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Abstract. In this paper, we have determined the sharp lower and upper bounds on
the fourth-order Hermitian-Toeplitz determinant for starlike functions with real coeffi-
cients. We also obtained the sharp bounds on the Hermitian-Toeplitz determinants of
inverse and logarithmic coefficients for starlike functions with complex coefficients. Sharp
bounds on the modulus of differences and difference of moduli of logarithmic and inverse
coefficients are obtained. In our investigation, it has been found that the bound on the
third-order Hermitian-Toeplitz determinant for starlike functions and its inverse coefficients
is invariant.
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1. INTRODUCTION

The problem of investigating sharp bound on the coefficients of normalized
analytic functions satisfying certain geometric properties in the unit disk D :=
{]#] < 1: z € C} is one of the most studied topic in the field of Geometric Function
Theory (GFT). The bounds also useful in deriving geometric properties, for instance,
the growth and distortion of an analytic univalent function, can be obtained with
the help of sharp bound on the second coefficient in the case of univalent func-
tions [5]. Other quantities related to coeflicients of normalized univalent functions
like Fekete-Szegd functional, inverse coefficients, logarithmic coefficients, Hankel
determinants, Toeplitz determinants and Hermitian-Toeplitz determinants are also
helpful in determining the nature of the functions and are among the most studied
topics in GFT in recent past [2], [3], [13], [4], [6], [7], [17], [11], [19].
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In what follows, let A denote the class of analytic functions of the form
(1.1) f(2) =24 as2® +az2® +agz* + ...

defined in the unit disk D. Let S denote the subclass of A which contains univalent
functions in D. The class of starlike functions arose during the efforts in searching
the proof of the Bieberbach conjecture (1916) and is considered to be an important
subclass of S, which gave much hope for the trueness of the Bieberbach conjecture.
The class of starlike functions of order « € [0, 1), denoted by §*(«), is the collection
of functions f € S which satisfy

Re (Z}C(ij)> >a, zeD.

The class §* := §*(0) is famous as the class of starlike functions.

Ali et al. [1] found sharp bounds for the symmetric Toeplitz determinants for
univalent functions and typically real functions. Further, the amount of research
work has been done on symmetric Toeplitz and Hankel determinants and their ap-
plications in various fields makes them more interesting. For the sequence (a;) of
coefficients of the function f given by (1.1) in A and given natural numbers ¢,n € N,
the Hermitian-Toeplitz matrix Ty, (f) is given by

Qg Anp+1 B ¢ N |
Apt1 A, cer Optg—2
Ton(f) =
Eln+q_1 dn+q_2 ce Q-

Further simplifications give
(1.2) det(T271(f)) =1- |a2|2 and det(T371(f)) =2Re (a%dg) — 2|a2|2 — |Cl3|2 +1

and
(1.3)
det(Ty1(f)) =1 —2Re (a3a4) + 4 Re (a3a3) — 2 Re (aza3as) + 4 Re (agazay)
+ lag|* = 3lazl® + |as|* — 2|as|* + |az[*|as|* — 2]as|*|as|* — |aa|*.

Cudna et al. [4] began the study on Hermitian-Toeplitz determinants and com-
puted sharp lower and upper bounds for the second- and third-order Hermitian-
Toeplitz determinants for the classes of starlike and convex functions of order o €
[0,1). In 2020, Kumar et al. [16] generalised the works done by Cudna et al. [4]
by investigating the sharp upper and lower bounds for the third-order Hermitian-
Toeplitz determinant det(75 1 (f)) for the classes of Janowski type starlike and convex
functions, which are a generalization of some recent work. Jastrzebski et al. [8]
investigated the sharp upper and lower bounds of the second- and third-order
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Hermitian-Toeplitz determinants for some subclasses of close-to-star functions. In
2021, Kumar [12] discussed the sharp upper and lower bounds for several subclasses
of close-to-convex functions for the second- and third-order Hermitian-Toeplitz deter-
minants. In 2021, Kumar et al. [14] discussed the sharp upper and lower bounds for
the Hermitian-Toeplitz determinant of the third-order det(74,1(f)) for the classes of
strongly starlike functions, lemniscate starlike functions and lune starlike functions.
In 2020, Lecko et al. [18] investigated the sharp upper and lower bounds for the
Hermitian-Toeplitz determinant of the fourth-order for the class of convex functions
and proved that 0 < det(Ty1(f)) < 1.

The above cited works motivate us to investigate the following results and the
paper is arranged as follows: In Section 2, we investigate the sharp upper and lower
bounds on the fourth-order Hermitian-Toeplitz determinant det(74,1(f)) over the
class of starlike functions §* with real coefficients. In the same section, we find the
sharp estimation of the Hermitian-Toeplitz determinants of inverse and logarithmic
coeflicients for starlike functions with complex coefficients. In Section 3, we derive the
sharp bounds on the modulus of differences and difference of moduli of logarithmic
and inverse coefficients. In our investigation, it has been found that the bound
on the third Hermitian-Toeplitz determinant for starlike functions and its inverse
coeflicients is invariant.

The class of functions with positive real part, denoted by P, plays a very important
role while investigating the bounds on the coefficients. The class P is the collection

o)
of functions of the form p(z) = 1+ > ¢,2" for which Re p(z) > 0, z € D. The
=1

e
following lemma plays a key role in the proof of the main results.

oS}
Lemma 1.1 ([20], [21]). Ifp € P such that p(z) := 14 Y, ¢, 2™ with ¢1 > 0, then

n=1
200 =2+ (4 —-c3)¢ and 4dez=c+(4—c3)2-erC+2(4—A)(1 =)

for some (,n € D:={z € C: |z| < 1}.

2. HERMITIAN-TOEPLITZ DETERMINANTS

For the class of convex functions, Cudna et al. [4] proved that det(Tq.1(f)) € [0, 1],
¢ = 2,3 and conjectured that det(T,1(f)) € [0,1], ¢ = 2,3,4,.... Later, Lecko et
al. [18] established the above for ¢ = 4. However, for starlike functions, Cudna [4]
proved that det(T%1(f)) € [—3,1] and det(T31(f)) € [—1,8], see [4], Corollary 3.
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Here we observe that the length of the interval in which det(7y,1(f)) belongs gets
reduced as ¢ increases but interestingly [—3, 1] is not completely contained in [—1, §].
This makes it interesting to know the sharp upper and lower bounds on det(T4 1(f))
when f belongs to the class of starlike functions.

2.1. Real coefficients. The following theorem gives the sharp lower and upper
bounds on the fourth-order Hermitian-Toeplitz determinant when f € §* and having
real coefficients.

Theorem 2.1. Let f € §* be given by (1.1) with a; € R, i = 2,3,4. Then the
following bounds hold:

—20 < det(Tu,1(f)) < 1.

The bounds are sharp. Equality in the upper and lower bounds holds in the case of
the Koebe function k(z) = z/(1—z)? and the identity function fo(z) = z, respectively.

Proof. For each function f(2) = z +a22% + azz® + asz* + ... € S§*, there exists

o0
a function p(z) ;=14 > ¢,2" € P such that
n=1

Comparing coefficients in the above expression, we get
1 2 1 3
(2.1) az =c1, az= 5(02 +¢f) and a4 = 6(263 +3ci1c2 + 7).

Since §* and det(T4,1(f)) are rotationally invariant, it follows that there is no loss
of generality if we set ¢; = ¢ € [0,2] and az € [0,2]. Using (1.3) and (2.1) on
simplification, we get

(2.2)  144det(Ty1(f)) = 144 — 432¢* + 360c* — 76¢° + ¢® + 144¢* Re o
—120¢* Re c3 + 36¢*(Re c2)? + 36¢?|ca|? — 18¢*|c2|?
+9)ca|* — 72|c2|? — 12¢* Re 2 — (8¢° + 16¢) Re ¢3
+ 48cRe (ca63) + 16¢%|c3|* — 16]c3|* — 24cRe (c3é3).

Since ag and a4 are in R, ¢3,c3 € R and (,n € R.
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Now by using Lemma 1.1 and substituting the expressions for ¢2 and ¢ into (2.2),
after a rigourous computation, we find that
(2.3)

1
144 det(Ty 1 (f)) = 196 8 126¢8 + 414t 43202+144+02(4—02)2(Z502—9)(3
3, 61
oo Ol 4\ -2
+ (- (-2 —et - 36c° +36)C+ (4 - 4c+49c><

+ (4 — (8¢5 —20c¢)¢? 4 2¢* (4 — ) (2 1)g2

=34 =) (1= P +4e(® = 1)(4— ) (1 -3¢ - P

+ (4= ?)?(12¢ = 6¢%) (1 = )+ 4(® = 1) (4 = ?)° ( -
- (4—c2)2(_775c4+2102— 18)C2+( ?)? ( )44

= 3¢(4 = AP (1= C)Cn+ (@ - 14— ?)*e(2¢ - CQ) :

We now find the maximum and minimum of ¥(¢, n, ¢) := det(Ty,1(f)) in the cuboid
Q:={(¢(nc)eR* 0<(¢<1,0<n<1, 0<e<2}
For this we will proceed as follows:
Case (I): For ¢ =0 we get

(2.4) det(Ty1(f)) = L —— (144 — 288¢? 4 144¢* — 64(1 — ¢3)*n?),

144
where ¢ € [0,1] and i € [0,1]. Then from (2.4) we can write:

det(Ty 1 (f)) = —— (144 — 288¢% + 144¢" — 64(1 — C2)20%) = ha (G, ).

144

Further computation reveals that the function h has no maximum inside (0, 1) x (0, 1),
whereas on considering the boundary we find that

1= —0="hi(1
ngguhl@ 1) h1(0,0) and gffél[?l hi(¢,m) = 0= hi(1,n),

0 < det(Ty1(f)) < 1.

Case (II): For ¢ =1, (2.3) gives

L (12 30)°(1 20— 160+ (1T + 160)) = ha(C. 7).

det(To(f)) = 5=

A computation reveals that the function hy has no maximum inside (0,1) x (0,1),
whereas on considering the boundary we find that at the point (1,1/2)

h
max 2(6,n) = 15
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Computation reveals that the function hs has no minimum inside (0,1) x (0,1),
whereas on considering the boundary we find that at the point (0, 1)

15
in h =——.
b "G = " 356
Therefore, when ¢ = 1, we have
—15 5
—— < det(T. < —.
D < del(Ti () < o

Case (III): For ¢ = 2, from (2.3) we get
det(T471(f)) = —20.

Case (IV): We now consider the vertices, boundary and interior of the cuboid
and find the maximum and minimum of ¥({,n, ¢) over it.
(a) On the vertices we have:

)
\I/(0,0,0):]., \I/(O,]_,O): §a \I/(].,]_,O):O, \I/(].,0,0):O,

U((,n,2)=-20 VY(¢mn) €]0,1] x [0,1].

(b) Now, critical points on the boundary surface ¢ = 0 of the cuboid Q of the
function

G1(Com) = W(C,m,0) = —— (144 — 288¢% + 144¢* — 64(1 — (2)2?)

144
are obtained by solving the equations
91 _ 991 _
o¢ on

Here we find that the above pair of equations has no solution in (¢, n) € (0,1) x (0, 1).
(c¢) On the boundary face ¢ = 2 of the cuboid,

gQ(C) 77) = \II(CJ% 2) = —20.
(d) On the boundary face ¢ = 0 of the cuboid © we have

23 7 1
g3(n,c) :=0(0,n,¢) =1 —3c*+ §c4 - gcﬁ + 2—5668

1 1
+ 4_865(62 —4)n+ %(02 —4)%( = n*.
For the critical points we solve the equations
993 _ 993 _
on dc
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and thus, we find that this pair of equations has only solution (0.8660,1.1547) in
(n,¢) € (0,1) x (0,2) and g3(0.8660,1.1547) = 6.1756 x 10~ %(nearly zero). The
vertices (0, 0), (0, 2), (1, 0), (1, 2) and boundary points (0, 0.921), (1, 0.8330),
(1,1.15865) are the critical points on the boundary of the face ¢ = 0 of the cuboid and

5
93(0a0) =1, 93(0a2) = —20, 93(170) = 5; 93(172) =1,

93(0,0.921) = —0.00813, ¢3(1,0.8330) = —0.1094, g¢3(1,1.1586) = 0.00125.

(e) On the boundary face ¢ = 1 of the cuboid 2, we have

1
MCQ(_M + 144¢* — 84¢* + ¢8) < 0.32154 = ¥(1, 7, 1.0510).

(f) On the boundary face 7 = 0 of the cuboid €2, we have

U(1,n,c) =

g4(CaC) = \I/(C,O,C) = (42 - 1)2 + 08(_3 - 2C+ 42)2

2304

1 6 2 3
— g (2110 - 4¢* + ¢7)

1
+ ﬂc4(69 —30¢ —22¢% +6¢% 4 ¢*)

- %8(27 —9¢ — 26¢% + 5¢3 + 4¢H).

The critical points of the function ¥(¢,0,c) are (0.8869,0.49771), (0.3504,1.0388),
(0.2164, 0.9658), (0.3553,0.9644), (0.5,0.8944) and (0.5,0.8944) in (C,c) € (0,1) x
(0,2). Further computation reveals that

94(0.8869,0.49771) ~ —0.01211 < g4(¢, ¢) < 0.00072 ~ g4(0.3504, 1.0388).

Also, for the points (0,0.9217), (0,1.1675), (1,1.0510) on the boundary of the face
1 = 0 of the cuboid 2, we have

92(0,0.9217) = —0.008132, ¢4(0,1.1675) = 0.0499 and g4(1,1.05107) = —0.3215.

(g) On the boundary face n = 1 of the cuboid 2, we have

g5(Ca C) = \I/(C, ]-7 C)'

Now the equations
o0 _ 005 _,
o¢ Jc
have solutions (0.7752, 0.6414), (0.08032, 1.1284), (0.2722, 1.0529), (0.5448, 1.00792)
and (0.3627, 0.8846) in (0,1) x (0,2). Further, the function g5({,c) achieves maxi-
mum at the point (0.2722, 1.0529) and minimum at the point (0.7752, 0.6414), also
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95(0.2722,1.0529) = 0.001669 and ¢5(0.7752,0.6414) = —0.038246. On the other
possible points of extrema, we find that g5(0,0.83305) = —0.109401, ¢5(0, 1.15865) =
0.00125, g5(1,0.24197) = —0.00319, g5(1,0.0510) = —0.00028.

(h) We now proceed to investigate extrema of the function ¥ inside the domain .
For this, we investigate critical points of ¥({, 7, ¢) in the interior of the cuboid §2 by

solving
O (Gn.c) _ 0%(Gmc) _ 9¥(Gme)
¢ on dc '
Here we find that
ofGme) _
on
holds for
B —1)2 —4e3¢(5¢ — T) + 4e¢(11¢ — 10)
e 8@ =@ - D@ -1 ’
where ¢ # 1,2 and ¢ # 1. Further, on substituting the value of 79, we have
af(ga 7o, C)
8C # 07

which ascertains that there is no real solution in the interior of the cuboid 2. Putting
the conclusions of all the above cases together, we get the desired bounds.

To verify the sharpness of the result, consider the Koebe function k(z) =
z/(1 —2)% € §*. For this function, a,, = n (n = 2,3,4,...). Substituting a, = n
into (1.3), we find that det(T4,1(f)) = —20. This confirms the sharpness of the lower
bound. The upper bound is also sharp as equality holds in the case of the function
fo(2) = z. This ends the proof. O

2.2. Inverse coefficients. It is well-known that the univalent function f € S
has an inverse f~! having the Taylor series expansion of the form

(2.5) fH(w) = w+ Z Apw"”
n=2

valid at least in the disk of radius % centered at the origin as the inverse of a univalent
function need not to be univalent in the whole unit disk D. Léwner [22] found that
estimate |A,| < (2n)!/(nl(n+1)!) (n = 2,3,...) is sharp for the classes S and S* with
equality in the case of the Koebe function k(z) = z/(1 — 2)2. For recent development
one can refer to [15]. For the inverse coefficients, it would be interesting to see
the bound on det(751(f1)) for starlike function. Note that Cudna [4] proved that
—1 < det(T5,1(f)) < 8 when f € S*.
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Theorem 2.2. Let f € S* be given by (1.1) and the inverse f 1 be given by (2.5).
Then the following bounds are sharp:

—1 < det(T31(f71)) <8,

Proof. For function f € S*, the third-order Hermitian-Toeplitz determi-
nant (1.2) of inverse coefficients is given by

det(T31(f 1)) = 2Re (A2A43) — 2|A2]? — |A3]* + 1.

On substituting Ay = —ay and A3z = 2a3 — a3 and by using (2.1), on simplification
we get
1
det(T51(f 1) = 1(301l +2c2Re ¢o — 8¢ — |ca]?) + 1.

Now by using Lemma 1.1 and rearranging the terms, the above expression simpli-
fies to

(26)  det(Tya(77) = 7 (15¢* 3267 +263(4 = ) Re ¢ — (4= PIC) +1

Since Re ¢ < |¢| =z € [0, 1], it follows that

det(Ts51(f 1)) < 11—6(15c4 =32 + 2 (4 — A)|¢| - (4 - A)?CP) + 1
= 11—6(15(:4 —32c2 + 224 — A)x — (4 — A)*2?) + 1
=: (e, ).

Now we will find max over the region [0, 2] x [0, 1]. For this we proceed as follows:
(A) On the boundary of [0,2] x [0, 1], it is easy to arrive at:

P(0,2) < —2?+1<1, ¥(2,2) <

Y(c,0) < %6(1504 —32¢%) 4+ 1<8, (e, 1) <

8,
Z —c2<8.

(B) We now consider the inside of the rectangle [0,2] x [0, 1]. Let (¢, z) € (0,2) x
(0,1). Here we see that

Ople,x) o . N
ax =0 if and Only if r =Ty = m
Further,
0Y(c, x0) 2 2 _
e (¢c"=1)"=0
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for ¢ = 1 and the only critical point of ¢ in (0,2) x (0,1) is (1,1/3) and (1,1/3) =
—i. Based on the above discussion, we conclude that

(2.7) det(T5.1(f~1)) < max{—i, 1,88, 8} — 8.

To calculate the lower bound, we use the fact that —|¢| < Re ¢ and (2.6). There-
fore, with the setting || = x € [0, 1] we have

det(Tz1(f71)) > 11—6(1504 —322 =224 - )¢ - 4 -AHP) +1
= 11—6(1504 —32¢% —2c%(4 — A)r — (4 — A)?2?) + 1
=: ¢(c, x).

(A1) On the boundary of [0,2] x [0, 1], it is easy to arrive at:

e(0,2) > -2 +1>0, ¢2,2)>8,
1

= ole, 1) = 02(02 —-2) > -1.

1
©(c,0) > 1—6(1504 —32¢%) + 1> —

(B1) Now consider the interior of [0,2] x [0,1] and let (¢,z) € (0,2) x (0,1).
Further computation reveals that the function ¢ has no minimum inside the domain
(0,2) x (0,1). The above discussion reveals that

(2.8) det(T3,1(f ")) = min{0,8,-1/15, -1} = —1.

Therefore, putting together the estimates in (2.7) and (2.8), we get the required
result.
The lower bound is sharp as equality holds for the function h given by

z _ 2
h(z)—zexp(/ Lt)t 1dt>, p(2) 17222—1—22—244—...
0

:1—z+22

and equality in the upper bound occurs in the case of the Koebe function k(z) =
z/(1 — 2)%. This completes the proof. O

2.3. Logarithmic coefficients. The logarithmic coefficients and the Milin’s con-
jecture, which implies the Bieberbach conjecture, are very much related. For univa-
lent function f € S, the logarithmic coefficients ; are related as

(2.9) F¢(z) :=log @ =2 i w2", ze€D.
n=1
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The sharp estimates on the initial two logarithmic coefficients are known for the
class of univalent functions S. Thomas [24] obtained that the estimate |y,| < 1/n
is sharp for the class of starlike functions with equality in the case of the Koebe
function k(z) = z/(1 — 2)?%. For recent development one may refer to [15].

Inspired by the work done and the importance of the logarithmic coefficient in
proving the Bieberbach conjecture, Kowalczyk and Lecko [9], [10] investigated the
sharp bound on the second-order Hermitian-Toeplitz determinant. In the similar
concept, we consider the second-order Hermitian-Toeplitz determinant of logarithmic
coefficients for univalent functions. For a univalent function f € S, the logarithmic
coefficients 7; are related as given in (2.9). The second-order Hermitian-Toeplitz
matrix To 1 (Fy/2) is given by

F
(%) =2,
2 T2 M

and therefore, det(T% 1(Ff/2)) = 7% — |72|%. The next theorem gives the sharp lower
and upper bounds on det(7% 1 (Fy/2)).

Theorem 2.3. Let f € S* be given by (1.1). Then the following bounds are

sharp:
F 3
o (m (%) <

1
4
Proof. Let f € §*. Then from (2.9) we have y; = az/2 and 2 = (a3 —a3/2)/2.
Using these in det(T%,1(Ff/2)) = vi — |72|* and using (2.1), on simplification we get
Fy 1
det (Tm(?)) = = (4ct — |eal?).

Now by using Lemma 1.1 and rearranging the terms, the above expression simpli-
fies to

F 1 1

det (Tz,l(—f)) = - — — (4= + 234 - A)Re C).

2 4 64
Since the class S* and the functional det(T51(Fy/2)) are rotationally invariant,
there is no harm in considering ¢; =: ¢ € [0,2]. Since Re ¢ > —|(|, |¢| = = € [0,1],
it follows that

Ly

det (T271 (7)) < icQ - é(c4 + (4 — A)2%2? =262 (4 — A)x) = i (c, z).

Now we will find max v over the region [0, 2] x [0, 1]. For this we proceed as follows:
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(C1) On the boundary of [0,2] x [0, 1], it is easy to arrive at:

1 3
w1(0,$)<—1x2<07 1/)1(2a$)<1a
1 1 3 1 3
0)< - — —c* <= N —(—c*+82—-4)< =.
wl(c’ ) 4C 64c 47 wl(c7 ) 16( c + C ) 4

Here we note that the upper bounds on the right-hand side of the later two expres-
sions uses the fact that they are increasing functions in ¢ € [0, 2].

We now consider the interior of the rectangle [0, 2] x [0, 1]. Let (¢, z) € (0,2)x (0, 1).
Then the equations

3% (C, J))

——— =0 d ——==
ox o dc
have no simultaneous solution in the considered domain. Therefore,
Fy 333 3
() mefod o)
det(271 5 max 04440 1
(C2) We now proceed to find the minimum for det(T% 1 (Fy/2)). With the notation
¢1 =: ¢ € [0,2] and the fact that Re ¢ < |(] = z € [0, 1], we have
Fy 1, 1

det (TQJ (7)) > yGi a(c4 + (4 — A)?2? + 22 (4 — *)x) =: Pa(c, ).

Now we will find min 15 over the region [0, 2] x [0, 1]. For this we proceed as follows:
On the boundary of [0,2] x [0, 1], for (¢, z) € [0,2] x [0,1], it is easy to arrive at:

1 1 3
¥a(0,2) > —72% > =7, a(2,0) > 7,

1 1 1 1

0)>-c2——c">0 D>=-(2-1)>—-.

wQ(Ca ) 4C 64C ) %(C, ) 4(6 ) 4

The lower bounds on the right-hand side of the later two expressions uses the fact
that they are increasing functions in ¢ € [0, 2].

We now consider the inside of the rectangle [0, 2] x [0,1]. Let (¢, z) € (0,2) x (0, 1).
As before, here we find that the function 2(c, ) has no critical point inside the
domain (0, 2) x (0, 1), and therefore, putting all the conclusions together, we conclude

that 1 7 5
_z _f)) id
< < -
g S det (T“( 2)) S 1
The equality in the upper bound holds in the case of the Koebe function k(z) =
z/(1 — 2)? and in the lower bound it holds for the function f; defined by

1= 22

that is, for the function fo (2) = 2+ 23 + 2% ... This ends the proof. O
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3. DIFFERENCE OF LOGARITHMIC AND INVERSE COEFFICIENTS

The following lemma is due to Sim and Thomas [23] and is going to play the main
role in investigation of the results in this section.

Lemma 3.1 ([23], Proposition 1, p. 5). Let By, Bs and Bs be numbers such that
By >0, By €C, B; € R and By = |[4B2 + 2B3|. Let p € P as in Lemma 1.1. Define
U, (e1,¢2) and U_(c1,¢2) by

\I/+((31,(32) = |BQC% + BgCQ| — |Bl(31| and \I/_(Cl,CQ) = —\I/+(61,CQ).

Then
|4By + 2B3| — 2By if |2By + B3| > |Bs| + B,

U, (cr,62) < {

2| B3| otherwise,
2B1 — By if By > 2|Bs| + Ba,
| 2|Bs .
2B ————— f B2 < 2|Bs|(By + 2|B
\II_(Cl7CQ) < 1 B4+2|Bg| I 1 | 3|( 4+ | 3|);
B2
2|Bs| + ——L—  otherwise.
Bl By + 2|Bs]

Theorem 3.2. Let f € §* be given by (1.1) and the corresponding inverse and
logarithmic coefficients are given by (2.5) and (2.9), respectively. Then the following
bounds, except the lower bound in (iv), are sharp.

(i) [A2 =m| <3 and 0 < [Az] — |11] < 1,

(i) —¥0 < |As] — In| <4,
() 3 < o] o] < 2,
() —2 < |45] - ol < §.

Proof. Let f € S*. Then from (2.5) and (2.9) we have the following relation-
ships:

a9 1 1
Ay = —az, As =243 — as, m=2, 72:5(613—5@3)

and
3

1(@2 n )
=—| = —aoa ay |.
73 5\3 203 4

(i) The fact that |a,| < 2, n = 2,3,4, ..., straightforwardly results in the following
inequalities

3 1
[ 42 = | = glaz|l <3 and Az —[m| = Slaz| < 1.
The bounds are sharp in the case of the Koebe function k(z) = z/(1 — 2)%.
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(ii) Using (2.1), we find that
2 1 2 1 N 1 2
|[As|=|n| = 203 —as| = Slaz| = |2¢1 = 5 (e2 +¢1) |~ 5lea] = 5 (|B2ci+ Bsca| = [ Biea),
where B; =1, B, = 3 and B3 = —1. Now by Lemma 3.1, we obtain that

V6
—5 S sl =Iml<4.
The upper bound is sharp in the case of the Koebe function k(z) = 2/(1—z)?. How-
ever, the equality in the case of the lower bound holds for the function f3 defined by

~ ? - 2+ 22
fe) = e [ 10 ar), o) = L NVOx 2

1— 22

which on simplification gives

(iii) Proceeding as before, we find that

1 1 1 1 1
[s] = hal = | = aa] = |5 (a3 = 503) | = 5 (2laal = las = 5a3]) = lea| = | 2.
Therefore, by using Lemma 3.1, we get
1 3

—= < Ao — |2l € 5.
S < lAal — ol < 5

The sharpness in the upper bound can be confirmed by taking the Koebe function
k(z) = z/(1 — 2)? and the equality in the lower bound occurs in the case of the
function f, defined by (2.10).

(iv) Now using (2.1) we find that

1 1 1 3 1
(sl = el = 123 — a5 — |5 (a3 = 503) | < 5[3¢E = S 2| = 5 (Boch + Bocal = | Brcal),
2 2 2 2 2
where B; =0, B2 = 3 and B3 = —3/2. Now by using Lemma 3.1, we obtain
9
|As| — 2| < >

For the lower bound we have

1 1 3 3 3

sl = bral > 5 (136 = cal = Sleal) > Sleal? = Zleal > 3.
The sharpness in the upper bound can be confirmed by taking the Koebe function
k(z) = z/(1 — 2z)2. This completes the proof. O

Remark 3.3. It would be interesting to evaluate how close v,,, and A,, are, that
is, to evaluate the bounds on |v,,| — |A,| and on |y, — A,|.
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