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Abstract. We study the dependence of the Banach-Mazur distance between two subspaces
of vector-valued continuous functions on the scattered structure of their boundaries. In the
spirit of a result of Y. Gordon (1970), we show that the constant 2 appearing in the Amir-
Cambern theorem may be replaced by 3 for some class of subspaces. We achieve this by
showing that the Banach-Mazur distance of two function spaces is at least 3, if the height of
the set of weak peak points of one of the spaces differs from the height of a closed boundary
of the second space. Next we show that this estimate can be improved if the considered
heights are finite and significantly different. As a corollary, we obtain new results even for
the case of C(K, E) spaces.

Keywords: function space; vector-valued Amir-Cambern theorem; scattered space;
Banach-Magzur distance; closed boundary
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1. INTRODUCTION

For a locally compact (Hausdorff) space K and a real Banach space F, let Co(K, E)
denote the space of all continuous E-valued functions vanishing at infinity endowed
with the sup-norm

[fllsup = sup [lf ()], f € Co(K, E).
zEK

If K is compact, then this space will be denoted by C(K,FE). We write Co(K)
for Co(K,R) and C(K) for C(K,R). All unexplained notions and definitions are
contained in the next section.
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We start with the following generalization of the well-known Banach-Stone the-
orem given independently by Amir (see [1]) and Cambern, see [2]. They showed
that compact spaces K; and K5 are homeomorphic if there exists an isomorphism
T: C(K1) — C(K2) with ||T||||T~!|| < 2. Moreover, Amir conjectured that the num-
ber 2 may be replaced by 3. Cohen in [12] showed that this conjecture is not true
in general. However, in [16], Gordon proved that it is true in the class of countable
compact spaces: If K;, K5 are nonhomeomorphic countable compact spaces and
T: C(K;) — C(Ks) is an isomorphism, then | T||[|T~1| > 3.

The result of Gordon was extended in [6], Theorem 1.5, where the authors
show that if F is a Banach space having nontrivial cotype, and such that for
every n € N, E™ contains no subspace isomorphic to E™*!, then countable
compact spaces K7 and K, are homeomorphic provided there exists an isomor-
phism T: C(Ky,E) — C(K», E) with ||T|||T~|| < 3. It is clear that every finite-
dimensional Banach space satisfies the above condition, and the authors also show
in [6], Remark 4.1 that there exist many infinite-dimensional Banach spaces that
satisfy it. Later, the result has been further extended to the case when the Banach
space F does not contain an isomorphic copy of ¢g, see [15], Theorem 1.9 and
Corollary 4.1.

Starting in [11], and continuing in [13], [18] and [22], the theorem of Amir and
Cambern was extended to the context of subspaces. The final result for subspaces of
scalar functions (see [22], Theorem 1.1) reads as follows. For i = 1,2, let H; C Co(K;)
be closed subspaces such that all points in their Choquet boundaries are weak peak
points. If there exists an isomorphism 7': H; — Ho with || T']|||7}|| < 2, then their
Choquet boundaries Chy, K; are homeomorphic (we recall that x € K; is a weak
peak point (with respect to H;) if for a given € € (0,1) and a neighborhood U of x
there exists a function h € By, such that h(z) > 1 —¢ and |h| < € on Chy, K; \ U).
A vector-valued extension of this result was given in [21].

For a closed subspace H of C(K, E) we denote by Wy, the set of weak peak points
of K with respect to H (for the definition, which is similar to the one for scalar
subspaces, see next section), and we consider the set

On={ye K, IgeH: gy) #0}.

The notion of the set {24, will be useful, as, among other things, it will allow us to
work efficiently at the same with functions defined on compact spaces as well as on
locally compact spaces. We also note that since €y is an open set in K, if F(®) NQy
is finite for a subset F of K and an ordinal o, then F(®+1) N Qy, is empty. A set
B C K is a boundary for H if for each h € H, ||h| = sug 1h(z)]].

EdS
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In view of the above results for subspaces, it seems natural to be looking for an
extension of the result of Gordon to this context. We obtain such an extension as
a corollary of the following theorem that is inspired by [6], Theorem 2.1 and [15],
Theorem 1.7. Also note that a similar result has been proved in [10], Theorem 4 for
the case when H; is an extremely regular subalgebra of Co(K7) and Ho = Co(K2, E)
(we recall that a subspace H C Co(K) is extremely regular if for each € K, U open
neighbourhood of z and € > 0 there exists a function h € By such that h(z) = 1
and |h| < e on K\U).

Theorem 1.1. For i = 1,2, let H; be a closed subspace of C(K;, E;), where K;
is a compact Hausdorff space and FE; is a Banach space. Let E, not contain an
isomorphic copy of ¢y, and let B be a closed boundary for Hs. Suppose that there
exists an into isomorphism T': H1 — Ha with ||T||[|T|| < 3. Then:

(a) If v is an ordinal such that W?(_Z) is nonempty, then so is B(®) N Q3.

(b) If o is an ordinal such that B®) N Q, is finite, then so is Wéﬁ).

(c) Let a be an ordinal such that B(®) N Qy, is finite. Then E}' contains an
isomorphic copy of E}', where |W7({a1)| =n, B N Qy,| = m. In particular, if
E, = E, is a finite-dimensional space, then n < m.

(d) Let H1 contain the constant functions. Then for an ordinal o such that
B N Qy, is infinite it holds that |W?(_[al)| < BN Q|

We point out that in Theorem 1.1, the assumption of weak peak points is imposed
only on one of the two considered function spaces. This may be surprising, as
it is known that the Amir-Cambern theorem for subspaces fails completely if the
Choquet boundary of at least one of the two function spaces does not consist of
weak peak points. Indeed, in [17], Hess shows that for each ¢ > 0 there exists
a space Ha C C([0,w]) with Chy, K2 = [0,w) such that there exists an isomorphism
T: Hi = C([0,w]) = Ha with ||T||||T || < 1+e. Here, of course, the space Ha does
not satisfy the assumption of weak peak points. The reason why this example does
not contradict Theorem 1.1 is that in this case Q3;, = [0,w], and the smallest closed
boundary for Hs is B = Chy, K2 = [0,w], thus

Wy, = [O,W] =BNQy,.

Theorem 1.1 shows that if the topological differences of the set of weak peak points
of one space and a boundary of the other space are more significant than in this case,
then such a thing is no longer possible. This example also shows that in Theorem 1.1,
we cannot omit the assumption that the boundary is closed.
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The following theorem extends [6], Theorem 1.5.

Theorem 1.2. For i = 1,2, let K; be a compact Hausdorff space, E; be a Ba-
nach space not containing an isomorphic copy of ¢y, and H; be a closed subspace
of C(K;, F;) such that Chy, K; is closed and countable, and consists of weak peak
points. Let for each natural number m < n, E{" not contain an isomorphic copy
of B, and EJ" not contain an isomorphic copy of E}'. If there exists an isomorphism
T: Hi — Ha with |T||| T~ < 3, then Chy, K1 is homeomorphic to Chy,, Ko.

Proof. Since Chy, K3 and Chy, Ko are countable compact Hausdorff spaces,
there exist nonzero ordinals «a, § and m,n € N such that Chy, K7 is homeomorphic
to [1,w¥m] and Chy, K is homeomorphic to [1,w”n], see [23], Proposition 8.6.5. By
using Theorem 1.1 (a) with Wy, = Chy, K, B = Chy, Ko C Qy,, we obtain that
a < . Thus, a = 8 by symmetry. By using (c) of Theorem 1.1 twice it follows that
also m is equal to n, which concludes the proof. O

If H is an extremely regular subspace of C(K), then it is clear that each point of K
is a weak peak point with respect to H, and thus Chy K = K, see [21], Lemma 2.5.
Thus, extremely regular spaces serve as a simple example of spaces that have closed
boundaries consisting of weak peak points.

It is natural to ask whether the assumption that the boundaries are closed is nec-
essary in Theorem 1.2 (we remind the reader that in the case of the Amir-Cambern
theorem for subspaces, no topological assumptions need to be imposed on the bound-
aries, see [21], Theorem 1.1 or [22], Theorem 1.1). In Section 3, we present a simple
example showing that Theorem 1.2 does not hold without the assumption of closed
Choquet boundaries, see Example 3.2.

Next we turn our attention to isomorphisms that are not necessarily bounded
by the number 3. It is well known that if two C(K') spaces are isomorphic, then the
underlying compact spaces have the same cardinality, see [9] for the case of scalar
functions and [15] for an analogous result for vector-valued functions. Generaliza-
tions of those results to the context of subspaces were given in [21] and [22].

Also, it is known that isomorphisms between C(K') spaces are somehow connected
with the scattered structures of the underlying compact spaces. Indeed, it was
proved in [3]|, Theorem 1.4, as a consequence of the techniques developed in [15],
that if F is a Banach space not containing an isomorphic copy of ¢, K> is a scattered
locally compact space and Co(K1) embeds isomorphically into Co(K2, E), then K is
also scattered.

Moreover, there have been proven estimates of the Banach-Mazur distance of C(K)
spaces from Co(T', E) spaces, where I" is a discrete set, and from C(F'), where F is
a compact space of height 2 (in particular for F' = [0,w]), based on the height of
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the compact space K. It was proved in [8], Theorem 1.2 that if K is a compact
space with K(") £ () for some n € N, F is a compact space with F(?) = () and there
exists an isomorphism T': C(K) — C(F), then ||T||||T7!|| > 2n — 1. Moreover, if
K| > |FO)| then ||T||||T~"|| = 2n+1. In [4], Theorem 1.1 it has been showed that
if " is an infinite discrete space, F is a Banach space not containing an isomorphic
copy of ¢g and T': C(K) — Co(T', E) is an into isomorphism, then for each n € N, if
K™ =0, then |T||[|T~Y|| = 2n + 1. Similar results for isomorphisms with range in
Co(T', E) spaces were proven before in [5] and [7]. In the following theorem, which
generalizes the above results, we show that the estimate 3 for the Banach-Mazur
distance of two function spaces obtained in Theorem 1.1 may be improved if the
heights of the set of weak peak points and of the closed boundary are finite and
significantly different.

Theorem 1.3. For i = 1,2, let K; be a compact space, F; be a Banach space
and H; be a closed subspace of C(K;, F;). Let Es not contain an isomorphic copy
of ¢y, B be a closed boundary for Ho and T: Hi — Ho be an into isomorphism.
Let I,k € N, [ > k. Let one of the following conditions hold.

(1) W;il)l is nonempty and B*) N Qy,, is empty.
(i) W§{l)1 is infinite and B®*) N Qy, is finite.
(iii) Wg_?l and B® N Qq, are both finite, and E5' does not contain an isomorphic
copy of E', where |W?(_?1| =n, |B® N Qy,| =m.
Then ||T||||T~Y| > max{3, (20 + 2 — k)/k}.

We show that the lower bounds that we obtain here are the same as in [4] and [8].
Thus, let K; be a compact space with Kf") nonempty and H; = C(K7). Then
Wy, = K1 by the Urysohn Lemma. If Hy = C(F), where F?) = (), then let B = F.
Since K (=1 is infinite and B is finite, from (ii) with [ = n—1 and k = 1 we obtain
the same lower bound as in [8], Theorem 1.2. From (iii) with 1y = Ex = R, Il =n
and k = 1, we also obtain the same bound in the case when |K ()| > |F()|. Next,
let Ha = Co(T, E), where I' is a discrete space. Let Ko = I' U {a} be the one-point
compactification of I'. Then we may put B = K, k = 1,1 = n, and then BN NQy, =
{a} N Qy, =0, and from (i) we obtain the same estimate as in [4], Theorem 1.1.

From the fact that the term (2] + 2 — k)/k appearing in Theorem 1.3 can happen
to be arbitrary close to 1, in contrast with the number 3, it is clear that this estimate
is in general far from being optimal. Nevertheless, the estimate might be reasonable
in cases when k is substantially smaller than n. For k£ = 1 it is optimal, since the
number is attained e.g. for H; = C([0,w™], E), Ha = Co(w, E), where E is a Banach
space not containing a copy of ¢, see [4], Theorem 1.2. Moreover, Theorem 1.3 has
the following simple, but interesting consequence.
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Corollary 1.4. For i = 1,2, let K; be a compact space, E; be a Banach space
and H; be a closed subspace of C(K;, F;). Let Es not contain an isomorphic copy
of ¢y, B be a closed boundary for Hs, and suppose that H1 is isomorphic to a subspace
of Hy. Then if B¥) N Qyy, is empty for some k € N, ht(Wy,, ) is finite.

Proof. LetT: H; — Hs be an into isomorphism. Then by Theorem 1.3, W?(-?l
is empty for

Lo Tk k-2
2
Thus, ht(Wy, ) is finite. O

Notice that all the above results hold automatically also for subspaces H C
Co(K, E), where K is locally compact. Indeed, by [21], Lemma 2.10, if J = K U {a}
is the one-point compactification of K, then H is isometric to a subspace H of J ,
defined by

H={heC(J,E): hlx € H and h(a) = 0}.

Moreover, Chy, K is homeomorphic to Ch;J and a point z € Chy K is a weak peak
point with respect to H if and only if it is a weak peak point with respect to H.
Also, it is clear that if B is a closed boundary for H, then B = B U {a} is a closed
boundary for #, and B N Qg = (BU{a})NQgy = BNQy. Thus, the results valid
for H apply also on H.

Next, we point out what the above results give for the case of C(K, F) spaces.

Corollary 1.5. Let K;, Ko be infinite compact spaces, Fi, FEo be Banach
spaces, Fs not containing an isomorphic copy of cg.
(i) If l,k e N, I > k, ht(K1) = I, ht(K2) = k, and there exists an into isomorphism
T: C(K1,E1) — C(Ka, Es), then

QZ—k—l}.

TINT-Y = {3,
T > mase {3, 2

(ii) If C(K1, E1) embeds isomorphically into C(Ks, E2) and ht(K3) is finite, then
hit(K4) is finite.

Proof. By the Urysohn Lemma, it is clear that each point of K; is a weak
peak point with respect to C(K71, F1), and consequently, Chy, K1 = K, see [21],
Lemma 2.5. We denote B = K. Since Kékil) is finite and KfliQ) is infinite, with
the use of Theorem 1.3 (ii) we obtain the estimates in statement (i) (the bound 3
was known before, see [6], Theorem 2.1). Statement (ii) follows in the same way
as Corollary 1.4. O
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2. AUXILIARY RESULTS

This section contains the unexplained definitions and notations, as well as several
simple results that will be frequently used later.

To start with, the cardinality of a set M is denoted by |M|. Next, the derivative
of a topological space S is defined recursively as follows. The set S(!) is the set of
accumulation points of S, and for an ordinal o > 1, let $(® = (S#YV) if o = B +1,

and S = (N S® if a is a limit ordinal. Moreover, let S(®) = S. The topological
B<a

space S is called scattered if there exists an ordinal a such that S(®) is empty, and
minimal such « is called the height of S and is denoted by ht(S). Thus, if K is
a scattered compact space, then ht(K) is a successor ordinal, KMtFK)=1) i finite,
and K(® is infinite for each ordinal a < ht(K) — 1. All topological spaces are
assumed to be Hausdorff.

All Banach spaces are tacitly assumed to be real and of dimension at least 1. If £
is a Banach space, then E* stands for its dual space. We denote by Br and Sg
the unit ball and sphere in F, respectively, and we write (-,-): E* x E — R for
the duality mapping. All isomorphisms between Banach spaces are assumed to be
surjective, otherwise they are referred to as into isomorphisms. The Banach-Mazur
distance of Banach spaces E1, Es is defined to be the infimum of ||T||||7!|| over the
set of all isomorphisms T': E; — E» and is denoted by dpy (E1, E2).

Let K be a locally compact space and E be a Banach space. For h € Cy(K, E) and
e* € E*, e*(h) is the element of Cy(K) defined by e*(h)(z) = (e*, h(x)) for z € K.
Next, for a function f € Cy(K) and e € E, the function f®e € Cy(K, E) is defined by

(fee)(z) = f(x)e, z€K.

If H is a closed subspace of Co(K, F), then its canonical scalar function space
A C Co(K) is defined as the closed linear span of the set

{e*(h): e" € E*, he H} C Co(K).

Moreover, let AP stand for the subspace of A consisting of all functions h from A
satisfying that h ® e € H for each e € E. The Choquet boundary Chy K of H is
defined as the Choquet boundary of A, that is, Chy K is the set of those points
x € K such that the functional

i(z): h— h(z), heA

is an extreme point of B4-. It follows by [14], Theorem 2.3.8 and [21], Lemma 2.1
that the Choquet boundary is a boundary for H, that is,

IRl = SupKHh(fE)llv heH.

xeChy
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Thus, a canonical example of a closed boundary for  is the closure Chy K of the
Choquet boundary of H. Moreover, the following strict maximum principle holds.
If I is a function from A and C' € R, then h < C on K provided h < C on Chy K,
see [19], Proposition 3.87. Also, it is easy to see that the Choquet boundary Chy K
is a subset of 24,. Indeed, the space A is nontrivial by our assumption, and hence 0
is not an extreme point of B 4-.

In this paper, we use a slightly stronger definition of weak peak points for vector-
valued subspaces than in [21]. Here we say that a point « € K is a weak peak point
(with respect to H) if for each neighbourhood U of x and € € (0,1) there exists
a function h € A¥ such that

0<h<1l, h(x)>1—¢ and h<e onChyK\U.

Thus, if H = C(K, E), then AF = A = C(K), and each point of K is a weak peak
point. If X is a compact convex set in a locally convex space and H = (X, E), the
space of affine E-valued continuous functions on X, then AF = A = A(X,R), and
a point z € X is a weak peak point with respect to H if and only if it is a weak peak
point in the classical sense. We also note that the set Wy of weak peak points of H
is a subset of the Choquet boundary of H, see [21], Lemma 2.5.

oo
For the proof of the following Lemma, we recall that a series > e; in a Banach

o) i=1
space E is weakly unconditionally Cauchy if 3 |{e*, e;)| < oo for cach e* € E*.
i=1

Lemma 2.1. Let fori = 1,2, K; be a compact space, E/; be a Banach space and H,;
be a closed subspace of C(K;, E;). Let Ay be the scalar function space associated
to Hq, let T: Hi1 — Ho be an into isomorphism, and fix a nonzero vector e € Ej.
Suppose that {f;} is a sequence in A, satisfying that h; = f; ® e € H; for each
i € N. Suppose that there exists a constant C' € R satisfying that for each n € N
and oy, ...,q, € Sg it holds that

<C.

n
E aihy
i=1

Moreover, let y € Ky and € > 0 satisfy that | Th;(y)|| > € for each i € N. Then Ej
contains an isomorphic copy of cg.

Proof. We consider the evaluation mapping ¢: Ko x E5 — H; defined as

<80(y,€*),g> = <€*,g(y)>, g€ HQ; ye K2a e’ € E;

By the classical characterization of the Banach spaces containing cg, see [20], The-

[e.e]
orem 6.7, it is enough to show that the series Y Th;(y) is weakly unconditionally

i=1

374



Cauchy in F». Thus, fix e* € Sg;, and let T* be the adjoint of T. Fix n € N, and
let aq,...,q, € Sk satisfy

KTy, e*), hi)| = ai{T* p(y, "), hi)y, i=1,...,n.

Then we have

> ket Thy |—Z| ).Thi) |—Z|T* L), i)
= Za" Yy, e ’h’b> = <T*90(yae*)a Zaihi>
i=1

n
< T hil [ < IT* (el D eihaf] < CIT*|I.
i=1
Thus also Y |{e*,Th;(y))| < C||T*|| < co, which finishes the proof. O

i=1
We also prove the following two simple observations, as we will be using them
repeatedly later on.

Lemma 2.2. Let K be a compact space, E be a Banach space and H be a closed
subspace of C(K,E). Let n € N, C € R, {o;}'_; be positive numbers, {U;}7_, be
pairwise disjoint nonempty open sets in K, and let functions {h;}?, C H satisfy

that for eachi=1...,n, |hi]| < C on K and ||h;]| < a; on Chyy K \ U;. Then
n n
S il <CH+) o
i=1 i=1

Proof. Ifz e U, N ChyK for some iy € {1,...,n}, then since the sets U; are

pairwise disjoint,
n
<Y @)l <C+ Y i
i=1 i#ig

If v € Chyy K \ U U;, then

i=1

n

th(x)

n n
<Y i@l <Y a
i=1 =1

i=1
Thus, 1(3:)“ < C+ > a; for © € Chy K, and hence || hz(a:)H <CH Y o
i=1 i=1 i=1
for z € K.



Lemma 2.3. Let K be a compact space, A C C(K) be a closed subspace,
0 < € < 1, and functions h,g € A satisfy that 0 < ¢ < 1,0 < h < 1 on K,
h>1—¢ on an open set U and g < e on Chy K\ U. Then g < h+¢ on K.

Proof. If z € ChyKNU, then
glx) <1l=1—-c+e<h(z)+e.
On the other hand, if € Ch4K \ U, then
g(z) <e < h(z) +e.

Thus g — h < € on Chy K, and hence g —h < e on K. 0

3. ISOMORPHISMS WITH BOUND 3

Throughout this section, let for ¢ = 1,2, K; be a compact space, F; be a Banach
space and H,; be a closed subspace of C(K;, F;). Let A; be the scalar function space
associated to H; and B be a closed boundary for Hs. For g € Hs and € > 0 we
denote

Rig.e) ={y € Kz |g(y)| = €}

Notice that from the definition it is clear that for each function g € Ha, R(g,€) C Q3.
Next, inspired by [6], we define certain sets F, A, which we use for the proof of The-
orem 1.1. For 0 < ¢ < 1, functions fi,..., f, € Afl and points z1, ..., 2, € Chy, K3
we denote

F((fizi)izie) ={(g1:- - gn) € (AT 0< g5 <1, gi(z) > 1 —¢,
gi < fitefori=1,...,n}.

Suppose moreover that T: H; — Ho is an into isomorphim, ey, ..., e, € E; are
nonzero vectors with max lles]] = 1, Uy,...,U, are pairwise disjoint nonempty
i=1,...,n
open sets in K1, and let hq,..., h, be functions in Afl satisfying that

0<h; <1, ||h]]>1—¢ and h;<e onChy, K1 \U;, i=1,...,n.

Then for points zi,...,z, € Chy, K; satisfying that h;(x;) > 1 — ¢ for each
i=1,...,n, we denote

n
At (hienyry o) (@) ieg) = BN N R<T (Z gi ® ez) : E) :
) i=1

(g15--,9n)EF ((hi,xzi) e
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Notice that the set F((h, x;);,€) is nonempty as it contains (hq,...,h,). The
following technical Lemma, describing the properties of the above defined set A,
contains the main part of the proof of Theorem 1.1.

Lemma 3.1. Let Es not contain an isomorphic copy of ¢y. Let n € N, and
suppose that there exists an into isomorphism T: Hi — Ha with |[T] < 3 and
|T—Y = 1. Fix

O<e< 31T
ITI(Tn +2) + 3n + 2
Moreover, let e, ...,e, € E1 be nonzero vectors with max lles|l = 1, Us,..., Uy
i=
be pairwise disjoint nonempty open subsets of K1, and let hq, ..., h, be functions

in Al satisfying that
0<h; <1, ||h]]>1—¢ and h;<e onChy, Ki\U;, i=1,...,n.

Then:
(a) If for i = 1,...,n, {x¥}ren C Wy, are infinite sequences of pairwise distinct
points satisfying that

hi(z¥)y>1—-¢, i=1,...,n, keN,

then the intersection () A(T7(h1‘,7ei)?_175)((x’]ic)?:l) is empty.
keN a

(b) If z1,...,2, € W;fl ) for an ordinal o are points satisfying that
hi(z;))>1—¢, i=1,...,n,

then A, (n,.c)p_,.o) (2i)izy) N B £ 0.

Proof. For the proof of (a), suppose that for i« = 1,...,n there exist such
sequences {z}}ren and y € ﬂ ANr,(hsen o) ((zF)i)). Passing to subsequences

and using the continuity of the functlons h;, we may assume that there exist pairwise
disjoint open sets {V*}ren, @ = 1,. .., n, each containing z¥, and such that h; > 1—¢
on V. For each i and k, since z¥

g¥ € AP satisfying that

is a weak peak point, we may find a function
€ €
0<gF <1, gf(xf)>1—2—k and gf<2—k on Chy, K1\ V¥

Notice that for each i = 1,...,n, since the sets {V¥}1en are pairwise disjoint, for

m
each m € N and ag,...,q,, € Sk it holds that H > argk|| <1+ ¢ by Lemma 2.2.
k=1
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Also, for each i, k, we have g¥ < h; + ¢ (see Lemma 2.3), thus for each k € N it
n

holds that (g%, ..., %) € F((hi,z¥)"_,,¢). Hence, T(Z (g ® ei)) (y)H > € by the

definition of A(Tv(hixei)rzpﬁ)((‘T"’IE)?ZI)'

i=1

Consequently, for each k € N there exists i € {1,...,n} such that

IT(gF @ ei)(y)l >

3o

Thus, there exists ig € {1,...,n} such that the set
€
N ={keN: IT(gh ©e)w)l > =}

is infinite. But since E5 does not contain a copy of ¢y, the sequence {gfo}ke N
contradicts Lemma 2.1, which finishes the proof of (a).

For the proof of (b) we proceed by transfinite induction. For @ = 0 we want to
prove that Az (n, e,y o) (%)) is nonempty set for each point x1,...,z, € Wy,
satisfying h;(x;) > 1 — ¢ for every ¢ = 1,...,n. Let us notice that the set
A (hiyeyr o) ((Ti)f1) is compact as it is an intersection of closed subsets of B.
Thus, it is enough to show that the collection of sets

n
{ven [r(Taoa)w|>c} i e o
i=1
has the finite intersection property. So, let functions gF € Afl, i =1,...,n,
k=1,...,p satisfy
0<gF <1, gFai)>1—-¢ and g¢F <h;+e

By the continuity of the functions g¥, for each i = 1,...,n there exists an open set
V; C U; containing z; and such that g¥ > 1 —¢ on V; for each k = 1,...,p. Since z;
is a weak peak point, there exists a function f; € Afl satisfying that

0<fi<l, fi(z;)>1—¢ and f;<e on Chy, Ki1\V;.

Then f; < g¥ + ¢ for each i and k by Lemma 2.3.
Next, fix 79 € {1,...,n} satisfying that ||e;,|| = 1. We have

||((2fio + hio) ® eio)(‘xio)H = |2fio (xio) + hio (xio)H'eioH >3 — 3¢,
and for i # 1o,
1((2fi + hi) @ ei)(wio)[| = |2fi(@io) + hil@io)|llesl] < 3e.
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Consequently and since ||T~!|| = 1, we have

HT(i(zﬁ + hy) ®ei) H >

i=1

Z(sz‘ +hi) ®ei

> H (il(zfi T hi)® ) (1)

2 ([((2fi0 + Tio) @ €i) (i) | = D 1((2fs + 1) @ €3) (i )|
i#io
>3-3:—(n—1)3.

Hence, there exists a point y € B satisfying that

n

(s +mee)w) >3- e

i=1

Now, to finish the proof for @« = 0 we need to show that for each k = 1,...,p,

HT(Z gf® ei) (y)H > e. Thus, fix k € {1,...,p}. Then for each ¢ =1,...,n, since
i=1

gF < h;+eand f; < g¥ + ¢, we have
—l-e<—gFh—e<2fi—gF —e<2fi+hi—2gF <hj+2e<1+2e.

Thus, [|(2fi + hi — 2gF) @ e;|| < 1+ 2e.

Moreover, for each i = 1,...,n we have g¥ < h; + & < 2¢ on Chy, K; \ U;, and
fi <& on Chy, K1\ V; D Chy, K7\ U;. Consequently, since the sets U; are pairwise
disjoint and for each i = 1,...,n we have |2f; + h; — 2g¥| < 7e on Chy, K1 \ U;, by
Lemma 2.2 it follows that

n

> @2fit+hi—2g0)®e

i=1

<1+ 2e+ Tne.

It follows that if HT(Z gF® ei) (y)H < ¢, we would have
i=1
ITI(1 + 2+ Tne) > T(Z(in +hi—2¢F)® ei> ’
i=1

T(zn:@ﬂ +hi —29F)® @i> (y)H

=1

(S sseol - (Eoon)ol

i=1
>3 — 3ne — 2e.

WV

This contradicts the choice of € and finishes the proof for « = 0.
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Now we assume that statement (b) holds for an ordinal « > 0 and let xy,...,z, €
W;{afl) be points satisfying that h;(z;) > 1—efori =1,...,n. Thenfori=1,...,n,
there exists a net {z) },ea, of points in Wgﬁ) N U;, distinct from x;, converging
to x;, and satisfying that hz(a:’)\) > 1 — ¢ for each \;. By the assumption, for each
(M,...yAn) € A1 X ... X A, there exists a point

Your, € Mayhienr .o ((@h,)iz) N B,

Then we may consider {y(y,)»  } as anet in B(®) with the ordering given by ()7, <
(Xi)?=1 if \; < \; for each i = 1,...,n. Since B is compact, passing to a subnet we
may assume that the net {y(,\i);nzl} converges to a point y € B(*. We want to show
that y € B+, Assuming the contrary, the net {y()\i);nzl} is essentially constant,
thus there exist A1,..., An such that y =y ). ) for each (\)™, > (\;)",. But

i=

then for each (\;)7; = (A\;)"; we have

Y=Y30n, € A uenr, o ((@5)im),

which contradicts (a). Thus, y € B(@+1.

It remains to show that y € Az (n, ;) ,.)((zi)iz1). Thus, we choose arbitrary
(915---,9n) € F((hi,x;)?_,€). Then for each i = 1,...,n, g;(z;) > 1 — ¢ by the
definition, thus there exists )\; such that gz(a:%) > 1—¢ for each \; > \;. This means
that

(97 € F((hivat i)

for (Xz)?zl > (Ai). Thus, for (Xz)?zl > (M), we have

HT (Z 9:® ei) Y&z,
i=1

‘26.

Consequently,
HZ (g gi®ei)(y)H > €
i=1

by continuity. This means that y € A(r (n, ;) o) (%i)iy)-

Finally, we assume that « is a limit ordinal and that (b) holds for each ordinal
b <a Ifxy,...,z, € W?(_Z), hi(xz;) > 1 — ¢ for each i, then z1,...,z, € W?(_’i)
for each 8 < a. Hence, A(r (n; e.)r o) (Ti)izg N BW®) £ for each such 3 by the
assumption. Thus

At e o) (@)i) N B = () Arynenr o) (2i)iy) N BP)
B<a
is nonempty, as it is a nonincreasing intersection of compact sets. The proof is

finished. O

380



Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. Without loss of generality we may assume that ||| < 3
and ||T~1|| = 1, otherwise we would multiply T by a suitable constant. Let .4; be
the scalar function space associated to Hi.

(a) Pick z € Wé_?l) and
3T
IT|+5
and let e € F4 be an arbitrary vector of norm 1. Since x is a weak peak point, there
exists a function h € H; satisfying that 0 < h < 1 and h(x) > 1 —e. Then by
Lemma 3.1 (b), the set

O<e<

Qyz N B(a) D) A(T,(h,e),e) (:c) N B(a)

is nonempty.

(b) Let @ be an ordinal such that B(®) N Qy, is finite. We assume that W;al)
is infinite and seek a contradiction. Then there exist pairwise disjoint open sets
{Un}men in K3 and points {x, }men C W;_Z) such that z,, € U, for each m € N.
Fix e € Sg,,
31T
I<e< —m—
97| + 5’
and find functions {g,, }men from AP satisfying that for each m € N,

€ €
0<gm <1, gm(axm)>1-— om and g, < om On Chyy, K1\ Up,.

Then by Lemmas 2.1 and 2.2, for each y € Ko there are at most finitely many
functions g, such that ||T(gm ® €)(y)|| > €. Thus, there exists an index mg € N
satisfying that || T(gm, ® €)(y)| < ¢ for each y from the finite set B(*) N Qy,. This
means that

AT (g ).0) (Tmo) N B N Qay = N1 (g, .0),) (Tmg) N B

is empty. But this contradicts Lemma 3.1 (b), which shows that W;al) is finite.

(c) If v is an ordinal such that B(®)NQ4, is finite, then we know by (b) that W7(_Z) is
also finite. Thus, suppose that Wgﬁ) ={x1,...,2,} and BNy, = {1, ..., Ym }-
We find pairwise disjoint open sets U, ..., U, such that z; € U; foreachi=1,...,n.

Fix

3|17
IT|(Tn+2) 4+ 3n + 2
and let hq,..., h, be functions in H; satisfying that

<e<

0<h; <1, hi(z;)>1—¢ and h; <e on Chy, Ki\U;.
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We define an operator S: (E7, ||*||max) — C(B(a) Ny, E2) ~ (B || |lmax) as

S(et, ... en) —T<Zhi®ei)
i1

Then S is clearly linear.

(B(Q)QQ’HQ)
Moreover, let eq, ..., e, € F1 be nonzero vectors with max lle;ll = 1. Then
i=1,...,n

151, s ) < HT(Z h ®) H <l <711+ ne)
=1

Z h; ® e;
i=1

by Lemma 2.2. At the same time, by Lemma 3.1 (b), there exists a point y € B(®)
n

such that HT(Z hi ®ei) (y)H > e. It follows that ¢ < ||S] < |T]|(1 + ne), and
i=1

hence S is an isomorphism from ET into E3".
(d) Let h € H; be the constant function 1,

37|

0<e< ——r
9T +5

and let e € Sg,. Then again by Lemma 3.1 (b), for each zy € Wé_?l) there exists
Y € N1 (h,e),e)(T0) N B(®) C Q4y, N B@). Moreover, by Lemma 3.1 (a), each y € B(®)
belongs to at most finitely many sets A(p (s.e),)(x), where z € Wgﬁ) Thus, if
B(*) N Qy, is infinite, then
WL < 1wlIB©) 1 Qa1 | = B) 1 Q.
0

To finish this section we now show that we cannot omit the assumption that the
boundaries are closed in Theorem 1.2.

Example 3.2. Let K1 = [1,w2], K3 = [1,w] and
Hi={f €C([l,w2]): f(w2) =0}, Ha=C([1,w]).
Then each point of the countable Choquet boundaries of H; and Hs is a weak peak
point, but dg(Hi1,Hs) = 2.
Proof. It is clear that Wy, = [1,w2). Thus, Chy, K1 2 Wy, = [1,w2). Since

zero is not an extreme point of By;x, we have Chyy, K1 = Wy, = [1,w2). Moreover, it
is clear that Wy, = Chyy, Ko = [1,w]. Thus, dpay(Hi1,Hz2) = 2 by [22], Theorem 1.1.
On the other hand, we define a mapping T: H; — H2 by
Tf(1)=fQ1), Tf(2m)=f(m)+flw+m), meN,
Tf2m+1)=f(m) - flw+m), meN, Tf(w)=f(w)
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Then it is easy to check that T is an isomorphism from H; onto H, with S = T~!
given by

f@m)+ f2m+1)
2
f@2m) - f(2m+1)
2 )

SfA)=rf(1) Sfim)=
Sfw)=fw), Sflw+m)=

, meN,

m € N.

Moreover, it is easy to see that ||T'|| = 2 and ||.S|| = 1, which finishes the proof. O

4. TSOMORPHISMS BETWEEN SPACES WITH BOUNDARIES OF FINITE HEIGHT

In this section, for ¢ = 1,2, let K; be a compact space, F; be a Banach space
and H; be a closed subspace of C(K;, F;). Let E; not contain an isomorphic copy
of cg, let A; be the scalar function space associated to H1, B be a closed boundary
for Hy and T: Hi; — Ho be an into isomorphism. In this setting, we prove three
auxiliary results, which we then use for the proof of Theorem 1.3.

Lemma 4.1. Let 0 < ¢ < 1, ¢ > 0, e be a nonzero vector in Ey, {U,} be
a sequence of pairwise disjoint open subsets of Ky and let {h,} be the sequence of
functions in B, satisfying that for each n € N, h, ® e € H; and |h,| < /2™ on
Chyy, K1\ Uy,. Let G be a finite subset of K. Then there exists an m € N such that
R(T(hm ®€),()NG ={.

Proof. We assume that this is not true and seek a contradiction. Let G =
{y1,-..,yx}, and we denote

Ai={neN: [[T(hy@e)(y)ll =(} i=1,....k

k
With the assumption, the union | J A; contains all natural numbers. Thus, we can fix

=1
an index i such that the set A;, is infinite. Since the sets U,, are pairwise disjoint,
by Lemma 2.2 for each n € N and «g,...,a, € Sg it holds that

<1l+e.

But since E2 does not contain an isomorphic copy of ¢y, the sequence {hy,}ne Asy
contradicts Lemma 2.1. The proof is finished. O

The following Lemma, which is motivated by [4], Proposition 2.3, is a key ingre-
dient, which makes use of the assumption that the considered heights are finite.
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Lemma 4.2. Let n,k,l € N, k <1, B®) N Qy, be finite, and let x1,...,x, be

distinct points in W7(-?1 Let ey, ..., e, be nonzero vectors in £y with max llei]] =1,
j=1,..,n

and Uy, ..., U, be pairwise disjoint open sets such that x; € U; foreachj =1,...,n.

Suppose that for a given 0 < £ < 1, there exist functions hq, ..., h, € Afl satisfying

that for each j =1,...,n,
Oghjg]., h]‘(x]‘)>1—€, h]‘<€ on ChH1K1\Uj,

n
and such that the set R( > T(h; ®ej), E) N B*) is empty.
j=1

Then there exist functions (h})i_,, ..., (hi)\_, in AF' satisfying that for each
j=1,....,nandi=0,...,l,

0<hj}

3 <1, h; <e on Chy, K1\ Uj, h; < h;“ te,

h;(m;) > 1 — ¢ for some a:; € W?(_Z and such that for every y € B, the set
n .
{i €f{0,...,1}: ye R(ZT(h; ®ej),g)}
j=1
has cardinality at most k.

Proof. Thelemma will be proved once we verify that the following claim is true.

Claim 4.3. For eachi=1,1—1,...,0 there exist functions

(R, RL Y R R R R )
in AF" and points

{xi"")xil}7{xi717"'71.?!171}7"'7{1.3""71:31}

satisfying that for each j =1,....nandm=1,...,l,

0 <A <1, A < e on Chy, Ky \Uyj, B < B e, W) 2 1—¢, 2" € WYY

17

and such that

l—1

«1) U {Bﬁnax{k—w}) N U N R(iT(hgﬂ’ ®ej),a>} =0.

s=0 i<7‘1<...<7'5+1§l pE{Tl,...,T,;+1}

Indeed, assume first that Claim 4.3 holds. This in particular for i = 0 and s = k
means that

0=8Bn U N R<§:T(h§®ej),a>.

0<m<..<rgp1<ipe{ri,...;rpy1}
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This means that for each 0 < r; < ... < rgy1 < I, the intersection
n
BN ﬂ R(ZT(’Z?@@]’),E)
pE{r1,...,Tky1} j=1

is empty, which we wanted to prove.

Proof of Claim 4.3. We proceed by reverse induction for i =1, —1,...,0. For
the case ¢ = [, it is enough to denote hé = h; and xé =ux; for j =1,...,n, since

n
then (4.1) holds due to the assumption that R( ST (h; ®ej), 5) N B%) is empty.
j=1

Thus, suppose that 0 < ¢ < [, and that we have found the functions
l l -1 -1 i+1 i+1
LT T U kU Tl N 1 LR Lany’
. Eq .
in A" and points
{ah, ... 2}, {xll_l, U ol SUUUUE £ LA

such that (4.1) holds for i + 1, and satisfying all the other above conditions. Hence,
we know that the set

l—i—1 n
U {soeeonn Y N rR(Xr0gee.:)}
s=0 i+1<r1 <...<rs 1<l pe{ri,...,rs41} j=1
is empty. Since for each s =0,...,l —i — 1, the set
U N R(Z T(h @ ej>,g)
i+1<r <...<rsp1<Ipe{ri,...,rs+1} J=1
is compact, the set
n
pomstisioh g | N R(Z T(h @ ej>,g)
i+1<rm <...<rsp1<Ipe{ri,...,rs41} j=1

is finite.
The set B*) N Qy,, is also finite by the assumption, hence so is the set

l—i—1 -
Gfemmn U0 angen)
s=0

i+1<r <...<rsp1<Ipe{ri,...,rs41} j=1



Next, for each j = 1,...n, by the continuity of the function we find an

]’Li-+1
) , i
open set V C U, containing x”l, and such that h”l 1 —¢e on V. Next, since
1,+1
J
together w1th their pairwise disjoint open neighborhoods {U ]m}meN, all contalned

e 1/\)(“r1 we may find a sequence of points {Zm}mEN c WH distinct from

in V. Since each point 27" is a weak peak point, we may find a function gJ* € Afl
satisfying that
3 €
0<g" <1, g7"(z")>1~ o and g7 < om OB Chyy, K1\ U™

Then for each m € N, g < h;“ + ¢ by Lemma 2.3. Using Lemma 4.1 for
each j = 1,...,n we find an index m; such that the function gm’ satisﬁes that
R(T(g;n’j ® ej,e/n) NG is empty, and we denote h; =g, " and x = z . Thus, for
y € G it holds that

Y i - i 3
> T(h® ej)(y)H <Y ITH @ ep))| <n-=e,
Jj=1 j=1

n .
and hence R( > T(h; ®ej), z—:) N G is empty. Consequently,
j=1

0= R(Z T (b} @ e;), 5) NG = R(Z T(h' @ e;), 5) N ((B(k) N Q)
j=1 j=1
l—i—

SU ey r(Srugees))

5=0 H1<r <.. <Té,+1<lp€{'r‘1 ..... g_¢.1}

n l—i—1
= (R<ZT(h§ ®€j),€) N B<’“>> Sy {B<max{ksl,0}>
i=1 s=0

n

N U N R<;T(h§®ej),a> 0R<22T(h§®ej),e)}

i+1<r1<...<rsp1<Ipe{ri,...,rs41}

(R(ZT - ®ej), )ﬁB"“’)

U U {B<ma"{’”1’°}>m U N R<§:T(h§®ej),e>}

s=0 i=r1<...<rsya<Ipe{ri,...,rs42} Jj=1

(i Uy s(Ergend)]

i=r1<...<rsto2<Ipe{ri,...,req2} j=1

l—i—1
s=—1

1—i

zu{gmax{k—wm U N R(iT(h?@ej),s)}.

5=0 i=7‘1<...<7"5+1<lpE{Tl,...,Ts+1} 7=1
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Thus, recalling the inductive assumption we conclude that the set

1—i

U{mmx{kw}m U N (ZT ©e,), )}

5=0 i<r1<...<rsp1<Ipe{ri,...,rs41}

_ G{s«m{k—smm U N (ZT oe.c) ]

s=0 i=r1<...<rs41<IpeE{ri,...,rs+1}
l—i—1

U U {B(max{k—s,O}) N U ﬂ (zn:T hp ® ej )}
s=0 J=1

i+1<r <...<rsp1<Ipe{ri,...,rs+1}

is empty. This finishes the induction step and the proof. O
Next, similarly as in Section 3 we define certain sets G, ©, which we use for the
proof of Theorem 1.3. For s,m € N, m < s, ¢ > 0 and functions h',...,h* € Afl
we denote
G(hY, ... h% me) ={(¢",...,g™) € (AP)™ Vi=1,...,m: 0<g¢' <1,
g > h'—cand g' <R e}
Next, for m,n,s € N, m < s, € > 0, vectors e1,...,e, € E; and functions

(M), ..., (R])7—; from Afl we denote
O(T, (hY)y=1s-- -+ (hp)r1s (€5)=1,m, €)

—n{R<T<Z g§®ej>,€): Vj= 1,...n,(gj1-,...,g§”’) €g(h;,...,h;,m 5)}
j=1i=1

Notice that if functions (h})S_y,..., (h5)5_; from AF' satisfy that for each j =
L,...,nandr =1,...,50<h}j <land hj < h;“—l—&forr < s, thenfor & > (s—1)e
it holds that h} < h% + ¢ for each r,t € {1,...,s}, r < t. Consequently, for each
j=1....n and m < s, the set g( o him ,€) is nonempty. Indeed, for each m,
indices r1,...,rm € {1,...,s},

(4.2) (R}, W) € G(h), ..., hS,m,é).
Thus, the set of functions defining

O(T, (h1)y=1,- -+ (hy)rz1, (€5)5=1,m, &) is also nonempty.

The following Lemma, which is another crucial ingredient for the proof of Theo-
rem 1.3, is inspired by [4], Lemma 2.1.
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Lemma 4.4. Let n,m,s € N, m < s, [T} =1, |T] < (s+m)/(s—m).
Choose ¢ € (0, 1) satisfying

e s+m—|[Tl(s —m)
IT](2m + n(s + 5m)) +n(s +m) + 2

and let nonzero vectors ey, ..., e, € Fy satisfy that max |le;]| = 1. Let Uy, ..., Uy,
i=1,...,n

be pairwise disjoint open sets in K, and functions (h})5_,,..., (h%5)5_, from A

satisfy foreachr =1,...,sand j=1,...,n,

0<h;<1, hj<e onChy,Ki\Uj, andforr<s, h}< h;“ + <
s
Choose jo € {1,...,n} satisfying that ||ej,|| = 1. If |hj || > 1 — /s, then
@(T, (h‘?ln)f’:h ] (h:z)i:D (ej)?:b m, 6) nB

is nonempty.

Proof. With the assumptions, there exists a point ¢ € Chy, K satisfying that
hr(m)>1—(s—1)i>1—e r=1 s
jo\10) = s ) S ERREES

For j # jo and r = 1,..., s we have h(z) < ¢ by disjointness of the sets Uy, ..., Uy.

Consequently, since ||[T~!|| = 1, we have
n m S
(3 (2 32 1) o)
j=1 r=1 =m-+1

T
n
>

WV

\%
/N 7 N
3

(Telu+ & meo)e

j#jo r=1 r=m-41
>C2m+s—m)(l—e)—(n—1)2m+s—m)e
= (s +m)(1 — ne).
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Thus, there exists a point y € B such that

HT<Z <2Zh; + Z h;) ® ej) (y)H > (s +m)(1 — ne).
j=1 \ r=1 r=m+1
We claim that y € O(T, (h{);—q, -, (hy,);i=1, (€j)}=1,m,€). Thus, we choose ar-
bitrary functions (gl),, Lo (gh)my in AP satisfying that for each j = 1,...n
(gj, gt € G(ht jse--rhi,m,e) (we know from (4.2) that the set of such functions
is nonempty). Fix j € {1,...,n}. By definition of the set g(h}, ..., h%,;m,e) we have

Y ])
(4.3) (Z h;l) -me <Y gl
i=1 i=1

and
m S
(4.4) > g < ( > h’) + me.
=1 1=s—m-+1
Consequently,
—(s—=m)—2me < —( 29: h;) —2me < <2§nh§-— i: h;) — 2me
i=m-+1 i=1 1=m-+1
< 2Zh1+2 Z hz—ZZg] Z h
i=s—m+1 1=m+1
S S m
) SUEE) S D Dt —22” > =234
i=1 =1 1=m-+1 1=m-+1 i=1
(45) ( Z h;) +2me < s —m + 2me.
1=m-+1
Thus

m
H(ZZh; Z hi—QZg])Q@ej < s —m+ 2me.

=1 1=m+1
Next, notice that for j € {1,...,n}, i € {1,...,m} and x € Chy, K1 \ U; we have

gi(z) < h;_m+i(x) + & < 2¢, hence

H((zéh;ﬁ Z hi — 22%)@(33)

i=m-+1

< 2me+ (s —m)e+4me = (s+ bm)e.

Thus by Lemma 2.2 we have

<22h§ Z h —2Zgj> ®e¢;
=1 i=1

i=m-+1

< s —m+2me +n(s+ dm)e.
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Now we claim that HT(E SYgi® ej) (y)H > e. Indeed, otherwise we would have

IT||(s — m + 2me + n(s + 5m)e)

> T(Z( 2y it Y h;_zzg;:)@ej)H
j=1 N =1 i=m+1 i=1
> T(Z( Z’ﬁ* Z h§—229§)®6j)(y)H
j=1 \ =1 i=m+1 i=
2 AOOES D ER B EC oW ER
j=1 i=1 i=m+1 Jj=11i=1
> (s +m)(1 — ne) — 2¢,

contradicting the choice of . Thus y € O(T, (h]);q, ..., (hy);=1, (€)=, m,€), and
we are done. g

Now we are ready to prove Theorem 1.3.

Proof of Theorem 1.3. We only need to prove that ||T||[|T7| > (2l + 2 — k) /k
since the bound 3 follows from statements (a), (b) and (c) of Theorem 1.1. Let A;
be the canonical scalar function space associated to H;.

Claim 4.5. There exists n € N such that for each { > 0 there exist distinct points
(zj)7_, € W7(_L , vectors ey, ..., e, in By with _max lle:|l = 1, Un,...,U, pairwise
j=1,....,n

disjoint open sets such that x; € U; for each j = 1,...,n, and functions h; € Afl
satisfying that for each j = 1,...,n,

Oghjgl, hj(l‘j)>1—(:, hj<(: on ChHlKl\Uj
n
and such that the set R(Z T(h; ®e;), C) N B®*) is empty.
j=1
Suppose first that Claim 4.5 holds, and assume for a contradiction that the iso-

morphism 7T satisfies that ||7~1|| = 1 and ||T|| < (20 + 2 — k) /k. Choose
p

2+2—k—|T|k and (= <
||T|\(2l+2—2k+n(6l+6 5k)) +n(2l+2 — k) + 2 N

Then we use Claim 4.5 to find an appropriate n € N and all the other above
objects for this ¢. Next, since in all cases (i), (ii) and (iii), the set B*) N Qy, is
finite, we can use Lemma 4.2 to find functions (h})L_,, ..., (hL)L_, € AP satisfying
that for each j =1,...,nandi=0,...,,

0<hi <1, hi<( onChy,Ky\Uj, hi<hith 4+,
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h;(xz) > 1 — ( for some xé € W7(_2 and such that for every y € B,

{ie {0,...,1}: yeR<§n:T(h§®ej),g>H <k

J=1

(4.5)

Next, since ¢ =¢/(I 4+ 1), we can use Lemma 4.4 for s=1{+1land m=1—k+1 to
obtain a point

y e O(T, (h)_y, ..., ("), (ej)iz1,l —k+1,6)NB.
By (4.5), there are at most k indices ¢ from the set {0,...,I} satisfying that
|1 oe)w)
eejmgh p=1,..., —k+1 it holds that H Zn:T(h;p ®ej)(y)H < (. But then, since
¢=c/+1), .

> (. Thus, we can fix i1,...,4—k+1 € {0,...,1} such that for

(RE .. by € GRS, .. bk 1=k + 1,e)

» 104 VR
for each j =1,...,n, see (4.2).
Thus, by the definition of O(T, (h})._y, ..., (h},)L—, (€;)}=1,m,€) we know that

n l—k+1
(5 X e)w]e
j=1 p=1
Consequently, we have

FEE ool E

Jj=1 p=1 p=1

T<§;h§” ®ej>(y)H <(l-k+1)¢<e

This contradiction shows that ||T||||7~!|| > (21 + 2 — k)/k. Thus, to finish the proof
it is enough to prove the above Claim 4.5.

Proof of Claim 4.5. In case (i), we put n = 1. Since W?(_?l is nonempty, we
can take an arbitrary point z; € W?(_?l and vector e; € Sg,, and then, since the
set B%) N Qy, is empty, the function h; exists simply by the definition of a weak
peak point.

For case (ii), we again put n = 1, and we pick an arbitrary e; € Sg,. Since W?(_?l
is infinite, there exist pairwise disjoint open sets {U.,, }men and points {2z, }men C
)/\17({”1 such that z,, € U,, for each m € N. For a given { > 0 we find functions
{gmYmen € AP such that for each m € N,

0<gm <1, gmlzm) >1-— i and gm, < i on Chy, K1\ Up,.
2m

2m

Now, since B*) N Qy,, is finite, it is enough to use Lemma 4.1 to obtain the function
h1 = gm and the point 1 = z,, for a suitable m € N.
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Finally, for case (iii) we suppose that )/V?({l)1 = {z1,...,2,} and B® N Qy, =
{y1,..-,Ym}. Given ¢ > 0, we find pairwise disjoint open sets Uy, ..., U, such that
x; € U; for each j =1,...,n, and functions hy,...,h, in Afl satisfying that

0<h; <Lhj(z;)>1—-¢ and h; <( onChy, Ki\U,, j=1,...,n

As in the proof of Theorem 1.1 (c), we define a linear operator S: (ET, ||*||max) —
C(B® N gy, Bn) = (EF, ||-[lmax) as

S(el,...,en) = T(th ®€i>
=1

(B(k)mQ'HQ)

Then as in the proof of Theorem 1.1 (c), S is bounded. Since by our assumption E3"
does not contain an isomorphic copy of ET, it follows that S™! is not bounded.

Consequently, there exist nonzero vectors ey, ...,e, € Ey with max les|l = 1 such
n i=1,...,n
that HT(Z hi ® ei) ‘ < (, and those are the vectors we were looking for.
1=1 (B(k)nQ’HQ)
The proof is finished. O
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