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Abstract. We consider the equation dy(t)/dt = (A+B(t))y(t) (t > 0), where A is the gen-
erator of an analytic semigroup (eAt)t>0 on a Banach space X, B(t) is a variable bounded
operator in X. It is assumed that the commutator K (t) = AB(t) — B(t)A has the following
property: there is a linear operator S having a bounded left-inverse operator .S; ! such

that ||Set|| is integrable and the operator K (t)S;” ! is bounded. Under these conditions
an exponential stability test is derived. As an example we consider a coupled system of
parabolic equations.

Keywords: Banach space; differential equation; linear nonautonomous equation; expo-
nential stability; commutator; parabolic equation
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1. INTRODUCTION AND STATEMENT OF THE MAIN RESULT

Throughout this paper, X is a Banach space with a norm |[|-|| and the identity
operator I. By B(X) we denote the set of bounded linear operators in X'. For a linear
operator C, Dom(C) is its domain, o(C') is its spectrum, and a(C) = supReo(C).
If C € B(X), then ||C|| is its operator norm.

Further, A denotes a generator of an analytic semigroup e* on X, and B(t) (¢ > 0)
is a variable bounded piece-wise strongly continuous operator mapping Dom(A) into
itself for each ¢ > 0.

The paper deals with the exponential stability conditions for the equation

dy(t
(1.1) YO _ (a4 BOWE @20)
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A solution to (1.1) for given yo € Dom(A) is a function y: [0,00) — Dom(A) having
at each point ¢ > 0 a strong derivative, at zero the right strong derivative, and
satisfying (1.1) for all ¢ > 0 and y(0) = yo.

The existence, uniqueness and continuous dependence on initial vectors of solutions
are due to Theorem I1.3.4 from [14], since the operator B(t) is bounded, and maps
Dom(A) into itself, and the operator A generates an analytic semigroup.

We will say that (1.1) is an exponentially stable equation if there are positive
constants m and §; such that [ly(t)|| < mie™%||y(0)| (¢ = 0) for any solution y(t)
of (1.1).

Certainly, (1.1) can be rewritten as equation

(1.2 WO — e

with the corresponding operator C(t), but C(¢) in the present paper has a special
form: it is the sum of A and B(t). This allows us to use the information about A
and B(t) more completely than the theory of general equations (1.2).

The stability theory of abstract differential equations is well developed, cf. [1]-[9],
[12], [15]-]18], etc. Mainly, equation (1.1) is considered as a perturbation of a stable
semigroup generated by A. In paper [11], stability conditions for equation (1.1)
have been established in terms of the commutator K (t) = AB(t) — B(t)A (t > 0).
Besides, it was shown that stability conditions in terms of the commutator enable
us to investigate equations with an unstable semigroup e*. This fact gives us the
conditions for the stabilization of systems with distributed parameters. Paper [11]
deals with bounded commutators. The aim of this paper is to generalize the main
result from [11] to the case when K (t) is unbounded.

Denote by Ug(t, s) (t > s > 0) the evolution operator of the equation

(1.3) d"(‘lff) — B(tyu(t) (t=0)

and assume that there are real numbers by and ¢y = const. > 1 such that

(1.4) lUB(t, )|l < coexplbo(t —s)] (t=s=0).

For the recent solution bounds for the differential equations with bounded operators,
see for instance [2]. It is also assumed that there is a linear operator S with Dom(.S) D
Dom(A) having a bounded left-inverse one S; ' such that

(1.5) J(S) = / 1SetA+00 Y| df < oo
0

and

(16) MK ),8) = s [K(0)57!] < o0



In addition, denote
(o)
Jo = / [[e(A+e D)) dt.
0

Due to (1.5) we have
do= [ s < 15(S) < o
Now we are in a position to formulate the main result of the paper.
Theorem 1.1. Let conditions (1.4)—(1.6) and
(1.7) com(K(-),S8)J(S)Jo < 1

hold. Then equation (1.1) is exponentially stable.

This theorem is proved in the next section.

For example, if —A is sectorial and a(A) < a4 < 0, then as is well-known (see [13],
Theorem 1.4.3, page 26) |let|| < mae®! (ma = const. > 1; ¢ > 0) and for any
v e (0,1),

[(=A) e < mut™" exp(=d,t) (0 <8, <|aal; m, = const. > 1; t > 0).

So if asa + by < 0 and —9d, + bg < 0, in the considered case

Jo<m elaatbo)t 44 _ma
‘ A/o jaa + bol
and
J(S) =J, = / [[(—A) APt dt < m, / et qt < oo,
0 0
Note that ~ )
T G IDL, . — ol § () ,

/0 )

where

[ee]
Nl+42) = / s*e7%ds (x € (—1,00))
0
is the Euler Gamma function. Thus,

mal'(1 —v)
< —.
Jy < 15, — b
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Let us present an example of A satisfying (1.6). To this end recall that if A is
a selfadjoint negative definite operator in a Hilbert space, then || f(A)|| = sup |f(s)]

s<a

for a function f bounded on o(A), cf. [14], and therefore, ||| = e*(D (t > 0), and

l(—A) e = sup (=s)"e™ = p (A1) (0<v<1),

s<a(A)
where v y
—) e ift < ,
(A1) = (t) |a(A)|
a(A) [ e Dt if ¢ > v
) a(A)]

So if A is negative definite and S = (—A)”, then

(1.8) Jo = / elboralADt qp — and J(S) < J, = / e, (A,t)dt,
0 0

1
|bo + a(A)]

provided that a(A) 4 by < 0.

2. PROOF OF THEOREM 1.1

Lemma 2.1. Let A generate an analytic semigroup (e?!);>o and B(r) map
Dom(A) into itself for all » > 0. In addition, let there be a linear operator S
with Dom(S) 2 Dom(A) having a bounded left-inverse one S; ' such that Se’ be
integrable on each finite interval, and the conditions (1.6) and

t
/ le |l Se 4]l ds < 00 (0 < ¢ < o)
0
hold. Then with the notation
€4 B(r)] = ¢ B(r) — B()e™ (1, > 0),

one has .
[eAt, B(r)] = / SAK(r)et=94ds (0 < t,r < o0).
0

In addition,
t
e, B(r)]ll < m(K(), 5)/ le*4|[lSe“= 4 ds (0 < t,7 < 00)
0

and [e4t, B(r)] maps Dom(A) into itself.
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Proof. In this proof for a fixed r > 0, for the brevity we put B(r) = B and
K(r) = K. Condition (1.6) implies

t
< m(K(),S) / e[| Se=)4 | ds

t
/ esAKe(tfs)A ds

t
/ eSAKSl_lSe(t*S)Ads
0

0

t
<mK@&mwww/H&WWWn<m
s<t 0
So the operator fg e*AKelt=9)4 ds is bounded for all finite £. On Dom(A) we have
t t
/ e AKe=9)A4 s = / e*A(AB — BA)e!"=9)4 ds
0 0
t
= / (eSAABe(t_S)A - eSABAe(t_S)A) ds
0

t
_ 9 sA (t—s)A sA 9 (t—s)A
= /0 (&se Be +e Base )ds

t
= / %(eSABe(t_S)A) ds = e B — Be,
0

as claimed. O

For an operator function Z(¢, s) defined and uniformly bounded on 0 < s < ¢ < 00
set [|Z]|c := sup [|Z(, ).
>8>0

Z82

Lemma 2.2. Let X(t, s) be the evolution operator of (1.1), and with the notations
W (t,s) = exp[A(t — s)|Ug(t, s) and

H(t,s) = [0, B@)Us(t,s) (t2s>0),

let |[W]|¢ < oo and

(2.1) qm:w/”myw<1
Then the inequalities
Wlle
. < ————
(22) IXlle < T (55
and
CH)[Wlle
2. X - <
(23) X - Wle < 2
are valid.
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Proof. Note that for all h € Dom(A) we have

(2.4) w — (A+ B@®)X(t, s)h
and
(2.5) W = (AUt s) + AI B UB(t, s))h

= (A4 B(t))e? =9 Ug(t, s) + eI B(t)Up(t, s)
— B(t)e* =9 Up(t, s))h
= (A+ Bt))W(t,s)h + H(t,s)h.

Due to Lemma 2.1, operator H (t,s) is bounded for all finite ¢, s and maps Dom(A)
into itself. Subtracting (2.4) from (2.5), on Dom(A) we get

d(W(t) - X(t))

& =(A+B()(W(t,s)—X(t,s))+ H(t,s).

Making use of the variation of constants formula, (see [14], Theorem II.3.1) we can

write

(W(t,s) — X(t,s))h = /t X(t,s1)H(s1,s)hds; Vh € Dom(A).

Since Dom(A) is dense in X, and W (t,s), X(¢,s) and H(t,s) are bounded, we can

write

Wi(t,s)— X(t,s) :/ X (t,s1)H(s1,5)ds.

Consequently,

(2.6) W (t,s) = X(t,s)l| </ [ X (E, s1)I[[[H (s1,8)]| ds1,

and therefore,

t
[ Xt )l < [IW(E, )]l +/ [ X (¢, s1)[[[|1H (1, 5)] dsi.
Hence, for any finite ¢t > s we obtain

sup || X (v, 8)[| < [Wle+ sup [[X(v,s)[[C(H).

0<s<ouLt 0<s<ouKt

Now (2.1) implies (2.2). From (2.6) and (2.2), inequality (2.3) follows. This proves
the lemma. O
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Proof of Theorem 1.1. By (1.4),

o0 o0 o0
/ |H(t, )] dt < co / P9 [, B(1)]| d < o / | [eA%, B(o + s)]| do.
s s 0

Inequality (2.2) means that (1.1) is Lyapunov stable, i.e., there is a constant m; > 1,
independent of the initial vector, such that |y(¢)|| < ma|y(0)|] (¢ > 0) for any
solution y(t) of (1.1), see [6].

Furthermore, substitute

(2.7) y(t) = uc(t)e " (¢ >0)

into (1.1). Then

due(t)
dt

If € is small enough, then conditions (1.4), (1.5) and (1.6) hold with B(t)+¢I instead
of B(t).

Applying our above arguments to equation (2.8) we can assert that it is Lyapunov
stable: ||uc(t)|| < mal|jus(0)|| (t = 0). So due to (2.7), equation (1.1) is exponentially
stable. This proves the theorem. O

(2.8) = (A+ B(t) + euc(t).

3. EQUATIONS WITH THE LIPSCHITZ PROPERTY

In this section we illustrate Theorem 1.1 in the case when

(3.1) IB(t) - Bt <aolt —t1] (61 > 0; go = const. > 0),
and
(3.2) | exp[B(T)H|| < p(t) (t,72>0),

where p(t) is a piecewise-continuous function independent of 7 uniformly bounded
on [0, c0).

Lemma 3.1. Let conditions (3.1), (3.2) and

(3.3) T / ip(t) dt < 1
0

hold. Then the evolution operator Ug(t, s) of (1.3) satisfies the inequality

sup [Un(t,s)l| < 72 (t>5>0),
t>s — Yo

where x := sup p(t).
>0
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Proof. Equation (1.3) can be rewritten in the form

with an arbitrary fixed 7 > 0. This equation is equivalent to the following one:

u(t) = exp[B(7)(t — s)]u(s) + / exp[B(T)(t — t1)][B(t1) — B(7)]u(t1) dty.

So

[u@®)] <l exp[B(T)(t—S)]HHU(S)II+/ [lexp[B()(E=t)I||B(t1) = B(T)[[[[u(t1)] dtr.

According to (3.1) and (3.2),

lu@®)] < p(t = s)[[uls)]] +(I0/ p(t —t)[tr = 7ll[u(tr) dts.

With 7 = ¢, this relation gives us

[u@)] < p(t = s)[uls)]l +qO/ p(t =) (t = to)[u(tr)] dtr.

Hence,

sup [[u(t)|| < xllu(s)|| + sup |lu(?)[|fo
s<t<T s<t<T

for any positive finite 7. By (3.3) we arrive at the inequality

sup_[lufe)] < X

0<t<T 1—6g

Since the right-hand side of the latter inequality does not depend on T', we get the

required inequality.

Under the hypothesis of Lemma 3.1, condition (1.4) holds with b

¢o = x/(1 —6p), hence Theorem 1.1 implies:

Corollary 3.2. Let conditions (1.6), (3.1) and (3.2) hold. Let

and P
xm(K(-),8)J(S)Jo
1—60
Then equation (1.1) is exponentially stable.

<1

J(S) ::1}—90/0 [ Set||dt < oo and Jy ::/O et dt,

O
= 0 and

For estimates for the exponential function of various finite and infinite dimensional

operators, see for example [10].
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4. EXAMPLE

Consider the problem

u xr 2'U,
(4.1) 4 g£ ) _ %(t,x) + Mt 2)ute) (0<z<1),
(4.2) w(t,0) = u(t.1) =0 (> 0),

where M(t,z) = (m;x(t,x)) is a variable real n x n-matrix function defined and
uniformly bounded on [0, c0) X [0, 1], twice continuously differentiable in z and con-
tinuous in ¢.

Take X = L?([0,1];C") — the Hilbert space of n-vector valued functions defined
on [0,1] with the scalar product

o) = [ () u@)ds (@0 e F0.1:C)

where (-, -),, is the scalar product in C". For the brevity put L2 = L?([0, 1];C") and
take

(Af)(@) = f"(z) and (B(t)f)(x) = M(t,z)f(z) (f € Dom(A), 0<z<1)
and S = (—A)'/? with
Dom(A) = H*(0,1)" N Hg(0,1)" ={h € L2: b € L2, h(0) = h(1) = 0}.
Then (K(t)f)(z) = M/ (t,z)f(z) + 2M.(t, ) f'(z). Obviously,
er;(x) = V2sin(nkz)e; Vji=1,...,n,

where {e;}7_; is the standard basis in C", are the eigenfunctions of A of the al-
gebraic multiplicity n, Py; = (-, ek ;)er; are the eigen-projections of A and —n?k?

(k=1,2,...) are its eigenvalues of multiplicity n. We have

A= -7 i: i K Py, (—A)Y? = nii kPy; and e = Enj ie*“%%ﬂq,

Jj=1j=1 Jj=1j=1 Jj=1j=1

and by (1.8)
(4.3) (= A) e || = p1/5(A, 1),
where

%e_l/z if t < 2%

T
P172(A,t) =
ne Tt ift > 1
~ on2’
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In addition, ||(—A)~'/2|| = ||S~!|| = 1/x, and by Green’s formula we have

dear, don & 1ot —1p o—1

- Tl =—(— =—(4 .

(87 f =57 F) == (1571571 F) = —(AS7' 1571
As S—1 is selfadjoint and commutes with A, this yields
da, dgayy [ 4q2 _
(857 5571) = —(AS2 ) = (.1,

and therefore, for any f € Dom(A) with || f|| = 1 we obtain

d
I @S Il = || MLt )5 + 20050t ) S|
< sup(|| M, (t2) 157 + 205t 2)]l)

Here ||| = v/(-,) is the norm in L2 and |-, is the norm in C". Suppose that
(@) W, M) = sup( LML)+ 2 () ) < oo
x,t

Then m(K(-),S) = sup ||K(t,)S~| < m(K(-), M). Consider the vector equation
¢

(4.5) % =M(t,x)v (v=v(tx),0<x<]l).

Assume that there are constant ¢; independent of x and a piecewise-continuous
function pjs(t) independent of s and z, and uniformly bounded on [0, c0) such that

(4.6) |M(t,x) — M(t1,2)||n < qmlt —t1] (¢, t1 = 0; gar = const. > 0),
(4.7) [exp[M (7, 2)t][| <pm(t) (t,7>0;0<z<1)
and
o0
(48) O = qM/ tpM(t) dt <1
0

hold. Then due to Lemma 3.1 the evolution operator Uy(t, s) of (4.5) satisfies the
inequality

10t )l < 25— (62 5>0),

where xpr := suppm(t). Hence, condition (1.4) holds with by = 0 and ¢y =

t>0
XM/(l — 91\/1) Thus,
. o0 o0 5 1
JO:/ ||eAt||dt</ e Tt = .
0 0 T
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In addition, due to (4.3)

o0 (o)
J(S) = / | Selt|| dt < jl/g, where j1/2 = / ©1/2(A,t)dt.
0 0

This integral is simply calculated. Now Corollary 3.2 yields:

Corollary 4.1. Let conditions (4.6)—(4.8) and

xum(K (), S)J1/2
(1 — 01\4)7‘E2

hold. Then equation (4.1), (4.2) is exponentially stable.
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