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Abstract. The goal of the article is to develop a theory dual to that of support in the de-
rived category D(R). This is done by introducing ‘big’ and ‘small’ cosupport for complexes
that are different from the cosupport in D.J. Benson, S.B.Iyengar, H. Krause (2012). We
give some properties for cosupport that are similar, or rather dual, to those of support for
complexes, study some relations between ‘big’ and ‘small’ cosupport and give some compar-
isons of support and cosupport. Finally, we investigate the dual notion of associated primes.
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1. INTRODUCTION AND PRELIMINARIES

The theory of cosupport developed by Benson, Iyengar and Krause (see [2]) in the
context of compactly generated triangulated categories, was partially motivated by
work of Neeman, see [11]. Despite the many ways in which cosupport is dual to the
notion of support introduced by Foxby (see [6]) and Neeman (see [10]), cosupport
seems to be more elusive, even in the setting of a commutative noetherian ring.

In general, the theory of cosupport is not completely satisfactory because this
construction is not as well understood as support. Richardson in [12] investigated the
co-localization functor P (—), which is dual to the ordinary localization functor (—),.
For example, P(—) preserves secondary representations and attached primes (the
duals of primary decompositions and associated primes (see [3], Section 7.2), and
preserves artinian modules when R is complete. Richardson then defined cosupport,
denoted by coSupppK, of an R-module K to be the set of primes at which the
module’s co-localization is nonzero. From his point of view, this co-localization

This research was partially supported by the National Natural Science Foundation of
China (11901463).

DOI: 10.21136/CMJ.2023.0282-21 431

© Institute of Mathematics, Czech Academy of Sciences 2023.


http://dx.doi.org/10.21136/CMJ.2023.0282-21

functor defines a sensible cosupport. In particular, the cosupport of a nonzero module
is nonempty and coSupprA = {p € Spec R: AnngrA C p} when A is artinian.
One purpose of this paper is to extend the concept of cosupport in [12] to un-
bounded complexes. We focus on the functor Dr(—) = Hompg (—, ) E(R/m)), the
m

sum running over all maximal ideals m of R, where F(R/m) is the injective envelope
of R/m. For an R-complex M, the co-localization of M relative to a prime ideal p is
the Rp-complex

"M :=Homg, (Dr(M)y, E(R/p)) ~ Homg(Dr(M), E(R/p)).

In Section 2, we define coSupppM of ‘big’ cosupport of M to be the set of prime
ideals p so that PM % 0. One of the main results of this work is a computation of
cosupport:

Theorem 1. For any R-complex M, one has an equality

coSupppM = U coSupppH;(M).
i

In particular, M # 0 if and only if coSuppp M # (.

We provide the following (partial) duality between ‘big’ cosupport and support.

Theorem II. Let M be an R-complex.
(1) p € coSupppM if and only if p € SupprDr(M).
(2) If p € SupprM, then p € coSupprDr(M). The converse holds when M €
D™(R), i.e., each H;(M) is noetherian).

By examples we show that the above notion is not the same as the one in [13] and
the converse of (2) in the above theorem does not hold in general.
Section 3 investigates ‘small’ cosupport of complexes

cosuppp M := {p € Spec R: RHompg(R/p,* M) # 0},

and some properties for ‘small’ cosupport that are similar to those of ‘small’ support
are provided for M € D_(R). We also show that cosuppy [[ M # |J cosuppyp M) in
A X

general. In Section 4, we study some relations between ‘big’ and ‘small’ cosupport,
show that cosupppM C coSuppyp M for M € D_(R) and the inclusion may be strict.
Section 5 is provides some relations between cosupppM and cosupppH(M). As an
application, we give the comparison of support and cosupport.
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The concept of coassociated primes of complexes is introduced in the last section,
and an extension of Nakayama lemma is given. In the appendix, we provide a sum-
mary of all the different cosupports of modules. To faciliate the discussion, we record
some related facts and their relations.

Unless stated to the contrary we assume throughout this paper that R is a com-
mutative noetherian ring which is not necessarily local. Next we recall some notions
and facts which will be needed later. For terminology we shall follow [5] and [12].

Complexes. The category of chain R-complexes is denoted by C(R). The derived
category of R-complexes is denoted by D(R).

Let M be an object in C(R) and n € Z. The soft right-truncation, o>, (M), of M
at n and the soft left-truncation, o<, (M), of M at n are given by

=

dn dn
osn(M): ... = Mo =5 M, =5 Kerd, — 0,

n—1

o<n(M): 0 — Cokerdy,41 n, M, _1 dny My_o— ...

The differential d,, is the induced morphism on residue classes.

An R-complex M is called bounded above if H,, (M) = 0 for all n > 0, bounded be-
low if H,,(M) = 0 for all n <« 0, and bounded if it is both bounded above and bounded
below. The full triangulated subcategories consisting of bounded above, bounded
below and bounded R-complexes are denoted by D_(R), D4 (R) and Dy, (R), respec-
tively. We denote by D*(R) the full triangulated subcategory of D(R) consisting
of R-complexes M such that H;(M) are noetherian R-modules for all 4, and denote
by D*(R) the full triangulated subcategory of D(R) consisting of R-complexes M
such that H;(M) are artinian R-modules for all i. For M € D(R),

inf M :=inf{n € Z: H, (M) # 0}, supM :=sup{n € Z: H,(M) # 0}.

We write Spec R for the set of prime ideals of R and Max R for the set of maximal
ideals of R. For an ideal a in R and p € Spec R, we set

U(p) ={qe€SpecR: qCp} and V(a)={q € SpecR: a C q}.

Denote Dp(—) = Hompg(—, E(R/m)) for m € Max R. For an R-complex M, we
set M~ = [[Dwn(Dwn(M)). Let S be a multiplicatively closed subset of R. The
m

co-localization of the complex M relative to S is the S~! R-complex
S 1M := Dg 1z(S™'Dr(M)).

If S = R — p for some p € Spec R, we write PM for S_1 M.
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2. ANOTHER VERSION OF BIG COSUPPORT IN D(R)

This section introduces the set coSuppr M of ‘big’ cosupport of an R-complex M.
We show that coSuppp M can be detected by the cosupport coSuppzH;(M), and
give a (partial) duality between coSuppyp M and Suppp M.

Definition 2.1. Let M be an R-complex. The ‘big’ cosupport of M is defined as
coSupppM :={p € Spec R: P M # 0}.
Following [5] or [13], the ‘big’ support of an R-complex M is the set
SupprM = {p € Spec R: M, # 0}.

It follows from [5], equation (6.1.3.2) that SupprM = |J SuppgpH;(M). The next
i€z

theorem establishes a similar fact that the big cosupport for an R-complex is com-
pletely related to the big cosupport of the homology modules of complexes.

Theorem 2.2. Let M be an R-complex. One has that

coSupppM = U coSuppH; (M).
ez

Proof. One has the equivalences

p € coSuppryM < H;(PM) #0 for some i
< Homp(Dr(H;(M)),E(R/p)) #0 for some 4
& PH;(M) # 0  for some 4

&Spe U coSupppH; (M),
i€

where the second equivalence is by injectivity of @ E(R/m) and E(R/p). O
m

Corollary 2.3. For an R-complex M, one has M # 0 if and only if

coSupppM # 0.

Proof. One has that coSuppyM # 0 if and only if coSupppH;(M) # § for
some 14 if and only if H;(M) # 0 for some ¢ if and only if M % 0, where the first
equivalence is by Theorem 2.2, the second one is by Lemma A.2. O
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Following [4], the annihilator for M € D(R) is defined by intersecting the corre-
sponding sets for the homology modules H; (M), i.e.,

AnnpM = m AnngH;(M).
i€z

If 0 # M € DR(R), then SupppM = V(AnngM). The next corollary is dual to this.

Corollary 2.4. For any 0 % M € D{(R), one has that

coSupppM = V(Anng M) = Suppg(R/Anng M).
Proof. Set i =inf M and s = sup M. We have

coSuppp M = |_J coSupppH; (M) = | J V(AnngH; (M)

j=i j=i
S
= v(ﬂ AnnRHj(M)> = V(Anng M),
j=i
where the second equality is by Lemma A.2. O

The following result plays an important role in the rest of the paper.

Theorem 2.5. Let M be an R-complex. The following are equivalent:
(1) b € coSuppp;
(2) p € SupprDr(M).
If in addition R is semi-local, then (1) and (2) are equivalent to
(3) p € Suppp D (M) for some m € Max RN V(p);
(4) RHompg(Ry, M™) # 0.

Proof. (1) & (2) One has the equivalences

p € coSupprM < p € coSupppH;(M) for some i
< p € SupprDr(H;(M)) for some &
< p € SupprH_;(Dg(M)) for some i
& p € Suppr Dr(M),

where the first one is by Theorem 2.2, the second one is by Lemma A.2, the third
one is by injectivity of @ F(R/m).
m

Next assume that R is semi-local.

435



(2) < (3) One has the equivalences

p € SupppDm(M) for some m € Max RN V(p)
< p € SupprDm(H;(M)) for some ¢ and m € Max RN V(p)
< p € coSupppH;(M) for some i
< p € SupprDr(H;(M)) for some i
& p € Suppr Dr(M),

where the first and the fourth ones are by [5], equation (6.1.3.2), the second one is
by Lemmas A.1 and A.4, the third one is by Lemma A.2.
(1) & (4) For any ¢ € Z, one has the isomorphisms

Hi(RHornn( Ry, 3°)) = [T Bi(Dn D (30)) = [ D (D00
m
= HHomR (Rp, Don (D (H;(M)))) = Homp (Ry, Hi(M)"),
m
where the first and the third ones are by adjointness, the second one is by injectivity

of E(R/m) and flatness of R,. Therefore, we have the equivalences

RHompg(Ry, M™) # 0 < Homp(R,, H;(M)~) #0 for some ¢
< p € coSupppH; (M) for some ¢
& p € coSupprM,

where the first one is by the above isomorphism, the second one is by Lemmas A.1
and A.4 and the third one is by Theorem 2.2. O

Let U be a subset of Spec R. The specialization closure of I/ is the set
clU = {p € Spec R: there is q € U with q C p}.

The subset U is specialization closed if clif = U.

Remark 2.6.
(1) For any R-complex M, one has that coSuppp M = coSupprXM.
(2) For an exact triangle L — M — N ~~ in D(R) we have

coSupprM C coSupprL U coSupppN.
(3) For any R-complex M, the set coSuppr M is specialization closed since
coSuppp M = SupprDr(M)

by Theorem 2.5 and SuppyDgr(M) is specialization closed.
(4) H(* M) = PH(M) for any p € Spec R.
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(5) (i) Let M € D} (R) and N € D (R). One has the isomorphism

L
* (M @) = Hom, (Ritom(M. D))y E(R/r)
R

L
~ Homp, (RHompg, (My, Dr(N)y), E(R/p)) ~ My@Q)* N,
Ry

where the first one is by adjointness, the second one is by [5], Lemma 6.1.6 and
the third one is by [5], Theorem 2.5.6.
(i) Let M € D} (R) and N € D_(R). One has the isomorphism

L
PRHomp(M, N) ~ RHomg, <Mp Q) Dr(N),, E(R/p)> ~ RHompg, (M,,"N),
Ry

where the first one is by [5], Theorem 2.5.6 and the second one is by adjointness.
(6) By the proof of Theorem 2.5, RHompg(R,, M~) % 0 implies that

Hompg(Ry, H;(M)™) # 0

for some ¢, and hence p € CosupppH;(M) C coSupppH;(M) C coSupppM by
Lemmas A.1 and A.4 and Theorem 2.2. Consequently, P M # 0.

(7) Sather-Wagstaff and Wicklein in [13] extended the notion of cosupport provided
by Benson, Iyengar and Krause in [2] to complexes. They defined the ‘large’
cosupport of an R-complex M as the set

Co-suppr M := {p € Spec R: RHompg(R,, M) % 0}.

However, our definition of ‘big’ cosupport for M is not the same as the above.
For example, let M = R = k[z] for any field k. Since Homg (R0, R) # 0 and
Co-supp M is specialization closed by (3), it follows that Co-suppz M = Spec R.
But coSupppM = SupprDr(M) = Max R # Spec R by Theorem 2.5.

(8) Let M be an R-complex and p € Spec R. If each H;(M) is a Matlis reflexive
R-module (i.e., H;(M) = Dr(Dr(H;(M)))), then M ~ Dr(Dr(M)), and hence

"Dr(M) ~ Hompg, (Dr(Dr(M))p, E(k(p))) ~ D, (My).

So PDr(M) # 0 if and only if M, # 0 as E(R/p) cogenerates the category of
p-local R-modules, that is to say,

p € SupppM < p € coSupprDr(M).
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In general, we have the following result.

Proposition 2.7. Let M be an R-complex.
(1) If p € Supprp M, then p € coSupprDr(M).
(2) If M € D*(R), then p € Suppp M if and only if p € coSupppDr(M).

Proof. (1) Since p € SupppyM, p € SuppgpH;(M) for some i, and so p €
coSupppH_;(Dr(M)) by Lemma A.5. Therefore, p € coSupprDr(M) by Theo-
rem 2.2.

(2) “Only if” part by (1). “If” part: Since

p € coSuppr Dr(M), p € coSuppzH;(Dr(M))
for some i by Theorem 2.2, i.e., p € coSupprDr(H_;(M)). Hence, Lemma A.5
implies that p € SuppryH_;(M). Consequently, p € SupppM. O

The following example shows that the converse of (1) in the above proposition
does not hold in general.

Example 2.8. ([14]). Let (R, m) be a local domain with dim R > 0. Consider
the complex
M=O—>@R/m”—>0.
n>0

Then Dyw(M) = Dr(M) and 0 € coSupprDr(M). But

0 ¢ SupppM as SupppM = {m}.

3. ANOTHER VERSION OF SMALL COSUPPORT IN D(R)

This section introduces the set cosuppp M of ‘small’ cosupport of an R-complex M,
and provide a duality between the ‘small’ cosupport and support as in Section 2.

Definition 3.1. Let M be an R-complex. The ‘small’ cosupport of M is de-
fined as
cosuppp M := {p € Spec R: RHompg(R/p,* M) # 0}.

Following [5] or [13], the ‘small’ support of an R-complex M is the set

L L
supppM = {p € Spec R: k(p)@M % 0} = {p € Spec R: R/p@Mp o O},
R R

where k(p) = R,/pR,. Next, we bring an analogue of Theorem 2.5.
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Theorem 3.2. Let M be an R-complex in D_(R). The following are equivalent:

1) p € cosupprM;

(
(2) RHompg(Dgr(M),k(p)) # 0;
(3) pe suppRDR(M );

(4) k(p )®”M % 0;

)
)
)
)
(5) pRy 6 cosuppp, " M.
If in addition R is semi-local, then (1)—(5) are equivalent to
6) RHompg(k(p), M™) % 0;
)
)
)

7) Hom (@ D (M), k(p)) # 0;
8 pEsuppRD (M) for some m € Max RNV (p);

(
(
(
(

9) k(p )®RHomR(Rp,M”) # 0.

In parmcu]ar M # 0 if and only if cosuppp M # .

Proof. One has the isomorphisms in D(R)
PRHompg(R/p, M) ~ RHompg, ((R/p)p, " M) ~ RHompg(R/p, " M),
where the first one is by Remark 2.6 (5) and the second one is by adjointness.

PRHomg(R/p, M) ~ RHomg, (k(p)," M)
~ RHomg, (Dr(M),,Hompg, (k(p), E(k(p))))
~ RHompg(Dr(M), k(p)),

where the first one is by Remark 2.6 (5), the second one is by adjointness and the
third one is by the isomorphism Hompg, (k(p), E(k(p))) = k(p).

D(RHom(R/p. )y = (R/p@ Dr(h1)) = k(p) ) Dr(A1).
R p R

where the first one is by [5], Theorem 2.5.6 and the second one is by adjointness.
Hence, Theorem 2.5 implies the equivalences of (1)—(3).
(1) & (4) This follows from [13], Fact 3.5 and the isomorphism

RHompg (R/p,? M) ~ RHomg, (k(p)," M)

in D(R) by Remark 2.6 (5) and adjointness.
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(1) < (5) Since M € D_(R), P M € D_(R,). One has the isomorphisms in D(R)
RHomp, (R /pRy, "' ("M))

L
= Hom, ( +(s) QHoma, € M. E(b(w)). E(k(2) )

Ry
~ Homp, (Hompg, (RHompg, (k(p),? M), E(k(p))), £(k(p)))
~ D, (Dg,(RHompg(R/p," M))),
where the first and the third ones are by adjointness and the second one is
by [5], Theorem 2.5.6. Thus, RHompg, (R,/pRy, P (PM)) # 0 if and only if
RHompg(R/p,P M) # 0 as E(k(p)) cogenerates the category of p-local R-modules, as

desired.
One has the isomorphisms in D(R)

L
RHom g (k(p), M) = [ D (k(p) @) Din(M) ) 2 [ Don (D (RHom R (R/p, M))y)
m R m
~ RHompg(R,, RHomg(R/p, M)~ ),

where the first and the third ones are by adjointness, the second one is by [5],
Theorem 2.5.6.

Homp (@ Du(M) k(7)) = Homy (@ Di(01) Homnr, (1(9). E(F/)

~ Homp <® (R/p éDm(M))vE(R/p)>
m R
~ Homp (@ D (RHomp(R/p, M)), E(R/p))a

where the first one is by the isomorphism k(p) = Homg, (k(p), E(R/p)), the second
one is by adjointness and the third one is by [5], Theorem 2.5.6.

L

L
Din(RHompg(R/p, M)y ~ (R/p R Dm<M>> ~ k(p) (D Den(M).
R

p R

where the first one is by [5], Theorem 2.5.6 and the second one is by adjointness.
Hence, Theorem 2.5 implies the equivalences of (1) < (6) < (7) < (8).
(6) < (9) This follows from [13], Fact 3.5 and the isomorphism

RHomg(k(p), M~) ~ RHomp, (k(p), RHomg(Ry, M™))
in D(R) by adjointness. O
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Corollary 3.3. Let M be an R-complex in D_(R). One has that

cosupppM = min(cosupp pH(M)).

Proof. One has the equivalences

p € cosupppM < p € supprDr(M) < p € min(supppH(Dr(M)))
< p € min(supprDr(H(M))) < p € min(cosupprH(M)),

where the first and the last equivalences are by Theorem 3.2, the second one is by [1],
Theorem 5.2 and the third one is by injectivity of @ E(R/m). O
m

Proposition 3.4.
(1) Let M € D} (R) and N € D_(R). One has that

cosupppRHom g (M, N) = suppr M N cosuppgN.

(2) Let M € DR(R) and N € D_(R). One has that

L
cosuppp (M ® N) = supppM N cosuppypN.
R

Proof. (1) One has the equivalences

p € cosupprRHomp (M, N) < p € supprDr(RHompg (M, N))

L
& P € suppp (M®DR(N))
R
< p € suppr M NsupprDr(N)
& p € suppr M N cosuppy N,

where the first and the fourth equivalences are by Theorem 3.2, the second one is
by [5], Theorem 2.5.6 and the third one is by [13], Proposition 3.12.
(2) One has the equivalences

L L
p e cosuppR(M®N> Spe suppRDR(M®N>
R R

< p € suppprRHompg (M, Dr(N))
< p €supppM NsupprDr(N)
& p € suppr M N cosuppr N,

where the first and the fourth equivalences are by Theorem 3.2, the third one is
by [13], Proposition 3.16. O
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Remark 3.5.
(1) For each M € D_(R), one has PRHomp(R/p, M) ~ RHompg(R/p,?M) by
Remark 2.6 (5) and adjointness. Thus,

p € cosupppM < p € coSuppzRHompg(R/p, M).
(2) If M is an R-module, then
cosuppr M = {p € Spec R: *Exth(R/p, M) # 0 for some i}.
(3) Let V be a specialization closed subset of Spec R. For each M € D_(R), one has

cosupprM CV < suppprDr(M) CV
< Dg(M), =0 for each p € Spec R\ V
< PM =0 for each p € Spec R\ 'V,

where the first equivalence is by Theorem 3.2, the second one is by [1],
Lemma 2.3 (1) and the third one is as E(R/p) cogenerates the category of
p-local R-modules.

(4) For each M € D_(R) it follows from Theorems 2.5, 3.2 and [1], Corollary 5.3
that

cosupprM C cl(cosuppp M) = coSuppp M C V(AnnpM).

(5) Given a set of R-complexes M; in D_(R). In general, cosuppp|[M; #

Jcosuppp M;. Indeed, let (R,m) be a local domain with dimR > 0 and

M; = R/m’ for i > 0. Since supppR/m’ C {m} for each i > 0,

UcosuppRDm(R/mi) = {m}
i
by Proposition 3.4. But
cosuppy, [ D(R/m’) # {m)
i>0

since 0 € cosuppg [[ Dm(R/m®).
s>0

The following proposition is an analogue of Proposition 2.7.

Proposition 3.6. Let M be an R-complex in D1 (R).
(1) Ifp € suppp M, then p € cosupprDr(M).
(2) If M € D} (R), then p € supppM if and only if p € cosuppgrDr(M).
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L
Proof. (1) Let p € supppM. Then p € SuppR(R/p®M), and so p €
R

L
coSuppypDr (R/p % M) by Proposition 2.7 (1). But

L
Dp <R/p X M) ~ RHomp(R/p, Dr(M)),
R

it follows from Remark 3.5 (1) that p € cosupprDr(M).
L

(2) This follows from Proposition 2.7 (2) since R/p @ M € D' (R). O
R

4. RELATIONS BETWEEN BIG AND SMALL COSUPPORT

We devote this section to some relations between ‘big’ and ‘small’ cosupport. We
show that cosuppp M C coSuppr M for M € D_(R), and the inclusion may be strict.
Following [13], we denote by co-supppM the set

co-supppM := {p € Spec R: RHompg(k(p), M) # 0}.

Proposition 4.1. For an R-complex M in D_(R), the sets supppM and
cosuppp M have the same maximal elements with respect to containment, i.e.,
max(suppp M) = max(cosupppM). Moreover, max(cosupp M ) =max(co-suppM).

Proof. We prove that max(supppM) C cosupppM and max(cosupppM) C
supprM.

L

If p € max(supppM), then co—suppR(R/p®DR(M)) = {p} by [13], Proposi-
R

tion 4.10. As Homg, (k(p), E(k(p))) = k(p), it follows from [2], Proposition 5.4 that

L
RHom (D (M), k(p)) ~ RHomp (R/p & Dr(M). E(R/p)) 20,
R

and hence p € cosupppM by Theorem 3.2. If p € max(cosupprM), then

L L
cosuppR<R/p®M) = {p}, sop € max(suppRDR(R/p®M)). Thus, [13],
R R
Proposition 4.7 (b) implies that p € co-supppRHomg(R/p, Dr(M)). Consequently,
p € suppr M by [13], Proposition 4.10.
The second statement follows from [2], Theorem 4.13. O

Proposition 4.2. For every M € D_(R), one has an inclusion cosupppM C
coSuppy M ; equality holds if R is a semi-local complete ring and M € D? (R).
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Proof. The inclusion follows from Theorems 2.5 and 3.2 since supppDr(M) C
SupprDgr(M). Now let M € D*(R) and p € coSupprM, i = supP?M. Then
PM € D* (Ry) by [12], Theorem 2.3, and so

Hi(RHom g, (k(p),* M)) = Homp, (k(p), Hi(* M)) # 0

by [14], Theorem 4.3. Consequently, RHompg(R/p,? M) # 0 and p € cosupppM,
as claimed. 0

The next example shows that the inclusion in Proposition 4.2 may be strict:

Example 4.3 ([1], Example 9.4). Let k be a field and R = k[[z, y]] the power
series ring in indeterminates z, y, and set m = (z,y) the maximal ideal of R. The
minimal injective resolution of R has the form

o202 Q— H E(R/p) — E(R/m) -0 — ...,
htp=1

where () denotes the fraction field of R. Let M denote the truncated complex

o2 0= Q - H E(R/p) - 0— ...
htp=1

One has that coSupp Dg(M) = Spec R since Spec R = Supp M C coSuppr Dr(M).
But m & cosupprDr(M). In fact, if m € cosupprDr(M), then m € supprDr(M)
by Proposition 4.1, and hence m € cosupppM by Theorem 3.2. Consequently,

m € supppM by Proposition 4.1 again, which is a contradiction since supppM =
Spec R\ {m}.

Proposition 4.4. Let M be an R-complex in D_(R).
(1) The sets cosupppM and coSupppM have the same minimal elements with re-
spect to containment, i.e., min(cosuppr M) = min(coSupppM).
(2) For an ideal a of R, coSuppp M C V(a) if and only if cosupprM C V(a).
(3) The Zariski closures of coSuppr M and cosupppM are equal.

Proof. This follows from Theorems 2.5, 3.2 and [13], Propositions 3.14-3.15. O

Remark 4.5.
(i) Example 4.3 shows that supppM and supppH(M) need not coincide and
cosuppp M and cosupp gk H(M) need not coincide.
(ii) For any M € D_(R), cosupprM may not be a specialization closed subset.
(iii) Example 2.8 and Proposition 4.4 (1) show that the converse of (1) in Proposi-
tion 3.6 does not hold in general.
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Proposition 4.6.
(1) If M isin D™ (R), then cosupppyM C co-suppp M and coSuppp M C Co-suppp M.
(2) Assume that R is a semi-local ring and M € D_(R). If each H;(M) is
a Matlis reflexive R-module, then co-suppp M = cosupppM and Co-supppM =
coSuppp M.

Proof. (1) Since M € D™ (R), it follows that cosupppM C coSuppypM C
Max R. Hence, Proposition 4.1 implies that cosupppM C co-supppM. Note
that cosuppprM = coSupprM and co-supppM C Co-supppM, so coSupppM C
Co-suppp M.

(2) As H;(M) = Dr(Dgr(H;(M))) for all i, M ~ Dr(Dgr(M)). Hence,

co-supppM = co-supprDr(Dr(M)) = suppr Dr(M) = cosuppp M
by [13], Propositions 6.1 and Theorem 3.2 and
Co-supprM = Co-supppDr(Dr(M)) = SupprDr(M) = coSuppr M.
([

Corollary 4.7. Assume that R is a semi-local complete ring. If M € D™ (R) or
M € D* (R), then co-supprM = cosuppp M and Co-supppM = coSuppp M.

The example in Remark 2.6 (7) shows that the inclusion in Proposition 4.6 may
be strict.
5. COMPARISON OF COSUPPORT AND SUPPORT

This section puts emphasis on the relation between cosuppy M and cosupp p H(M).
As an application, we give the comparison of the support and cosupport.

Proposition 5.1. Let p be a point in Spec R. One has that
(1) cosupprR = Max R and suppypR = Spec R,
(2) cosupprk(p) = {p} = supprk(p),
(3) supprE(R/p) = {p} and cosupprE(R/p) = U(p).

Proof. (1) It follows from Theorem 3.2 and [13], Proposition 3.11 that

cosuppr R = suppr Dr(R) = suppp @ E(R/m) = Max R.
m

It follows from Proposition 3.6 that

suppp R = cosuppr Dr(R) = cosuppp @ E(R/m) = Spec R.
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(2) Since supprk(p)={p}, it follows from Proposition 4.1 that cosuppzk(p) CU(p).
On the other hand, cosupprk(p) = cosuppr(R/p ®r Ry) C V(p) by Proposition 3.4.
Consequently, cosuppgk(p) = {p}.

(3) Since p € co-supprE(R/p) if and only if Hompg(k(p), E(R/p)) # 0 by [13],
Proposition 4.4 if and only if Hompg(k(p), E(R/p)~) # 0 by [14], Theorem 2.17
if and only if p € cosupprE(R/p), it follows from [13], Proposition 6.3 that the
equality holds. O

The next results study the relations between cosupppM (or supppM) and
cosupppH(M) (or suppzH(M)).

Proposition 5.2.

(1) For each M € D' (R), one has supppM = ‘UZ supppH; (M).
1€
(2) IfR is semi-local complete, then for M €D (R), cosuppRMZIUZcosuppRHi(M).
1€

Proof. We just prove one of the statements since the other is dual.
One has the equalities

cosupppM = coSupppM = coSupprH; (M) = cosupppH; (M),
R R R R
icZ =i

where the first and the third ones are by Proposition 4.2 and the second one is by
Theorem 2.2, as desired. |

Proposition 5.3.

(1) For each M € D_(R), one has supppM C |J supppH;(M).
icz
(2) For each M € Dy (R), one has cosupppM C |J cosupppH;(M).
i€z

Proof. We just prove (1) since (2) follows by duality.

First, let M € Dy(R). If inf M = sup M = r, then M ~ ¥"H, (M) and supppM C
supppH, (M). Assume that sup M —inf M > 0. The exact triangle o>int pr41 (M) —
M — SME e (M) ~ yields that

supp M C Supp o sint M+1(M) U supp pHine v (M).

But supppozint m+1(M) C U suppgHi(ozimem11(M)) = U supppHi(M)
i€z izinf M+1
by induction, so supppM C JsupppH;(M). Now let M € D_(R). Then
lim, i€z
M = —3" (M). Since supppM C | supprosn(M) and suppros,(M) C
n<0
U supprH;(M), it follows that suppsM C |J supppH;(M). O
i>n i€z
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Corollary 5.4.
(1) For each M € Dy(R), one has that cosuppp M C suppp M.
(2) If R is a semi-local complete ring, then for M € D{(R), suppr M C cosuppr M.

Proof. We just prove (1) since (2) follows by duality.
By Proposition 5.3 (2), cosupppM C |J cosupprH;(M). But H;(M) is noethe-

icz
rian and coSuppypH;(M) C Max R, so it follows from Propositions 4.1 and 5.2 that
\J cosupprH; (M) C | supprH;(M) = suppp M, as claimed. O
= i€Z
Remark 5.5.

(i) The assumption M € DP(R) in (1) and M € D2(R) in (2) in Corollary 5.4 are
essential. For example, assume that (R, m) is local and not artinian. One has

supppE(R/m) = {m} C Spec R = cosuppr E(R/m),
cosuppr R = {m} C Spec R = supprR.

(if) Proposition 5.1 (1) and (3) show that one can have proper containment or equal-
ity in the above corollary.

6. COASSOCIATED PRIME FOR COMPLEXES

The aim of this section is to develop a theory dual to that of associated primes
of complexes introduced by Christensen in [4], and find an extension of Nakayama
lemma.

Let (R,m, k) be a local ring and M an R-complex. The depth of M is

depthp M := —sup RHompg(k, M).

Following [4], we say that p € Spec R is an associated prime ideal for M € D_(R) if
dep‘cthMIJ = —sup M, < oo, that is,

AsspM := {p € Suppp M : depthp M, = —sup My}.

For M # 0 in D_(R), we set assgM = AsspHgyp amr(M).
Let (R,m, k) be a local ring and M an R-complex. The width of M is

L
widthp M := inf (k; ® M) .
R

Definition 6.1. (1) We say that p € Spec R is a coassociated prime ideal for
M € Dy (R) if widthg, PM = inf P M > —oo, that is,

CoassgM := {p € coSuppp M : widthg,PM = inf P M}.
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(2) For an R-complex M % 0 in D (R), we set coassgM = CoasspHint pr(M) and
for M ~ 0 we set CoasspM = .

Theorem 6.2. Let M € Dy(R). Then p € CoassgM if and only if p €
AssgDgr(M). In particular, M # 0 if and only if Coassg M # 0.

Proof. Since PM = Hompg, (Dr(M)y, Er, (k(p))), it follows that
—sup Dr(M), = inf?M =

is finite. One has the equivalences

L
p € CoasspM < inf(k(p) Q)P M) = inf "M =i & k(p) Q) Hi(* M) # 0
Ry
p) Q) Homp, (Dg(H;(M)),, E(k(p))) # 0

Ry
< Homp, (Homg, (k(p), Dr(Hi(M)),), E(k(p))) # 0
H_;(RHomg, (k(p), Dr(M)y) = Hompg, (k(p), H—i(Dr(M)y)) # 0
& pRp € Assp, H_;(Dr(M)y) < p € AssgDr(M),

where the second one is by [5], Lemma 2.4.14, the third one is by injectivity
of E(R/m) and E(k(p)) and flatness of Ry, the fourth one is by [5], Theorem 2.5.6,
the fifth one is by faithful injectivty of E(k(p)) and [5], Lemma 2.3.19, the last one
is by [4], Observations 2.4. O

Remark 6.3.

(1) Let K be an R-module. By Theorem 6.2, p € CoassgK if and only if p €
AsspDg(K) if and only if pRy, € Assg, Dr(K), if and only if pR, € Coassg,? K
since the morphism k(p) — Dg(K), is injective if and only if the morphism
PK — k(p) = Hompg, (k(p), Er, (k(p))) is surjective.

(2) Let M € D4 (R) and p € coSuppp M and set inf PM = i. Then

p € CoassrM < p € AsspDr(M) < pRy, € Assg, Dr(H;(M)),
& pRy € Coassg, H;i(PM) < pR, € coassg, " M
< p € CoassgH; (M),

where the second equivalence is by [4], Observations 2.4 and the third one is
by (1). In particular, one has the following inclusion:

coassgrM C CoassrM.
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(3) For M € D4 (R), every minimal prime in coSupppM belongs to CoassgM; for
N € Dy(R), one has CoassgN C cosupppN by [4], Proposition 2.6, Theo-
rems 3.2 and 6.2.

(4) For M € D (R), the set of minimal prime in coSuppz M is finite by Corollary 2.4.

(5) If M is an R-module, then coassg M = CoassgM.

The following result is an extension of Nakayama lemma.

Proposition 6.4. Let a be an ideal of R such that a C J(R), the Jacobson radical
of R.

(1) If M is in D_(R) such that AssgM N Max R # (}, then RHompg(R/a, M) # 0.
L

(2) If M is in D4 (R) such that CoasspM N Max R # (), then R/a@ M # 0.
R

Proof. (1) Given m € AssgpM N Max R and set s = sup My,. Then
H(RHompg, (k(m), My)) = Homg,, (k(m), Hy(My)) # 0
by [5], Lemma 2.3.19 and hence,
Hs(RHomp,, ((R/a)m, M) = Homp,, ((R/a)m, Hs(Mw)) # 0
since the map (R/a)m — (R/m)y is surjective, which implies that
RHompg(R/a, M) # 0.

(2) By Theorem 6.2, Assg Dr(M)NMax R # (). Hence, RHompg(R/a, Dr(M)) #0
L

by (1), which implies that R/a @ M # 0. O
R

APPENDIX: DIFFERENT COSUPPORT OF MODULES

The notion of support is a fundamental concept which provides a geometric ap-
proach for studying various algebraic structures.
There have been three earlier attempts to dualize the theory of support of modules.
Since S71(—) = ST'!R® —, the first one was made by Melkersson and Schenzel
R

(see [9]) by choosing S_1(—) to be Hompg(S™'R,—), and defined the cosupport of
an R-module K to be the set

{p € Spec R: Homg(R,, K) # 0}.
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The theory of cosupport is particularly well-behaved when restricted to the class of
artinian modules. However, this theory does not work at all well for non-artinian
modules. For example, if S is a multiplicatively closed set of integers which includes
a nonunit, then Homz(S~!7Z,7) = 0, that is to say, the cosupport of Z is empty
under this definition, which is definitely not what we want.

Next, by introducing a notion of cocyclic modules, Yassemi in [14] defined the
cosupport of an R-module K as the set of prime ideals p such that there exists
a cocyclic homomorphic image L of K with p O AnngL, the annihilator of L, and
denoted this set by CosupppK. An R-module L is cocyclic if L is a submodule
of E(R/m) for some m € Max R. He showed that for an artinian R-module this
definition is equivalent with the definition provided by Melkersson and Schenzel
in [9], and proved some properties for cosupport that are similar—or rather dual—to
those of support.

Lemma A.1. ([14]). For any R-module K, the following are equivalent:
(1) p € Cosuppks;
(2) p € Suppg D (K) for some m € Max RN V(p);
(3) Homp(Ry, K~) # 0, where K~ = [[Dn(Dw(K));
(4)

4) Homp (@ D (K), E(R/p)) £ 0.

Finally, for an ideal a of R, if K is an a-torsion R-module (i.e., Suppr K C V(a)),
then all the higher local cohomology modules of K vanish, where the local cohomol-
ogy functors are the right derived functors of the a-torsion functor, see [7]. Matlis
in [8] defined the local homology functors to be the left derived functors of the
a-adic completion functor. Since torsion and completion are dual, one expects these
functors to live up to their name and behave in a manner dual to local cohomol-
ogy. In particular, it is natural to expect there to be vanishing theorems for local
homology dual to the ones that relate the local cohomology of a module to the
module’s support. Therefore, Richardson in [12] created a co-localization functor
S_1(=) = Dg-1xr(S™1Dg(—)) which is dual to the localization functor S~1(—), and
then defined the cosupport of an R-module K to be the set of primes at which the
module’s co-localization is nonzero, i.e.,

coSuppp K := {p € Spec R: PK # 0},

where PK := Hompg(Dgr(K), E(R/p)). Richardson also gave some properties of
coSuppprK:
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Lemma A.2. ([12]). For any R-module K, the following statements hold:
(1) coSupppK =0 if and only if K = 0.
(2) coSupprK = SupppDr(K).
(3) coSupppK C V(AnngrK), equality holds if K is artinian.

Remark A.3.
(1) By [2], Remark 4.21, the notion of cosupport of modules provided by Melkersson
and Schenzel in [9] is not the same as the Richardson’s definition.
(2) If K is an artinian R-module, then all three definitions are equivalent by the
remark after Proposition 2.3 of [14] and Lemma A.2.

The next lemma gives a relation between the set Cosupp K and the set coSupp K.

Lemma A.4. Let K be an R-module and p a point in Spec R.
(1) Ifp € Cosuppr K, then p € coSuppp K.
(2) If R is a semi-local ring or K is a finitely generated R-module, then p €
coSuppp K if and only if p € Cosuppp K.

Proof. (1) If p € Cosuppr K, then HomR(@Dm(K),E(R/p)) # 0 by Lem-

m
ma A.1, and hence, Hompg (D (K), E(R/p)) # 0 for some m € Max R. Consider the

exact sequence 0 —» E(R/m) - & E(R/n)— &b E(R/m') — 0, which
neMax R m#m’EMax R
induces the following short exact sequence:

0 — Homp <HomR (K &y E(R/m’)> , E(R/P)>

m#m’EMax R
— Homp(Dr(K), E(R/p)) — Hompg(Dn(K), E(R/p)) — 0.
Thus, Homg(Dgr(K), E(R/p)) # 0, and so PK # 0 and p € coSupppr K.
(2) If R is semi-local or K is finitely generated, then
PK =~ Homp (EB Dn(K), E(R/p)) :
m
Hence, the equivalence follows from Lemma A.1. O

Lemma A.5. Let K be an R-module and p a point in Spec R. If p € SupppK,
then p € coSupprDgr(K). The converse holds when K is finitely generated.

Proof. Since p € SupppK, p € CosupprDm(K) for some m € Max RN V(p)
by [14], Lemma 2.8, it follows from the exact sequence

0 — Homp (K b E(R/m’)) — Dp(K) = Dp(K) = 0
m#m’EMax R
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and [14], Theorem 2.7 that p € Cosuppp Dr(K). Consequently, p € coSupprDr(K)
by Lemma A.4. Conversely, if p € coSupprDr(K), then

0 # " Dp(K) = Homp, <va P (@ E(R/m)))

by [12], Proposition 2.5 as K is finitely generated, which implies that K, # 0.
Therefore, one has p € Suppp K. O
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