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NONLOCAL SEMILINEAR SECOND-ORDER DIFFERENTIAL
INCLUSIONS IN ABSTRACT SPACES
WITHOUT COMPACTNESS

MARTINA PAVLACKOVA AND VALENTINA TADDEI

ABSTRACT. We study the existence of a mild solution to the nonlocal initial
value problem for semilinear second-order differential inclusions in abstract
spaces. The result is obtained by combining the Kakutani fixed point theorem
with the approximation solvability method and the weak topology. This com-
bination enables getting the result without any requirements for compactness
of the right-hand side or of the cosine family generated by the linear operator.

1. INTRODUCTION

The main goal of the paper is to investigate the existence of a solution to the
following nonlocal initial value problem for semilinear second-order differential
inclusion in a Banach space

() € Az(t) + F(t,z(t)), fora.a. te[0,T],
2(0) = g(z) #(0) = h(z).

Throughout the paper, we assume that

(1.1)

(i) E is a reflexive Banach space having a Schauder basis;

(ii) A: D(A) C E — FE is a closed linear densely defined operator generating a
cosine family {C(t)}ier;

(iii) F:[0,7] x E — E is a multivalued mapping with nonempty, bounded,
closed and convex values;

(iv) g, h: C([0,T], E) — E.

Differential equations and inclusions in Banach spaces have been attracting quite
big attention (see, e.g., [1L[2l/5l[13}[23]/24]). In particular, as pointed out by Byszewski
and Lakshmikantham in [11], the study of nonlocal conditions is of significance due
to their applicability in many physical and engineering problems and also in other
areas of applied mathematics. Since then several authors have been investigated
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problems with nonlocal initial conditions for different classes of abstract differential
equations or inclusions (see, e.g., [4,[12}[14]).

One of the key tools that will be used in the paper is an approximation solvability
method that was introduced in [6] to study fully nonlinear first-order problems in
Hilbert spaces. Its application was afterwards extended to first-order semilinear
problems in Banach spaces in [8] and to fully nonlinear second-order problems in
Hilbert spaces in [7]. Recently, it was applied to Cauchy problems for semilinear
second-order differential inclusions in [20].

Motivated by the above works, the main objective of this paper is proving the
existence of a mild solution to the second-order semilinear differential inclusion in
a Banach space satisfying nonlocal conditions without converting it into first-order
problem. To obtain desired results, we will transfer the original problem into a
sequence of problems in finite dimensional spaces using the approximation solvability
method. Afterwards, the solvability of approximating problems will be shown by the
Kakutani fixed point problem for multivalued mappings. Finally, the convergence
of obtained solutions to the solution of the original problem will be proven. This
procedure will enable to obtain the existence result under easily verifiable and not
restrictive conditions on the cosine family generated by the linear operator or on
the right-hand side and to avoid any requirement for compactness.

2. PRELIMINARIES

In this section, the basic notions dealing with natural projections and cosine
families will be mentioned.

A sequence {e,}, of vectors in E is a Schauder basis for E if, for every x € E,

there exists a unique sequence of real numbers «,, = ay,(z), n € N, such that
lo — >0 azei|| — 0, as n — oc.
Given a Schauder basis {e,}, for E, let E,, = span{ei,...,e,} denote the
n-dimensional Banach space generated by the first n vectors of the basis, and
let P,,: E — E, be the natural projection of E onto E,, i.e., P, (> ;o arey) =
22:1 agey . It holds that P, is linear and bounded, for every n € N, and that the
sequence {||P,||}» is bounded, i.e. that there exists K > 1 such that

IBa(@)ll < Kllz| ¥neN,VacE.

For the main properties of the projection P,,, we remind to [§], [9] and [19]. We
recall, in particular, that if z, — x, then P, (x,) — .
A one parameter family {C(t)}+cr of bounded linear operators mapping the space
FE into itself is called a strongly continuous cosine family if

o C(t+s)+C(s—t)=2C(s)C(t), for all t, s € R;

e C(0)=1,;

e the map ¢t — C(¢)x is continuous in R, for each fixed z € E.
If {C(t)}+er is a strongly continuous cosine family, then there exist M > 1 and
w > 0 such that, for all t € R,

(2.1) lC@l < Mel.
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We also recall that the map ¢: [0,T] x E — E defined as c(t,z) = C(t)z is
continuous (see [20, Lemma 3]).

The one parameter family {S(t)}+cr of bounded linear operators mapping the
space F into itself defined, for all t € R and = € E, by

t
S(t)x = / C(s)xds
0
is called the strongly continuous sine family associate to the cosine family. It follows
from the definition of {S(t)}ter that, for every ¢t € [0, T1,
IS < Ko,

where

MT if w=0.
For more information about sine and cosine families and their properties, see, e.g.,
[22].
The notion of a solution to (1.1) will be understood in a mild sense. Namely, by

a mild solution of the problem (L.1) we mean a continuous function z: [0,7] — E
such that, for all ¢ € [0, T,

wT
Me—=1 if
Ko{ = if w#0

z(t) =C(t) g(z) + S(t)h(z) + /0 S(t—s)f(s)ds,
where

f€S8h,={feLY(0,T),E): f(t) € F(t,x(t)), for a.a. t € [0,T]}.

3. EXISTENCE RESULT

Theorem 3.1. Consider the problem (L.1) and let F : [0,T] x E — E satisfies
the following assumptions:

(F1) F(t,z) is nonempty, convez, closed, and bounded, for every t € [0,T] and
r e F,

(F2) for every x € E, F(-,x) has a measurable selection,

(F3) for a.a. t € [0,T], F(t,-): E¥ — E", where E denotes the space E
endowed with the weak topology, is u.s.c.,

(F4) for every n € N, there ezists ¢, € L'([0,T],R), with

Jim g L2l _ 0,
n—oo n
such that
2]l < en(t),

for a.a. t € [0,T], every x € E with ||z|| <n and every z € F(t,x).
Moreover let g and h satisfy:
(ghl) g, h: C([0,T), E)* — E™ are continuous;
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(gh2) .
lim — =R,
n—oo M
where
Ln:max{ sup Ilg(@)ll, sup ||h<x>},
[[z]|<n |lz||<n
with

1
K(KMe“T + Kp)
Then the problem (L.1) has a solution.

Proof. In order to get the existence of a solution to the problem , we will
use the approximation solvability method. Thus, for each m € N, consider the
multimap G,,, : [0,T] x E — E,, defined as G,, = P,, o F and the operator
Ym : C(0,T), Ep) — C([0,T], Epy,) defined as

S n(@)(t) = {PmC(t) o) + PnS(O0) + [ FS(0 - 5)(5)ds: f € S%;m,q} -

R <

Let us note that the existence of a selection f € S%;Wq is guaranteed, e.g., by
[9, Proposition 2.2].

In order to show that X,, has a fixed point, we will prove that it satisfies
all assumptions of the Kakutani fixed point theorem (|17, Theorem 1]). For this
purpose, given n € N, we use the following notation

nBm ={q € C([0,T]; En) : llgit)|| <n, foreveryte[0,T]}.
Notice that ¥,,(q) = 21 (¢) + £2,(q), where X1 is a single valued map defined as
S (0)(8) = P C(t) Prng(q) + P S(t)(q) ,

while ¥2, is a multivalued map defined as

2,(q) = { / Bt — ) f(s)ds: f € sém,q} .

In |20, Theorem 1], we proved a result similar to the present one in the case when
the non-linear term depends also on the first derivative, but the nonlocal conditions
are replaced by the Cauchy conditions. In this proof, we shall outline only the
differences with respect to the proof of the quoted result. In particular, it is possible
to prove by using |18, Theorem 5.1.1] together with [20, Theorem 1] that ¥2, has
convex values, a closed graph and that it maps bounded sets into relatively compact
sets. Let us now prove that X1 satisfies the same properties. Clearly, 31 is convex
valued, because it is single valued.

Assume that (qz, 3} (qx)) — (¢, y) in C([0,T], Ep,) x C([0,T), Ep,), and let us
prove that y = XL (q). According to (ghl) and the boundedness of C(t), S(t) and
P,,, since E,, is finite dimensional, it follows that

S (@) (8) = PrnC (1) Prng(q) + P S(£)h(q) ,

for every ¢ € [0, 7). Since the convergence in C([0,7], Ey,) implies the pointwise
convergence, we get that y = X1 (g), i.e. that X1 has a closed graph.
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Take now n € N. Condition (gh2) implies that {g(z) : € nB,,,} is bounded, thus
A =A{P,g(x): x € nB,,} is relatively compact, because E,, is finite dimensional.
Since (t,2) — C(t)z is continuous, it is uniformly continuous in the compact set
[0,T] x A. We then get that, for every e > 0 there exists § > 0 such that, for every
t,to €[0,T], x € nB,,

HC(t)Ing(.%) - C(to)ng(iL’)” <e.

Moreover, for every x € nBy, there exists +.5(t)h(z) = C(t)h(z). [2.1) and (gh2)
then imply that

d
—S(t)h(x)|| < Me*TL, ,
dt
for every t € [0,T), z € nB,,. Therefore, ¥1 is equicontinuous in nB,,, for every
n € N.

In order to show that X,,, maps bounded sets into bounded sets and that there
exists a bounded set D C C'([0,T); E,,) such that %,,(D) C D, it is sufficient
to notice that, according to (F4) and (gh2) for every n, m € N, ¢ € nB,, and
h € % (q), there exists f € S5, and L, € R, ¢, € L*([0,T],R) such that, for
every t € [0, T], the following holds

IR < 1w *IC g + 1P IS ORI

+ /0 B[S = s) 1111 £ ()l ds

< K?Me“TL,, + KKoL, + KKol|lonllz: -
Therefore,
|hllc < K2Me*TL, + KKoL, + KKol|lon| 0

for every m, n € N, ¢ € nB,,, h € £,,(q). In particular, ¥} maps bounded sets
into bounded and equicontinuous sets, i.e. relatively compact sets in the space

C([0,T], E).
Take N > 0 such that

Ly 1 lenllze 1 Ly T

— d 1— —K(KMe* K
N S K(KMeT Ky N S KK, N KM+ Ko)

Such N exists because of (F'4) and (gh2). Afterwards,

K?Me*TLy + KKoLy + KKollon|| 11
N <

which guarantees that 3,,(NB,,) C NB,,, for all m € N.
Since 3, is closed and maps bounded sets into relatively compact sets, it has
compact values; hence, it is u.s.c. Thus, ¥, : NB,,, —o NB,, is a u.s.c. compact
map with convex and closed values. Applying the Kakutani fixed point theorem,
we obtain that, for all m € N, the operator ¥,, has a fixed point ¢,,. Because of

the technique used, we are also able to localize the fixed point in the set

NB ={qe C([0,T], E) : [lq(t)]| < N, for every t € [0,T]} .

L,
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Let us now prove that the sequence {g,},, found in previous step admits a
subsequence pointwise weakly converging to a solution ¢ of Problem (1.1)).
The sequence {gp, },, satisfies, for all m € N and t € [0, T7,

Gm () =P, C(t) Prg(qm) + P S()h(gm) + /0 P,.S(t — s)fm(s)ds,

where f,, € S(l;m’qm, for every m € N.

Reasoning like in |20, Theorem 1], it is possible to prove that there exists a
subsequence, still denoted as the sequence, and a function f € L'([0,T], E) such
that

/]P’mS(tfs)fm(s)dsA/ S(t—s)f(s) ds,
0 0

for every t € [0, T].
Now, according to (gh2), since g,, € N B for every m € N and E is reflexive, there
exists a subsequence, still denoted as the sequence, and g, h € E such that

9(agm) — g and h(gm) =,
which implies that

P C () Pmg(gm) + PmS()h(gm) = C(t)g+ S(t)h,
for every ¢ € [0,T7, i.e. that

4mn(t) = (t) = C(B)F + ST + / S(t — 5)f(s) ds.

Thus, ¢, — ¢ in C([0,T], E) (see [10, Theorem 4.3]). Hence, according to (ghl),
g =g(q) and h = h(q), while, reasoning like in the proof of |20, Theorem 1] we get
that f € Sll;’ > and the proof is complete. O

Remark 3.2. Let us note that assumption (gh2) is satisfied, e.g., when (cf.
assumption (gh2) in [12]):
(gh2') there exists Q > 0 such that ||g(q)|| < Q and ||h(q)| < Q, for all
¢ € C(0,T); B),
In such a case, R = 0 and Theorem 1 can be proved also replacing condition (F'4)
by the following one:
(F4') There exist a € L*([0,T], E) such that

2[] < a(®) (X + [lz]l),

for a.a. t € [0,T], every z € E and every z € F(t,x).
The only difference with respect to the proof of Theorem 1 concerns, in this case,
the existence of a bounded set H C C([0,T], E) such that, for every m € N, &,
maps HNC([0,T], E,,) into itself. On this purpose, it is sufficient to reason like in
[20, Theorem 2], observing that, denoted, for every fixed j € N,

T
4 :tgﬁ%/o e x10.(s)a(s) ds,
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it is possible to prove that there exists a subsequence, still denoted as the sequence,
such that g; — 0. Now take

= : _Et <
H = {z € C(0,T), B) : max e 'la(t)]| < R}

where j € N and R € R are chosen such that
1-— KK()(]; > 0,

and

| K2MeTQ + KKoQ + KKollal|:

R
1—K2Q?

Remark 3.3. We point out that our existence result is proved under quite weak
assumptions. Indeed, similar results are obtained in literature for even more general
equations and boundary conditions, but all with very strong assumptions.

In [3], an additional term Bz, with B linear and bounded, appears while h(x) =
x1 € E, but the authors assume that C(¢) is compact for every ¢. In [12], A generates
a fundamental system and g and h are assumed bounded. Moreover, they have to
satisfy, as well as F), a condition involving the Hausdorff measure of noncompactness.
In [14,]15,/16], the left-hand side is of type < (&(t) — p(t,x, &)) or the right-hand side
is of type F(t,z,xz(a(t)), &, £(b(t))) or F(t, N(t)x) and g and h may depend also on
z. However, the existence results there are proved assuming that S(t) is compact,
for every t, or that F maps bounded sets into relatively compact ones, eventually
that it satisfies a condition involving the Hausdorff measure of noncompactness.
Moreover, g and h are assumed completely continuous and bounded or globally
Lipschitz continuous. In [21], the nonlinear term depends also on the weighted
average of the solution and g and h depends also on &, but the nonlinear term, g
and h are assumed globally Lipschitz continuous.
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