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Abstract. We first consider the finite time stability of second order linear differential
systems with pure delay via giving a number of properties of delayed matrix functions.
We secondly give sufficient and necessary conditions to examine that a linear delay system
is relatively controllable. Further, we apply the fixed-point theorem to derive a relatively
controllable result for a semilinear system. Finally, some examples are presented to illustrate
the validity of the main theorems.
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1. Introduction

A delay differential system is an impressive mathematical model and simulta-

neously provides an available tool to depict various processes in mechanical and

technical systems. In addition, it is necessary to make use of such systems to model

a number of phenomena in scientific and technological problems. During the past

few decades, most previously published studies have focused on asymptotic stability,
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control problems finite time stability, and the representation of solutions of linear

and nonlinear or fractional order delay systems; see for examples [1]–[4], [7], [14],

[16], [17], and the references cited therein.

Lyapunov stability, asymptotic stability, and exponential stability concerned with

the behavior of systems within an infinite time interval have been extensively studied

in [9]–[12], [19] with the help of linear matrix inequality and Gronwall’s integral in-

equality. However, few researchers have been able to draw on systematic research into

finite time stability (FTS) concerned with the behavior of systems over a finite inter-

vals. The relative controllability and related problems of linear systems represented

by different types of delay systems have been investigated in [8], [15], [20], [13].

In [7], the authors introduced the notations of delayed matrix cosine and delayed

matrix sine for solving the following oscillating system with pure delay:

(1.1)

{
z′′(x) +A2z(x− ϑ) = g(x), x > 0, z(x) ∈ R

n,

z(x) = ψ(x), z′(x) = ψ′(x), −ϑ 6 x 6 0,

providing detA 6= 0. In [13], the authors introduced a delay Grammian matrix, which

was used to establish sufficient and necessary conditions of controllability for (1.1).

Very recently, Elshenhab and Wang [3] dropped the invertible condition on the

matrix A and studied the explicit representation of solutions of linear systems with

pure delay:

(1.2)

{
z′′(x) +Az(x− ϑ) = g(x), x ∈ J := [0, T ], z(x) ∈ R

n,

z(x) = ψ(x), z′(x) = ψ′(x), −ϑ 6 x 6 0,

where A ∈ R
n×n is a constant coefficients matrix, g ∈ C(J,Rn) is a given func-

tion, T = kϑ for a fixed k ∈ N := {0, 1, 2, . . .}, ϑ is a fixed delay time, and
ψ ∈ C2([−ϑ, 0],Rn) determines initial conditions. The authors introduced the

notation of delayed matrix functions Hϑ(A·) and Mϑ(A·) (see [4], Definition 1
or Definition 2.1) for (1.2). The solution z of (1.2) can be given by (see [4],

Corollary 1 or 2):

(1.3) z(x) =





Hϑ(Ax)ψ(−ϑ) +
∫ 0

−ϑ

Mϑ(A(x− ϑ− s))ψ′′(s) ds

+Mϑ(Ax)ψ
′(−ϑ) +

∫ x

0

Mϑ(A(x − ϑ− s))g(s) ds, x ∈ J,

ψ(x), −ϑ 6 x 6 0.
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Motivated by [3], we study the FTS of (1.2) and the relative controllability of

control systems with delay governed by:

(1.4)

{
z′′(x) +Az(x− ϑ) = Bu(x), x ∈ J, z(x) ∈ R

n,

z(x) = ψ(x), z′(x) = ψ′(x), −ϑ 6 x 6 0,

and

(1.5)

{
z′′(x) +Az(x− ϑ) = f(x, z(x)) +Bu(x), x ∈ J, z(x) ∈ R

n,

z(x) = ψ(x), z′(x) = ψ′(x), −ϑ 6 x 6 0,

where B ∈ R
n×n, f : J × R

n → R
n and u ∈ L2(J,Rn).

The rest of the paper is organized as follows. Firstly, we give some sufficient

conditions to guarantee that (1.2) is FTS by researching the estimation ofHϑ(A·) and
Mϑ(A·). Secondly, we establish a delayed Grammian matrix and rank criterion to
guarantee that (1.4) is relatively controllable. Further, we construct a suitable control

function and apply Krasnoselskii’s fixed point to derive relatively controllable of (1.5).

Finally, some examples are presented to illustrate the validity of the main theorems.

2. Preliminaries

Let ‖z‖ =
n∑

i=1

|zi| and ‖A‖ = max
16j6n

n∑
i=1

|aij | be the vector norm and matrix norm,
respectively. Denote by C(J,Rn) the Banach space of a vector-value continuous

function from J → R
n endowed with the norm ‖z‖ = max

s∈[0,T ]
‖z(s)‖. Let X,Y be

the Banach spaces, Lb(X,Y ) denote the space of all bounded linear operators, and

L2(J, Y ) denote the Banach space of all the Bochner-integrable functions endowed

with the norm ‖·‖L2(J,Y ). In addition, we let ‖ψ‖C = max
s∈[−ϑ,0]

‖ψ(s)‖, ‖ψ′‖C =

max
s∈[−ϑ,0]

‖ψ′(s)‖ and ‖ψ′′‖C = max
s∈[−ϑ,0]

‖ψ′′(s)‖.

Definition 2.1 (see [4], Definition 1). The delayed matrix function Hϑ(A·) :
R → R

n×n is given by

(2.1) Hϑ(Ax) =





Θ, −∞ < x < −ϑ,
E, −ϑ 6 x < 0,

E −A
x2

2!
, 0 6 x < ϑ,

E −A
x2

2!
+ . . .+ (−1)kAk (x− (k − 1)ϑ)2k

(2k)!
,

(k − 1)ϑ 6 x < kϑ, k ∈ N,
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andMϑ(A·) : R → R
n×n is given by

(2.2) Mϑ(Ax) =





Θ, −∞ < x < −ϑ,
E(x+ ϑ), −ϑ 6 x < 0,

E(x+ ϑ)−A
x3

3!
, 0 6 x < ϑ,

E(x+ ϑ)−A
x3

3!
+ . . .+ (−1)kAk (x− (k − 1)ϑ)2k+1

(2k + 1)!
,

(k − 1)ϑ 6 x < kϑ, k ∈ N,

where Θ and E denote the zero and identity matrices, respectively.

Definition 2.2 (see [9]). System (1.2) is FTS with respect to {0, J, ϑ, δ, β} if
and only if ‖ψ‖C < δ implies ‖z(x)‖ < β for all x ∈ [0, T ], where δ < β.

Definition 2.3. System (1.4) is called relatively controllable if for an arbitrary

initial function ψ ∈ C2, the terminal state z1 ∈ R
n with z1 > 0, ∃u∗ ∈ L2(J,Rn)

such that

(2.3)

{
z′′(x) +Az(x− ϑ) = Bu∗(x), x ∈ [0, x1], x1 > 0,

z(x) = ψ(x), z′(x) = ψ′(x), −ϑ 6 x 6 0,

there exists a solution z(x, u∗) := z∗(x) satisfying z∗(x) = ψ(x), −ϑ 6 x 6 0, and

z∗(x1) = z1.

Definition 2.4. System (1.5) is called relatively controllable if for an arbitrary

initial function ψ ∈ C2, the terminal state z1 ∈ R
n, ∃u ∈ L2(J,Rn) such that (1.5)

there exists a solution z(x, u) := z(x) satisfying z(x) = ψ(x), −ϑ 6 x 6 0, and

z(x1) = z1.

Lemma 2.1. A solution of (1.4) has the following form:

(2.4) z(x) =





Hϑ(Ax)ψ(−ϑ) +
∫ 0

−ϑ Mϑ(A(x− ϑ− s))ψ′′(s) ds

+Mϑ(Ax)ψ
′(−ϑ) +

∫ x

0 Mϑ(A(x − ϑ− s))Bu(s) ds, x > 0,

ψ(x), −ϑ 6 x 6 0,

Obviously, a solution of (1.5) has the following form:

z(x) =





Hϑ(Ax)ψ(−ϑ) +
∫ 0

−ϑ

Mϑ(A(x − ϑ− s))ψ′′(s) ds

+Mϑ(Ax)ψ
′(−ϑ) +

∫ x

0

Mϑ(A(x − ϑ− s))f(s, z(s)) ds

+

∫ x

0

Mϑ(A(x− ϑ− s))Bu(s) ds, x > 0,

ψ(x), −ϑ 6 x 6 0,
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Lemma 2.2. For any x ∈ ((k − 1)ϑ, kϑ] and k ∈ N, we have

‖Hϑ(Ax)‖ 6 cosh(
√

‖A‖x), ‖Mϑ(Ax)‖ 6 Ψ1(x),

where

Ψ1(x) =





ϑ+

k∑

i=0

‖A‖i x2i+1

(2i+ 1)!
, ‖A‖ > 1,

ϑ+
1

2
(ex − e−x) = ϑ+ sinh(x), 0 < ‖A‖ 6 1.

P r o o f. By the formula of (2.1) and (2.2), we have

‖Hϑ(Ax)‖ 6 1 + ‖A‖x
2

2!
+ . . .+ ‖A‖k (x− (k − 1)ϑ)2k

(2k)!

6 1 + ‖A‖x
2

2!
+ ‖A‖2x

4

4!
+ . . .+ ‖A‖k x2k

(2k)!

6
1

2
(e
√

‖A‖x + e−
√

‖A‖x) = cosh(
√
‖A‖x),

‖Mϑ(Ax)‖ 6 (x+ ϑ) + ‖A‖x
3

3!
+ . . .+ ‖A‖k (x− (k − 1)ϑ)2k+1

(2k + 1)!

6 (x+ ϑ) + ‖A‖x
3

3!
+ ‖A‖2x

5

5!
+ . . .+ ‖A‖k x2k+1

(2k + 1)!

6





ϑ+

k∑

i=0

‖A‖i x2i+1

(2i+ 1)!
, ‖A‖ > 1,

ϑ+
1

2
(ex − e−x) = ϑ+ sinh(x), 0 < ‖A‖ 6 1.

The proof is completed. �

Lemma 2.3. For any x ∈ ((k − 1)ϑ, kϑ] and k ∈ N, we have

∫ 0

−ϑ

‖Mϑ(A(x − ϑ− s))‖ ds 6
k+1∑

j=1

‖A‖j−1

(2j)!
(x− (j − 2)ϑ)2j

−
k∑

j=1

‖A‖j−1

(2j)!
(x − (j − 1)ϑ)2j .
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P r o o f. According to Definition 2.1 andMϑ(A·), we obtain
∫ 0

−ϑ

‖Mϑ(A(x − ϑ− s))‖ ds

=

∫ x−kϑ

−ϑ

‖Mϑ(A(x − ϑ− s))‖ ds+
∫ 0

x−kϑ

‖Mϑ(A(x − ϑ− s))‖ ds

6

k∑

j=1

‖A‖j−1

∫ 0

−ϑ

(x− (j − 1)ϑ− s)2j−1

(2j − 1)!
ds

+ ‖A‖k
∫ x−kϑ

−ϑ

(x− kϑ− s)2k+1

(2k + 1)!
ds

6

k+1∑

j=1

‖A‖j−1

(2j)!
(x − (j − 2)ϑ)2j −

k∑

j=1

‖A‖j−1

(2j)!
(x− (j − 1)ϑ)2j .

The proof is completed. �

Lemma 2.4. For any x ∈ ((k − 1)ϑ, kϑ] and k ∈ N, we have

∫ 0

−ϑ

‖Mϑ(A(x − ϑ− s))‖‖ψ′′(s)‖ ds

6

k∑

j=1

‖A‖j−1

(2j − 1)!
(x− (j − 1)ϑ)2j−1

∫ 0

−ϑ

‖ψ′′(s)‖ ds

+
‖A‖k‖ψ′′‖C
(2k + 2)!

(x− (k − 1)ϑ)2k+2.

P r o o f. By Lemma 2.3, we have

∫ 0

−ϑ

‖Mϑ(A(x − ϑ− s))‖‖ψ′′(s)‖ ds

6

k∑

j=1

‖A‖j−1

(2j − 1)!
(x− (j − 1)ϑ)2j−1

∫ 0

−ϑ

‖ψ′′(s)‖ ds

+ ‖A‖k
∫ x−kϑ

−ϑ

(x− kϑ− s)2k+1

(2k + 1)!
‖ψ′′(s)‖ ds

6

k∑

j=1

‖A‖j−1

(2j − 1)!
(x− (j − 1)ϑ)2j−1

∫ 0

−ϑ

‖ψ′′(s)‖ ds

+
‖A‖k‖ψ′′‖C
(2k + 2)!

(x− (k − 1)ϑ)2k+2.

The proof is completed. �
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3. Finite time stability and relative controllability of linear systems

Define

Ψ2(x) =

k+1∑

j=1

‖A‖j−1

(2j)!
(x− (j − 2)ϑ)2j −

k∑

j=1

‖A‖j−1

(2j)!
(x− (j − 1)ϑ)2j ,

Ψ3(x) =

k∑

j=1

‖A‖j−1

(2j − 1)!
(x− (j − 1)ϑ)2j−1

∫ 0

−ϑ

‖ψ′′(t)‖ dt

+
‖A‖k‖ψ′′‖C
(2k + 2)!

(x− (k − 1)ϑ)2k+2.

3.1. Finite time stability. Now we are ready to give the FTS results.

Theorem 3.1. If

(3.1) cosh(
√
‖A‖x)‖ψ(− ϑ)‖+Ψ1(x)‖ψ′(−ϑ)‖+Ψ2(x)‖ψ′′‖C

+ ‖g‖
k∑

j=1

‖A‖j−1

(2j)!
(x− (j − 1)ϑ)2j < β ∀x ∈ J,

then (1.2) is FTS with respect to {0, J, ϑ, δ, β}.

P r o o f. By (1.3), we have

(3.2) z(x) = Hϑ(Ax)ψ(−ϑ) +Mϑ(Ax)ψ
′(−ϑ)

+

∫ 0

−ϑ

Mϑ(A(x − ϑ− s))ψ′′(s) ds+

∫ x

0

Mϑ(A(x− ϑ− s))g(s) ds.

By Lemmas 2.2 and 2.3 via (4.1), we have

‖z(x)‖ 6 ‖Hϑ(Ax)‖‖ψ(−ϑ)‖ +
∫ 0

−ϑ

‖Mϑ(A(x − ϑ− s))‖‖ψ′′(s)‖ ds

+ ‖Mϑ(Ax)‖‖ψ′(−ϑ)‖+
∫ x

0

‖Mϑ(A(x − ϑ− s))‖‖g(s)‖ ds

6 cosh(
√
‖A‖x)‖ψ(−ϑ)‖ +Ψ1(x)‖ψ′(−ϑ)‖ +Ψ2(x)‖ψ′′‖C

+ ‖g‖
k∑

j=1

‖A‖j−1

(2j)!
(x− (j − 1)ϑ)2j

< β.

The proof is completed. �
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Theorem 3.2. If

(3.3) cosh(
√
‖A‖x)‖ψ(− ϑ)‖+Ψ1(x)‖ψ′(−ϑ)‖+Ψ3(x)

+ ‖g‖
k∑

j=1

‖A‖j−1

(2j)!
(x− (j − 1)ϑ)2j < β ∀x ∈ J,

then (1.2) is FTS with respect to {0, J, ϑ, δ, β}.

P r o o f. By Lemmas 2.2 and 2.4 via (4.3), we have

‖z(x)‖ 6 ‖Hϑ(Ax)‖‖ψ(−ϑ)‖ +
∫ 0

−ϑ

‖Mϑ(A(x − ϑ− s))‖‖ψ′′(s)‖ ds

+ ‖Mϑ(Ax)‖‖ψ′(−ϑ)‖+
∫ x

0

‖Mϑ(A(x − ϑ− s))‖‖g(s)‖ ds

6 cosh(
√
‖A‖x)‖ψ(−ϑ)‖ +Ψ1(x)‖ψ′(−ϑ)‖ +Ψ3(x)

+ ‖g‖
k∑

j=1

‖A‖j−1

(2j)!
(x− (j − 1)ϑ)2j

< β.

The proof is completed. �

3.2. Relative controllability. We study the relative controllability of (1.4) with

ϑ > 0. We introduce the delayed Grammian matrix as follows:

(3.4) Wϑ[−ϑ, x1] =
∫ x1

0

Mϑ(A(x1 − ϑ− s))BB⊤Mϑ(A
⊤(x1 − ϑ− s)) ds,

where ⊤ denotes the transpose of the matrix.
We now will give the delayed Grammian matrix criterion result.

Theorem 3.3. Wϑ[−ϑ, x1] is nonsingular matrix if and only if (1.4) is relatively
controllable.

P r o o f. Sufficiency. SinceWϑ[−ϑ, x1] is a nonsingular matrix, which guarantees
thatW−1

ϑ [−ϑ, x1] exists. For an arbitrary z1 ∈ R
n, one can select u ∈ L2(J,Rn) such

that

(3.5) u(s) = B⊤Mϑ(A
⊤(x1 − ϑ− s))W−1

ϑ [−ϑ, x1]ξ,

where

(3.6) ξ = z1−Hϑ(Ax1)ψ(−ϑ)−Mϑ(Ax1)ψ
′(−ϑ)−

∫ 0

−ϑ

Mϑ(A(x1−ϑ−s))ψ′′(s) ds.
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Inserting (3.5) in (2.4), we have:

(3.7)

z(x1) = Hϑ(Ax1)ψ(−ϑ) +
∫ 0

−ϑ

Mϑ(A(x1 − ϑ− s))ψ′′(s) ds+Mϑ(Ax1)ψ
′(−ϑ)

+

∫ x1

0

Mϑ(A(x1 − ϑ− s))BB⊤Mϑ(A
⊤(x1 − ϑ− s)) dsW−1

ϑ [−ϑ, x1]ξ.

Linking (3.4) and (3.7) via (3.6), we obtain:

z(x1) = Hϑ(Ax1)ψ(−ϑ) +Mϑ(Ax1)ψ
′(−ϑ) +

∫ 0

−ϑ

Mϑ(A(x1 − ϑ− s))ψ′′(s) ds+ ξ

= z1.

According to Definition 2.3, the system (1.4) is relatively controllable.

Necessity. Suppose Wϑ[−ϑ, x1] is singular. There exists at least one nonzero state
ẑ ∈ R

n such that ẑ⊤Wϑ[−ϑ, x1]ẑ = 0. Therefore, we have

0 = ẑ⊤Wϑ[−ϑ, x1]ẑ =
∫ x1

0

ẑ⊤Mϑ(A(x1 − ϑ− s))BB⊤Mϑ(A
⊤(x1 − ϑ− s))ẑ ds

=

∫ x1

0

(ẑ⊤Mϑ(A(x1 − ϑ− s))B)(ẑ⊤Mϑ(A(x1 − ϑ− s))B)⊤ ds

=

∫ x1

0

‖ẑ⊤Mϑ(A(x1 − ϑ− s))B‖2 ds,

which implies that

(3.8) ẑ⊤Mϑ(A(x1 − ϑ− s))B = (0, . . . , 0︸ ︷︷ ︸
n

) := 0
⊤ ∀ s ∈ [0, x1].

Note that (1.4) is relatively controllable. Therefore, there exists ũ ∈ L2(J,Rn)

that drives the initial state to zero at x1, i.e.,

(3.9) z(x1) = Hϑ(Ax1)ψ(−ϑ) +
∫ 0

−ϑ

Mϑ(A(x1 − ϑ− s))ψ′′(s) ds

+Mϑ(Ax1)ψ
′(−ϑ) +

∫ x1

0

Mϑ(A(x1 − ϑ− s))Bũ(s) ds

= 0.

There exists û ∈ L2(J,Rn) that drives the initial state to ẑ 6= 0 at x1, i.e.,

(3.10) z(x1) = Hϑ(Ax1)ψ(−ϑ) +
∫ 0

−ϑ

Mϑ(A(x1 − ϑ− s))ψ′′(s) ds

+Mϑ(Ax1)ψ
′(−ϑ) +

∫ x1

0

Mϑ(A(x1 − ϑ− s))Bû(s) ds

= ẑ.
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Combining (3.9) and (3.10) gives

(3.11) ẑ =

∫ x1

0

Mϑ(A(x1 − ϑ− s))B(ũ(s)− û(s)) ds.

Multiplying by ẑ⊤ of (3.11), we get

ẑ⊤ẑ =

∫ x1

0

ẑ⊤Mϑ(A(x1 − ϑ− s))B(ũ(s)− û(s)) ds.

By (3.8), one can obtain ẑ⊤ẑ = 0, which conflicts with ẑ 6= 0. Thus Wϑ[−ϑ, x1] is
nonsingular. The proof is completed. �

We next will establish the rank criterion result.

Theorem 3.4. System (1.4) is relatively controllable if and only if x1 > (n− 1)ϑ

and rankSn = n, where Sn = [B,AB,A2B, . . . , An−1B].

P r o o f. Sufficiency. Let (1.4) be not relatively controllable and rankSn = n.

By Theorem 3.3, Wϑ[−ϑ, x1] is singular, i.e., there at least exists one nonzero state
z ∈ R

n such that

0 = z⊤Wϑ[−ϑ, x1]z =

∫ x1

0

z⊤Mϑ(A(x1 − ϑ− s))BB⊤Mϑ(A
⊤(x1 − ϑ− s))z ds

=

∫ x1

0

(z⊤Mϑ(A(x1 − ϑ− s))B)(z⊤Mϑ(A(x1 − ϑ− s))B)⊤ ds,

which implies that

z⊤Mϑ(A(x1 − ϑ− s))B = 0 ∀ s ∈ [0, x1].

Let x = x1 − ϑ− s and we have

(3.12) z⊤Mϑ(Ax)B = 0 ∀x ∈ [−ϑ, x1 − ϑ].

By (3.12), taking the derivative 2n times and then taking x = nϑ, we have

z⊤B = 0, z⊤AB = 0, z⊤A2B = 0, . . . , z⊤An−1B = 0,

that is z⊤[B,AB,A2B, . . . , An−1B] = 0. By using z 6= 0, we can know that the

rankSn < n. So, (1.4) is relatively controllable.

Necessity. Assume (1.4) is relatively controllable, namely, for arbitraryψ(·), z1 and
x1, there exists a control function u

∗(·) such that (2.3) has a solution z(x, u∗) := z∗(x)

that satisfies z∗(x) = ψ(x), −ϑ 6 x 6 0, and z∗(x1) = z1.
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By Lemma 2.1, a solution of (1.4) can be given by

z(x) =





Hϑ(Ax)ψ(−ϑ) +
∫ 0

−ϑ

Mϑ(A(x − ϑ− s))ψ′′(s) ds

+Mϑ(Ax)ψ
′(−ϑ) +

∫ x

0 Mϑ(A(x− ϑ− s))Bu(s) ds, x ∈ J,

ψ(x), −ϑ 6 x 6 0.

Letting u(·) = u∗(·) and x = x1, we have

(3.13) z1 = Hϑ(Ax1)ψ(−ϑ) +
∫ 0

−ϑ

Mϑ(A(x1 − ϑ− s))ψ′′(s) ds

+Mϑ(Ax1)ψ
′(−ϑ) +

∫ x1

0

Mϑ(A(x1 − ϑ− s))Bu∗(s) ds.

Let ξ satisfy the following equation:

(3.14) ξ = z1−Hϑ(Ax1)ψ(−ϑ)−Mϑ(Ax1)ψ
′(−ϑ)−

∫ 0

−ϑ

Mϑ(A(x1−ϑ−s))ψ′′(s) ds.

For x1 ∈ ((k − 1)ϑ, kϑ] and k ∈ N
+ := {1, 2, . . .}, one can get

∫ x1

0

Mϑ(A(x1 − ϑ− s))Bu∗(s) ds

=

∫ x1−(k−1)ϑ

0

(
E(x1 − s)−A

(x1 − ϑ− s)3

3!
+A2 (x1 − 2ϑ− s)5

5!
+ . . .

+ (−1)k−1Ak−1 (x1 − (k − 1)ϑ− s)2k−1

(2k − 1)!

)
Bu∗(s) ds

+

∫ x1−(k−2)ϑ

x1−(k−1)ϑ

(
E(x1 − s)−A

(x1 − ϑ− s)3

3!
+ . . .

+ (−1)k−2Ak−2 (x1 − (k − 2)ϑ− s)2k−3

(2k − 3)!

)
Bu∗(s) ds

+

∫ x1−ϑ

x1−2ϑ

(
E(x1 − s)−A

(x1 − ϑ− s)3

3!

)
Bu∗(s) ds

+

∫ x1

x1−ϑ

E(x1 − s)Bu∗(s) ds

= B

∫ x1

0

(x1 − s)u∗(s) ds−AB

∫ x1−ϑ

0

(x1 − ϑ− s)3

3!
u∗(s) ds+ . . .

+ (−1)k−1Ak−1B

∫ x1−(k−1)ϑ

0

(x1 − (k − 1)ϑ− s)2k−1

(2k − 1)!
u∗(s) ds.
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Set

Φ1(x1) =

∫ x1

0

(x1 − s)u∗(s) ds,

Φ2(x1) =

∫ x1−ϑ

0

(x1 − ϑ− s)3

3!
u∗(s) ds,

...

Φk(x1) =

∫ x1−(k−1)ϑ

0

(x1 − (k − 1)ϑ− s)2k−1

(2k − 1)!
u∗(s) ds.

Noting (3.13) and (3.14), we have

(3.15) BΦ1(x1)−ABΦ2(x1) + . . .+ (−1)k−1Ak−1BΦk(x1) = ξ.

Because (1.4) is relatively controllable, (3.15) has a solution for an arbitrary ξ. It

follows from the Cayley-Hamilton formula that an arbitrary power Aj , j > n can be

expressed as a linear combination of E, A,. . ., An−1 in [6]. Therefore, for any k > n,

(3.15) can be replaced by

(3.16) BΦ̃1(x1)−ABΦ̃2(x1) + . . .+ (−1)n−1An−1BΦ̃n(x1) = ξ,

where Φ̃i(x1) with i = 1, 2, . . . , n is a function of x1. If (3.16) has a unique solution

for an arbitrary ξ, this implies that rankSn = n. The proof is completed. �

4. Relative controllability of semilinear systems

We need the following hypothesis:

(H1) The operator Λ: L2(J,Rn) → R
n defined by

Λu =

∫ x1

0

Mϑ(A(x1 − ϑ− s))Bu(s) ds

has an inverse operator Λ−1, which takes values in L2(J,Rn) \ kerΛ. Then there

exists a constant M > 0 such that

M = ‖Λ−1‖Lb(Rn,L2(J,Rn)\kerΛ).

Obvious, the operator Λ must be surjective to satisfy (H1) (see [5], [18]). If Λ

is surjective, then we can define Λ−1 : R
n → L2(J,Rn) \ kerΛ. Let (·, ·) denote

the Euclidean scalar product in R
n. Since L2(J,Rn) is a Hilbert space, we can use

kerΛ = imΛ∗⊥. We need to look for Λ∗; let Γ(s) = Mϑ(A(x1 − ϑ − s))B, and for

an arbitrary w ∈ R
n and u ∈ L2(J,Rn), if we have

(Λu,w) =

(∫ x1

0

Γ(s)u(s) ds, w

)
=

∫ x1

0

(u(s),Γ(s)⊤w) ds,
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which gives Λ∗w = Γ(s)⊤w. Thus kerΛ∗ = {0} if and only if
∫ x1

0

‖Γ(s)⊤w‖2 ds 6= 0 for any 0 6= w ∈ R
n.

By (3.4), if we have

(4.1)

∫ x1

0

‖Γ(s)⊤w‖2 ds =
∫ x1

0

(Γ(s)⊤w,Γ(s)⊤w) ds

=

∫ x1

0

(Γ(s)Γ(s)⊤w,w) ds = (Wϑ[−ϑ, x1]w,w),

then the surjectivity of Λ is equivalent to the regularity of Wϑ[−ϑ, x1], and we
assume this.

To solve Λu = v, v ∈ kerΛ⊤ = imΛ∗, we take u(s) = Γ(s)⊤w and we have

v = Λ(Γ(·)⊤w) =
∫ x1

0

Γ(s)Γ(s)⊤w ds =Wϑ[−ϑ, x1]w,

which givesw =Wϑ[−ϑ, x1]−1v, and u(t) = Λ−1v = Γ(t)⊤Wϑ[−ϑ, x1]−1v. Moreover,

By (4.1), we have
∫ x1

0

‖u(s)‖2 ds =
∫ x1

0

‖Γ(s)⊤Wϑ[−ϑ, x1]−1v‖2 ds

=

∫ x1

0

(Γ(s)⊤Wϑ[−ϑ, x1]−1v,Γ(s)⊤Wϑ[−ϑ, x1]−1v) ds

=

(
(Wϑ[−ϑ, x1]−1)⊤

∫ x1

0

Γ(s)Γ(s)⊤ dsWϑ[−ϑ, x1]−1v, v

)

= ((Wϑ[−ϑ, x1]−1)⊤v, v) = (v,Wϑ[−ϑ, x1]−1v),

which implies that

(4.2) M = ‖Wϑ[−ϑ, x1]−1‖1/2.

Note that by (4.1), we obtain ‖Λ‖ = ‖Λ∗‖ = ‖Wϑ[−ϑ, x1]‖1/2.
(H2) The function f : J × R

n → R
n is continuous, and there exists ϕ ∈ C(J,R+)

such that

‖f(x, z1)− f(x, z2)‖ 6 ϕ(x)‖z1 − z2‖, z1, z2 ∈ R
n, x ∈ J.

According to the hypothesis (H1), for an arbitrary z(·) ∈ C(J,Rn), the control

function uz(x) be given by

(4.3) uz(x) = Λ−1

(
z1 −Hϑ(Ax1)ψ(−ϑ)−

∫ 0

−ϑ

Mϑ(A(x1 − ϑ− s))ψ′′(s) ds

−Mϑ(Ax1)ψ
′(−ϑ)−

∫ x1

0

Mϑ(A(x1 − ϑ− s))f(s, z(s)) ds

)
(x).
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Next, we apply the fixed-point theorem to prove relative controllability of (1.5).

Using (4.3), we will show that for the operator F : C(J,Rn) → C(J,Rn) given by

(4.4) (Fz)(x) = Hϑ(Ax)ψ(−ϑ) +
∫ 0

−ϑ

Mϑ(A(x − ϑ− s))ψ′′(s) ds

+Mϑ(Ax)ψ
′(−ϑ) +

∫ x

0

Mϑ(A(x − ϑ− s))f(s, z(s)) ds

+

∫ x

0

Mϑ(A(x− ϑ− s))Buz(s) ds

there exists a fixed point z(·), which is just a solution of (1.5). Furthermore, we check
(Fz)(x1) = z1 and (Fz)(0) = ψ(0), which implies that the system (1.5) is relatively

controllable on [0, x1]. Define

M1 = cosh(
√
‖A‖x1)‖ψ(−ϑ)‖+Ψ1(x1)‖ψ′(−ϑ)‖+Ψ2(x1)‖ψ′′‖C ,

M2 =

k∑

j=1

‖A‖j−1

(2j)!
(x1 − (j − 1)ϑ)2j ; ‖f̂‖ = sup

x∈J
‖f(x,0)‖, M̂ = sup

x∈J
ϕ(x).

Theorem 4.1. Assume that (H1) and (H2) are satisfied. Then system (1.5) is

relatively controllable provided that

(4.5) MM̂M2
2 ‖B‖+ M̂M2 < 1.

P r o o f. Consider F defined in (4.4) onBr, whereBr = {z ∈ C(J,Rn) : ‖z‖ 6 r}
and r > 0. We divide our proof into several steps.

Step 1. We show that F(Br) ⊆ Br. For any z ∈ Br, by Lemmas 2.2 and 2.3, we

have

(4.6)

∫ x

0

‖Mϑ(A(x − ϑ− s))‖(‖f(s, z(s))− f(s,0)‖+ ‖f(s,0)‖) ds

6 (M̂‖z‖+ ‖f̂‖)
∫ x

0

‖Mϑ(A(x − ϑ− s))‖ ds 6 (M̂‖z‖+ ‖f̂‖)M2,

and

(4.7)

‖uz‖L2(J,Rn)\kerΛ

6 ‖Λ−1‖Lb(Rn,L2(J,Rn)\kerΛ)

∥∥∥∥z1 −Hϑ(Ax1)ψ(−ϑ)−Mϑ(Ax1)ψ
′(−ϑ)

−
∫ 0

−ϑ

Mϑ(A(x1 − ϑ− s))ψ′′(s) ds−
∫ x1

0

Mϑ(A(x1 − ϑ− s))f(s, z(s)) ds

∥∥∥∥

6M(‖z1‖+ cosh(
√
‖A‖x1)‖ψ(−ϑ)‖+Ψ1(x1)‖ψ′(−ϑ)‖

+Ψ2(x1)‖ψ′′‖C + (M̂‖z‖+ ‖f̂‖)M2).
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Noting (4.6) and (4.7), we have

‖(Fz)(x)‖ 6 ‖Hϑ(Ax)ψ(−ϑ)‖ +
∫ 0

−ϑ

‖Mϑ(A(x − ϑ− s))ψ′′(s)‖ ds(4.8)

+ ‖Mϑ(Ax)ψ
′(−ϑ)‖+

∫ x

0

‖Mϑ(A(x − ϑ− s))f(s, z(s))‖ ds

+

∫ x

0

‖Mϑ(A(x− ϑ− s))Buz(s)‖ ds

6 cosh(
√

‖A‖x)‖ψ(−ϑ)‖+Ψ1(x)‖ψ′(−ϑ)‖+Ψ2(x)‖ψ′′‖C

+

∫ x

0

‖Mϑ(A(x− ϑ− s))‖(‖f(s, z(s))− f(s,0)‖+ ‖f(s,0)‖) ds

+

∫ x

0

‖Mϑ(A(x− ϑ− s))‖‖B‖‖uz(s)‖ ds

6M1 + ‖f̂‖M2 +MM2‖B‖(‖z1‖+M1 +M2‖f̂‖)
+ (MM2

2M̂‖B‖+ M̂M2)r

6 r,

where

r =
M1 + ‖f̂‖M2 +MM2‖B‖(‖z1‖+M1 +M2‖f̂‖)

1−MM2
2M̂‖B‖+ M̂M2

.

So F(Br) ⊆ Br for x ∈ J .

Next, we subdivide the operator F into two operators F1 and F2 onBr as follows:

(F1z)(x) = Hϑ(Ax)ψ(−ϑ) +
∫ 0

−ϑ

Mϑ(A(x− ϑ− s))ψ′′(s) ds

+Mϑ(Ax)ψ
′(−ϑ) +

∫ x

0

Mϑ(A(x− ϑ− s))Buz(s) ds, x ∈ J,

(F2z)(x) =

∫ x

0

Mϑ(A(x− ϑ− s))f(s, z(s)) ds, x ∈ J.

Step 2. We show that F1 is a contraction mapping. In viewing of (H1) and (H2),

for any z̃(·), ẑ(·) ∈ Br and x ∈ J , we have

‖uẑ − uz̃‖L2(J,Rn)\kerΛ

6 ‖Λ−1‖Lb(Rn,L2(J,Rn)\kerΛ)

∥∥∥∥
∫ x1

0

Mϑ(A(x1 − ϑ− s))(f(s, ẑ(s))− f(s, z̃(s))) ds

∥∥∥∥

6M

∫ x1

0

‖Mϑ(A(x1 − ϑ− s))‖ϕ(s)‖ẑ(s)− z̃(s)‖ ds 6MM2M̂‖ẑ − z̃‖,
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and

‖(F1ẑ)(x) − (F1z̃)(x)‖ 6

∫ x

0

‖Mϑ(A(x − ϑ− s))‖B‖‖uẑ(s)− uz̃(s)‖ ds

6MM̂M2
2 ‖B‖‖ẑ − z̃‖,

which gives that

‖(F1ẑ)− (F1z̃)‖ 6 L‖ẑ − z̃‖, L :=MM̂M2
2 ‖B‖.

By (4.5), the operator F1 is a contraction.

Step 3. We show that F2 is a continuous and compact operator. Owing to the

function f ∈ C(J,Rn), the operator F2 is continuous on Br. In order to check the

compactness of F2, we prove that F2(Br) is uniformly bounded and equicontinuous.

By Step 1, it follows that F2(Br) is uniformly bounded.

For any z ∈ Br and 0 < x 6 x+ h 6 x1, we have

‖(F2z)(x+ h)− (F2z)(x)‖

=

∥∥∥∥
∫ x+h

0

Mϑ(A(x+ h− ϑ− s))f(s, z(s)) ds−
∫ x

0

Mϑ(A(x − ϑ− s))f(s, z(s)) ds

∥∥∥∥
6 I1 + I2,

where

I1 =

∫ x

0

‖(Mϑ(A(x + h− ϑ− s))−Mϑ(A(x− ϑ− s)))‖‖f(s, z(s))‖ ds,

I2 =

∫ x+h

x

‖Mϑ(A(x+ h− ϑ− s))‖‖f(s, z(s))‖ ds.

Without loss of generality, letting (k−1)ϑ < x 6 x+h < kϑ as h→ 0 and k ∈ N
+,

we obtain

I1 6

∫ x

0

‖(Mϑ(A(x + h− ϑ− s))−Mϑ(A(x − ϑ− s)))‖‖f(s, z(s))‖ ds

6 (M̂r + ‖f̂‖)
∫ x

0

‖(Mϑ(A(x + h− ϑ− s))−Mϑ(A(x − ϑ− s)))‖ ds.

Letting h→ 0 and taking any fixed point ϑ, we have

Mϑ(A(x + h− ϑ− s)) → Mϑ(A(x − ϑ− s)) as h→ 0,

which implies that I1 → 0 as h→ 0.

For I2, by Lemma 2.2, we get

I2 6 (M̂r + ‖f̂‖)
∫ x+h

x

‖Mϑ(A(x + h− ϑ− s))‖ ds

6 (M̂r + ‖f̂‖)Ψ1(x1)h → 0 as h→ 0.
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From the above we obtain ‖(F2z)(x+ h)− (F2z)(x)‖ → 0 as h→ 0 and F2 is an

equicontinuous operator. Hence, F2 is relatively compact onBr by the Arzela-Ascoli

theorem. Then Krasnoselskii’s fixed-point theorem gives that F has a fixed point
z ∈ Br. Apparently, z is a solution of (1.5) satisfying z(x) = ψ(x), −ϑ 6 x 6 0, and

z(x1) = z1. The proof is completed. �

5. Examples

E x am p l e 5.1. Set ϑ = 0.4, k = 5, J = [0, 2] and T = 2. Consider

(5.1)

{
z′′(x) +Az(x− ϑ) = g(x), x ∈ J,

z(x) = ψ(x), z′(x) = ψ′(x), x ∈ [−0.4, 0],

where

z(x) =

(
z1(x)

z2(x)

)
, A =

(
0.2 0.4

0.3 0.2

)
, g(x) =

(
cos 2x

sin2 x

)
, ψ(x) =

( 1
4x

2

x2

)
.

By (1.3), for x ∈ J , we have

z(x) = Hϑ(Ax)ψ(−ϑ) +Mϑ(Ax)ψ
′(−ϑ)

+

∫ 0

−ϑ

Mϑ(A(x − ϑ− t))ψ′′(t) dt+

∫ x

0

Mϑ(A(x − ϑ− t))g(t) dt,

where

Hϑ(Ax) =





E −A
x2

2!
, 0 6 x < 0.4,

E −A
x2

2!
+A2 (x− 0.4)4

4!
, 0.4 6 x < 0.8,

E −A
x2

2!
+A2 (x− 0.4)4

4!
−A3 (x− 0.8)6

6!
, 0.8 6 x < 1.2,

E −A
x2

2!
+A2 (x− 0.4)4

4!
−A3 (x− 0.8)6

6!

+A4 (x− 1.2)8

8!
, 1.2 6 x < 1.6,

E −A
x2

2!
+A2 (x− 0.4)4

4!
−A3 (x− 0.8)6

6!

+A4 (x− 1.2)8

8!
−A5 (x− 1.6)10

10!
, 1.6 6 x 6 2,
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and

Mϑ(Ax) =





E(x+ 0.4)−A
x3

3!
, 0 6 x < 0.4,

E(x+ 0.4)−A
x3

3!
+A2 (x− 0.4)5

5!
, 0.4 6 x < 0.8,

E(x+ 0.4)−A
x3

3!
+A2 (x− 0.4)5

5!
−A3 (x − 0.8)7

7!
, 0.8 6 x < 1.2,

E(x+ 0.4)−A
x3

3!
+A2 (x− 0.4)5

5!

−A3 (x− 0.8)7

7!
+A4 (x− 1.2)9

9!
, 1.2 6 x < 1.6,

E(x+ 0.4)−A
x3

3!
+A2 (x− 0.4)5

5!
−A3 (x − 0.8)7

7!

+A4 (x− 1.2)9

9!
−A5 (x− 1.6)11

11!
, 1.6 6 x 6 2.

By calculation, one has ‖ψ‖C = 0.2, ‖ψ(−0.4)‖ = 0.2, ‖ψ′(−0.4)‖ = 0.3,

‖ψ′′‖C = 2.5, Ψ1(2) = 4.03, Ψ2(2) = 1.12, Ψ3(2) = 2.42,

5∑

i=1

0.6i−1

(2i)!
(2 − 0.4(i− 1))2i = 2.16,

cosh(2
√
0.6) = 2.46 and ‖g‖ = 1. We present finite time stable results of (5.1) in

Table 1.

Theorem ‖ψ‖C J ϑ ‖z‖ δ β FTS
3.1 0.2 [0,2] 0.4 7.81 0.3 7.9(optimal) Yes

3.2 0.2 [0,2] 0.4 8.93 0.3 8.94 Yes

Table 1. Finite time stable results of (5.1) with T = 2.

By Definition 2.2, we seek a suitable β such that ‖z‖ of (1.2) does not exceed β
on J . On the one hand, we can use the explicit formula of solution to (5.1) via

numerical simulation to find a corresponding β = 7.9 for a fixed T = 2 (see Figure 1).

By checking the conditions in Theorems 3.1 and 3.2 for J , one can choose a better

value β = 7.9 by comparing with the value of β in Table 1.

E x am p l e 5.2. Set ϑ = 0.5, k = 5, J = [0, x1] and x1 = 2.5. Consider

(5.2)

{
z′′(x) +Az(x− ϑ) = Bu(x), x ∈ J,

z(x) = ψ(x), z′(x) = ψ′(x), −0.5 6 x 6 0,

where u ∈ L2(J,R2) and

z(x) =

(
z1(x)

z2(x)

)
, A =

(
0.5 0.6

0.4 0.3

)
, B =

(
1 0.4

0.5 1

)
, ψ(x) =

(
x

x2

)
.
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Figure 1. The norm of the state vector of (5.2) when T = 2.

By calculation, the matrix W0.5[−0.5, 2.5] of (5.2) via (3.4) can be given by:

W0.5[−0.5, 2.5] =

∫ 2.5

0

M0.5(A(2 − t))BB⊤M0.5(A
⊤(2− t)) dt

=W1 +W2 +W3 +W4 +W5,

where

W1 =

∫ 0.5

0

(
E(2.5− t)−A

(2− t)3

3!
+A2 (1.5− t)5

5!
−A3 (1− t)7

7!
+A4 (0.5− t)9

9!

)

×BB⊤
(
E(2.5− t)−A⊤ (2− t)3

3!
+ (A⊤)2

(1.5− t)5

5!

− (A⊤)3
(1 − t)7

7!
+ (A⊤)4

(0.5− t)9

9!

)
dt,

W2 =

∫ 1

0.5

(
E(2.5− t)−A

(2− t)3

3!
+A2 (1.5− t)5

5!
−A3 (1− t)7

7!

)

×BB⊤
(
E(2.5− t)−A⊤ (2− t)3

3!
+ (A⊤)2

(1.5− t)5

5!
− (A⊤)3

(1 − t)7

7!

)
dt,

W3 =

∫ 1.5

1

(
E(2.5− t)−A

(2− t)3

3!
+A2 (1.5− t)5

5!

)

×BB⊤
(
E(2.5− t)−A⊤ (2− t)3

3!
+ (A⊤)2

(1.5− t)5

5!

)
dt,

W4 =

∫ 2

1.5

(
E(2.5− t)−A

(2− t)3

3!

)
BB⊤

(
E(2.5− t)−A⊤ (2 − t)3

3!

)
dt,

W5 =

∫ 2.5

2

(E(2.5− t))BB⊤(E(2.5− t)) dt.

323



By computation, one can get

W1 =

(
1.213 0.664

0.664 1.905

)
, W2 =

(
1.192 0.854

0.854 1.515

)
, W3 =

(
0.807 0.616

0.616 0.916

)
,

W4 =

(
0.333 0.258

0.258 0.361

)
, W5 =

(
0.048 0.036

0.036 0.052

)
.

and

W0.5[−0.5, 2.5] =

(
3.593 2.428

2.428 4.749

)
, W−1

0.5 [−0.5, 2.5] =

(
0.425 −0.217

−0.217 0.3217

)
.

Set z(x1) = (z1, z2)
⊤. By (3.5), one can construct u ∈ L2(J,R2) as

(5.3) u(t) = B⊤M0.5(A
⊤(2− t))W−1

0.5 [−0.5, 2.5]ξ

=





B⊤
(
E(2.5− t)−A⊤ (2− t)3

3!
+A2 (1.5− t)5

5!
−A3 (1− t)7

7!

+A4 (0.5− t)9

9!

)
W−1

0.5 [−0.5, 2.5]ξ, 0 6 x < 0.5,

B⊤
(
E(2.5− t)−A⊤ (2−t)3

3! +A2 (1.5−t)5

5! −A3 (1−t)7

7!

)

×W−1
0.5 [−0.5, 2.5]ξ, 0.5 6 x < 1,

B⊤
(
E(2.5− t)−A⊤ (2− t)3

3!
+A2 (1.5− t)5

5!

)

×W−1
0.5 [−0.5, 2.5]ξ, 1 6 x < 1.5,

B⊤
(
E(2.5− t)−A⊤ (2− t)3

3!

)
W−1

0.5 [−0.5, 2.5]ξ, 1.5 6 t < 2,

B⊤(E(2.5− t))W−1
0.5 [−0.5, 2.5]ξ, 2 6 t < 2.5.

where

ξ = z(2.5)−H0.5(2.5A)ψ(−0.5)−M0.5(2.5A)ψ
′(−0.5)

−
∫ 0

−0.5

M0.5(A(2 − t))ψ′′(t) dt

=

(
z1

z2

)
−
(
E −A

2.52

2!
+A2 2

4

4!
−A3 1.5

6

6!
+A4 1

8

8!
−A5 0.5

10

10!

)(−0.5

0.25

)

−
(
3E −A

2.53

3!
+A2 2

5

5!
−A3 1.5

7

7!
+A4 1

9

9!
−A5 0.5

11

11!

)(
1

−1

)

−
∫ 0

−0.5

(
E(2.5− t)−A

(2− t)3

3!
+A2 (1.5− t)5

5!
− A3 (1− t)7

7!

+A4 (0.5− t)9

9!
−A5 (−t)11

11!

)(
0

2

)
dt

=

(
z1 − 1.911

z2 + 0.452

)
.
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Consider Sn = {B,AB} =

(
1 0.4 0.8 0.8

0.5 1 0.55 0.46

)
. Obviously, x1 = 2.5 >

(2− 1)ϑ and rankSn = 2.

By Theorems 3.3 and 3.4, (5.2) is relatively controllable. Figures 2 and 3 show the

state z(x) of (5.2) when we set z = (z1, z2)
⊤ = (1, 1)⊤ and z = (z1, z2)

⊤ = (0.5, 2)⊤.

Clearly, we can see the state of system (5.2) is relatively consistent with the

achieved states.

−0.5 0 0.5 1.0 1.5 2.0 2.5
x

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1.0

1.2

1.4
z

z1(x)

z2(x)

Figure 2. The state z(t) of system (5.2) when we set z = (z1, z2)
⊤ = (1, 1)⊤.

−0.5 0 0.5 1.0 1.5 2.0 2.5
x

−0.5

0

0.5

1.0

1.5

2.0

2.5
z

z1(x)

z2(x)

Figure 3. The state z(x) of system (5.2) when we set z = (z1, z2)
⊤ = (0.5, 2)⊤.

E x am p l e 5.3. Set ϑ = 0.5, k = 5, J = [0, x1] and x1 = 2.5. Consider

(5.4)

{
z′′(x) +Az(x− ϑ) = f(x, z(x)) +Bu(x), x ∈ J,

z(x) = ψ(x), z′(x) = ψ′(x), −0.5 6 x 6 0,
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where u ∈ L2(J,R2) and

z(x) =

(
z1(x)

z2(x)

)
, A =

(
0.5 0.6

0.4 0.3

)
, B =

(
1 0.4

0.5 1

)
,

ψ(x) =

(
x

x2

)
, f(x, z(x)) =

( 1
60 (x+ 0.1)z1(x)
1
60 (x+ 0.1)z2(x)

)
.

We now use (4.2) to estimate M . By Example 5.2, we have

W0.5[−0.5, 2.5] =

(
3.593 2.428

2.428 4.749

)
, W−1

0.5 [−0.5, 2.5] =

(
0.425 −0.217

−0.217 0.3217

)
.

Consequently, one can get M = ‖Wϑ[−ϑ, x1]−1‖1/2 =
√
0.642. Hence, Λ satisfies

assumption (H1).

Further, it is easy to verify that for any z̃(x), ẑ(x) ∈ R
2 and x ∈ J ,

‖f(x, z̃(x)) − f(x, ẑ(x))‖ 6
1

60
(x+ 0.1)(|z̃1(x)− ẑ1(x)|+ |z̃2(x) − ẑ2(x)|)

6
1

60
(x+ 0.1)‖z̃ − ẑ‖.

Hence, f satisfies the assumption (H2), where we set ϕ(x) =
1
60 (x+0.1) ∈ C(J,Rn).

By elementary calculation, one has M̂ = 1
60 sup

x∈[0,2.5]

(x + 0.1) = 0.044, ‖A‖ = 0.9,

‖B‖ = 1.5, M1 = 21.75, M2 = 3.737, and ‖f̂‖ = sup
x∈J

‖f(s,0)‖ = 0. Therefore, one

can get MM̂M2
2 ‖B‖ + M̂M2 = 0.91 < 1, which guarantees that (4.5) holds. By

Theorem 4.1, the system (5.4) is completely controllable on J .
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