.
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