
Applications of Mathematics

Kwang-Ok Li; Yong-Ho Kim
Global regularity for the 3D inhomogeneous incompressible Navier-Stokes equations
with damping

Applications of Mathematics, Vol. 68 (2023), No. 2, 191–207

Persistent URL: http://dml.cz/dmlcz/151612

Terms of use:
© Institute of Mathematics AS CR, 2023

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized
documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz

http://dml.cz/dmlcz/151612
http://dml.cz


68 (2023) APPLICATIONS OF MATHEMATICS No. 2, 191–207

GLOBAL REGULARITY FOR THE 3D INHOMOGENEOUS

INCOMPRESSIBLE NAVIER-STOKES EQUATIONS WITH DAMPING

Kwang-Ok Li, Yong-Ho Kim, Pyongyang

Received August 16, 2021. Published online October 11, 2022.

Abstract. This paper is concerned with the 3D inhomogeneous incompressible Navier-
Stokes equations with damping. We find a range of parameters to guarantee the existence
of global strong solutions of the Cauchy problem for large initial velocity and external force
as well as prove the uniqueness of the strong solutions. This is an extension of the theorem
for the existence and uniqueness of the 3D incompressible Navier-Stokes equations with
damping to inhomogeneous viscous incompressible fluids.
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1. Introduction

In this paper, we study the following inhomogeneous incompressible Navier-Stokes

equations with damping:

(1.1)



































̺ut + (̺u · ∇)u − ν∆u+ α|u|β−1u+∇p = ̺f, (x, t) ∈ Ω× (0,∞),

div u = 0, (x, t) ∈ Ω× (0,∞),

̺t + u · ∇̺ = 0, (x, t) ∈ Ω× (0,∞),

u|∂Ω = 0,

u|t=0 = u0, ̺|t=0 = ̺0,

where ν > 0, α > 0 and β > 1 are constants. Unknown functions ̺(x, t), u(x, t) and

p(x, t) are the density, velocity, and pressure of the fluid, respectively, and f = f(x, t)

is the given external force. Ω ⊆ R
3 is the whole space or a bounded domain with

sufficiently smooth boundary. (When Ω = R
3, the boundary condition of (1.1) is

replaced by lim
|x|→∞

|u(x)| = 0, t ∈ (0,∞).)
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There has been a lot of literature about the regularity theory for the inhomoge-

neous incompressible Navier-Stokes equations.

When α = 0 in (1.1), the global existence of weak solutions of (1.1) has been

proved ([14], [17] and others) and it has been well known that there exists a unique

strong solution of (1.1) in the case when the initial velocity is small enough (see [3],

[6], [13], [20]). Also, global well-posedness for (1.1) with α = 0 in critical function

spaces was studied under the smallness assumption for u0 (see [1], [2], [5], [7], [8],

[10], [16], [18]).

In the case of α > 0, problem (1.1) describes the flow with the resistance to the

motion such as porous media flow and drag or friction effects (see [4] and refer-

ences therein). The term α|u|β−1u reflects a resistance to flow of the fluid. From

a mathematical viewpoint, (1.1) can be viewed as a modification of the Navier-Stokes

equations with the regularizing term α|u|β−1u.

For problem (1.1) with α > 0 and ̺ ≡ const., it is notable that the uniqueness

of weak solutions and the global existence of strong solutions are guaranteed under

certain restrictions on α and β, without any smallness assumption for u0 ([4], [11],

[12], [15], [19], [21]).

However, problem (1.1) has not been studied in the case when α > 0 and ̺ is not

a constant.

In order to extend the regularity results for the Navier-Stokes equations with

damping, we study the existence and uniqueness of global strong solutions of (1.1).

The symbols ‖·‖X , ‖·‖q, ‖·‖q,s;T and ‖·‖X,s;T denote the norms of the Banach

space X , Lq(Ω)n, Ls(0, T ;Lq(Ω)n) and Ls(0, T ;X), respectively, and ‖·‖ = ‖·‖2,
QT := Ω× (0, T ). We define the following function spaces:

C∞
0,σ(Ω) := {u ∈ C∞

0 (Ω)3, div u = 0},

V := C∞
0,σ(Ω)

‖·‖
W1,2(Ω)3 ,

H := C∞
0,σ(Ω)

‖·‖2
.

Let P : L2(Ω)3 → H be the Helmholtz projection, A := −P∆ be the Stokes operator

with definition domain D(A) = W 2,2(Ω)3 ∩W 1,2
0 (Ω)3 ∩ H and A1/2 be the square

root of A.

Definition 1.1. Let Ω ⊆ R
3 be the whole space or a bounded domain with

sufficiently smooth boundary and 0 < T < ∞. Suppose that

u0 ∈ V ∩ Lβ+1(Ω)3, ̺0 ∈ W 1,6(Ω) ∩ L3(Ω), f ∈ L1(0, T ;L2(Ω)3).
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A pair of functions (u, ̺) is called a strong solution of (1.1) on [0, T ] if it satisfies

u ∈ L2(0, T ;D(A)) ∩ L∞(0, T ;V ∩ Lβ+1(Ω)3) ∩ L1(0, T ;W 1,∞(Ω)3),

̺ ∈ L∞(0, T ;W 1,6(Ω) ∩ L3(Ω)),


















d

dt
(̺u, v) + (̺u⊗ u,∇v) + ν(∇u,∇v)

+(α|u|β−1u, v) = (̺f, v), v ∈ C∞
0,σ(Ω), t ∈ (0, T ),

(̺u(0), v) = (̺0u0, v), v ∈ C∞
0,σ(Ω)

(1.2)

and

(1.3)







d

dt
(̺, η) = (̺u,∇η), η ∈ C∞

0 (Ω), t ∈ (0, T ),

(̺(0), η) = (̺0, η), η ∈ C∞
0 (Ω).

Now we state our main result as follows.

Theorem 1.1 (Existence of strong solutions). Let Ω = R
3 and 0 < T < ∞.

Suppose that

u0 ∈ V, ̺0 ∈ W 1,6(Ω) ∩ L3(Ω), 0 < ̺ 6 ̺0 6 ̺ < ∞,

f ∈ W 1,2(0, T ;L2(Ω)3) ∩ L2(0, T ;W 1,2(Ω)3).

Also, assume that 5 > β > 3, α > 0, ν > 0 or β = 3, 2α > ̺, ν > ̺, 2να > ν̺+ ̺2.

Then problem (1.1) has a strong solution (u, ̺) on [0, T ] satisfying

(1.4) ut ∈ L2(0, T ;H),
√
tut ∈ L∞(0, T ;H),

√
tA1/2ut ∈ L2(0, T ;H).

Theorem 1.2 (Uniqueness of strong solutions). Let Ω ⊆ R
3 be the whole space

or a bounded domain with sufficiently smooth boundary and 0 < T < ∞, β > 1,

α > 0, ν > 0. Suppose that

u0 ∈ V ∩ Lβ+1(Ω)3, ̺0 ∈ W 1,6(Ω) ∩ L3(Ω), f ∈ L2(0, T ;W 1,2(Ω)3).

Let (u(1), ̺(1)) and (u(2), ̺(2)) be the strong solutions of problem (1.1) satisfying

u
(i)
t ∈ L2(0, T ;H), i = 1, 2.

Then u(1) = u(2), ̺(1) = ̺(2).
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2. Proof of Theorem 1.1

To prove Theorem 1.1, we show the local existence of strong solutions of (1.1)

when Ω is a bounded domain and 3 6 β < 5. (The constant C in the following in-

equalities is the constant which depends only on α, β, ν, ̺ and ̺, and C(c1, c2, . . . , cn)

denotes the constant which depends only on α, β, ν, ̺, ̺ and c1, c2, . . . , cn.)

Theorem 2.1. Let Ω ⊂ R
3 be a bounded domain with sufficiently smooth bound-

ary and 5 > β > 3, α > 0, ν > 0. Suppose that

u0 ∈ V, ̺0 ∈ W 1,6(Ω) ∩ L3(Ω), 0 < ̺ 6 ̺0 6 ̺ < ∞,

f ∈ W 1,2(0, 1;L2(Ω)3) ∩ L2(0, 1;W 1,2(Ω)3).

Then there exists an interval [0, T ] (0 < T < 1) depending only on α, β, ν, u0, ̺0, f,

and the strong solution (u, ̺) of (1.1) on [0, T ] satisfying (1.4).

We use Galerkin’s method with the eigenfunctions of the Stokes operator A to

prove Theorem 2.1. It is well known that A has denumerable number of positive

eigenvalues {λn} clustering at infinity and the corresponding eigenfunctions {wn}
form an orthonormal basis in H when Ω is a bounded domain with sufficiently

smooth boundary. Let

Wm := span{w1, w2, . . . , wm}, Pmv :=

m
∑

j=1

wj

∫

Ω

wjv dx, v ∈ H,

and consider the approximations

um(x, t) :=

m
∑

j=1

gjm(t)wj , ̺m(x, t) := ̺0(Λm(x, t)), (x, t) ∈ Ω× [0, 1],

satisfying











(̺mumt, v) + ν(∇um,∇v) + α(|um|β−1um, v)

= −((̺mum · ∇)um, v) + (̺mf, v) ∀ v ∈ Wm,

um(0) = Pmu0,

(2.1)







d

dτ
Λm(x, τ) = −um(Λm(x, τ), t − τ), 0 < τ 6 t,

Λm(x, 0) = x.

(2.2)

In fact, (2.1) is an ordinary differential equation with respect to gjm and it has

a solution such that gjm ∈ C1[0, 1].
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We have a priori estimates for um in the following lemmas.

Lemma 2.1. Let Ω ⊂ R
3 be a bounded domain with sufficiently smooth boundary

and α, β, ν, u0, ̺0, f satisfy the same assumptions as in Theorem 1.1. Then um is

estimated by

(2.3) ‖um‖2,∞;T + ‖∇um‖2,2;T + ‖um‖β+1,β+1;T 6 C(u0, ̺0, f, T )

for any 0 < T < 1.

P r o o f. Putting v = um in (2.1), we have

(2.4) (̺mumt, um) + ν(∇um,∇um) + α(|um|β−1um, um)

= − ((̺mum · ∇)um, um) + (̺mf, um).

Simple calculation using div um = 0 implies

(2.5) ((̺mum · ∇)um, um) =

∫

Ω

̺mumi∂iumjumj dx

= − ((um · ∇̺m)um, um)− ((̺mum · ∇)um, um)

= − 1

2
((um · ∇̺m)um, um).

Also, ̺mt + um · ∇̺m = 0 leads to

(2.6) (̺mumt, um) =
1

2

d

dt
(̺mum, um)− 1

2
(̺mtum, um)

=
1

2

d

dt
‖̺1/2m um(t)‖2 + 1

2
((um · ∇̺m)um, um).

Combining (2.4), (2.5) and (2.6), we get

(2.7)
1

2

d

dt
‖̺1/2m um(t)‖2 + ν‖∇um‖2 + α‖um‖β+1

β+1

6 (̺mf, um) 6 ‖̺1/2m um‖‖̺1/2m ‖∞‖f‖ 6 ‖̺1/2m um‖2 + 1

4
‖̺0‖∞‖f‖2.

By applying Gronwall’s lemma to (2.7),

(2.8) ‖̺1/2m um‖2,∞;T + ‖∇um‖2,2;T + ‖um‖β+1,β+1;T 6 C(u0, ̺0, f, T )

is satisfied for any 0 < T < 1. The desired inequality (2.3) is obtained from (2.8)

and 0 < ̺ 6 ̺m. �
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Lemma 2.2. Let Ω ⊂ R
3 be a bounded domain with sufficiently smooth boundary

and α, β, ν, u0, ̺0, f satisfy the same assumptions as in Theorem 1.1. Then there

exists 0 < T < 1 depending only on α, β, ν, u0, ̺0, f such that

(2.9) ‖∇um‖2,∞;T + ‖um‖β+1,∞;T + ‖umt‖2,2;T + ‖Aum‖2,2;T 6 C(u0, ̺0, f, T ).

P r o o f. Putting v = umt in (2.1), we have

(2.10) ‖̺1/2m umt‖2 +
ν

2

d

dt
‖∇um‖2 + α(|um|β−1um, umt)

= − (̺m(um · ∇)um, umt) + (̺mf, umt).

Use the relations

α(|um|β−1um, umt) =
α

β + 1

d

dt
‖um‖β+1

β+1,

−(̺m(um · ∇)um, umt) 6
1

4
‖̺1/2m umt‖2 + ̺‖|um||∇um|‖2,

(̺mf, umt) 6
1

4
‖̺1/2m umt‖2 + ̺‖f‖2

to get

(2.11)
1

2
‖̺1/2m umt‖2 +

ν

2

d

dt
‖∇um‖2 + α

β + 1
‖um‖β+1

β+1 6 ̺‖|um||∇um|‖2 + ̺‖f‖2

from (2.10). Next, putting v = Aum in (2.1) leads to

(2.12) (̺mumt, Aum) + ν‖Aum‖2 + α(|um|β−1um, Aum)

= − (̺m(um · ∇)um, Aum) + (̺mf,Aum).

The inequalities

−(̺mumt, Aum) 6
ν

4
‖Aum‖2 + ̺

ν
‖̺1/2m umt‖2,

−(̺m(um · ∇)um, Aum) 6
ν

4
‖Aum‖2 + ̺2

ν
‖|um||∇um|‖2,

−α(|um|β−1um, Aum) 6
ν

8
‖Aum‖2 + 2α2

ν
‖um‖2β2β,

−(̺mf,Aum) 6
ν

4
‖Aum‖2 + ̺2

ν
‖f‖2

and (2.12) imply

(2.13)
ν

8
‖Aum‖2 6

̺

ν
‖̺1/2m umt‖2 + C(‖|um||∇um|‖2 + ‖um‖2β2β + ‖f‖2).
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Multiplying (2.13) by ν/(4̺) and adding it to (2.11) we have

(2.14)
ν2

32̺
‖Aum‖2 + 1

4
‖̺1/2m umt‖2 +

ν

2

d

dt
‖∇um(t)‖2 + α

β + 1

d

dt
‖um(t)‖β+1

β+1

6 C(‖|um||∇um|‖2 + ‖um‖2β2β + ‖f‖2).

By the Gagliardo-Nirenberg inequality ‖∇um‖3 6 C‖∇2um‖1/2‖∇um‖1/2,

(2.15) ‖|um||∇um|‖2 6 ‖um‖26‖∇um‖23 6 C‖∇2um‖‖∇um‖3

is satisfied. Inserting (2.15) and the Gagliardo-Nirenberg inequality

‖um‖2β2β 6 C‖∇2um‖β−3‖∇um‖β+3

to (2.14) implies

(2.16)
ν2

32̺
‖Aum‖2 + 1

4
‖̺1/2m umt‖2 +

ν

2

d

dt
‖∇um(t)‖2 + α

β + 1

d

dt
‖um(t)‖β+1

β+1

6 C(‖∇2um‖‖∇um‖3 + ‖∇2um‖β−3‖∇um‖β+3 + ‖f‖2)
6 C((‖Aum‖+ ‖∇um‖)‖∇um‖

+ (‖Aum‖+ ‖∇um‖)β−3‖∇um‖β+3 + ‖f‖2)

6
ν2

64̺
‖Aum‖2 + C(‖∇um‖2(β+3)/(5−β) + ‖f‖2 + 1),

where we have used the inequality ‖∇2um‖ 6 C(‖Aum‖+‖∇um‖) in Lemma 1 of [9].
By comparison, (2.16) shows that there exists some 0 < T < 1 satisfying

(2.17) ‖∇um‖2,∞;T +‖um‖β+1,∞;T +‖̺1/2m umt‖2,2;T +‖Aum‖2,2;T 6 C(u0, ̺0, f, T ),

which proves (2.9) considering 0 < ̺ 6 ̺m. �

Lemma 2.3. Let Ω ⊂ R
3 be a bounded domain with sufficiently smooth boundary

and α, β, ν, u0, ̺0, f satisfy the same assumptions as in Theorem 1.1. Then

(2.18) ‖
√
tumt‖2,∞;T + ‖

√
tA1/2umt‖2,2;T 6 C(u0, ̺0, f, T )

holds for 0 < T < 1, satisfying (2.9).
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P r o o f. Differentiating (2.1) with respect to t and putting v = umt, we get

(2.19) ((̺mumt)t, umt) + α((|um|β−1um)t, umt)− ν(∆umt, umt)

= − (((̺mum·)um)t, umt) + ((̺mf)t, umt)

= − ((̺mtum · ∇)um, umt)− ((̺mumt · ∇)um, umt)

− ((̺mum · ∇)umt, umt) + ((̺mf)t, umt).

Considering the estimates

((̺mumt)t, umt) = (̺mumtt, umt) + (̺mtumt, umt)(2.20)

=
1

2

d

dt
‖̺1/2m umt‖2 +

1

2
(̺mtumt, umt)

=
1

2

d

dt
‖̺1/2m umt‖2 −

1

2
(um · ∇̺mumt, umt)

=
1

2

d

dt
‖̺1/2m umt‖2 + ((̺mum · ∇)umt, umt),

α((|um|β−1um)t, umt) = α‖|um|(β−1)/2umt‖2(2.21)

+
α(β − 1)

4

∫

Ω

|um|β−3
∣

∣

∣

∂

∂t
|um|2

∣

∣

∣

2

dx

> α‖|um|(β−1)/2umt‖2,

equation (2.19) becomes

(2.22)
1

2

d

dt
‖̺1/2m umt(t)‖2 + α‖|um|(β−1)/2umt‖2 + ν‖∇umt‖2

6 − ((̺mtum · ∇)um, umt)− ((̺mumt · ∇)um, umt

− 2((̺mum · ∇)umt, umt) + ((̺mf)t, umt).

Now, estimate the right-hand-side terms of (2.22):

− ((̺mtum · ∇)um, umt)(2.23)

= (((um · ∇̺m)um · ∇)um, umt)

6

∫

Ω

̺m|um||umt||∇um|2 dx+

∫

Ω

̺m|um|2|∇umt||∇um| dx

+

∫

Ω

̺m|um|2|umt||∇2um| dx

6 C‖̺m‖∞(‖um‖6‖umt‖6‖∇um‖23
+ ‖um‖2∞‖∇umt‖‖∇um‖+ ‖um‖26‖umt‖6‖∇2um‖)

6 C‖∇umt‖‖∇um‖2‖∇2um‖ 6
ν

8
‖∇umt‖2 + C‖∇2um‖2‖∇um‖4,

− ((̺mumt · ∇)um, umt) 6 ‖̺m‖1/2∞ ‖̺1/2m umt‖‖∇um‖3‖umt‖6(2.24)

6
ν

8
‖∇umt‖2 + C‖̺1/2m umt‖2‖∇2um‖‖∇um‖,
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− 2((̺mum · u)umt, umt) 6 2‖̺m‖1/2∞ ‖∇umt‖‖̺1/2m umt‖‖um‖∞(2.25)

6
ν

8
‖∇umt‖2 + C‖̺1/2m umt‖2‖∇2um‖‖∇um‖,

((̺mf)t, umt) = (̺mtf, umt) + (̺mft, umt)(2.26)

= −((um · ∇̺m)f, umt) + (̺mft, umt)

= ((̺mum · ∇)f, umt) + ((̺mum · ∇)umt, f) + (̺mft, umt)

6 ‖̺m‖1/2∞ ‖̺1/2m umt‖‖um‖∞‖∇f‖+ ‖̺m‖∞‖∇umt‖‖f‖
+ ‖̺m‖1/2∞ ‖ft‖‖̺1/2m umt‖

6
ν

8
‖∇umt‖2 + C(‖̺1/2m umt‖2‖∇2um‖‖∇um‖+ ‖̺1/2m umt‖2

+ ‖∇2um‖‖∇um‖‖f‖2 + ‖∇f‖2 + ‖ft‖2),

where we have used the inequalities

‖um‖∞ 6 C‖∇2um‖1/2‖∇um‖1/2, ‖∇um‖3 6 C‖∇2um‖1/2‖∇um‖1/2.

Inserting (2.23)–(2.26) to (2.22), we have

(2.27)
1

2

d

dt
‖̺1/2m umt(t)‖2 +

ν

4
‖∇umt‖2 + α‖|um|(β−1)/2umt‖2

6 C(‖̺1/2m umt‖2‖∇2um‖‖∇um‖+ ‖̺1/2m umt‖2

+ ‖∇2um‖‖∇um‖‖f‖2 + ‖∇f‖2 + ‖ft‖2)

and multiplying (2.27) by t, we get

(2.28)
1

2

d

dt
‖
√
t̺1/2m umt(t)‖2 +

ν

4
‖
√
t∇umt‖2 + α‖

√
t|um|(β−1)/2umt‖2

6 C‖
√
t̺1/2m umt‖2‖∇2um‖‖∇um‖

+ Ct(‖̺1/2m umt‖2 + ‖∇2um‖‖∇um‖‖f‖2 + ‖∇f‖2 + ‖ft‖2).

Apply Gronwall’s lemma to (2.28), considering (2.9), the inequality ‖∇2um‖ 6

C(‖Aum‖ + ‖∇um‖) in Lemma 1 of [9] and the restriction on f , then (2.18) holds

for 0 < T < 1, satisfying (2.9). �

P r o o f of Theorem 2.1. Let 0 < T < 1 satisfy (2.9). Then using the boundedness

of {um} from Lemma 2.1 and 2.2, we can prove that {um} and {̺m} converge to some
u ∈ L∞(0, T ;V ) ∩ L2(0, T ;D(A)) and ̺ ∈ L∞(0, T ;L∞(Ω) ∩ L3(Ω)), respectively,

that satisfy (1.2) and (1.3). Here we use the fact that ‖̺m‖L∞(QT ) 6 ̺ from (2.2)

as well as ‖̺mt‖W−1,∞(Ω),4;T 6 C(u0, ̺0, f, T ) from the estimate

|(̺mt, η)| = |(̺mum,∇η)| 6 C‖Aum‖1/2‖∇um‖1/2‖∇η‖1, η ∈ W 1,1
0 (Ω).
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Furthermore, ut fulfills

ut ∈ L2(0, T ;H),
√
tut ∈ L∞(0, T ;H),

√
tA1/2ut ∈ L2(0, T ;H)

by Lemma 2.3. In order to prove the convergence of the damping term |um|β−1um

to |u|β−1u, we need the strong convergence of um, which is obtained by applying

the compactness theorem with the boundedness of umt. Note that the restriction

0 < ̺ 6 ̺0 is essential to get the boundedness of umt.

Now, it remains to prove u ∈ L1(0, T ;W 1,∞(Ω)3) and ∇̺ ∈ L∞(0, T ;L6(Ω)). Let

3 < p < 6. From the first equation of (1.1), ‖Au‖p is estimated by

(2.29) ‖Au‖p 6 C(‖P (̺ut)‖p + ‖P ((̺u · ∇)u)‖p + ‖P (|u|β−1u)‖p + ‖P (̺f)‖p)
6 C(‖̺ut‖p + ‖(̺u · ∇)u‖p + ‖u‖ββp + ‖̺f‖p).

Estimate the right-hand-side terms of (2.29) as follows:

‖̺ut‖p,1;T 6 ̺

∫ T

0

‖ut‖p dt 6 C

∫ T

0

‖ut‖(6−p)/(2p)‖ut‖(3p−6)/(2p)
6 dt(2.30)

= C

∫ T

0

t−1/2(t(6−p)/(4p)‖ut‖(6−p)/(2p))

× (t(3p−6)/(4p)‖∇ut‖(3p−6)/(2p)) dt

6 C‖
√
tut‖(6−p)/(2p)

2,∞;T

× ‖
√
tA1/2ut‖(3p−6)/(2p)

2,2;T ‖t−1/2‖∞,4p/(p+6);T

6 C‖
√
tut‖(6−p)/(2p)

2,∞;T ‖
√
tA1/2ut‖(3p−6)/(2p)

2,2;T T (6−p)/(4p)

< ∞,

‖(̺u · ∇)u‖p,1;T 6 C̺

∫ T

0

‖u‖∞‖∇u‖p dt(2.31)

6 C

∫ T

0

‖∇2u‖(2p−3)/p‖∇u‖3/p + ‖∇2u‖1/2‖∇u‖3/2 dt

6 C

∫ T

0

(‖u‖2D(A) + 1)(‖u‖3/2V + 1) dt

6 C(‖u‖3/2V,∞;T + 1)(‖u‖2D(A),2;T + T )

< ∞,
∫ T

0

‖u‖ββp dt 6 C

∫ T

0

‖∇2u‖(pβ−6)/(2p)‖∇u‖(pβ+6)/(2p) dt(2.32)

6 C

∫ T

0

(‖u‖2D(A) + 1)(‖u‖4V + 1) dt

6 C(‖u‖4V,∞;T + 1)(‖u‖2D(A),2;T + T )

< ∞,
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where we have used the Gagliardo-Nirenberg inequalities

(2.33) ‖u‖∞ 6 C‖∇2u‖1/2‖∇u‖1/2,
‖∇u‖p 6 C(‖∇2u‖3(p−2)/(2p)‖∇u‖(6−p)/(2p) + ‖∇u‖),
‖u‖ββp 6 C‖∇2u‖(pβ−6)/(2p)‖∇u‖(pβ+6)/(2p),

∫ T

0

‖̺f‖p dt 6 ̺

∫ T

0

‖f‖p dt 6 C‖f‖W 1,2(Ω)3,1;T < ∞.

Inequalities (2.30)–(2.33) with (2.29) show that ‖Au‖p,1;T < ∞, which proves

‖∇u‖∞,1;T < ∞ with the Gagliardo-Nirenberg inequality

‖∇u‖∞ 6 C‖Au‖5p/(7p−6)
p ‖u‖(2p+6)/(7p−6).

Finally, to prove ‖∇̺‖6,∞;T < ∞, apply the gradient operator to the both sides
of ̺t = −u · ∇̺, multiply by |∇̺|4∇̺, and integrate on Ω. We have

(2.34)
1

6

d

dt
‖∇̺(t)‖66 = −(∇(u · ∇̺), |∇̺|4∇̺) = −

∫

Ω

∂k(uj∂j̺)|∇̺|4∂k̺ dx

=

∫

Ω

∂kuj∂j̺|∇̺|4∂k̺ dx− 1

5

∫

Ω

div u|∇̺|5 dx

6 C

∫

Ω

|∇u||∇̺|6 dx 6 C‖∇u‖∞‖∇̺‖66.

Applying Gronwall’s lemma to (2.34) considering ‖∇u‖∞,1;T < ∞, proves ∇̺ ∈
L∞(0, T ;L6(Ω)). �

P r o o f of Theorem 1.1. By the local existence of strong solutions of (1.1) satis-

fying (1.4) in bounded domains (Theorem 2.1), we can prove that there exists a local

strong solution (u, ̺) on [0, T1] (0 < T1 6 T ) satisfying (1.4) when Ω = R
3 and

5 > β > 3, α > 0, ν > 0. (Follow the same argument of the proof as for Theorem 2

in [9]). Let

T ∗ := sup{T1 6 T ′ 6 T ; there exists a strong solution (u, ̺) of (1.1) on [0, T ′],

satisfying (1.4)}.

If T ∗ = T , then the existence of strong solutions satisfying (1.4) is proved, so let us

assume that T ∗ < T .

Let T1 6 T ′ < T be sufficiently close to T and (u, ̺) be a strong solution of (1.1)

on [0, T ′] satisfying (1.4). Now, we have a priori estimates for u. First, multiply the

first equation of (1.1) by u and integrate on Ω,

(2.35)
1

2

d

dt
‖̺1/2u(t)‖2 + ν‖∇u‖2 + α‖u‖β+1

β+1 6 ‖̺1/2u‖2 + C‖f‖2, 0 < t 6 T ′,
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holds (see (2.7)), and applying Gronwall’s lemma to (2.35), we get

(2.36) ‖u‖2,∞,T ′ + ‖∇u‖2,2;T ′ + ‖u‖β+1,β+1;T ′ 6 C(u0, ̺0, f, T
∗).

Next, multiply the first equation of (1.1) by ut and integrate on Ω, then

(2.37) ‖̺1/2ut‖2 + ν(A1/2u,A1/2ut) + α(|u|β−1u, ut)

= − (̺(u · ∇)u, ut) + (̺f, ut), 0 < t 6 T ′

is obtained. The regularity of u

A1/2u ∈ L2(0, T ′;V )(u ∈ L2(0, T ′;D(A))),

A1/2ut ∈ L2(0, T ′;V ′)(ut ∈ L2(0, T ′;H)),

implies

(2.38) (A1/2u,A1/2ut) =
1

2

d

dt
‖A1/2u(t)‖2, 0 < t 6 T ′.

Also, |u|(β−1)/2u ∈ L1(0, T ′;L2(Ω)3) and (|u|(β−1)/2u)t ∈ L1(0, T ′;L2(Ω)3) lead to

(2.39) (|u|β−1u, ut) =
2

β + 1
(|u|(β−1)/2u, (|u|(β−1)/2u)t)

=
1

β + 1

d

dt
‖|u|(β−1)/2u‖2 =

1

β + 1

d

dt
‖u‖β+1

β+1.

In fact, |u|(β−1)/2u ∈ L1(0, T ′;L2(Ω)3) is got by

‖|u|(β−1)/2u‖2,1;T ′ =

∫ T ′

0

‖u‖(β+1)/2
β+1 dt 6 C‖u‖(β+1)/2

V,(β+1)/2;T ′
< ∞

and (|u|(β−1)/2u)t ∈ L1(0, T ;L2(Ω)3) is obtained from

‖(|u|(β−1)/2u)t‖2,1;T ′ 6 C‖|u|(β−1)/2ut‖2,1;T ′

6 C‖ut‖2,2;T ′‖|u|(β−1)/2‖∞,2;T ′

6 C‖ut‖2,2;T ′‖u‖(β−1)/2
∞,β−1;T ′

6 C‖ut‖2,2;T ′‖A1/2u‖(β−1)/4
2,∞;T ′ ‖Au‖(β−1)/4

2,(β−1)/2;T ′

6 C‖ut‖2,2;T ′‖u‖(β−1)/4
V,∞;T ′ (‖u‖(β−1)/4

D(A),2;T ′
+ T ′)

< ∞.

Inserting (2.38), (2.39), and the inequalities

−(̺(u · ∇)u, ut) 6 ε1‖̺1/2ut‖2 +
̺

4ε1
‖|∇u|u‖2,(2.40)

(̺f, ut) 6 ε2‖̺1/2ut‖2 + C(ε2)‖f‖2,(2.41)
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where ε1, ε2 > 0, to (2.37), we have

(2.42) (1 − ε1 − ε2)‖̺1/2ut‖2 +
ν

2

d

dt
‖A1/2u‖+ α

β + 1

d

dt
‖u‖β+1

β+1

6
̺

4ε1
‖|∇u|u‖2 + C(ε2)‖f‖2, 0 < t 6 T ′.

Finally, multiply the first equation of (1.1) by −∆u and integrate on Ω to get

(2.43) ν‖∆u‖2 − α(|u|β−1u,∆u) = (̺ut,∆u)− (̺(u · ∇)u,∆u)− (̺f,∆u).

Using the inequalities

−α(|u|β−1u,∆u) = α(|u|β−1∇u,∇u) +
α(β − 1)

4

∫

Ω

|u|β−3|∇|u|2|2 dx

> α‖|u|(β−1)/2|∇u|‖2,

−(̺(u · ∇)u,∆u) 6 ε3ν̺‖∆u‖2 + ̺

4ε3ν
‖|∇u|u‖2,

−(̺f,∆u) 6 ε4ν̺‖∆u‖2 + C(ε4)‖f‖2,

(̺ut,∆u) 6 ε5ν̺‖∆u‖2 + 1

4ε5ν
‖̺1/2ut‖2,

with (2.43), leads to

(2.44) ν(1 − (ε3 + ε4 + ε5)̺)‖∆u‖2 + α‖|u|(β−1)/2|∇u|‖2

6
̺

4ε3ν
‖|u||∇u|‖2 + 1

4ε5ν
‖̺1/2ut‖2 + C(ε4)‖f‖2.

In the case of β > 3, α > 0, ν > 0, taking ε1 = ε2 = 1
4 , ε3 = ε4 = ε5 = 1/(4̺),

multiply (2.44) by ν/(4̺) and add it to (2.42) to obtain

(2.45)
d

dt
‖A1/2u(t)‖ 6 C(‖∇u‖2 + ‖f‖2), 0 < t 6 T ′.

In the case of β = 3, 2α > ̺, ν > ̺, 2να > ν̺+̺2, take ε1 = 1
2 and ε2, ε4 sufficiently

small, choosing ε3, ε5 so that they satisfy

ε3 = ε5, ε3 >
1

2ν
, ε3 <

1

2̺
, ε3 >

̺

(2α− ̺)ν
,

then, adding (2.42) to (2.44), we have (2.45).

Applying Gronwall’s lemma to (2.45) implies

(2.46) ‖A1/2u‖2,∞;T ′ 6 C(u0, ̺0, f, T
∗).

Estimates (2.36) and (2.46) show that ‖u(T ′)‖V 6 C(u0, ̺0, f, T
∗). Thus, there

exists a local strong solution of (1.1) on [T ′, T ′ + δ](T ∗ − T ′ < δ < T − T ′) with

initial condition u(T ′), which means that there exists a strong solution of (1.1) on

[0, T ′ + δ] satisfying (1.4) and contradicting the definition of T ∗. �
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3. Proof of Theorem 1.2

Let (u(1), ̺(1)) and (u(2), ̺(2)) be the strong solutions of (1.1) satisfying u
(i)
t ∈

L2(0, T ;H), i = 1, 2.

Step 1. Estimate ̺(1) − ̺(2). Multiply the both of sides of the equality

(̺(1) − ̺(2))t = −(u(1) − u(2)) · ∇̺(1) − u(2) · ∇(̺(1) − ̺(2))

by 3|̺(1) − ̺(2)|(̺(1) − ̺(2)) and integrate by parts on Ω to get

d

dt
‖(̺(1) − ̺(2))(t)‖33 6 3

∫

Ω

|u(1) − u(2)||∇̺(1)||̺(1) − ̺(2)|2 dx

6 3‖̺(1) − ̺(2)‖23
(
∫

Ω

|u(1) − u(2)|3|∇̺(1)|3 dx
)1/3

,

therefore

(3.1)
d

dt
‖(̺(1) − ̺(2))(t)‖3 6

(
∫

Ω

|u(1) − u(2)|3|∇̺(1)|3 dx
)1/3

6 ‖∇(u(1) − u(2))‖‖∇̺(1)‖6.

Integrate (3.1) considering ‖∇̺(1)‖6,∞;T < ∞ to get

(3.2) ‖̺(1)(t)− ̺(2)(t)‖23 6 C(T )‖∇̺(1)‖26,∞;T

∫ T

0

‖∇(u(1)(t)− u(2)(t))‖2 dt.

Step 2. Prove u(1) = u(2). It is obvious that

(3.3) (̺(1)u
(1)
t − ̺(2)u

(2)
t ) + ((̺(1)u(1) · ∇)u(1)

− (̺(2)u(2) · ∇)u(2)) +∇p(1) −∇p(2)

= ν∆(u(1) − u(2))− α(|u(1)|β−1u(1) − |u(2)|β−1u(2)) + (̺(1) − ̺(2))f,

̺(1)(u
(1)
t − u

(2)
t ) + ((̺(1)u(1) · ∇)u(1) − (̺(1)u(2) · ∇)u(2))

− ν∆(u(1) − u(2)) + α(|u(1)|β−1u(1) − |u(2)|β−1u(2))

= − (∇p(1) −∇p(2)) + (̺(1) − ̺(2))f − J,

J := (̺(1) − ̺(2))u
(2)
t + ((̺(1) − ̺(2))u(2) · ∇)u(2).

Multiply (3.3) by z := u(1) − u(2) and integrate on Ω, considering

(̺(1)zt, z) =
1

2

d

dt
‖
√

̺(1)z‖2 − 1

2
(̺

(1)
t z, z) =

1

2

d

dt
‖
√

̺(1)z‖2 + 1

2
((u(1) · ∇̺(1))z, z)

=
1

2

d

dt
‖
√

̺(1)z‖2 − 1

2
((̺(1)z · ∇)u(1), z)− ((̺(1)u(1) · ∇)z, z)
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and

((̺(1)u(1) · ∇)u(1) − (̺(1)u(2) · ∇)u(2), z)

= ((̺(1)(u(1) − u(2)) · ∇)u(1) + (̺(1)u(2) · ∇)(u(1) − u(2)), z)

= ((̺(1)z · ∇)u(1), z) + ((̺(1)u(2) · ∇)z, z),

|((̺(1)u(i) · ∇)z, z)| 6 ν

8
‖∇z‖2 + C‖

√

̺(1)z‖2‖u(i)‖2∞

6
ν

8
‖∇z‖2 + C‖

√

̺(1)z‖2(‖u(i)‖2D(A) + 1), i = 1, 2,

((̺(1)z · ∇)u(1), z) 6
√

̺‖
√

̺(1)z‖‖∇u(1)‖3‖z‖6
6 C‖

√

̺(1)z‖‖∇u(1)‖3‖∇z‖
6

ν

8
‖∇z‖2 + C‖

√

̺(1)z‖2(‖u(1)‖2D(A) + 1),

α(|u(1)|β−1u(1) − |u(2)|β−1u(2), u(1) − u(2)) > 0.

Then we have

(3.4)
1

2

d

dt
‖
√

̺(1)z(t)‖2 + ν

2
‖∇z‖2 6 C‖

√

̺(1)z‖2(‖u(1)‖2D(A) + ‖u(1)‖2D(A) + 1)

+ ((̺(1) − ̺(2))f, z)− (J, z).

Combining the estimates

((̺(1) − ̺(2))f, z)6 C‖z‖6‖̺(1) − ̺(2)‖3‖f‖6
6

ν

8
‖∇z‖2 + C‖̺(1) − ̺(2)‖23‖f‖2W 1,2(Ω),

−(J, z) = ((̺(1) − ̺(2))u
(2)
t , z) + (((̺(1) − ̺(2))u(2) · ∇)u(2), z),

((̺(1) − ̺(2))u
(2)
t , z)6 ‖z‖6‖̺(1) − ̺(2)‖3‖u(2)

t ‖2
6

ν

4
‖∇z‖2 + C‖̺(1) − ̺(2)‖3‖u(2)

t ‖,

(((̺(1) − ̺(2))u(2) · ∇)u(2), z)6 C‖
√

̺(1)z‖‖̺(1) − ̺(2)‖3‖∇u(2)‖‖u(2)‖∞
6 C‖

√

̺(1)z‖‖∇u(2)‖2‖u(2)‖2∞ + ‖̺(1) − ̺(2)‖23
6 C‖

√

̺(1)z‖‖∇u(2)‖2(‖u(2)‖2D(A) + 1) + ‖̺(1) − ̺(2)‖23.

with (3.4) and (3.2) leads to

(3.5)
1

2

d

dt
‖
√

̺(1)z(t)‖2 + ν

4

d

dt

∫ t

0

‖∇z‖2 ds

6 C‖
√

̺(1)z‖2(‖∇u(2)‖2 + 1)(‖u(1)‖2D(A) + ‖u(2)‖2D(A) + 1)

+ C(T )‖∇̺(1)‖26,∞;T

∫ t

0

‖∇z‖2ds(‖f‖W 1,2(Ω)3 + ‖u(2)
t ‖2 + 1).

Applying Gronwall’s lemma to (3.5) considering u
(2)
t ∈ L2(0, T ;H) implies u(1)=u(2).

And u(1) = u(2) leads ̺(1) = ̺(2) with (3.2). �
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