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Abstract. This paper deals with a mixed boundary-value problem of Ventcel type in two
variables. The peculiarity of the Ventcel problem lies in the fact that one of the boundary
conditions involves second order differentiation along the boundary. Under suitable assump-
tions on the data, we first give the definition of a weak solution, and then we prove that
the problem is uniquely solvable. We also consider a particular case arising in real-world
applications and discuss the resulting model.
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space; well-posedness
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1. INTRODUCTION

The Ventcel problem is a boundary-value problem of mixed type, whose peculiarity
relies in the fact that the boundary condition involves a second-order differentiation
of the solution, which is in contrast with the usual Neumann or even Robin problem,
where the boundary condition involves a first-order differentiation only.

The initial motivation of Ventcel (whose name is transliterated in several different
ways, we follow [3], [16]) was to find the boundary conditions that restrict a given
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elliptic operator to the infinitesimal generator of a Markov process (see [20]). Much
later, Favini, Ruiz Goldstein, Goldstein and Romanelli showed how to solve the
parabolic problem with boundary conditions of Ventcel type in a convenient Lebesgue
space with weight (see [9], [10] and the references therein).

While the Ventcel boundary condition has received less attention than the classical
Dirichlet, Neumann, and Robin conditions, there is by now a pretty extensive litera-
ture, which includes results for general second order elliptic equations with variable
coefficients (see e.g. [1], [2], [14]).

The questions of well-posedness of the elliptic problem and regularity of the so-
lution, together with the convergence of the finite element approximation, are still
under investigation: see, for instance, [3], [6], [13], [16]. Applications are found in
the study of thin layers, rough boundaries, heat conduction processes with a heat
source on the boundary, fluid-structure interaction problems, and more.

Our interest arises from planar elasticity: indeed, in Section 5 we show that the
equilibrium problem of a prestressed membrane whose boundary is composed of rigid
and cable elements can be rephrased as a Ventcel problem. The solution was ob-
tained in [21] by means of a numerical strategy, leaving the question of existence and
uniqueness open. In the present paper we prove well-posedness of a simplified model.

1.1. Formulation of the problem. Following the notation in [3], [16], for
a bounded domain Q C R?, d > 2, with Lipschitz boundary 0%, let I',, be an open
subset of 92 having positive measure and such that I'p = 9Q \ I',, also has positive
measure. For a convenient function f = f(x), x € §2, and boundary data ¢ = ¢(x),
x € I'p, and g = g(x), x € ', as well as for variable coefficients as = a2(x) and ag =
ap(x) with x € T',,, we are interested in the Ventcel mixed boundary-value problem

—Au=f in Q,
(1.1) u=¢ on I'p,

Uy — a2 Aru+apu =g only,

where A, is the Laplace-Beltrami operator on I', and the subscript (-), indicates
the outward normal derivative on I',,. Some known results:

> For 'p = (), Q C R? with d > 2, ag = a > 0 (constant), az = —3 (constant) and
g = 0, well-posedness has been established independently of the sign of 3, see [3]
(the notation is taken from there).

> For I'p =0, Q € R? with d > 2, ap = o > 0 (constant) and az = 8 > 0 (constant),
regularity results and finite element analysis are presented in [13].

> For Q C R? with d = 3, ag = 0, az = 1 (constant) and ¢ = 0, regularity results
and a priori error analysis in polyhedral domains are obtained in [16].
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1.2. Main result. In order to formulate the main claim of our work, we first
have to set the following assumption:

Assumption 1.1.

(1) Q is a bounded Lipschitz domain (an open, connected set) in the plane, whose
boundary 9 properly contains a finite number N > 1 of simple C!-curves I';,
i=1,...,N,satisfying I'; NT'; = 0 for i # j.

(2) By a Cl-curve I'; we mean the trace of a function r = 7;(s) belonging to the
class C1([0, L;], R?) and satisfying |r/(s)| = 1 in the interval [0, L;]. Thus, L; > 0
is the length of T';, and the tangent unit vector 7 = 9/0s, as well as the out-
ward unit vector ¥ may be extended by continuity from the interior of I'; to its
endpoints.

(3) Each curve T; is simple in the sense that the equality 7(s1) = r(s2) may hold
for s1 < sg only if s;1 = 0 and s; = L. We allow the case when r;(0) = 7;(L;),
ie., I'; is a closed curve, but in such a case we require r}(0) = r/(L;); thus, 7
and v have a unique extension to the (coinciding) endpoints.

(4) The notation I'; stands for the interior of I';, which is defined as follows: I'Y =
i\ {ri(0),ri(L;)} if 7;(0) # 7(L;), and I'? = T; if r;(0) = r;(L;). We also
define the open subset '), = G I'? C 012, and we assume that the closed subset

i=1
I'p =00\ ', has a positive length.

Example 1.2. A domain fulfilling the above structure is, for instance, the an-
nulus Q = Bg,(0) \ Bg,(0) with 0 < Ry < R;. We may let I, = dBg,(0) and
I'p = 9Bg,(0), as well as T'y, = 9Bg,(0) and I'p = dBRg,(0); the last case is con-
sidered in [3], Section 2.1.2. Another example is the square = (0,1) x (1,2) with
I, =[0,1] x {i}, ¢ = 1,2; in this case we have I'? = (0,1) x {4}, ¢ = 1,2, hence
r,=T9urg=(0,1) x{1,2} and I'p =90\ I, = {0,1} x [1,2].

Our main result is the following:

Theorem 1.3. Let Assumption 1.1 hold and ¢: I'p — R satisfy a uniform Lip-
schitz condition. Then for any f € L*(Q), g € L*(T,), 0 < ag € L>=(',) and
as € W1>°(T',) such that ilpf az > 0, problem (1.1) admits a unique weak solution.

Remark 1.4. Taking Assumption 1.1 (2) into account, the tangential derivative
(u(r;(s))) = du(r;(s))/ds of a smooth function u is denoted by Vru, the intrinsic
gradient of u on I';, and the second derivative (u(r;(s)))” = d®u(r;(s))/ ds?® by Aru,
the Laplace-Beltrami operator on I';. For shortness, we also write us and ugs in place
of V,ru and A u, respectively. The tangential derivatives and the Laplace-Beltrami
operator are defined, for instance, in [13], Section 2.2.
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Taking as € W1>°(T',)) gives the third condition in (1.1) a variational structure
(see Definition 3.2), namely, the condition becomes

Uy — Vr(aaVru) + VyiasViu+au=g on Tp.

In the special case when as is constant, the coercivity of the bilinear form associated
to the definition of a weak solution is essentially automatic. In contrast, in the non-
constant case, coercivity is gained (see Lemma 4.2) by adding a convenient term to
both sides of the functional equation, so to obtain a compact resolvent operator,
subject to the Fredholm alternative. The weak formulation of the problem also relies
on the existence of a sufficient regular lifting of the boundary data to the whole
domain; in order to make this paper self-contained, we give details in Lemma 3.1.

1.3. Non-local interpretation. We shortly mention that problem (1.1) can
be rephrased in terms of a suitable non-local operator (see, for instance, [3], Sec-
tion 2.2.1). The idea is that if the domain 2 and the boundary data ¢, are suffi-
ciently smooth, then the solution u of the Dirichlet problem

—Au=f inQ,
(1.2) U= onI'p,
u=1 onTl,,

is uniquely determined and differentiable on I',. If the boundary value ¢ on I'p
is kept fixed and 1 is let to vary, then the outward derivative u, along I', can
be thought of as the outcome of an operator; namely, the operator L: ¢ +— u,,
usually called the Dirichlet-to-Neumann operator (a related operator is the Steklov-
Poincaré operator defined in [18], pp. 3-4). The Dirichlet-to-Neumann operator
is considered in detail in [5] in the case when the bounded domain @ C R? is
replaced by the half-space in R%~! x (0,00) € RY d > 2, and I'p = 0. In the
present case, instead, the operator L acts on functions defined on the bounded,
possibly non-straight and disconnected curve I'y,. Such an operator is non-local in
the sense that any modification of the given function v in a small neighborhood
of any point x¢ € I'), implies a consequent modification of the outcome w, on the
whole I'y,. Under convenient assumptions, the Ventcel problem (1.1) is equivalent to
the single equation

(1.3) L —asArp+agp =g onl,.

Indeed, if u is any solution of problem (1.1), then its trace ¢» = u|r, solves equa-
tion (1.3), because Ly = u,,. Conversely, if ¢ is any solution of equation (1.3), then
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the solution u of the Dirichlet problem (1.2), which is used in the definition of L, is
also a solution of the Ventcel problem (1.1). The peculiarity of equation (1.3) lies
in the fact that the non-local operator L and the (local) Laplace-Beltrami operator
are compared to each other.

2. POINCARE-TYPE INEQUALITIES

In this section we establish some estimates that resemble the well-known Poincaré
inequality, and play a key role in the subsequent proof of uniqueness of the weak
solution to problem (1.1). In particular, in Lemma 2.4 we also prove an interesting
Poincaré inequality for the composite Sobolev space Vp defined in (2.3).

Lemma 2.1 (Poincaré-type inequality in a bounded interval). Let (a,b) be
a bounded interval on the real line, and let v € H'((a,b)). Since v has a continuous
extension to the closed interval [a, b], we may define

vo =minv, v; =maxv, I={s€[a,b]; vo<uv(s)<uvi}.
la,b] [a,b]

We claim that

(2.1) [(v(s) — up)2ds < |2 /f(v/(s))Q ds,

i
where |I| denotes the Lebesgue measure of .

Proof. If I =0, i.e., if v is constant, then (2.1) obviously holds. Otherwise, we
argue as follows. Let sg € [a, b] be any point such that v(s) = vg. By the fundamental
theorem of calculus we get the estimate

S
’U(S) — Vo < / |’U’(t)| dt < HU/HLl((a,b))~
S0

By [11], Lemma 7.7 (or [4], Comment 4, p. 314) we have v’ = 0 almost everywhere
in (a,b) \ I, and hence we may replace L'((a,b)) with L'(I) in the inequality above,
thus getting

v(s) — inf v < ||V, 1, 7.
()~ inf v < g

An application of the Cauchy-Schwarz inequality on the set I yields [|v/|| L) S
H1||L2(1")HU/HL2(1") — |f|1/2||v’|\L2(i). This and the preceding inequality yield the
pointwise estimate
2 = 2
(v(s) —vo)™ < H[IIV'II75 7,

and (2.1) follows by integration on I. O
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Corollary 2.2 (Poincaré-type inequality on a simple C'-curve). Let ' be the
trace of a function r = 7(s) belonging to the class C1([0, L],R?%), L € (0,00), d > 2,
and satisfying |r'(s)| = 1 in [0,L]. Assume that T is a simple curve satisfying
Assumption 1.1 (3). Since each w € H'(T') has a continuous representative, we may
define

wo = mrinw, wi = maxw, = {xeT; wy <w(x) <w}.

We claim that

22) Jwr) = w0 ds < 2 [ 19w as,

r

where |I'| denotes the Hausdorff measure of T'.

Proof. Let (a,b) = (0,L) and v(s) = w(r(s)). Since |r'(s)| = 1, the Hausdorff
measure (or total length) of I equals the Lebesgue measure of the set I in Lemma 2.1.
Furthermore, by the definition of the intrinsic gradient V,w (see Remark 1.4) we

have |V-w(s)| = |v'(s)|, and the conclusion is accomplished through inequality (2.1).
O

In order to define an appropriate functional setting where facing problem (1.1),
it is convenient to introduce the following vector spaces on a domain €2 satisfying

Assumption 1.1:
V ={ve HY(Q); v, € HY T},

and
(2.3) Vo={ve H'(Q); v, € Hy(Tw), v, =0},

both endowed with the norm

(2.4) l|vl|% ::/ |Du|2dx—|—/u2dx+/ |V.,.u|2ds—|—/ u?ds,
Q Q ., v

where Du = Du(x,y) = (uz(x,y), uy(z,y)) is the gradient of u. We have:

Lemma 2.3 (Poincaré inequality for V). Let Q and 'y be as in Assumption 1.1,
and let Vi be given by (2.3). There exists a constant L > 0 such that the inequality
llvll2(r,y < L|[Dv||12(q) holds for every v € Vj.

Proof. By the usual Poincaré inequality (see [19], Theorem 7.91), there exists
a constant Cp such that ||v||g1(q) < Cp||Dv|[12(q). Furthermore, by the trace
inequality [19], Theorem 7.82 we also have ||v||12(r, ) < C||v||g1(q) for a convenient C,
and the conclusion follows. (]
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Remark 2.4. Some care is needed when dealing with the Poincaré inequality in
the space Vp; in particular, it is not to be expected that ||w| .2, ) < C||Vrw| p2r,)
for a constant C' and for all w € V. To construct a counterexample, let us consider
the annulus Q = Bg, (0) \ Bg,(0) with I, = dBg,(0) and T'p = 9Bg,(0) as in
Example 1.2. The radial function w(x) = (|x| — Ro)/(R1 — Ro) belongs to V; and
satisfies |[w| z2(r,) = [T1|*? as well as ||V,w]||2r,) = 0. Hence, a constant C' as

above cannot exist.

3. DEFINITION OF WEAK SOLUTIONS

As a consequence of Lemma 2.3, and by means of the two-dimensional Poincaré
inequality, the norm on Vj (recall the definition in (2.3))

(3.1) o2, ::/Q|Du|2dx+/F Vpul? ds

is equivalent to (2.4), and standard procedures show that (Vo, ||-||v; ) is a Hilbert space
(see, for instance, [3], [6], [16]). On the other hand, we also need that the Dirichlet
datum ¢: I'p — R in problem (1.1) has a lifting ¢ € V, i.e., we need that ¢ is the
trace on I'p of some ¢ € V. Before proceeding further, we give a sufficient condition
for ¢ to satisfy such a requirement:

Lemma 3.1 (Existence of a lifting). Let Assumption 1.1 be complied. If the
boundary data ¢: I'p — R satisfy a uniform Lipschitz condition, then there exists
© € V such that ¢ = @|p,.

Proof. By McShane’s lemma [15], Theorem 1, there exists a uniformly Lipschitz
function @: R? — R coinciding with ¢ on I'p. In particular, the restriction @|r,
belongs to the Sobolev space W1°(T',) ¢ H(T',), and therefore ¢ € V. O

3.1. The inhomogeneous problem. Following [8], (10), p. 314 and [11], (8.3),
we allow f and g be given by f = f1 +divf; and g = g1 + V-g2. Such equalities are
intended in the weak sense: namely, every choice of f; € L?(€,R), f» € L?(Q, R?)
and g1,g2 € L?(T',) gives rise to two linear, continuous operators L t,Lg acting on
the function space V{ through

Ly: w»—)/(flw—f2~Dw)dx, Ly: w— (rw — g2 Vrw) ds.
Q Fl/

For shortness, we let Lw be the sum of the two operators above:
Lw = Lf + Lg.
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If the boundary datum ¢: I'p — R has a lifting ¢ € V, we may define the function
space
Vo ={ue H(Q); u—¢ eV}

and give the definition of weak solution of problem (1.1):

Definition 3.2 (Weak solution of the inhomogeneous problem). Let Assump-
tion 1.1 hold and let f; € L?(Q, R), f» € L2(Q, R?), g1,92 € L*(T), az € WH>(T,)
and ag € L*°(T',). Suppose that ¢: I'p — R has a lifting ¢ € V. A weak solution of
problem (1.1) is a function u € V, such that for every w € Vj the following equality
holds:

(3.2) / Du - Dwdx + / ((a2Vrw + wVra2)Vru + apuw) ds = Lw.
Q r

v

The definition is motivated by the following property:

Proposition 3.3. Let Assumption 1.1 hold and f € C°(2), g € C°(T,), as €
CYTy), ap € C°(T,) and ¢ € CY(T'p). Any function u € C?(Q) is a weak solution
of problem (1.1) if and only if the three equalities in (1.1) hold pointwise.

Proof. Step 1. Let us prepare an identity to be used afterwards. By the product
rule, for every w € Vp we have Vi ((aqw)Vru) = Vo(a2w)Vru + aawAru in the
weak sense on I';, i = 1,..., N, as well as V. (aqw) = aaV,w + wV.az; hence

(3.3) /(agv.,.w—i—wv.,.ag)v.ruds:/ Vr(asw)Vruds
Fi Fi

z/ V.,-((agw)v.,-u)ds—/ aswAruds.
r; I

k3

Furthermore, by the fundamental theorem of calculus we also have

/ Vr((a2w)Vru)ds
I

= az(ri(Li))w(ri(Li))Vou(ri(Li)) — az(ri(0))w(ri(0)) Vou(ri(0))
foreveryi=1,...,N. If r;(0) = r;(L;), then the right-hand side obviously vanishes.

If, instead, 7;(0) # 7;(L;), then w(r;(0)) = w(r;(L;)) = 0 because w € H(T;).
Consequently, we arrive at

/ Vr((aqw)Vyu)ds =0 foreveryi=1,...,N.
Iy
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Plugging this into (3.3) and summing over i leads to the identity

(3.4) / (a2Vrw 4+ wVra2)Veuds = —/ aswAruds.

Step 2. Suppose that u € C%(Q) is a weak solution of problem (1.1). Then by
the definition of a weak solution we have v € V,, and therefore u = ¢ pointwise
on I'p (cf. [12], Corollary 1.5.1.6). Moreover, since C}(Q2) C Vj, we may take any
¢ € CH(Q) and let w = 1 in (3.2) obtaining

/ Du-Dypdx = / fydx Ve CHQ),
Q Q

which implies

(3.5) —Au=fin Q

(see, for instance, [4], Step D, p. 293). In order to prove the last equality in (1.1),
we start from an arbitrary Lipschitz function € W1>°(T',) N H}(T',) and we define
w=mnonl,, w=0onTp. Thus, wis Lipschitz continuous on 92 and therefore,
as mentioned in the proof of Lemma 3.1, it has a Lipschitz continuous lifting to the
whole plane R2. We denote such a lifting again by w, for simplicity, and observe that
w € Vp. Multiplying both sides of (3.5) by w and integrating by parts we obtain

(3.6) /Du'Dwdx—/ wuuds:/fwdx.
Q Q

v

Recall that identity (3.2) holds for all w € V, by assumption. By comparing (3.2)
with the equality above, we deduce that

(3.7) / (wuy, + (aaVrw + wVra)Veu + aguw) ds = / gw ds.

v v

Since w = n on I'y, this and identity (3.4) yield

(3.8) / (nuy — aznAru + agun) ds = / gnds,
r, I,

and the last equality in (1.1) follows from the fundamental lemma of the calculus of
variations (see [4], Corollary 4.24).

Step 3. Conversely, assume that a function u € C?(f2) satisfies the three equal-
ities in (1.1) pointwise. Then uw € V,, (see again [12], Corollary 1.5.1.6, or also
Theorem 9.17 and the subsequent Remark 19 in [4]). To proceed further, we multi-
ply (3.5) by an arbitrary test function w € V) and integrate by parts obtaining (3.6).
On the other side, multiplying the last equality in (1.1) by the same arbitrary w and
integrating over ', we get (3.8). This and identity (3.4) produce (3.7), which added
to (3.6) leads to (3.2), and the proof is complete. O
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3.2. The homogeneous problem. With the aid of the lifting ¢ € V of the
boundary datum ¢: I'p — R, we may reduce the inhomogeneous problem (1.1) to
the homogeneous one

—Av = f5 in Q,
(3.9) v=20 onI'p,

vy — a2Arv+agv =gz only,

where f3, gz denote the linear, continuous operators on Vp, respectively defined as

fa: wHLf(w)—/D$~Dwdx,
Q

9z w— Lg(w) — / (aopw + (a2Vrw + wVra2)V,r9) ds.

Remark 3.4. Any function u € Vj is a weak solution of problem (1.1) if and
only if the function v = u—@ € V; is a weak solution of problem (3.9). For simplicity,
in the sequel we will show that problem (1.1) is uniquely solvable by proving the
existence and uniqueness of a weak solution of problem (3.9).

4. PROOF OF THEOREM 1.3

In this section we will focus on the analysis concerning the existence and uniqueness
of solutions to problem (3.9). To this aim we first define, for any positive as €
W1°(T',) away from zero, and for every non-negative ap € L°°(T',,), some values
which will be used throughout the main proofs. Precisely, we set

Ao 1= ilpfag >0, Az:=supaz, M :=sup|Vr azl,
v Fl/

(4.1) v
Ao = ilpf ap =0, Ag:=supag.

v r,

4.1. Uniqueness of the solution.

Lemma 4.1 (Uniqueness of the solution of the homogeneous problem). Let As-
sumption 1.1 be complied. Suppose that 0 < ag € L*(T',), and let az € W>(T,)
satisfy ilpfag > 0. If v € V, satisfies

(4.2) / Dv - Dwdx + / ((a2Vrw + wVraz)Vev + agvw)ds =0
Q

v

for every w € Vj, then v vanishes almost everywhere in €.
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Proof. Before proceeding further, observe that if v € Vj fulfills relation (4.2) for
every w € Vp, and if furthermore Vv vanishes a.e. on I',,, then

/Dv'Dwdx—i—/ agvw ds = 0.
Q v

In such a case, choosing w = v and recalling that ag > 0 on I'y, it follows that v = 0.
Hence, in order to prove the lemma, we consider an arbitrary v € V; satisfying (4.2)
for every w € Vp, and show that Vv =0 a.e. on I[',,.

Profile of v on I'y

Profile of v on I'y

The constant k&

Figure 1. Sample profile of v on the (rectified) curves I';, I'y (Ny = 1).

Suppose, on the contrary, that there exists a positive integer N1 < N such that
the oscillation w; given by
w; = II%E?XU — miinv
is positive if and only if ¢ < Ny (see Figure 1). Since N; is a finite number, there
exists a positive ¢ such that w; > eg for every i < N;. Observe that at least one of
the following two inequalities must hold:

p1 = max maxv > 0; min minwv < 0.
1<i<N: Iy 1<i<Ny Ty

We consider the first case, the second one being analogous. Furthermore, without
loss of generality we assume that pu; is attained on I'y. By the definition of 1; and &g,
for every i = 1,..., N7 we have

minv < n}axv — €0 < {1 —€o

i

and therefore,

(4.3) minv < max minv =: ug < p1 — o < Y1 = Maxv.
a 1<Ky T T
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Arguing as in [11], Theorem 8.1 and in [17], Theorem 3.2.1, let us define ul =
max{/i,0} and choose a real number k in the open interval (i, u1). Consider the
function w = (v — k)T, Since k is positive, we have w € Vj. Apart from a negligible
set, the gradient Dw in (Q is given by

Du(x) if v(x) > k,

(4.4) Dux) = {O ifo(x) <k

and a similar representation holds for V,w on I',. In particular, we have
V,wVev = |Vow]?, wVev=wVsw ae onl,.

As a consequence of position (4.4), the first integral in (4.2) is non-negative, and
hence,

(4.5) / (a2Vrw +wVraz)Vovds —|—/ apvw ds < 0.

Let us focus on the product vw. By definition, the function w = (v — k)T is either
positive or zero. When w vanishes, the product vw obviously vanishes. When w
is positive, instead, v — k is also positive and therefore v > k > 0. In conclusion,
we have vw > 0 on I'y. Since ag > 0, it follows that the last integral in (4.5) is

non-negative, and therefore we arrive at

/a2|V,w|2ds</ |Vraz||Vrw|wds.
ry

r,

Let C = max{1, M/A2}, where M, A2 are as in (4.1). In particular, we assume Ay > 0
(ellipticity). With this notation we may write

(4.6) / |V w?ds < C |V rw|wds.
v Fl/

~ N1
We aim to replace the domain of integration I'y, by the set I' = |J T';, where
i=1

1=

fi:{xefi; 0 < w(x) <maxw} :{xeFi; k< w(x) <maxv}, 1=1,...,N;7.

i i

By definition, fi is a (possibly empty) relatively open subset of I';. Furthermore, the
equality Hvr’w”p(fi) = |[Vzw| r2(r,) holds, because V w vanishes almost every-
where in I'; \ T; (see [11], Lemma 7.7). Since V,w = 0 on I'; for i > Ny, inequal-
ity (4.6) implies

(4.7) /~|V.rw|2ds< C/~|V.,.w|wds.
T r
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In order to estimate the last integral, using the Cauchy-Schwarz inequality in T we get
[ 19wl ds < [0l ol e

By (4.3), V,w cannot vanish identically in 'y, hence [Vrwl 2 > 0. Thus, the
inequality above and (4.7) imply
(4.8) ”v‘rw”m(f) < CHw”m(f)'
Let us estimate the last term. For every i = 1,..., N; we have k > u(')" > rl%in v,
and consequently minw = 0. Hence, by using relation (2.2) we obtain ||wHi2(f-) <
|fi|2||V.eri2(i), and by summation over ¢ =1,..., Ny

||wHL2(f) < |F|||v‘rw||L2(f)-
This and (4.8) imply C|I'| > 1. In contrast, we now check that [I'| \, 0 as k * y1;. To
see this, it suffices to observe that when k increases, the corresponding set I' = T'(k)

describes a decreasing family of open subsets of I, with finite Hausdorff measure,
and by the continuity of the measure we have

N fw|-w-o

ke(pgd p1)

lim (k)| =
A [T(k)]

which is a contradiction. Thereafter, the unique function v € V; satisfying (4.2) for
every w € Vp is the null function. O

4.2. Existence of a solution. Let us now turn our attention to the question
concerning the existence of solutions to the homogeneous problem (3.9). To this
aim, we have to recall that the composite Sobolev space Vp introduced in (2.3) was
endowed with the norm (3.1). We start with the following lemma.

Lemma 4.2. Let Assumption 1.1 be complied. Suppose that ag € L*°(T'y) and
let ay € WL°°(T',) satisfy ilpf az > 0. For V as in (2.3) let us consider the bilinear

form B: Vy x Vj — R given by

(V,-agv,.v)wds—l—/ aovw ds.

v v

B(v,w) = / Dv-Dwdx—l—/ aQV,vV,wds—i—/
Q v
Then for \g, Ao and M defined in (4.1), the bilinear form
B(v,w) + 00/ vwds  if g9 > 0, M2

B, (v, W) 1= y where oy = CYV Ao,
B (v, w) if o9 <0, 2

is continuous and coercive.
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Proof. Part 1. Continuity. From the definition of 98, we directly have by means
of the Cauchy-Schwarz inequality and (4.1)

(4.9) IB (v, w)| < / |Dv-Dw|dx+A2/ |Vr||Vrw| ds
Q

v

+M |VTU||w|ds+A0/ |v||w]| ds
T, Iy

< || Dvl| L2 1Dwl L2 () + A2l Vvl L2, [ Vrwl| L2 r,)
+ M||VrollL2r ) lwll L2,y + Aollvll L2,y lwll 2o, )-

On the other hand, applying Lemma 2.3 leads to |[v||z2r,) < L[ Dv|lz2(q) and
lwlr2r,) < L|[Dwl|/r2(q). These inequalities in conjunction with (4.9) yield for
a positive k

1B (v, w)| < kl[oflvs [wllvo-

Further, for all v, w € V we similarly have

/ vwds < [|v|| 2, Wl z2r,)-
r,

As an immediate consequence of this, by invoking again Lemma 2.3, as well as
recalling definition (3.1), it holds that

00/ vw ds
Ty

where L, is a positive constant. Hence, B,, is continuous.

B, (v, w)] < [B(v, w)| + < Lifvllvllwlvy  Yo,w € Vo,

Part 2. Coercivity. Again in light of positions (4.1) we directly have

(4.10) / as|V,v)? ds —|—/ (VraaViv)v ds+/ agv? ds
/ V- v|2ds—M/ V- v||v|ds—|—)\0/F v?ds.
Now if M =0, then oy < 0 and therefore,
By, (v,0) = B(v,v) > /Q |Dv|2dx—|—)\2/F |V.,Ju|2 ds > L2||v||%,0,
where Ly = min{1, A2} > 0, hence B, is coercive. If, instead, M > 0, then we let

£ = X2/(2M) in the Young inequality and obtain |V, v|jv| < €|V, v|? + v?/(4¢). By
plugging such an estimate into (4.10), we arrive at

(v,v) /|Dv|2dx+—/ V- v|2ds—(——)\0)/ v? ds
ry
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and for Ls = min{1, A\y/2} > 0 we may write
2 2
B, (1,0) / |Dof? dx + 22 / Vo2 ds > Ls|loll%,.
Hence, B, is coercive also in this case, and the proof is complete. ([

Lemma 4.3 (Unique solvability of the homogeneous problem). Let Assump-
tion 1.1 be complied. Suppose 0 < ag € L>®(T',) and let ay € Wh>°(T,) satisfy
ilpfag > 0. Then problem (3.9) admits a unique weak solution.

v

Proof. We rely on the properties of the bilinear form B,,(v,w) introduced in
Lemma 4.2. For oy < 0, equation (3.2) may be rewritten as B,, (v, w) = Lw, and
the existence and uniqueness of the solution v follow immediately from the Lax-
Milgram theorem. If, instead, o¢ > 0, then we invoke the Fredholm alternative [11],
Theorem 5.3 (see also [8], Section D.5). To be precise, solving equation (3.2) is
equivalent to finding v € Vj such that

(4.11) B, (v, w) = £w+00/ vwds Yw e W.

By the Lax-Milgram theorem we may define the linear, continuous operator
T: Vi — Vp given by T(L) = vy, where vy, is the unique solution of the equa-
tion B, (v,w) = Lw in the unknown v. For every v € V we also define the linear,
continuous operator I, € Vy given by

vaz/ vw ds.
r

v

Consequently, relation (4.11) can be rewritten as
v=T(L)+ ooT(Iy).

The existence and uniqueness of a solution v follow from the Fredholm alternative
provided we ensure that

(i) the homogeneous equation v = 6oT'(I,,) has only the trivial solution;
(ii) the operator K: v — T(I,) is compact.

Condition (i) was already established in Lemma 4.1. To check (ii), take a bounded
sequence (v,) in V. By Lemma 2.3, the traces v,. —are uniformly bounded in
H}(T,), hence there exists a subsequence of functions still denoted by v,,, whose
traces on I',, converge to some v, in L?(I',). Henceforth, the operators I, converge
to I, in the norm of the dual space V. Since the operator 7' is continuous, the
sequence of functions K (v,) = T(I,,,) converges in Vp. In conclusion, K is a compact
operator, and the lemma follows from the Fredholm theorem. (I
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As a consequence of all the above preparations, we finally can prove our main
statement:

Proof of Theorem 1.3. The assumption on ¢ implies by means of Lemma 3.1
the existence of a lifting @ € V. Hence, the considerations presented in Remark 3.4
convert problem (1.1) into a homogeneous problem having the form (3.9). Finally,
Lemma 4.3 ensures its unique solvability. O

5. EQUILIBRIUM OF A PRESTRESSED MEMBRANE

As announced in Section 1, let us attend to the interplay between FEquilibrium
Problem 1 in [21], Section 3.1 and problem (1.1), exactly by presenting the formula-
tion of the former in terms of the nomenclature employed in the present paper. We
consider a plane domain (2 satisfying Assumption 1.1, and we restrict ourselves to the
case when I'y, is a curve parametrized by a vector-valued function 7(t) = (x(t),y(t))
belonging to C?((tg,t1)) N C*([to,t1]) and satisfying 7/(t) # 0 for all ¢ in a bounded
interval [to, t1] on the real line, with tg < ¢;.

Expression of the Laplace-Beltrami operator. Let us consider a function
u € C?(QUT,), and recall that the arc length along the curve I'y, is given by

5[¢W®P+W@P%

Since r'(t) # 0, the function s(t) admits a smooth inverse ¢ = t(s), so yields (recall
Remark 1.4) the following representation of the Laplace-Beltrami operator of u along
the one-dimensional manifold I',:

(5.1) Aru = ugs = %u(x(t(s))vy(t(s)))

It is essential for our purposes to express A u in terms of the partial derivatives of u
with respect to the Cartesian coordinates z,y, the outward derivative u,,, and the
curvature k of the curve I',,, given by

' ()y"(t) = y' (D" (1)
(@' ())* + (' (1))*)*/>

To this purpose, we will make use of the obvious identity

(5.2) k() = t € (to,t1).

(53) = VOE T WPy
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Furthermore, for every point (z,y) = (x(t),y(t)) € Ty, and by introducing the
tangent unit vector to I',,

I 2 OR0)
o) A e e ER
we let
(5.5) ur =7 Du(z(t),y(t))

_ L 0uel0):90) VO 9®)
V(@ ()2 + (' (1)) 7 ’

(56) Urr =T - D2 ( (t)ay(t))TT

(@' (1) uaa (x(t), y(1) + 22" ()Y’ (t)uay (x(1), y(1))

2

where Du(z,y) = (uy(2,y),uy(z,y)) is the gradient of u, D?u(z,y) the Hessian
matrix and 7" the transpose of 7. The following lemma shows the relation between
Ugs, Ur+ and the outward derivative of u on I',, explicitly given by

(57) Uy = x'(t)uy(a:(t), y(t)) — y/(t)ux(x(t)a y(t)), te (to,lfl).

V()2 + (1))

Lemma 5.1. Ifu € C?>(QUT,), then uss = turr + k(t)u, on T,.

Proof. By computing the derivative on the right-hand side of the equality us =

L (u(z(t(s)), y(t(s))) and taking (5.3) into account, we find for all ¢ € (to,¢1)

(5-8) V(@ ()2 + (v (1)2us = o' (tua (2(2), y (1)) +y' (Ouy (2(2), y(2),

which in particular shows due to (5.5) that us = wu,. Differentiating both sides
of (5.8) with respect to ¢ yields

PP VO, e
\/( ())2+( ()) S+(( (t)) +(y(t)))ss

= (&' (1) e (2(1), y (1)) + 22" (1) (DYuay (2(2), (1) + (' (1) gy ((t), y(2)
+a" (Oua (x(t), y(1) + 4" (uy (2(t), y (1), € (to,1a).

By dividing both sides by (2/(¢))?+ (y'(t))? and using relation (5.6), the last equality
becomes, on (to, 1),

()" (t) +y' (t)y" (t) o Dua (), y(1)
(2'(1))% + (y'(t))?)3/2 Us + Uss = Urr +




Finally, taking (5.2) and (5.8) into consideration, we arrive at

' (t)uy (x(t), y(1) — y' (Oua (1), y(1))
V@' () + (1)

and the lemma follows thanks to (5.7). O

Uss = Urr + K(t) , t€(to,t1),

Setting the domain. The definition of a convex plane curve is quite standard:
see, for instance, [7], p. 37. In view of the example below we assume strict convexity
of the curve Iy, in the sense that x(t) > 0 for all ¢ € (¢,%1). We also suppose

z(tg) <0, x(t1) >0 and 2'(t),y(t) >0 Vte (to,t1).

By setting

Ty = {(x(t),y(1)) € R?; t € (to,t1)},
I'p = {(z(to),t) € R*; 0 <t <ylto)}
U{(£,0)) € R?; t € (a(to), x(t1))}
{(z(t1)

U{(z(t1), )ERQ; 0<t<y(t)}

(5.9)

we consider the planar, non-empty, open and bounded domain 2, uniquely deter-
mined by the condition 02 = T', UT'p. In these circumstances, the equilibrium of
a prestressed membrane obeys an elliptic equation in 2 for the unknown u: Q — R
(whose graph represents the shape of the membrane) endowed with a classical Dirich-
let condition on I'p (rigid boundaries with their own stiffness), which basically fixes
the shape of the membrane on the portion I'p, and a Ventcel-type one on I',, (non-
rigid boundaries, without any stiffness), idealizing the physical equilibrium for cable
elements.

The mixed boundary-value problem. As discussed in [21], Section 2.2.2, the
introduction of a cable boundary as a structural element providing equilibrium to
a membrane requires a restriction on its shape, which is modeled by the convex-
ity assumption r(t) > 0, and the so-called cable-membrane compatibility equation
urr = 0 along ', (see [21], relation (5) for a particular parametrization of I',,). Re-
calling Lemma 5.1 and relation (5.1), we have

1
Urr =0 up — ——Aru=0.

K(x)

Now consider the most simplified case of Equilibrium Problem 1 in [21], Section 3.1,
which is obtained when o = ¢1. The problem corresponds to the equilibrium of
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a membrane tensioned with the same stress ¢ > 0 in the two main orthogonal direc-
tions and not exposed to external loads. The comments above make such a problem
read as follows: fixed a sufficiently regular function ¢: I'p — R, find u such that

Au=0 in Q,
U= on I'p,
_

k()
This is manifestly a special case of problem (1.1), which is well-posed by virtue of
Theorem 1.3.

Aru=0 onT,.

Uy
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