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Abstract. For k € NU {oo} and U open in R, let C¥(U) be the ring of real valued
functions on U with the first k derivatives continuous. It is shown that for f € C*(U)
there is g € C°(R) with U C cozg and h € C¥(R) with fg|y = h|y. The function f
and its k derivatives are not assumed to be bounded on U. The function g is constructed
using splines based on the Mollifier function. Some consequences about the ring Ck( R) are
deduced from this, in particular that Q¢ (C*(R)) = Q(CF(R)).
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1. INTRODUCTION

This note looks at certain subrings of C(R), the ring of continuous real valued
functions on the set R of real numbers. These subrings are C*(R), the ring of C*
functions on R for k£ € N, i.e., the ring of functions on R with continuous derivatives
up to and including the kth, as well as C°(R) = () C*(R), the ring of functions
having derivatives of all orders. Ren

The ring of continuous functions C(X) on a (completely regular) topological space
has been very extensively studied. There is the classic text Gillman and Jerison
(see [7]) and a multitude of papers since, see for example, [2] and [8] and the ref-
erences therein. As a result, much is known about the ring structure of the special
case of C(R), where R is the real line. Ring theoretical properties of C¥(R) have
received less attention. The impetus for this note was the paper (see [4]) that studied
the “domain-like objects” in the category S of semiprime commutative rings. The
domain-like objects are the objects in the limit closure of the subcategory of domains.
This limit closure is a reflector into the subcategory. It turns out that C(R) (in fact
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all C(X)) and C>°(R) are domain-like (see [4], Examples 4.4.4 and 4.4.6) but C!(R)
is not (see [4], Example 4.4.5) and indeed, all C¥(R), k € N are not. A description of
the domain-like closures (called the DL-closures in [4]) of C*(R) is not pursued here,
rather the nature of the C*(R) as rings is studied, as is the role played by C*(V),
where V' is dense open in R. The key to these results are Theorems 2.1 and 2.4;
these are analytic statements of interest apart from the ring theoretic consequences.

Continuous functions on cozero sets and their extensions were first explored in [5],
Proposition 1.1. They showed that in a space X, if U = cozg and f € C(U) is
bounded, then there is h € C(X) such that fg|y = hly. In the present context,
the real line R is the space to be studied and more than continuity will come
into play. Consider an open subset U C R and a C* function f on U. If f and its
k derivatives are all bounded on U, then for any g € C*(R), where U = cozg and
the k derivatives of g are well behaved, extending fg|y by making it zero in R\ U
seems feasible. However, f and its k derivatives need not be bounded on U, making
the task more difficult. Section 2 of this article is to show that such g can always
be found, and that it is even possible to construct g € C*°(R). This means that
fglv = hly for some h € C¥(R) and g|¢ is invertible in C*(U). This surprising fact
then has ring theoretic consequences explored in Section 3. Once these results have
been established, it can be seen that each C*(U), U open in R, is a localization of
C*(R) at a multiplicatively closed set of nonzero divisors. With this in hand, using U
dense, it will follow that the classical ring of quotients (the ring of fractions) and the
complete ring of quotients of C¥(R) coincide, are von Neumann regular rings and flat
extensions, see Theorem 3.3. These are properties that C*(R) shares with C(R) (and
indeed, all C(X), X a metric space, see [6], Section 3.3). Moreover, all the classical
rings of quotients of C*(R) with & € N U {cc} are distinct, see Proposition 3.5.

An essential tool in the analytic part is using the Mollifier, that will give a C*
spline, called an M-spline in the sequel; see for example, [9], Lemma 1.2.3 but here
used in dimension one. The construction is detailed in the next section. The notation
for functions in C(R) follows that of the text of [7]. In particular, for f € C(R),
coz f ={x € R: f(x) # 0}, the cozero set, an open set, and its complement is z(f),

a zero set.

2. C*(U) vs CK(R), U OPEN: USING THE MOLLIFIER

2.1. Definition of the M-spline. The basis for the Mollifier-spline, or M-spline
is the Mollifier function
-1

if |z] < 1,
0 if |z| > 1.
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Let C = fil o(z)dz. Put ¢(z) = (1/C)o(z). Thus, [~ ¢(z)dx exists and is equal
to 1. Now define ®(z) = [ (t)dt. It follows that (d/dx)®(z) = ¢(z) and from
that, all the derivatives of ®(x) are zero at 1, and between —1 and 1, &(x) is a C>
function increasing from 0 to 1.

If now the idea is to have a C* spline between the points (a,b) and (¢, d) in R?,
with a < ¢, first define @, .(x) = ®((22 — (a+¢))/(c —a)) and then vy(z) = b +
(d — b)®y () is defined on the interval [a,c]. All the right derivatives of y(x) at a
and all the left derivatives at b exist and are zero. If for example b > d, then v(x)
decreases as x goes from a to c¢. The size of the absolute value of the kth derivative
of @, .(x) will have to be taken into account when b and d are defined.

The function (z) is called the M-spline between the points (a,b) and (c, d).

2.2. The main analytic result for £k = co. The first theorem, and its companion
for k finite, pave the way for the ring theoretical results in Section 3. The proof for
k = oo will be the model for that for k finite. For the purposes of induction,
the Oth derivative of a continuous function is taken to be the function itself.

The method used is to show that even if f € C>*°(U) and its derivatives are un-
bounded in U, these functions can be “tamed” by an appropriate choice of constants
in the definition of g.

Theorem 2.1. Let () # U be an open set in R. For f € C°(U) thereis g € C(R)
such that (i) U C cozg, and (ii) fg|u extends to h € C>®(R).

Proof. The proof will be for dense open sets because V = U UInt(R\U) is dense
in R and f can be extended to V' by making it zero on Int(R \ U). From now on, it
is assumed that V' is dense open and f € C*(V). It will be seen that in this case,
cozg=1V.

The open set V is a disjoint union of open intervals indexed over N, where N =N

or is finite, V.= |J (um,vm). The first step is to define ¢ in the interval (tm,, vsm,).
meN
The restriction of g to this interval will be denoted g,,. It is first assumed that the

interval is finite of length L,,. To simplify, notation the interval will temporarily be
called (u,v) of length L.

The interval will be subdivided with a; = w + L/2 and for n > 1, a, =
an-1 + (v—a,)/2 = a1 + L/2™. The idea is to connect the points (an,g(ay))
to (an+1, g(ans1)) with an M-spline and with values of g chosen so that the splines
with their derivatives, the product of the splines with f and its derivatives all go
to zero as n — oo. Once this is done, a similar development can be done working
from aq to the left toward u. The choice of the constants will take some effort.

Before continuing the definition of g, there needs to be a word about unbounded
intervals. It might be that there are intervals such as (—oo,v) or (u,o00) in the
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expression for V. The two cases are similar. Assume that the mth interval is (—oo, v).
Here put w =v —1 and a; = v — 1/2, and do the construction below (in Case A) to
define g, on [a1,v]. To the left of a1, let g,, be the constant g,,(a1). Since all the
left derivatives of g,, at a; are zero, g,, is C* on (—o0, as). It will be seen that it
is C* on all of (—oo,v). To define the constants, the function f and its derivatives
are dealt with first. Fix n € N and i > 0, put

Ap; =14+ max

z€la1,an+t1]

- f(x)].
— ()]
By continuity of the derivatives of f in V, these constants are well-defined and for
fixed i, the A, ; are at least 1 and are nondecreasing in n.
The next step is to deal with the M-splines. This time, for n € N and i > 0, let

)

d
B,;=1+4+ max (Iemax {‘@Q%aﬁl(x)‘}).

j=L...,n\z€laj,a;41]

Again, these numbers, always not less than 1, are well-defined and the sequence {B,, ;}

.. . . . Z 'L
for fixed ¢ is nondecreasing in n. In the expression xe[flna(fﬂ [(d*/da’ )@y a;,, (2)],
J%3

the ¢th derivative at the endpoints should be taken to be one-sided derivative. Both
are zero.

To be able to define the function g,,, it will be necessary to combine these con-
stants. However, care must be taken to make sure that at any step in the process
only a finite number of these constants are multiplied together. There are two cases
to consider; it will be seen later why there is this distinction.

Case A: L > 1. In this situation, the M-spline in the interval [a;, as] will begin by
only using the first derivative in the constant and the function f. For each n € N,

n n

define S, = [] An,i [ Bn,- (Notice that in the case of an infinite interval, L is
i=0 i=0

taken to be 1.)

Case B: L < 1. Let p € N be the least natural number with L < 1/p. In this case,
the M-spline in the interval [aq, as] will use all the derivatives up to the pth in the
p p n n
constant. For n < p, define S,, = [[ Ani [[ Bn,i- For n > p, Sp, = [[ An,i [ Bns-
i=0 i=0 i=0 i=0
With this groundwork, the function g, can be defined on [a;,v) using M-splines.
Definition 2.2 (g,,). Using the above data for x € [an,an+1) define g, (z) =
gm(an)+(gm(@n+1)—9gm (an))q)an,an+1 (w), where for any [ > 1, gy (a;) = Lz/(22l+1sl)'
The function g, must also be defined on [u,a;]. Here the process is similar
with (u,a1] subdivided as a mirror image, say with a3 = by > b2 > ..., and the
constants defined in the same manner. The constants A, ; and B, ; are defined as
above, although their values may differ from those on the right half.
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Definition 2.3 (g and h). Now revert to the notation for the mth interval as
(U, V) and g can now be defined:

gm(z) if x € (um,vm), m €N,

g9(x) = :
0 ifx ¢ V.

By construction cozg = V. It must now be shown that ¢ € C*(R) and that fg|v,

defined on V, extends to h € C®(R).

Both parts will be done together. First define h:

hz) = f@)g(x) fzeV,
1o if x ¢ V.

By construction, both g and h are C*° on V. The complement of V' has two sorts of
points and they will have to be dealt with differently.

The proof that g and h are in C*°(R) will proceed by showing that they are
in C"(R) for each r > 0. This is done by induction on r.

The base case, for r = 0, only requires that g and h be continuous. The continuity
at points in R\ V must be shown. There are two cases to be considered for xo ¢ V
(these cases will come up again in the induction).

Case 1: xg is a left or is a right endpoint of an interval making up V.

Case 2: x is not a left or is not a right endpoint of an interval making up V.

In Case 1, it suffices to show that these functions go to zero at the endpoints of
the intervals in V. Consider the interval (u,, v,,) and the right endpoint. From aq
to the right, g,, is a decreasing function and g,,(a,) = L2,/(2?"*1S,,), which goes
to zero as m increases (since S, > 1 and L,,, = v,, — u,, is fixed). Left endpoints are
dealt with in the same way. The function fg,, on the interval also goes to zero as x
approaches vy, because for x € [an,an+1), |f(z)| < Apo < Sp. Then, |f(z)g(x)] <
|f(z)|L2,/(22"+1S,,) < L2,/22"*1. This goes to zero as © — v, because n will
increase and L, is fixed.

In Case 2, if zy ¢ V is, say, not a right endpoint of an interval, then by density of V,
in any interval (xg — e, xo) there are infinitely many intervals from V. It is here that
the distinction between Cases A and B comes up. Suppose for p € N that (w,, vrm,)
is an interval with L,,, < 1/p. Then g,,(x) < gm(a1) = L2, /23, which goes to zero as
Ly, — 0. Again, if € [an, ant1), | f(2)g(x)] < LZ,/22"1. As x — z( from the left,
x will either be in R\ V and f(z)g(x) = 0 or will be in smaller and smaller intervals
from V. Since in the calculation, n > 1, f(z)g(z) will converge to zero. This shows
the continuity of g and of h, and will be the starting point of the induction.

Throughout, the proof will be for A but that for g will be along the same lines and
is simpler, and will not be worked out in detail.
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The induction assumption: Assume that » > 0 and for 0 <[ < r:
(i) (d*/da')h exists and is continuous on R, and
(ii) (d'/da')h is zero on R\ V,
(iii) (d'/da')g exists and is continuous on R, and
(iv) (d'/dat)g is zero on R\ V.

As above, it is necessary to look at points xg € R\ V. Just as before, these are of
two types that need separate proofs.

Case 1: Assume that the interval is (u,,, vy,) and that g = v,,. The case of a left
endpoint will have a similar proof. Since |(d"~!/dz"~1)h(zg)| = 0, by the induction
assumption, the expression

d"=t  h(z)
(&) P p——
must be shown to have limit 0 as © — zy from the left. Using the notation for the
interval, it can be assumed that « € [a,, an+1) for some n > 1 and that n > r. Note
that 29 — 2 > 29 — an1 = L/2"T1. Expression (a) can be rewritten:

r—1 ;
1 dé dr—: 1
b .
) |5 X ) ot
1 =L g qr-1-i
= o — |4 dxif(x)(%n(ar&l) _gm(an))Wéan,anH(m)
drfl
+QM(an)me /()
on+1 (Tl qi 1,2 L2 qr-1-i
S L dxif(x)<22”+33n+1 B 22"+1Sn) da:’“—l—i@a"’a"“(x)
2n+1 dr—l
‘22n+15 dxr— lf( )}
L L qr—1—¢ L |4
= - B i B
(2”*25'”“ 2"Sn)dx“1*1 ansanir | 2nS,, dx“lf(x)‘
L(Sp — 48p11) | = d qr-1- L | dt
g |=en_—ontl) B = ,
\‘ 27128, Snt1 ‘g‘dxif( )da:’“ 1- ’(I)a"“a"“(x)‘ + 215, dx”"—lf(x)‘

However, S,, < S,,4+1 and each term of the sum is not greater than .S,, indeed,

di drflfi
@f(x)w‘l’amanﬂ(x)‘ < AniBnr—1-i < Sn.

Also, |(d"~t/dz"~1) f(x)] < S,. Hence, the last expression above is not greater than
5L/(2"28,)rS, + L/2" = 5rL/2" "2 4 L/2". Since L and r are fixed, as x — zg, n

increases and the original expression (a) goes to zero.
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Case 2: Once again, it is here that the distinction between Cases A and B comes
up. Here zg ¢ V is not the right endpoint of an interval in V. This means that
for € > 0, by the density of V, the interval (z¢ — €,20) contains infinitely many
intervals from V', all of length less than . For the proof it may be assumed that
€ < 1/r. In this case as well, it must be shown that expression (a) tends to zero as
x — xo from the left. If z € (xg —e,20) \ V, then (a) is zero. From now on, assume
x € (kg —e,20)NV.

If 29 — ¢ is the right endpoint of an interval in V', by reducing ¢, it may be assumed
that © € (um,vm) for an interval in V' of length less than 1/r. Here, Case B will
apply. In this case, no matter where x is in the interval, the constant .S,, used in the
definition of g will always involve the derivatives up to at least the (r — 1)st. With
this observation in hand, the proof in this case uses some of the calculations of the
one for xy a right endpoint.

The work will be done in (um, vm). A factor in (a) is 1/(z¢ — x). As before, there
are the points a1 < as < ... < v, and, on the left side, by = ay > by > ... > Uy,.
If = falls into (um,vm), there are two cases to consider. If z € [a,,ant1), then
To— T > Uy — T > Uy — Apy1 = L/2"FL I 2 € [bpyt1,bn), 2o — T > vy — 2 >
T — Um > bpy1 — Uy = L/2"1 By the calculation in Case 1 in the interval
(Um,Vm), (a) < 5rL/2"T2 + L/2™ in the first instance. In the second instance with
x € [bpt1,bn), the calculation in Case 1 can still be used once it is noticed that
o —x > (1/2"T1)L, as indicated above. Then the calculation of (a) going down
to u,, gives (a) < 5rL/2"*2 + L/2" again. In both cases, n > 1 and r is fixed.
However, if ¢ > 0 and there is an interval I from V inside (xg — &, x¢), then the
length of I is less than e; this implies that as # — zp, L — 0, showing that (a) — 0.
Recall that if ¢ V, the expression (a) = 0, by the induction assumption.

It has thus been shown that (d"/dz")h(z) exists for all z and has value 0 on R\ V.
It remains to show the continuity of (d”/dz")h. This, in both cases, is very much like
the calculations for the existence of the derivative. Everything proceeds as before
without the factor 1/(zo — z) and with the factor r + 1 instead of r.

As mentioned, similar calculations, without the factor r and not involving f, show
the same results for g.

The induction is now complete and the functions g and h are in C*°(R). g

2.3. The cases C*(R) for k € N. If the function f in the above is only in C*(R)
for some k € N, then it must be shown that there is an analogue to Theorem 2.1.

Theorem 2.4. Let () # U be an open set in R and k € N. For f € C*(U) there
is g € C*°(R) such that (i) U C cozg, and (ii) fg|u extends to h € CK(R).
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Proof. Asin Theorem 2.1, U may be expanded to a dense open set V. The dense

open set V is expressed as a union of disjoint intervals, |J (#m,vm). One such finite
meN
interval is divided so that a1 < a2 < ... < v, and a1 = by > by > ... > u,, as

above, with the same device used for any infinite intervals. The proof follows much
the same pattern as that for Theorem 2.1 but the constants A,, ; require modification
since only the derivatives of f up to the k th are available; they are given a different
symbol. In order to define g and h, the constants B, ; are unchanged. The same
schema is used: for i = 1,...,k, ™A,; = 1 + max [(d'/da?)f(z)|; for i > k,
oo =1 _max (/o) f(a)|. relaanil

z€la1,an+1
The definition of the constants S,,, as before, divides into two cases according to

the length L of the interval from V in question:

Case A: L > 1. (Recall that for an infinite interval, L = 1.) In this situation the
M-spline in the interval [a1, as] will begin using the first derivative and the function f.
The constant S, is given by

Case B: L < 1. Let p € N be the least natural number with L < 1/p. In this case

the M-spline in the interval [a1, as] will use A ; for ¢ = 0,...,p. For n < p, define
P P n n

Sy = H Q[nz H Bn,i~ For n > p, S, = H an,i H Bn,i~
i=0 i=0 i=0 i=0

From this point on, the proof proceeds as in Theorem 2.1 except that for h, in
which case the induction stops at the kth derivative, although that for g can continue,
making g € C°(R). The induction is done in parallel for g and h. This needs to be
made more precise as follows; note that k is at least 1. The continuity of h and g is
as in Theorem 2.1 giving the starting point of the induction.

The induction assumption:

(a) For the induction on h, assume for 0 < r < k and for 0 < < r that
(i) (d!/dz')h exists and is continuous on R, and
(ii) (d'/dz!)h is zero on R\ V.
(b) For the induction on g, assume for 0 < r and for 0 < I < r that
(i) (d'/da')g exists and is continuous on R, and
(ii) (d'/dal)g is zero on R\ V. O

The following will be used in the next section; it is a C* version of the fact that
every open set in a metric space is a cozero set.

Corollary 2.5. Let k € NU{cc}. Then for any open set U in R there is a € C*(R)
such that coza = U. In fact, a can be chosen to be in C>®(R).
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Proof. Let V = U UInt(R\ U). Define f € C¥(V) by f(z) = 1if z € U and
f(x) = 0 otherwise. According to Theorems 2.1 and 2.4, there are g,h € C¥(R), g €
C>°(R) with fg|y = h|y. Then h is zero on (R\V)UInt(R\U) = R\U. Then choose
a = h. Notice that f € C°°(V), which allows h to be chosen in C*°(R) C C*(R). O

The corollary also says that the set of nonzero divisors of the ring C¥(R) is
{g € CK(R): cozg is dense in R}. Indeed, if b € C¥(R) and cozb is not dense,
there is an open set U # () disjoint from cozb. Then if a € C¥(R) with coza = U, it
follows that ab = 0. Moreover, if U is chosen to be Int z(b), then UUcozb is dense and
then ab = 0 and a + b is a nonzero divisor. This property says that the ring C*(R)
is complemented (see for example, [10], Introduction). Notice that a nonzero divisor
in any C*(R) is also a nonzero divisor in the larger ring C(R).

3. APPLICATIONS TO RINGS OF QUOTIENTS

In the situation of Theorem 2.1, and similarly with that of Theorem 2.4, there is,
by restriction, a ring homomorphism C¥(R) — C¥(U). The nature of the relationship
between these two rings will be examined. It may be necessary to recall a few terms.
The first is the notion of an epimorphism in a category which is recalled. The
category here will be that of all rings (with 1), R.

Definition 3.1. Ina category C, a morphisme: A — B is called an epimorphism
if for two morphisms f,g: B — C, foe = goe implies f = g.

Proposition 3.2. Let ) # U be an open set in R. Then the homomorphism
¥: CF(R) — C¥(U), given by restriction, is a flat epimorphism in the category of
rings. In particular, if U is dense, 1 is a monomorphism.

Proof. Since classical localization gives a flat epimorphism (see [12], Proposi-
tion 10.8), it suffices to show that C*(U) is a classical localization of C¥(R). Consider
M = {a € C¥(R): U C coza}. This is a multiplicatively closed set. If a € M, then
a|yr is invertible in C*(U). By the theorems of Section 2, if f € C*(U), there are g, h €
CF(R) with U C coz g (i.e., g € M), and fg|ly = h|y, or f = (g|lv) " 'h|y, giving the
result. If U is dense, then the elements of M are nonzero divisors by Corollary 2.5. [

Notice that as in the proposition, for a dense open V, the corresponding multi-
plicatively closed set of nonzero divisors is M = {g € C¥(R): V C cozg}. Every
nonzero divisor of C¥(R) lies in one of these sets.

See [3] for more information about epimorphisms and the rings C(X): earlier
works on epimorphisms in the category of rings are found in the references.
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With this in hand, it is possible to show that for C¥*(R), k € NU{oo}, the classical
ring of quotients Qq(C*(R)) and the complete ring of quotients Q(C*(R)) coincide
and are self-injective (von Neuman) regular rings. (For the maximal flat epimorphic
ring of quotients, Qo (C¥(R)), see [12], Chapter XI, Section 4.)

Theorem 3.3. Let k € NU{oo}. Then the classical ring of quotients Q. (C*(R)),
the complete ring of quotients Q(CF¥(R)), and the maximal flat epimorphism exten-
sion Qo (CF(R)) coincide and is a self-injective (von Neumann) regular ring.

Proof. Tosimplify notation, put R = C*(R) and for dense open V, Ry = CK(V).
By restrictions, there is a directed diagram, where for V- C V', ¢y v Ry — Ry
and ¢y : R — Ry. Call the direct limit 7" with maps 7v: Ry — T. The ring R
embeds in 7. The diagram can also be thought of as a diagram of R-modules, via
the embeddings of R in each Ry and from this, of R in T'. Hence, Ty is flat because
a direct limit of flat modules is flat.

The next step is to show that 7' = Q. (R). An element g € R is a nonzero divisor
if and only if its cozero set is dense, see Corollary 2.5 again. If g € R with cozg =V
is dense, then g|y is invertible in Ry, and so its image is invertible in L. Moreover,
if t € T with representative f € Ry, by Theorem 2.1, there exist g,h € R with
cozg ="V and fg|y = hly. Then f = h|v(g|v) ™!, showing that t = hg=* € T

The next step is to show that T = Q. (R) is the complete ring of quotients. Recall
that the complete ring of quotients Q(R) is the direct limit liLn Hompg(D, R), where D
ranges over the dense ideals of R, i.e., with annD = 0. For D a dense ideal, put

Vb = U coza. By Corollary 2.5, this is a dense open set. On the other hand, for V
a€D
dense open, Dy = {a € R: coza C V} is a dense ideal because it contains nonzero

divisors. In addition, for any commutative ring S, Q. (S) C Q(S). The reasoning
of [6], page 15 for C(R) applies here as well, and will only be sketched. It will be
seen that each Hom(D, R) can be embedded as an R-module in C*(Vp). For ¢ €
Hom(D, R), define for = € Vp, P(p)(x) = ¢(d)(z)/d(x), whenever x € cozd. If z €
cozd N cozd, then ¢(d)(z)/d(z) = p(d)(z)d (z)/(d(z)d (x)) = p(dd')(z)/dd'(z) =
o(d")(z)d(x)/(d(z)d' (z)) = @(d')(x)/d (z). Moreover, for d € D, P(p) is C* on
cozd and by the above calculation, P(y) is C* on all of Vp. Then P: Hom(D, R) —
C*(Vp) is an embedding of R-modules; indeed, for r € R, P(¢r) = P(p)r because
¢ is an R-module map. Using these embeddings, the directed diagram for Q(R)
embeds in that for Qq(R), giving that Q(R) C Qu(R). This with the opposite
inclusion yields Q(R) = Qa(R).

Since the complete ring of quotients of a semiprime commutative ring is always
regular (see [12], Chapter XII, Proposition 2.2), it follows that Q. (C*(R)) is regular.
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As final steps, it is only necessary to quote (see [12], page 235, Example 2), which
states that if Qq(R) is regular, then Qc(R) = Qtot(R) and moreover, this ring is
self-injective by Lambek, see [11], Section 4.5, Corollary to Proposition 2. O

For metric spaces X, Qa(C(X)) = Q(C(X)) by [6], page 20, in particular for
X = R. Since C*(R) is complemented (the remark after Corollary 2.5), it follows that
Qa(Ck(R)) is regular (in fact the two properties are equivalent, see [1], Theorem 2.3

and also [10], Theorem 2.5), but the theorem supplies more information than the
regularity, namely that Q. (C*(R)) = Q(C*(R)).

Corollary 3.4. Let k € N U {oo} and @ # U be an open set in R. Then
Qa(CkE(U)) = Q(CF(U)) = Quot (C*(U)) is a regular ring.

Proof. Since U = |J I, is a disjoint union of intervals, it follows that C*(U) =
neN

[T C*(I,). Both types of rings of quotients commute with products and hence, it
neN

suffices to consider each C*(I,,). However, for each open interval I,, there is a C>
bijection between I,, and R. Theorem 3.3 then gives the result. O

Another word about the rings of quotients of C¥(R): they are all distinct.

Proposition 3.5. For any k,l € NU {oo}, k < I, Qu(C¥(R)) # Qa(CY{(R)).
Moreover, for k < 1 < o0, Qa(C*(R)) D Qu(CH(R)).

Proof. Consider £ € N. Let f € C*(R) be such that in an open set U # 0,
it does not have a continuous (k + 1)st derivative anywhere in U. (Integrating
the Weierstrass continuous nowhere differentiable function sufficiently many times
would give an example with U = R.) If f € Qu(C!(R)) for some k < | < oo,
then there would be g,h € C/(R) with V = cozg dense in R and f|yglv = h|v
or flv = (g|v)~'h|y. However, this would show that f has a (k + 1)st derivative
in U NV, a contradiction.

The second statement follows because a nonzero divisor in C!(R) is also one
in CK(R). O

In fact, the situation of the proof of Proposition 3.5 is the only case, where
Qa(Ck(R)) can differ from Qu(CKT1(R)), i.e., where there is an element of C*(R)
not having a continuous (k + 1)st derivative anywhere on a nonempty open set.

Proposition 3.6.
(1) Foreachk € NU{oo}, let L, = {f € C(R): there isV C R, dense open, such that
flv € CE(V)}, then the ring Lj, € Qa(C*(R)). Moreover, Qa(Lk) = Qa(C*(R)).
(2) Suppose f € CF(R)\ C**1(R) but there is a dense open set V such that f|y €
CFL(V). Then f € Qua(C*1(R)).
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Proof. (1) Notice that Ly is a ring, C¥(R) C Ly C C(R). Suppose f € Ly,
i.e., fis C*¥ on the dense open set V. There exist g,h € CF(R) with cozg = V
and flygly = h|y. Hence, fly = (glv)"'hly € C¥(V) and C*¥(V) embeds in
Qc1(C*(R)). This process is independent of the choice of V' and clearly yields a ring
homomorphism ¢: Li — Qa(C*(R)). A function in C(R) that is zero on a dense
open set is zero. Hence, ( is an embedding. However, C¥(R) C Ly, showing that
Qui(L) = Qu(CH(RY)).

(2) The element f in the statement is in L1 and so part (1) gives the result. O
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