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Abstract. This paper is concerned with the 3D inhomogeneous incompressible Navier-
Stokes equations with damping. We find a range of parameters to guarantee the existence
of global strong solutions of the Cauchy problem for large initial velocity and external force
as well as prove the uniqueness of the strong solutions. This is an extension of the theorem
for the existence and uniqueness of the 3D incompressible Navier-Stokes equations with
damping to inhomogeneous viscous incompressible fluids.
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1. INTRODUCTION

In this paper, we study the following inhomogeneous incompressible Navier-Stokes
equations with damping:

our + (ou - V)u — vAu + alul*~lu + Vp = of, (x,t) € 2 x (0, 00),

divu =0, (z,t) € Q x (0, 0),
(1.1) ot +u-Vo=0, (z,t) € Q2 x (0,00),

ulag = 0,

ult=0 = uo, olt=0 = 0o,

where v > 0, « > 0 and 8 > 1 are constants. Unknown functions o(z,t), u(z,t) and
p(x,t) are the density, velocity, and pressure of the fluid, respectively, and f = f(x,t)
is the given external force.  C R? is the whole space or a bounded domain with
sufficiently smooth boundary. (When Q = R3, the boundary condition of (1.1) is
replaced by lim |u(z)] =0,t € (0,00).)
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There has been a lot of literature about the regularity theory for the inhomoge-
neous incompressible Navier-Stokes equations.

When o = 0 in (1.1), the global existence of weak solutions of (1.1) has been
proved ([14], [17] and others) and it has been well known that there exists a unique
strong solution of (1.1) in the case when the initial velocity is small enough (see [3],
[6], [13], [20]). Also, global well-posedness for (1.1) with o = 0 in critical function
spaces was studied under the smallness assumption for ug (see [1], [2], [5], [7], [8],
[10], [16], [18]).

In the case of a > 0, problem (1.1) describes the flow with the resistance to the
motion such as porous media flow and drag or friction effects (see [4] and refer-
ences therein). The term o|u|*~'u reflects a resistance to flow of the fluid. From
a mathematical viewpoint, (1.1) can be viewed as a modification of the Navier-Stokes
equations with the regularizing term a|u|?~1u.

For problem (1.1) with o > 0 and ¢ = const., it is notable that the uniqueness
of weak solutions and the global existence of strong solutions are guaranteed under
certain restrictions on « and 3, without any smallness assumption for ug ([4], [11],
12], [15], [19], [21)).

However, problem (1.1) has not been studied in the case when a > 0 and p is not
a constant.

In order to extend the regularity results for the Navier-Stokes equations with
damping, we study the existence and uniqueness of global strong solutions of (1.1).

The symbols |-[|x, ||-llg» |Illg,s;7 and ||| x,s;r denote the norms of the Banach
space X, LI(Q)", L*(0,T;L4()") and L*(0,T; X), respectively, and ||| = |||z,
Qr = Q x (0,T). We define the following function spaces:

C52, () = {u € C°(Q)*, divu = 0},
Vo= m“'“wwm’

yareegrreny NP

H:= Cgfg(Q)

Let P: L?(Q)® — H be the Helmholtz projection, A := —PA be the Stokes operator
with definition domain D(A) = W22(Q)*> N W} 3(Q)? N H and A'/? be the square
root of A.

Definition 1.1. Let Q C R® be the whole space or a bounded domain with
sufficiently smooth boundary and 0 < T' < co. Suppose that

ug € VALPTY Q) 00 e WHOQ)NL3(Q), f e LY0,T; L*(Q)?).
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A pair of functions (u, g) is called a strong solution of (1.1) on [0,T] if it satisfies
u € L*(0,T; D(A) N L>®(0,T; VN LAYH(Q)3) n L0, T; Wh=(Q)3),
0 € L>(0,T;WHo(Q) N L3 (),
%(gu, v) + (ou ® u, Vo) + v(Vu, Vo)
(12) Halullu,v) = (of,v),  veCRQ), te (0,T),
(¢u(0),v) = (eouo, v), v e G5y ()

and

. Clom = (ow,Vn), neCE(Q), 1€ (0.7),

(0(0),m) = (00,m),  n€C(Q).

Now we state our main result as follows.

Theorem 1.1 (Existence of strong solutions). Let @ = R? and 0 < T < cc.
Suppose that

up €V, 00 € WH(Q)NLYQ), 0<o< 0 <0< 00,
feWwh2(0,T; L*(Q)%) N L2(0, T; WH2()3).

Also, assume that 5> 3 >3,a>0,v>0o0r =3, 2a >0, v>0, 2va > vp + 0°.
Then problem (1.1) has a strong solution (u, ¢) on [0,T] satisfying

(1.4) up € L2(0,T; H), tu, € L0, T; H), VtAY?u, e L*(0,T; H).
Theorem 1.2 (Uniqueness of strong solutions). Let 2 C R3 be the whole space

or a bounded domain with sufficiently smooth boundary and 0 < T < oo, f > 1,
a >0, v > 0. Suppose that

ug € VALY Q)3 0o e WHS(Q) N L3(Q), fe L20,T;WhH2(Q)3).
Let (uM, oMY and (u?, 0(?)) be the strong solutions of problem (1.1) satisfying
u) e L2(0,T; H), i=1,2.

Then U(l) = ’U,(Q)} Q(l) = 9(2)
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2. PROOF OF THEOREM 1.1

To prove Theorem 1.1, we show the local existence of strong solutions of (1.1)
when Q is a bounded domain and 3 < 8 < 5. (The constant C' in the following in-
equalities is the constant which depends only on o, 3, v, g and g, and C(c1, ¢a, . . ., ¢n)
denotes the constant which depends only on «, 3, v, ¢, 0 and ¢y, ¢z, ..., Cp.)

Theorem 2.1. Let Q C R3 be a bounded domain with sufficiently smooth bound-
aryandb > >3, a >0, v > 0. Suppose that

up €V, 00€WH(Q)NL*Q), 0<p<00<70< 00,
f e Wh2(0,1;L2(2)°) N L*(0, 1, WH2(Q)°).
Then there exists an interval [0,T] (0 < T < 1) depending only on «, 83, v, ug, 0o, f,
and the strong solution (u, ¢) of (1.1) on [0, T] satisfying (1.4).

We use Galerkin’s method with the eigenfunctions of the Stokes operator A to
prove Theorem 2.1. It is well known that A has denumerable number of positive
eigenvalues {\,} clustering at infinity and the corresponding eigenfunctions {w,,}
form an orthonormal basis in H when €2 is a bounded domain with sufficiently
smooth boundary. Let

m
W, := span{wi, wa, ..., Wm}, Ppv:i= ij/ wjvdz, v e H,
and consider the approximations

£ = Zgjm(t)wj, om(@,1) = 00(Am (@, 1)), (2,8) € 2 x [0,1],

satisfying

(omUmi, V) + V(Vium, Vo) + a([tim]* i, v)
(2.1) = —((omUm - V)tm,v) + (om f,v) Yv € Wy,

Um(O) = P, uo,

d

—A,, = —uUp(Ap(z,7),t —7), 0<7<LH,

s = A7) = (A7), = 7)

A (z,0) = x.

In fact, (2.1) is an ordinary differential equation with respect to g, and it has
a solution such that g;,, € C'[0,1].
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We have a priori estimates for u,, in the following lemmas.

Lemma 2.1. Let Q C R? be a bounded domain with sufficiently smooth boundary
and «, B, v, ug, 0o, f satisfy the same assumptions as in Theorem 1.1. Then u,, is
estimated by

(2.3)

< C(U'Oa 907f7 T)

for any 0 < T < 1.

Proof. Putting v = u,, in (2.1), we have

(2.4) (OmUmt, Um) + V(Vup, Vi) + a(|um|6_1um, U
= - ((Qmum : V)Um, Um) + (mev um)-

Simple calculation using div u,, = 0 implies
25 (@mttn Vs tin) = | omtiitmsitn da
Q

= - ((um : VQM)umvum) - ((Qmum : V)uma um)

1

Also, 0mi + Um - Vo, = 0 leads to

1d 1
1
1/2 2 - .
2 dt ”Q m (" + ) ((um * Vom)tm, tm).

Combining (2.4), (2.5) and (2.6), we get

(27) 5o + v T+l 157}
1
< (omfyum) < llowPumlllonllol £l < llow *uml® + 1lleollooll£11%:
By applying Gronwall’s lemma to (2.7),

(28) ||Ql/2 < C(u07 00, fa T)

is satisfied for any 0 < T' < 1. The desired inequality (2.3) is obtained from (2.8)
and 0 < 0 < 9m.- O
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Lemma 2.2. Let Q2 C R? be a bounded domain with sufficiently smooth boundary
and «, B, v, ug, 0o, f satisfy the same assumptions as in Theorem 1.1. Then there
exists 0 < T < 1 depending only on «, [, v, ug, 0o, f such that

(2.9)  [[Vumllzooir + [[umll 41,00 + [[umello,27 + [[Atmll2,2,7 < Cluo, 00, £, T)-
Proof. Putting v = uy, in (2.1), we have

(2.10) b 2l + = ||Vum||2 + allum| " g, i)

2 dt
- - (Qm(um . V)um; umt) + (mea umt)~
Use the relations

B+1

a d
a(|um| 1um7umt) ,B—l-ldt” m||5+17

_(Qm(um : v)umvumt) X ”91/2umt”2 + §|||um||vum|”2a
(om fyumt) < _Hle/QUJth2 + §||f||2
to get

(2.11) IIQI/Qumtll2 + 2L Tu, 2 +

1 — —
lumli§i1 < Tllum Va1 +2llf?

2 dt ﬂ+1

from (2.10). Next, putting v = Au,, in (2.1) leads to

(2.12) (Omtmit, Ati) + V|| At ||* 4+ ([t |* ™Y, Aty

The inequalities

1/2umt||27

v
_(QmumtaAum) < ZHAUmH2 HQ
v 2 2 2
—(0m(m - V)um, Aum) < [l Aun” + —|||um||Vum||| ;
—a(|um|ﬁ71um,Aum) < _”Aum”2 + —”um”Qﬁv
~(omf Aum) < 7] Aun|? + e
v
and (2.12) imply

14
(2.13) S llAun” < IIQI/QumtIIQ+C(|||um||Vum|||2+ 5 + 1£1%)-
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Multiplying (2.13) by v/(49) and adding it to (2.11) we have

B+1

[Vun(®)? + 55 < @13

2.14) 3”72@|Aum|2 e+ 22
C Il VatmllI® + llum 155 + 1LF11%)-

By the Gagliardo-Nirenberg inequality ||Vm,||z < C|| V2t ?|| V|| /2,

(2.15) et [Vt 12 < [Vt 13 < ClV || Vet ||

is satisfied. Inserting (2.15) and the Gagliardo-Nirenberg inequality

2 _
[um 135 < ClIV 1t [P 73 Vit |51

o (2.14) implies

2

14
21 A 2y 1/2 2 24 B+1
@16) Al + gl umd? + 5 G ITun O + 55 @I

< (HVQumIIIIVumHBwLHVQumIIB 21V 772+ [1£11%)
< C(([[Aum ]| + [[Vum ) [[Vum |

o+ (| At | + [Vt )P [V |42+ [1£1%)
2
< g Al + CUITun P2 4 2 4.1),

where we have used the inequality ||V, || < C(|| At/ +]|Vtum|) in Lemma 1 of [9].
By comparison, (2.16) shows that there exists some 0 < T' < 1 satisfying

(2.17) |Vt ||2,007 + [[tim || 541,005 + | 08, 2t ||2.207 + || Atims || 2,207 < C(uo, 00, f,T),

which proves (2.9) considering 0 < ¢ < oy O

Lemma 2.3. Let Q C R? be a bounded domain with sufficiently smooth boundary
and «, 3, v, ug, 0o, [ satisfy the same assumptions as in Theorem 1.1. Then

(2.18) ”\/EuthQ,OO;T + H\/EA1/2umt||2,2;T < C(uo, 00, f,T)

holds for 0 < T < 1, satisfying (2.9).
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Proof. Differentiating (2.1) with respect to ¢ and putting v = u,:, we get

(2.19) ((@mtmt)es wmi) + ([t |? ), tmt) = V(Atimg, i)
= (((omum )um)e, ume) + ((0m ), ume)
— ((@mttim - V)tm; ume) = ((Omtme = V)tm, tme)
— ((@mum - V)tumi, umit) + ((0m f)t, Umt)-
Considering the estimates

(2-20) ((Qmumt)tvumt) = (Qmumtt; Umt) + (thumt7umt)

1
= 2dt”gl/2 mtll® + i(gmtumt;umt)
1
= 2 dt”gl/2 mt ||2 - 5(”’”1 ' v@mumt;umt)

- 2 dt ||91/2 Umt ”2 + ((Qmum : V)umtvumt)a

(2.21)  o((Jum|® )y tmt) = |t P P |2
af —1) / B—3 9 2|2
+——— | |uml ‘—|u | ‘ dx
4 a ot
2 0‘|||“m|(6_1)/2“mt”2a

equation (2.19) becomes

(2.22) 3 dt ||91/2urmt(lﬁ)||2 + || D P |2 4 | V|
< = ((omtum - V)t timi) = ((@mUmt = V), Ui
= 2((omum - V)umts umt) + ((@m f)ts Umt)-
Now, estimate the right-hand-side terms of (2.22):
(2.23)  — ((OmtUm - V)Um, Umt)
= (((um - Vom)tm - V)ttm, tmt)
< /Q O | U | [t || Vi |* d + /Q O | U |2 |V it | [ Vs | e

+/ Qm|um|2|umt||vzum|dm
Q

< Cllom|loo (lumllelumel6 ]l VeemlI3
+ 136 |Vttt | Vet |+ Nl 1§l 2enel6 V20 )
< OVt Vet ||V || < zIIVumtll2 + Ol V| Ve ||,
(2.24)  — ((emUmi - V)tm, Umt) < ||Qm||1/2||91/2umt||||Vum||3||umt||6
< —IIVUmtll2 + Cllon *wmtl V2t || Vi,
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1/2 1/2

< 2[lom 17 N1V || 0 "t |||t |0
< z||Vurmt||2 + Clloy 2wl P11V [[[| Vet
(2.26)  ((omf)ts ume) = (Omef, wmt) + (Om fts Umt)
= —((um - Vo) f, umt) + (@m ft; wmt)
= ((omum - V) [, ume) + ((@mtm - V)tmt, f) + (0m fr; timt)
< lomll22 oy *wme | [wmlloo IV F I+ llom ool Vetmel [ £1]
+ [lom 12221 fellll o, 2t
—||Vumt||2 + Clllop > wmil P IVt [V | + llon *wme 1

+ VPl Vum L1 + [V + [L£el1%),

where we have used the inequalities
[tmlloo < CUV2tm |2 Vuum |2, [ Vtimlls < CIVum |Vt | /2.

Inserting (2.23)—(2.26) to (2.22), we have

14 —
(2.27) Pt (8|7 + 7 Vumel* + [T T

5 Ch§||@
< C(||91/2umt|| V2t [[[| V| + | 0! 2ttt |12

V[V [ILF* + IV + 11 £ell*)

and multiplying (2.27) by ¢, we get

1d v _
(2:28) 5 IVER () + X IVEV | + [Vl | O 2|2
< CVty it || V1t || V|
+ Ct(llon*umil|® + IV um || Vuml[[LFIZ + IV £+ [ £]12).

Apply Gronwall’s lemma to (2.28), considering (2.9), the inequality ||VZu,,| <
C(||Aupm |l + ||Vt |) in Lemma 1 of [9] and the restriction on f, then (2.18) holds
for 0 < T < 1, satisfying (2.9). O

Proof of Theorem 2.1. Let0 < T < 1satisfy (2.9). Then using the boundedness
of {u, } from Lemma 2.1 and 2.2, we can prove that {u.,} and {g,, } converge to some
u € L>®(0,T; V)N L%0,T; D(A)) and ¢ € L>(0,T; L>=(Q) N L3(Q)), respectively,
that satisfy (1.2) and (1.3). Here we use the fact that ||om||1=(@,) < 0 from (2.2)
as well as || 0m¢l|w—1. ()47 < C(uo0, 00, f,T) from the estimate

[(emes )| = [(@mttm, V)| < Cll A |2 Va2Vl 7€ Wy ().
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Furthermore, u; fulfills

w, € L2(0,T; H), ~tu, € L®(0,T;H), tAY?u, € L*(0,T; H)

by Lemma 2.3. In order to prove the convergence of the damping term |w,, |~ u,y,

to |u|/®u, we need the strong convergence of u,,, which is obtained by applying
the compactness theorem with the boundedness of u,,;. Note that the restriction

0 < o < oo is essential to get the boundedness of ;.

Now, it remains to prove u € L(0,T; W>(2)3) and Vo € L>=(0,T; L5(Q)). Let

3 < p < 6. From the first equation of (1.1), ||Aul|, is estimated by

(229) [l Aull, < C(I1P(oue)lp + 1P (e - V)u)llp + | P(lul~ )l + 1P (ef)]5)
< Cllloully + I u - Vyully + l[ull§, + lof[l5).
Estimate the right-hand-side terms of (2.29) as follows:

T
(2.30) llowt|lp1;r < / l|we]|p At < C/ (g || 6=/ 2P | ||(3p 6)/(2p) g4

= C/ t*1/2(t(6*;ﬂ)/(4p)||ut||(67p)/(2p))
0
(t(3”_6)/(4”)||vu ||(3p—6)/(2p))dt
(6 2
< Va0

3p—6)/(2 —
X (IVEAY 2y |5 OO 2] g sy

6 2 3p—6)/(2 —
< OV aur| S P | EAV 2| $ 20 @0 6=/ (49

< 00,

T
(2.31)  [[(eu - V)ullp,i;r < CE/ [wllool[Vull At
0
T
< C/ IV 2| 222 [Tl |2 4 | V2l VP2 dt

<0 [l + DO + D

3/2
< C([ull 2 + Dllul® 4y 2 +T)

< 00,

T T
@32 [ Julf,de<c [ VRl o/e g R e g
0 0

T
<CA(M%mﬁ4MMﬁ+U&

C(llully, o0 + 1) (lullBay 20 + T)

< 00,
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where we have used the Gagliardo-Nirenberg inequalities

(2.33) llloo < ClIV2ul 2| Va2,
IVullp < COIV2ulP®=2/ 0T €2/ 4| Tul)),
||U||gp < C||V2u||PP=0)/(2p) || 7y || (PF+6)/ (2p)

T T
/ lofll,dt < / 1/l dt < Cllf Iz 1o < 0.
0 0

Inequalities (2.30)—(2.33) with (2.29) show that || Au|
[IVullso,1;7 < 0o with the Gagliardo-Nirenberg inequality

p,1;7 < 00, which proves

[Vulloo < C’||Au||2p/(71’*6)HuH(2p+6)/(7p76).

Finally, to prove ||Vol|6,co;7 < 00, apply the gradient operator to the both sides
of oy = —u - Vo, multiply by |Vg[*Vp, and integrate on Q. We have
1d

(234) oo

IV o)l = —(V(u- Vo), |Ve|'Ve) = - /Q O (u;0;0)|V o[ * Do
1
:/8kuj8jg|Vg|48kgdx——/divu|Vg|5dx
Q 5 Ja
<cC / Vul[Vel® dz < C[[Vulloo|| Vel

Applying Gronwall’s lemma to (2.34) considering ||Vul|oo,1;7 < 00, proves Vo €
L°(0,T; L5(%2)). O

Proof of Theorem 1.1. By the local existence of strong solutions of (1.1) satis-
fying (1.4) in bounded domains (Theorem 2.1), we can prove that there exists a local
strong solution (u, ) on [0,71] (0 < Ty < T) satisfying (1.4) when Q = R?® and
5>82>23,a>0,v>0. (Follow the same argument of the proof as for Theorem 2
in [9]). Let

T* :=sup{T1 < T' < T; there exists a strong solution (u, g) of (1.1) on [0,7"],
satisfying (1.4)}.

If T* =T, then the existence of strong solutions satisfying (1.4) is proved, so let us
assume that 7% < T.

Let Ty < T' < T be sufficiently close to T' and (u, ¢) be a strong solution of (1.1)
on [0,7"] satisfying (1.4). Now, we have a priori estimates for u. First, multiply the
first equation of (1.1) by u and integrate on €,
1d

S 7lle PP + vl Vull® + allullg iy < o' ul® + ClIFIP, 0<t< T,

(2.35) e
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holds (see (2.7)), and applying Gronwall’s lemma to (2.35), we get
(2.36) lull2,00, 77 + [IVUll2,2i27 + [[ullg41,841:77 < Cluo, €0, f,T7).
Next, multiply the first equation of (1.1) by u; and integrate on 2, then
(2.37) 0" 2ul|* + v(AM2u, AY?uy) + a((ul®~ u, ur)
= _(Q(u'v)uaut)+(gf7ut)7 O<t<T/

is obtained. The regularity of u

AY?y e L2(0,T'; V) (u € L*(0,T'; D(A))),

AV, € L2(0,T; V') (us € L2(0,T'; H)),

implies
(2.38) (AY 2y, AV2q,) = 2dt||A1/2 u)|?, 0<t<T.
Also, |u|®=1/2y € L1(0,T"; L*(Q)?) and (|u|P~1/2u), € L*(0,T"; L*(22)?) lead to
(2.39) (Jul”~tu, ue) = ﬂil(|u|(ﬁ_1)/2u’ (Jul P=D"2u),)
= gyl = g el

In fact, |u|P=D/2u € L*(0,T"; L*(2)?3) is got by

TI
_ +1)/2 +1)/2
el = a0 = / lall $072 at < ClullEE12 00 < o0

and (|u|®~1/2u), € L*(0,T; L?(Q)?) is obtained from

11l P=D720), |20 < Clul B0 2y 10
< Clluellz2er || [ul @172 s 2027
< Clluello.zer lull & 5015
< CHUtHQQT’”Al/QuHQoo Y| Au ||2(5 1)/2T’
< Clluello,zer ull {2 Uull 5 sz +T7)
< 00.

Inserting (2.38), (2.39), and the inequalities
(2.40) ~(ou V) we) < eallgud” + - Vulul?
(241) (of u) < &2llor aue + Ce2) 1]
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where €1,e2 > 0, to (2.37), we have

+1
L3

e B+1

(2.42) (1 —e1—e) o Puc® +

2dt —|—1dt

< L IValul? + Ce)fI7 0<t<T.
461
Finally, multiply the first equation of (1.1) by —Aw and integrate on  to get
(243) vl Aul® = a(jul’ u, Au) = (ous, Au) = (o(u- V)u, Au) = (of , Au).

Using the inequalities

—a(|u|ﬂ*1u,Au) = a(|u|ﬁ*1Vu,Vu) + % /Q |u|ﬁ7‘3|V|u|2|2 dx

~(e(u- V)u, Au) < 59| Aull? + = [Vulul[%,
3V
~(ef, A) < gl + OIS
(our, M) < 50l Al + [0,

with (2.43), leads to
(2.44) V(1 — (3 + 4 + £5)0) | Aul® + o [Ju P72 V|2
0 2 1 1/2, 1|2 2
< — e — .
< 2L lITull? + el + Cenl |

In the case of 3 > 3, a > 0, v > 0, taking e; = €3 = 1, £3 = €4 = &5 = 1/(40),

multiply (2.44) by v/(49) and add it to (2.42) to obtain
d
(2.45) F 1A < CUvul® + 1715, 0<t<T"

In the case of 8 = 3, 2a > B, v > 3, 2va > V5407, take g1 = % and g4, £4 sufficiently
small, choosing €3, €5 so that they satisfy
1 1 2
€3 =¢85, &3>, &< =, €3>
2v 20

then, adding (2.42) to (2.44), we have (2.45).
Applying Gronwall’s lemma to (2.45) implies

@a-ov'

(246) ||A1/2u||2,oo;T’ < C(U'Oa 0o, f7 T*)

Estimates (2.36) and (2.46) show that ||u(7")||v < C(uo, 00, f,T*). Thus, there
exists a local strong solution of (1.1) on [T, T" +0](T* —T' < 6 < T —T') with
initial condition u(7”), which means that there exists a strong solution of (1.1) on
[0,T" + 4] satisfying (1.4) and contradicting the definition of T*. O
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3. PROOF OF THEOREM 1.2
Let (u®,oM) and (u®, 0(?) be the strong solutions of (1.1) satisfying ugi) €

L2(0,T;H),i=1,2.
Step 1. Estimate o(") — o(2). Multiply the both of sides of the equality

(0D — 0@, = —(u® — u®). voM _ 4@ . gD _ o®)
by 3|0 — 0@ |(o™ — ¢(?)) and integrate by parts on Q to get

o = o) <3 [ [0~ u® [TV o)~ o o
Q

1/3
< 3l — o2 ( IR u<2>|3|v9<1>|3dx) ,

il

therefore

d 1/3
BN e - )0l < ([ - O Pva)
Q
IV ~ a7l

Integrate (3.1) considering | Vo6 co:r < 00 to get

T
32)  [oVt) - P @) < C(T)IIVQ(”II%,cm;T/0 IV (D () = u® ()] dt.
Step 2. Prove vV = u(?). It is obvious that

(33) (@M — @ u®) + ((eMu - Vyu
— (0@u® . V)u®) 4 vp — yp®@
=AY —u®) — a(|uV )P ru® — 0@ Py 4 (o) — p@)yf,
oM WM — u®) + (eWu® - W)u® — (W@ . v)u?)
— ,/A(u(l) — u(2)) + a(|u(1)|ﬂflu(1) _ |u(2)|/3*1u(2))
= (Vp) = Vp®)) + (o) — 0@ f —
J = (oW = o) 4 (6™ — 0@ )u® . V).

Multiply (3.3) by z := u(") — 4 and integrate on €, considering

(02, 2) =——||¢@<1>z||2 “’, w“ 22+ S (V- V)2, 2)
=3 dtnmwzn? >z-v>u 7z>—<<@<1>u<1>-v>z7z>
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and
(oW u® - V)u® — (oMu@ . V)@ 2)
oM (W™ — @) . V)W + (0Wu@ . v) (P —u?), 2)
oWz V), 2) + (eMu - V)z,2),
V2% + ClIvV ez a5,
V]2 + ClIV ez P (lut? 4y + 1), i =12,
aoll vV oM 2|l Vuls]l2lls
IV oWz Vul 5] V=]

< IV2l + ClIV o2l (luM ) + 1),
a(|u(1)|ﬁ*1u(1 — |u 2)|ﬂ L@ M — u(2)) > 0.

o~ o~
— =~

(@D u? - V)z, 2)]

VASEN/AN
0| R 0ol R

((g(l)z . V)u( ) 4

g

NN //\
ol Q

Then we have
(34) 3 SIVeD0 + 2122 < CIVED I Py + 1 ey + 1)
+ (6 = o) f, 2) = (J,2).
Combining the estimates

(e ~ o) £.2) < Cllslle™ — @ sl 1l

V212 + Clle™ = o E 1 £ 1120

~(,2) = (0™ = 0P)u?, 2) + (e — 6@)u® - V)u?), 2),

2
(0 — o®yuf®, 2) < |2l 0™ — 0@ I3]|ui?2
14
< 71907+ Clle® = o s,
(0 = o@)u® . ¥)u @ 2) < IV oD 2|l[|o — 6?3 Vu® [[[[u?]|0
< OV oDz || [Vu® |2|[u®|2, + | o® — o2
< CIVeD 2 [Vu® 2 ([u® (% 4y + 1) + [0 = @3,

with (3.4) and (3.2) leads to
2 —_—
85 3o IVE0R + 55 [ vairas
<O (1762 + 1) sy + 1 oy + 1)

t
2
+C(D)[VoW |2 or / IV 2[|2ds (| fllw 20y + [[ulP])? + 1).

Applying Gronwall’s lemma to (3.5) considering u{® € L2(0, T; H) implies u®) =u (.
And u™ = u(?) leads o™ = p(® with (3.2). O
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