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Abstract. The aim of this article is to study the relative Auslander bijection in
n-exangulated categories. More precisely, we introduce the notion of generalized Auslander-
Reiten-Serre duality and exploit a bijection triangle, which involves the generalized
Auslander-Reiten-Serre duality and the restricted Auslander bijection relative to the
subfunctor. As an application, this result generalizes the work by Zhao in extriangulated
categories.

Keywords: mn-exangulated category; generalized Auslander-Reiten-Serre duality; re-
stricted Auslander bijection

MSC 2020: 16G70, 18G80, 18E10

1. INTRODUCTION

The notion of extriangulated categories was introduced by Nakaoka-Palu (see [19]),
which can be viewed as a simultaneous generalization of exact categories and trian-
gulated categories. The data of such a category is a triplet (¢, E,s), where ¥ is
an additive category, E: €°P x ¥ — Ab is an additive bifunctor and s assigns to
each § € E(C, A) a class of 3-term sequences with end terms A and C such that
certain axioms hold. Recently, Herschend-Liu-Nakaoka in [11] introduced the notion
of n-exangulated categories for any positive integer n. It is not only a higher di-
mensional analogue of extriangulated categories defined by Nakaoka-Palu (see [19]),
but also gives a common generalization of (n + 2)-angulated categories in the sense
of Geiss-Keller-Oppermann (see [6]) and n-exact categories in the sense of Jasso,
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see [15]. However, there are some examples of n-exangulated categories which are
neither n-exact nor (n + 2)-angulated, see [11], [12], [13], [18].

Functors and morphisms determined by objects were introduced by Auslander,
see [1]. These concepts generalize the previous work of Auslander and Reiten on
almost split sequences, see [2], [3]. Later, Ringel in [20] presented a survey of
these results, rearranged them as lattice isomorphisms (the Auslander bijections)
and added many examples. The concept of a morphism determined by an object
provides a method to construct or classify morphisms in a fixed category. Chen
in [4] investigated the Auslander bijection in a k-linear Hom-finite Krull-Schmidt
abelian category having Auslander-Reiten duality. Subsequently, Jiao in [16], [17]
considered a generalized version on exact categories. Recently, Zhao-Tan-Huang ex-
tended Chen and Jiao’s result to the extriangulated category %. Namely, let € be
an exangulated category, they studied the generalized Auslander-Reiten theory and
Auslander bijection in [22], [23], and He-He-Zhou showed that Zhao-Tan-Huang’s
results have the higher counterparts in [7], [8].

As the above related work extends to further generalization, Zhao in [21] studied
the Auslander bijection relative to an additive subfunctor in exangulated categories
by using the generalized Auslander-Reiten theory. Specifically, suppose that (¢, E, )
is a k-linear Hom-finite Krull-Schmidt extriangulated category, where k is a field.
Zhao constructed a bijection triangle, which involves the generalized Auslander-
Reiten-Serre duality and the restricted Auslander bijection relative to the subfunctor.
Our main result shows that Zhao’s result has a higher counterpart.

Theorem 1.1 (see Theorem 4.13 for more detail). Assume that (¢,E,s) is
a k-linear Hom-finite Krull-Schmidt n-exangulated category. Let F be an additive
closed subfunctor of E and X € ¢ ;. The bijection triangle

SubEnd(g(Tg x)er E(7E X, Y)
nTF_ X,Y Tx,y

Ex,y

T{X[ N Y>5|F-def SubEnd%,(X)[F(Y,X)

is commutative. In particular, we get the restricted Auslander bijection at Y relative
torp X
LT X _
Ne-xy s ° [ Y)sjemdet = 8Ubgg (- ) E(T X, Y),

which is an isomorphism of posets.

This article is organized as follows. In Section 2, we review some elementary
definitions and facts on m-exangulated categories. In Section 3, we introduce the
notion of generalized Auslander-Reiten-Serre duality and study its basic properties.
In Section 4, we prove our main result.
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2. PRELIMINARIES

Let % be a skeletally small additive category and n be a positive integer. Suppose
that % is equipped with an additive bifunctor E: ¥°P x ¥ — Ab, where Ab is
the category of abelian groups. Next we briefly recall some definitions and basic
properties of n-exangulated categories from [11]. We omit some details here, but the
reader can find them in [11].

For any pair of objects A,C € €, an element 6 € E(C, A) is called an E-extension
or simply an extension. We also write such § as 4dc when we indicate A and C.
The zero element 40c = 0 € E(C, A) is called the split E-extension. For any pair
of E-extensions 4dc and 4:8'cr, let § & § € E(C & C', A& A’') be the element
corresponding to (4,0,0,¢’) through the natural isomorphism E(C @ C', A @ A’) ~
E(C,A) @ E(C,A")® E(C', A) ® E(C", A").

For any a € € (A, A’) and ¢ € €(C',C), E(C,a)(d) € E(C, A’) and E(c, A)(9) €
E(C’, A) are simply denoted by a.d and ¢*§, respectively.

Let 40c and 4/6’¢cs be any pair of E-extensions. A morphism (a,c): § — ¢ of
extensions is a pair of morphisms a € €(A, A’) and ¢ € €(C,C") in €, satisfying the
equality a.d = c*¢'.

Definition 2.1 ([11], Definition 2.7). Let C« be the category of complexes in %
As its full subcategory, define C%JFQ to be the category of complexes in 4 whose
components are zero in the degrees outside of {0,1,...,n + 1}. Namely, an object
in C%"'Q is a complex X, = {X;,d:X} of the form

d¥ dx ax_, X
Xo— X1 — ... — X;, — Xp11.

We write a morphism fo: X, — Y, simply fo = (fo, f1,- .-, fut1), only indicating
the terms of degrees 0,...,n + 1.

Definition 2.2 ([11], Definition 2.11). By Yoneda lemma, any extension § €
E(C, A) induces natural transformations

§: €(—,C) = E(—,A) and &*: €(A,—) = E(C,—).

For any X € ¢, these (d3)x and (5& are given as

(1) (bg)x: €(X,0) = E(X, A): [ [0,
(2) 6% : C(A,X) = E(C,X): g~ g.d.

We simply denote (0y) x (f) and 5& (9) by ;(f) and &%(g), respectively.
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Definition 2.3 ([11], Definition 2.9). Let %, E, n be as before. Define a category
E = E"2 as follows.

(¢.E)
(1) An object in fE?%ﬁE) is a pair (X,,0) of X € CZL™ and § € E(Xp+1,X0)
satisfying

(d5)ed =0 and (di)*s =0.
We call such a pair an E-attached complex of length n + 2. We also denote it by

d§ d{( dy_, dX_, dff )
Xo— X1 — ... 5 X1 — X, = Xpg1 -2

(2) For such pairs (X,,0) and (Ys, 0), a morphism fe: (X, d) — (Ys, 0) is defined
to be a morphism f, € CLM(X,,Ys) satisfying (fo)«6 = (fui1)*o-
We use the same composition and identities as in C%*Q.

Definition 2.4 ([11], Definition 2.13). An n-ezangle is a pair (X,,0) of X, €
CZ? and § € E(Xn41, Xo) which satisfies the following conditions. (1) The sequence

C(—,dy ) C(—,dy) 4

%(_,XQ) %(_7Xn+1) ;) [E(_vXO)

of functors ¥°P — Ab is exact. (2) The sequence

C(dy,—) ¢ dy, -) st

%(XnJrlv _)

%(Xm _)

[E(XnJrlv _)

of functors € — Ab is exact.
In particular any n-exangle is an object in &. A morphism of n-erangles simply
means a morphism in . Thus, n-exangles form a full subcategory of A&.

Let X, be a complex of length n+ 2 with fixed end-terms. In other words, X, sat-
isfies Xg = A and X,,+1 = C. We also write it as 4 X¢ when we emphasize A and C.

Definition 2.5 ([11], Definition 2.22). Let s be a correspondence which asso-
ciates a homotopic equivalence class s(0) = [4Xec] to each extension § = 4dc.
Such s is called a realization of E in C%JFQ if it satisfies the following condition for
any s(0) = [X,.] and any s(o) = [Ya].

(RO) For any morphism of extensions (a,c): § — p, there exists a morphism f, €
C%"’Q(X.,Y.) of the form fo = (a, f1,..., fn,c). Such f, is called a lift of (a,c).

In such a case, we simply say that “X, realizes ¢” whenever they satisfy
5(9) = [X.].

Moreover, a realization s of E is said to be ezact if it satisfies the following
conditions.
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(R1) For any s(6) = [X.], the pair (X,,d) is an n-exangle.
(R2) For any A € ¥, the zero element 400 = 0 € E(0, A) satisfies

5(400)=[A % A 50> ... 500

Dually, 5(o04) =[0—>0—... 50— A Mda, A] holds for any A € F.
Note that the above condition (R1) does not depend on representatives of the
class [X,].

Definition 2.6 ([11], Definition 2.23). Let s be an exact realization of E.

(1) An n-exangle (X,,d) is called an s-distinguished n-exangle if it satisfies
5(0) = [X.]. We often simply say a distinguished n-exangle when s is clear from the
context.

(2) An object X, € C%” is called an s-conflation or simply a conflation if it
realizes some extension ¢ € E(X,, 11, Xo).

(3) A morphism f in % is called an s-inflation or simply an inflation if it admits
some conflation X, € C%H satisfying df = f.

(4) A morphism ¢ in ¥ is called an s-deflation or simply a deflation if it admits

some conflation X, € C%JFQ satisfying dX = g.

Definition 2.7 ([11], Definition 2.27). For a morphism f, € CZ(X,,Y,) sat-
isfying fo = id4 for some A = Xy =Y, its mapping cone M € C%"’Q is defined to
be the complex

Mg Mg Mg Mg M
n—1

d d d
X1 X e T X0 2 S X @Y, U Y
where

Mf _ _diX Mf _ _d,f_(;’_l O 3 Mf . v
dy ' = ;o dp = Y (I<i<n—=1), dn’ =[fot1 d,].
fi fiv1 4

The mapping cocone is defined dually, for morphisms he in C%"’Q satisfying
hn+1 == ld

Definition 2.8 ([11], Definition 2.32). An n-exangulated category is a triplet
(¢, E,s) of an additive category %, an additive bifunctor E: ¥°P x ¥ — Ab, and its
exact realization s in C%*Q, satisfying the following conditions.

(EA1) Let A 5B Y% Cbe any sequence of morphisms in €. If both f and g are
inflations, then so is g o f. Dually, if f and g are deflations, then so is g o f.

(EA2) For p € E(D, A) and ¢ € €(C, D), let 4{Xe,c*0)c and 4(Y", 0)p be distin-
guished n-exangles. Then (ida,c) has a good lift f., in the sense that its mapping
cone gives a distinguished n-exangle <M.f ,(dE).0)-

(EA2°P) Dual of (EA2).
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Remark 2.9.

(1) Note that in the case n = 1, a triplet (¢, E,s) is a l-exangulated category if
and only if it is an extriangulated category, see [11], Proposition 4.3.

(2) From [11], Proposition 4.34 and [11], Proposition 4.5, we know that (n + 2)-
angulated in the sense of Geiss-Keller-Oppermann (see [6]) and n-exact cate-
gories in the sense of Jasso (see [15]) are n-exangulated categories. There are
some other examples of n-exangulated categories which are neither n-exact nor
(n + 2)-angulated, see [11], [12], [13], [18].

The following are some very useful lemmas and they will be needed later on.

Lemma 2.10 ([11], Claim 2.15). Let € be an n-exangulated category, and

Qn—2

(2.1) Ap 295 Ay 03y A, 02 g ot g g0

be a distinguished n-exangle in €. Then the following are equivalent:
(1) «p is a split monomorphism (also known as a section);
(2) au, is a split epimorphism (also known as a retraction);
(3) 6=0.
If a distinguished n-exangle (2.1) satisfies one of the above equivalent conditions, it

is called split.

Definition 2.11 ([24], Definition 3.14 and [18], Definition 3.2). Let (%,E,s)
be an m-exangulated category. An object P € ¥ is called projective if for any
distinguished n-exangle

Qn—2 Qn—1

: n 9
A()%Al ﬂ>142£) —>An—1 —)An(y—>An+1 -—>

and any morphism ¢ in (P, A,+1), there exists a morphism b € € (P, A,,) satisfying
an 0 b= c. The concept of injective objects is defined dually.

Lemma 2.12 ([18], Lemma 3.4). Let (¢,E,s) be an n-exangulated category.
Then the following statements are equivalent for an object P € €.
(1) E(P,A) =0 for any A€ .
(2) P is projective.
(3) Any distinguished n-exangle Ag —% A; % A, 2% ... w4,

, )
A, 2% P -~ splits.
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Lemma 2.13 ([24], Lemma 3.3). Let ¢ be an n-exangulated category, and

X, fo X, f1 X, f2 o X, I X1 — 3 _
lao l(ll l(la l(ln l(ln-H
YO g0 Y,l g1 Y2 92 L Yn gn Yn+1 _ 2 .

any morphism of distinguished n-exangles. Then the following are equivalent:
(1) There is a morphism hy: X1 — Yy such that hy fo = ao.

(2) There is a morphism hp41: Xp41 — Yy, such that gohpi1 = ang1-

(3) (a0)+6 = (ant1)*n =0.

3. THE GENERALIZED AUSLANDER-REITEN-SERRE DUALITY

Unless otherwise specified, we always assume that % is a k-linear Hom-finite Krull-

Schmidt n-exangulated category, where k is a field. We put D := Homy(—, k).

We denote by rady the Jacobson radical of . Namely, rady is an ideal of ¥
such that rads (A, A) coincides with the Jacobson radical of the endomorphism ring

End(A) for any A € F.
Assume that B is an additive category.
(a) A morphism a,,: A, — A1 in B is called right almost split if
(1) oy, is not a split epimorphism and

(2) for every f: Y — A,41 in B that is not a split epimorphism there exists

h: Y — A, such that a,,h = f, that is, h makes the triangle

h
/ l !
Ay —" Appy
commutative.

(b) A morphism ag: Ay — A; in B is called left almost split if
(1) ap is not a split monomorphism and

(2) for every g: Ap — Z in B that is not a split monomorphism there exists

h: Ay — Z such that g = hag, that is, h makes the triangle

AOLAl

| A

Z

commutative.



Next, let us recall the notion of Auslander-Reiten n-exangles in an n-exangulated
category.

Definition 3.1 ([9], Definition 3.1). A distinguished n-exangle

n- n- " s
(3.1) Ag 2% Ay 25 Ay 22 T AL T AL 0 A, -0
in € is called an Auslander-Reiten n-exangle if aq is left almost split, «,, is right
almost split and when for n > 2, a1, aq,...,a,_1 are in rade.

Lemma 3.2 (][9], Lemma 3.3). Let

n— n— , 1)

Ag: Ag 2% A; 25 Ay 22 A A, O 4,0 -0
be a distinguished n-exangle in €. Then the following statements are equivalent:
(1) Ae is an Auslander-Reiten n-exangle;
(2) End(Ay) is local, a1, aq,...,a,_1 are in rady and «, is right almost split;
(3) End(Ap41) is local, a1, aa,. .., an—1 are in rady and «q is left almost split.

The following lemma shows that a distinguished n-exangle in an equivalence class
can be chosen in a minimal way in a Krull-Schmidt n-exangulated category.

Lemma 3.3 ([10], Lemma 3.4). Let Ay, Ant1 be two objects in €. Then for

every equivalence class associated with E-extension § = 4,04 there exists a rep-

n41
resentation
[e% @ [e% QAn—2 Qnp—1 Qo o
A, Ao —0>A1 —1>A2 == An,1 — An—>An+1 -3
such that oy, s, ...,a,_1 are in rady. Moreover, A, is a direct summand of every

other elements in this equivalent class.

In what follows, let F C E be an additive sub-bifunctor. Then we have a,d €
F(C,A") and ¢*§ € F(C', A) for any a € €(4,A"), c € €(C',C) and § € F(C, A).
For a realization s of E, define s|r to be the restriction of s onto F. Then s|r is an exact
realization of F. Moreover, the triplet (¥, F,s|r) satisfies the condition (EA2) and
(EA2°P), see [11], Claim 3.9. Thus, we may speak of s|p-conflations (or s|p-inflations,
or s|p-deflations, respectively) and s|p-distinguished n-exangles as in Definition 2.6.
However, it is worth noting that (¢, F,s|r) is not an n-exangulated category in
general, see [11], Proposition 3.16 and [21], Example 2.12.

Definition 3.4. An s|p-distinguished n-exangle
Qn—2 Qn—1 1

A, Ao&Al ﬂ)AQ%... —)An,1 _>Anﬂ>An+1 -2

in € is called Auslander-Reiten s|g-n-exangle if A, is an Auslander-Reiten n-exangle.
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We always assume that the following condition, analogous to the (WIC) condition
n [19], Condition 5.8, holds.

Condition 3.5. Let f € €(A,B), g € ¥(B,C) be any composable pair of
morphisms. Consider the following conditions.
(1) If go f is an s|p-deflation, then so is g.
(2) If go f is an s|-inflation, then so is f.

Definition 3.6. (1) A morphism f: A — B in € is called F-projectively trivial
if for each C € €, the induced map F(f,C): F(B,C) — F(A,C) is zero. Dually,
a morphism g: A — B in ¥ is called F-injectively trivial if for each C € ¥, the
induced map F(C,g): F(C, A) — F(C, B) is zero.

(2) An object C' € € is called F-projectively trivial if the identity morphism ide
is F-projectively trivial. Dually, an object C € € is called F-injectively trivial if the
identity morphism id¢ is F-injectively trivial.

For an F-projectively trivial morphism, we have the following equivalent charac-
terization.

Lemma 3.7. Let f € €(A, B) be a morphism. Then the following statements
are equivalent.
(1) f is F-projectively trivial.
(2) f factors through any s|p-deflation g: X,, — B.
(3) For any s|e-distinguished n-exangle Xo: Xo —% X; —% X, 2% .. &%

0
X, -5 B --», if there exists a morphism of s|g-distinguished n-exangles

ol ) [ n— *0

(3.2) Xl Xo—oo xr - xp Tl xr 4T
T

Xe: Xo—ox, Moy, iy f.p 0.,

then the top s|p-distinguished n-exangle X is split.
Proof. (1) & (3) = (2) It is straightforward to verify.
(2) = (3) For any s|r-distinguished n-exangle

QAp—1

. 4
Xo: Xo 2% X, 25 X, 22 2 X, 24 B -2,

consider the diagram (3.2). By the assumption (2), f factors through g, and
so «f is a split monomorphism by Lemma 2.13. Thus, f*6 = 0, that is, the top
s|p-distinguished n-exangle X is split. O
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Construction 3.8. Let A and B be two objects in ¥’. We denote by Pr(A, B)
(or Zg(A, B)) the set of F-projectively trivial (or F-injectively trivial, respectively)
morphisms from A to B. The stable category € (or costable category €) of € is
defined as follows: the category whose objects are objects of 4 and whose morphisms
are elements of € (A, B) = €(A,B)/Pr(A,B) (or €(A,B) = € (A, B)/Zs (A, B),
respectively). Given a morphism f: A — B in %, we denote by f the image of f
in € (or f the image of f in €, respectively).

Given an Auslander-Reiten s|p-n-exangle

Qn—1

n ol
Xo: Xo 5 X, 25 X, 2 259X, 25 X4 -0

Put D = Homy(—, k). Since X, is not split, there exists some ¢ € DF(X,,4+1, Xo)
such that p(y) # 0. Next, for each object Y in ¥, we can get a non-degenerate
k-bilinear map

<_7 _>Y: ?(Ya XO) X [F(Xn-i-lay) — k7 (?7 5) = QO(f*é)
In fact, for any non-split s|p-distinguished n-exangle

n— n )
VoY 2oy, Oy Py by Py 0

since X, is an Auslander-Reiten s|r-n-exangle, we obtain the commutative diagram

Brn— Bn— n
Y,: Y S Y1 o T : Y1 : Y, d XnJrl - >
| | |
I f | | l/fn
Y \ B Y _ .
Xo: Xo—sx;, 2 X1 S X, —= Xny1 -Ls

by the dual of [11], Proposition 3.6. Hence, f.d = v and f € €(Y, Xy). Then we
have that (F,8)y = ¢(f.6) = ¢(7) # 0.

On the other hand, suppose 0 # f € € (Y, Xo), then f: Y — X, representing f is
not s|p-injective, and there exist Z € ¢ and € € F(Z,Y) such that f.e is non-split
by the dual of Lemma 3.7. Since X, is an Auslander-Reiten s|p-n-exangle, by [11],
Proposition 3.6 we have the commutative diagram

Z. . Y 70 Zl m L Mn—2 Zn_l NMn—1 Zn Nn Z & .

I b b
Cn—' Cn— n *

Us: X, o U, S 2 U, . 1 U, ¢ 7 fue _
A A A
H th | I hl
. | e I . I

X.: Xo @ X1 [e %1 ) QO —2 Xn—l Qp—1 Xn Qp Xn+1 _7_ ..

Then v = h*(f.e) = f.h*e, therefore, we have that (f, h*e)y =(f.(h*e))=w(y) #0.
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Thus, we have the following proposition.

QAp—1

Proposition 3.9. Let Xo: Xo =% X; 25 X, 22 U5 X, 2% X, 00 -2 be
an Auslander-Reiten s|p-n-exangle in € and ¢ € DF(X,,4+1, Xo) with ¢(vy) # 0.
(1) For eachY € ¢, we have a non-degenerate k-bilinear map

<_7 _>Y: %(Ya XO) X [F(XnJrla Y) — k, (77 6) = Qﬁ(f*(s)
Moreover, the induced map
50X7L+1,Y: ?(Ya XO) - D[F(XnJrlv Y)a 7 — <77 _>Ya

is a natural isomorphism and functorial in Y € € with ¢ = ¢x, ., x,(Idx,).
(2) For eachY € ¢, we have a non-degenerate k-bilinear map

v{— =) F(Y,Xo) x €(Xny1,Y) =k, (d,9) — ©(g70).
Moreover, the induced map

wY,Xo: f(XnJrla Y) - D[F(Ya XO); g9 —y <_7g>a

is a natural isomorphism and functorial in Y € € with ¢ = ¢x, , x,(Idx, ).

Proof. (1) The functoriality of ¢x, ,: €(—,Xo) = DF(X, 41, —) follows from
a direct verifition.
(2) It is similar to (1). O

Proposition 3.10. Let X, 1 (or Yy) be a non-s|r-projective (or non-s|r-injective,
respectively) indecomposable object in €.

(1) Assume that ¢x, , —: €(—,X') = DF(X,11,—) is an isomorphism of functors
for some X' € €, which has a non-s|-injective indecomposable direct summand,
then there exists an Auslander-Reiten s|p-n-exangle ending at X, 11 in €.

(2) Assume that ¢¥_y,: €(Y',—) — DF(—,Yp) is an isomorphism of functors for
some Y’ € €, which has a non-s|p-projective indecomposable direct summand,
then there exists an Auslander-Reiten s|p-n-exangle starting at Yy in €.

Proof. (1) For each object and each morphism f: U — X', by the naturality

of vx, ,,—, we obtain the commutative diagram

—_ PXppr. X!

Z(X', X" DF(Xp11, X")

(£, X") DF(Xn+1,f)
— PXpt1,U

ZU, X — > DF(X,,11,U).
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Set ¢ = ¢x,.,,,x'(Idx/), then we have

50X7L+1,U(f) = D[F(XnJrlv f)(%o) =®o [F(XnJrla f)

It follows that ¢x, ,,,u(f)(0) = ¢(f.0) for each 6 € F(X,11,U).
Let X be a non-s|p-injective indecomposable direct summand of X’. Then the
induces a non-degenerate k-bilinear map

isomorphism px +1,X0

<_’ _>X0: ?(XOaX/) X [F(Xn-i-laXO) - kv (Ta 5) = gp(f*é)

Take
E={f €% (Xo,X'): fisa non-split monomorphism}.

Since Xy is non-s|g-injective, we have Zr(Xo, X') C Z. Hence = := =/Z¢ (X, X')
is properly contained in % (X, X’). Then there exists a non-split F-extension & €
F(Xnt1, Xo) of the form

QAp—1

s
Xo: Xo 2% X 25 X, 2 . 25 X, O X, --»
such that (h,d)x, = ¢(h«6) = 0 for each non-split monomorphisms h: X, — X'
in E. Here, we may assume that a; € radg for i € {1,2,...,n — 1} by Lemma 3.3.
Next, we claim that the morphism «y is left almost split. Suppose that s: Xg — V

is not a split monomorphism, then for each t: V' — X', the morphism ¢ o s lies in Z.
Hence, we have (t o s,0)x, = 0. Consider the non-degenerate k-bilinear map

<_7 _>V: ?(‘/7 X/) X [F(Xn+17v) — k, (Ta 6) = @(f*ﬁ)a

which is induced by ¢x,. ., v. Hence, we have

n+ti,
(t,5:0)v = @(ts(s:0)) = (tos,0)x, = 0.

This implies that the F-extension s.0 splits by the non-degeneracy of (—, —)y. By
Lemma 2.13, the morphism s factors through ag. This shows the morphism «y is left
almost split. Therefore, X, is an Auslander-Reiten s|p-n-exangle from Lemma 3.2
since End(X,,4+1) is local.

(2) It is similar to (1). O

We define two full subcategories of € as

G ={X € €: the functor DF(X,—): % — mod k is representable},
¢r, = {X € € the functor DF(—, X): € — mod k is representable}.
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Then we have the following result.

Proposition 3.11. Let X and Y be indecomposable objects in €.
(1) IfX is non-s|g-projective, then X € 6t , if and only if there exists an Auslander-
Reiten s|p-n-exangle ending at X .
(2) If'Y is non-s|r-injective, then Y € %r; if and only if there exists an Auslander-
Reiten s|p-n-exangle starting at Y.

Proof. It follows from Propositions 3.9 and 3.10. O

Based on these two full subcategories 6, and %r;, next we will construct two
functors 7¢: 6, — GF,; and 71 @ GF — G

(1) For X € %, we define 77X to be an object in ¢ that contains no injective
summands such that there exists an isomorphism

ox.—: €(—,X) — DF(X,-).

Then 77 gives a map from 65 to €.
(2) For each Y in %6, we define 70 Y to be an object in & that contains no
projective summands such that there exists an isomorphism of functors

Y_y: E(rp Y,—) = DF(-,Y).

Then 77 gives a map from %F; to €.
Let 6F, be the image of €F , under the canonical functor € — % and % ; be the
image of %r; under the canonical functor ¢ — %. One can check that the above

procedures induce two functors, which we still denote by 7 and 7. That is, we have
= Cg[F,r — Cg[F,l and T[F_Z (g[pyl — Cg[p’r.

Remark 3.12.
(1) X,Y €6r,and X 2Y in %, then 7 X 2 77Y in €. If X € 65 and X XY
in €, then T X271 Yin?.
(2) If Xn+1 € (g[F,m then Xn+1 =~ T[;T[FXnJrl in (g[F,r' IfY, e (g[pyl, then Yy = T[FT[;YO
in %[F,L

Theorem 3.13. The functors
TF: GF,r %% and T} : %—)‘Kp,«

are quasi-inverse to each other.
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Proof. We only prove that v: 7 7 — Id¢, . is a natural isomorphism. Firstly,
we prove that v is a natural transformation. For each f: X, 41 — U,y1 in G5,
consider the following two diagrams,

PXp 15TF X1 ‘l’Xn+1vﬂFXn+1

DU:(Xn+17TIFXn+1) Z(T[F_T[FXrH»lenJrl)

(e Xny1,7e(f)) (1) DF(f,mnXny1) (2) C(ry 7 Xnt1,f)

%(TU:XTLJrly T[FXnJrl)

’J)Un,+1 JTEX 41

DF(Upt1, e Xn+1) <———— C(7 7 Xnt1, Unt1)

SDU'rH»l TEX 1

C (¢ Xnt1, T Un+1)

and

— PUp+1,7FUn+1 YU, 41,7 U1 _
C (1eUns1, T Upy1) ———— DF(Unt1, 7Unt1) =<—— C(7¢ 7Unt1, Unt1)

C (o (f),meUnt1) (3) DEUn+1,7¢(f)) (4) (e 8 (f):Un+1)

— PUp+1:7F Xn41 wUn+1rTl]'Xn+1

%(T[FXn+la T[FUn+1) - Dﬂ:(Un+17 T[FXn+1) D — ﬁ(T[F_T[FXn+1; Un+1)-

The square (1) commutes by the definition of 7¢(f) and the square (2) commutes

since the isomorphism ¢_ ;. x, ., is natural. Similarly, the square (3) commutes since

nt1

the isomorphism ¢_ -y, ., is natural and the square (4) commutes by the definition

of ¢ T (f).

nt1

By a diagram chasing, we have

TF (i) = ¢5i+1,TFXn+1 (wUn,+1aTFXn,+1 (i ° VXn,+1))

and

T[F(i) = 9057;_1,7'FX”+1 (wUn+1,TFXn+1 (VU7L+1 o T[F_T[F(i)))

Thus, fovx,,, =vu,,, o7 7(f). It follows that v is a natural transformation.

Now we prove that vy, ,, is an isomorphism for each X, 11 € 6. We may assume

n41
that X,,11 is indecomposable and non-s|r-projective in €. Put

o = (S D[F(T[F_T[FXnJrl; T[FXnJrl)

wT;TFXn+1,TFXn+1 (IdeTFXn+1)

and

ﬂ = PXpt1,77 Xn+1 (IdTFXn+1) € D[F(XnJrlvT[FXnJrl)'
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Thus, we have 8 = ¥x, ., rx,.: (Vx,,,) by the definition of vx . . Consider the

commutative diagram

e TEXn4 1 TF X g1

C (17 7 Xn1, Tr TFXn41) DF (1 77 Xn41, TF Xn41)

z(TFTFXn,+1719X”+1)l/ lD[F(l?Xn_H T X 1)

d)Xn-f—lvTFXn-f—l

ﬁ(T[;T[FXn—i-l;Xn-i-l) D[F(Xn+1;T[FXn+1)7

and note that
wrgnxnﬂ,nxnﬂ(IdT;TFX"H) =« and K(T[F_T[FXnJrlaM)(Idrgﬁxnﬂ) = VX
Then we have

B =DF(vx,.,, TFXns1)(a) = ao F(vx,,, TFXn41).

Since X,,+1 is non-s|p-projective in ¢, Xo = 7 X, 41 in % is nonzero and then

ntl,— %(_7‘)(0) —
DF(X,+1,—). By Proposition 3.10, there exists an Auslander-Reiten s|r-n-exangle

non-s|p-injective in 4. Thus, there is an isomorphism @x

Xo: X0_>X1—>X2—>...—>Xn—)Xn+1—1—7-),

By Proposition 3.9, we have a natural isomorphism

<‘O/Xn+1,f : %(_a XO) — D[F(Xn—i-l, _)

such that 50/)(,,+1,X0 (Idx,)(n) # 0. Setting B’ := 903(”+1,Xo (Idx, ), we have_ﬁ'(n) #0.
By Yoneda’s lemma, there exists some k: Xo — 7¢X,+1 such that €(—,k) =
@}th o ¢y, ,,,—- We thus, obtain

/8, = SOIX,H_l,XO (IdXo) = (SOXn+1,X0 O%(_v 5))(IdXo) = PXnt1,X0 (E)
Consider the commutative diagram

— PXpt1:F X 41
C (5 Xnt1, ¥ Xng1) ——— DF (X1, ¢ Xny1)
%(k,rpxnﬂ)l lD[F(X,,,_H,k)

— PXnt1.X0

Cg(XmT[FXnJrl) D[F(XnJrl,Xo).
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Since @x, 1,7 Xnes Idrx,,,) = B and €(s, 77 Xp41)(Idr, x,,.,, ) = k, we have
B' = DF(Xn41,k)(B) = BoF(Xpt1,k) = a0 F(vx, 1, ¥ Xn+1) © F(Xpt1, k).

Thus,
0# 8'(n) = alvk, ., (k) = alk (v, ),

which implies that the distinguished s|p-n-exangle

*
Vxn+1n

U.,: X0—>U1—>U2—>...—>Un—>T[F_T[FXn+1 -—2

is non-split. We claim that vx Tr TFXn41 — Xn41 is a split epimorphism in 7.

n+1"°

Otherwise, suppose that vx Tr TFXn+1 — Xy 41 is not a split epimorphism in €.

ntl -
Since X, is an Auslander-Reiten s|p-n-exangle, we have the commutative diagram

*

’/XTL n
U,: Xo U, Un_1—>Un—>T;Tan+1;>
B
ad n
X.: XO Xl anl XTL Xn+1— —_ — >

By Lemma 2.13, the top distinguished n-exangle is split, which is a contradiction.
Thus, vx, , is an isomorphism in €, since 7p TF X1 = Xpq1 in €F, by Re-
mark 3.12. ([

Definition 3.14. This sextuple {1, 6, , ¥, TF, 77 } is called the generalized
Auslander-Reiten-Serre duality on %'.
Remark 3.15.

(1) If E = F, then we put 6, =%r,, 6r = 6rp, T=Te, T =Tg .

(2) If E =F and € = 6, = %, then the generalized Auslander-Reiten-Serre duality
is exactly the Auslander-Reiten-Serre duality in the sense of [7].

(3) If € is an extriangulated category, then Definition 3.14 coincides with the def-
inition of generalized Auslander-Reiten-Serre duality of extriangulated cate-
gory, cf. [21]. Moreover, if E = F and ¥ = % = %, then the generalized
Auslander-Reiten-Serre duality is exactly the Auslander-Reiten-Serre duality in
the sense of [14].

Set

Ax ::SDXJ'FX(IdTFX) € D[F(Xa T[FX)v MXx = w;(,lTFX(AX) € f(T[;TFXa X)v
kx =Y, -y x(Id, - y) € DF(rp X, X), 7x = ¢;}X_X(,<;X) € C(X, 1y X).

Let us end this section with the following key lemma.
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s
Lemma 3.16. Let Xg — X7 — X9 — ... = X,,-1 — X, > Y --> be an
s|p-distinguished n-exangle in €.
(1) For any X € %r,, we have the commutative diagram

D(4,
DF(X, Xo) — Dg(X,Y)
T‘vaxo TD(wy,rFxﬁ(Hlvy))
_ 5uTFX
%(Xo,T[FX) [F(Y, T[FX),

which is natural in both § and X.
(2) For any X € 6r,;, we have the commutative diagram

# —
DF(Y, X) —2X + DZ(Xo, X)
TWX 69, - TD(“”TEX)XO%(XO’W”
€1y X,Y) —— F(17 X, Xo),

which is natural in both § and X.

Proof. Since the proof is very similar to [21], Lemma 3.9, we omit it. For more
details, one also can see [23]. O

4. A BIJECTION TRIANGLE

In this section, we will show that there is a bijective triangle which involves the
generalized Auslander-Reiten-Serre duality and the restricted Auslander bijection
relative to the subfunctor F. Firstly, we recall the concept of morphisms being
determined by objects.

Definition 4.1 ([1]). Let ¥ be an additive category. Let f € ¥ (X,Y) and
C € ¥. The morphism f is called right C-determined and C is called a right
determiner of f, if the following condition is satisfied: each g € € (L,Y) factors
through f, provided that for each h € € (C, L) the morphism go h factors through f.

Definition 4.2 ([20]). Two morphisms f: X — Y and f': X' — Y are called
right equivalent if f factors through f/ and f’ factors through f, i.e., we have the

commutative diagram

/ !/
X —Y~<—X'
One can make some easy observations.
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Remark 4.3.
(a) A right equivalence relation is an equivalence relation on the set of all morphisms
ending in some object Y € €. Put

[f) := {the right equivalence class of a morphism f € €(X,Y)}.

(b) Assume that f and f’ are right equivalent. Then f is right C-determined if
and only if so is f/. We say that [f) is right C-determined if a representative
element f is right C-determined.

(c) Assume that f and f’ are right equivalent. Then Im € (C, f)= Im % (C, f).

(d) If f and f’ are right C-determined, then f and f’ are right equivalent if and
only if Im%(C, f)= Im & (C, f).

Definition 4.4 ([20]). Suppose fi1 € €(X1,Y) and fo € €(X2,Y). Then put

[f1) < [f2) if and only if f; factors through fs.

We define two sets as follows:

(1) [ = Y) := {the set of right equivalence classes of morphisms to Y'}. Then <
induces a poset relation on [ — Y).

(2) “ = Y) := {the subset of [ — Y) consisting of all right equivalence classes
that are right C-determined}.

We denote by Subgyq, (cyer % (C,Y) the poset formed by End (C)°P-submodules
of €(C,Y), ordered by the inclusion. Then the map

ney - [ — Y> — SubEndcg(C)op(g(Cv Y)v [f> = Imcg(ca f)

is well-defined by Remark 4.3 (c).
The restriction of ¢y on C[ —Y) is injective and reflects the orders, that is, for
two classes [f1),[f2) € “[ = Y), [f1) < [f2) if and only if noy ([f1)) € ney ([f2)-

Remark 4.5. Since each Endg(C)°P-submodule of € (C,Y’) corresponds to
a unique End¢ (C)°P-submodule of the set €(C,Y) containing P(C,Y), the poset
Subgna, (0)er€(C,Y) is viewed as a subset of Subgnq, ()€ (C,Y).

In the following, we are going to consider n-exangulated categories. Under Con-
dition 3.5, put

[ = Y)spidet :={[f) €[ = Y): fis a s[p-deflation}.
Note that Pr(C,Y) CIm%(C, f) for any [f) € [ = Y)der- Then we have the map
ney: [ - Y>5|F—def — SUbEndcg(C)UPz(Ca Y)v [f> = Im(g(ca f)/P[F(C, Y)

Put
“[— Y)sle-det == [ = Y)s|e-det N “[=Y).
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Then we have the map
ney: 1= Ysjrdet = Subpnay ) €(C,Y), [f) = ImE(C, f)/Pr(C,Y).

Definition 4.6. If the map ncy: [ — Y)s|i-def =+ Subgnd, () €(C,Y") above
is surjective, then we say that the restricted Auslander bijection at Y relative to C
holds.

Lemma 4.7. The correspondence
&y [ =Y )auder = Stbpaa, ) F(V, X),  [f) = Im

is a well-defined map.

Proof. We show that {x v ([f)) is independent of the choice of the representa-
tive elements. In fact, let fi € €(Z1,Y) and fo € €(Z2,Y) be two s|p-deflations,
which are right equivalent. Then there are two s|p-distinguished n-exangles

A0—>A1—>A2—>...—>An,1—>Z1L}Y—é—l-)

and 5
By — By — By — ... — B, 1 — Zy 25 v 25

Thus, we obtain the commutative diagram

f1 81

Ao Ay Az e Apy Z y -2
| | | |

| ko | | v l/ H

\ Y \
Bo By By e B, 1 Zsy 12 Y - 2,
| | | |

o \ | l H

y ¥ y y n 5
A Ay A e A1 Al Y- -»>

by the dual of [11], Proposition 3.6. Applying ¢’ (—X) to the commutative diagram
above, we have the commutative diagram

o x
(Ao, X) F(Y, X)

%(ko,)oT o ‘
B}
¢(Bo, X) — = F(Y, X)
‘5(107X)T o ‘
b
(Ao, X) —=—F(Y, X).
Hence, we have Im 6?}( =Im 5gx. O
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We denote by x| — Y)g.-det the subset of [ = Y)g _qer consisting of those classes
[f) that have a representative element f such that there exists an s|p-distinguished
n-exangle

5
X0—>X1—>X2—>...—>Xn_1—>W—>fY——f+

with X € add X. In this case, € (Xo, X) is a finitely generated projective Endg (X )-
module, and hence, £x v ([f)) = Im 5&”}( is a finitely generated End¢ (X )-module.
Put

subgna, (x)F(Y, X) := {the subset of Subg,q, (x)F(Y, X) consisting of finitely
generated Ende (X )-modules}.

Before we begin the following proposition, let us recall the definition of anti-
isomorphism. A map between posets is called anti-isomorphism if it is a bijection
and reverses the orders of the two posets.

Proposition 4.8. The correspondence
Exy: x| = Vet — Subpna, ) F(Y: X),  [f) = Im 5§X

is a well-defined bijection. Moreover, it is an anti-isomorphism of posets.

Proof. We know that the {xy is a well-defined map by Lemma 4.7.
Step 1: We will prove that {x vy is injective. Let

) 5

A0—>A1—>A2—>...—>An,1—>Z1f—)Y——l-)

and 5
Bo— By — By — ... = By 1 — 75 257 2

be two s|p-distinguished n-exangles satisfying Ag, By € add X. Assume that
Imé%X = Imégx. Since By € add X, €(Bo,X) € Endg(X)-proj, and hence,
we have the commutative diagram of exact rows

o x

% (Ao, X) Im 6!
A
foe
| 511
% (By, X) Im &4 .

By the Yoneda lemma, there exists w € %(Ag, By) such that €(w‘,X) = s. So
‘55)( = §§X<€(w,X). Thus, for any f € (B, X), we have

Fiba = 05 (f) = (81 G (w, X)) (f) = 6}y (fw) = (fw).1 = frw.r.
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Moreover, since By € add X, we have pi = idp,, where p: X — By is the natural
projection and i: By — X is the natural injection. Thus, we get

b9 = (idB,),02 = (Pi)«02 = Pu(ix02) = Pu(iuwsdr)
= (pxis)(ws01) = (idp, ) (wi01) = wWid1.

By (R0O), we can obtain that (w,idy) has a lift we = (w, w1, w2, . ..,wn,,1idy ), that is,
there exists the commutative diagram of s|p-distinguished n-exangles

5
Ap Ay Ay Anf1—>Z1L>Y——1>
| | | |
lw | w1 | w2 Wn—1 | wn H
v v Y Voo 5
Bo By By Byp1——= 2 ——=Y - - >

In particular, f; factors through f;. Dually one can prove fy factors through fi.
This shows that f2 and f; are right equivalent and hence [f1) = [f2).

Step 2: We will prove that {x y is surjective. Let F' be any finitely generated
Ende(X)-submodule of F(Y, X). Then there exists a morphism h: € (A4g, X) —
F(Y,X) with Ay € add X and Imh = F. By Yoneda’s lemma, we obtain a natural

isomorphism
F(Y, Ag) = Hompya, (x)((Ao, X), F(Y, X)), &~ &%.
It follows that there exists an F-extension ¢ € F(Y, Ag) such that 6& = h. Let
A= A1 — Ay — ... = A1 = 74 LY—C—se

be an s|p-distinguished n-exangle. Then &x vy ([f)) = Im 5& =Imh="F.
Moreover, {x,y is an anti-isomorphism of posets. Indeed, consider two s|p-
distinguished n-exangles

A0—>A1—>A2—>...—>An,1—>Z1L}Y—é—l-)

and
5-
BO_>B1—>BQ—>..._>Bn_1_>Z2£>Y——z->,

where Ay, By € add X. If [f1) < [f2), then there exists a morphism g: Z; — Z
such that f; = fog. Thus, we obtain the commutative diagram

o1
Ao Ay Az e Apy 7 Py 0
| ! | |
I 9o \ | lg H
v ¥ v v " 5
BO Bl BQ anl ZQ Y ——>

by the dual of [11], Proposition 3.6. Then d2 = (go).«d1, hence we have Im 5gX -
Imdt . O
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Assume ¥ has a generalized Auslander-Reiten-Serre duality.
Lemma 4.9. Let X € ;. There is a bijection
Tx,y: subgna,x)F(Y, X) = subgna, (x)r €(7F X,Y)

such that for any finitely generated Endy (X )-submodule F of F(Y, X), Yx v (F)=H
is defined by an exact sequence

D(i)vyy,
0 H E(r7 X,Y) WX b 0,

where i: F' — F(Y, X) is the inclusion. The bijection Y x y is an anti-isomorphism
of posets.

Proof. Since the proof is very similar to [22], Lemma 5.1, we omit it. Moreover,
one also can see [4], Lemma 4.2. O

For any X € %, since 7; is an equivalence, we can identify via 7 the
Ende (74 X)°P-module structure on € (7 X,Y") with the corresponding Ende (X)°P-
module structure. Hence, we can identify the poset SubEndw(T;X)upf(T[{ X,Y) with

Subgnd, (x)er € (7 X,Y). Under the identification, we have the bijection
TX,Y : subEnd(g(X)[F(Y, X) — SubEndcg(TF_X)OPz(T[F_X7 Y)
Proposition 4.10. Let X € %F;. Then we have the commutative triangle

SUbEndrg(T;X)Upf(Tnj_ X, Y)

n=xy Txy

Ex,y

[ = Y)s|e-det ' subgya, (x)F(Y, X).

Proof. For any [f) € [ = Y)s|,_def, there is an 5|r-distinguished n-exangle

Xoo X1 Xo— . X = X, v 22

We obtain an exact sequence

- G SN @), - x
f(T[F Xa Xn) - f(T[F Xa Y)

E(r7 X, Xo).
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By definition, the following two equations hold:

Ny (1)) = Im&(r X, f) = Ker(s;), - and Ex v ([f) = Imé .

By Lemma 3.16, we have the exact sequence

D)y,
E(rr X,Y) DOy DIm &% ——0,

00— Ker(éu)TEX

where i: Im 5& — F(Y, X) is the inclusion. Hence YT x y(Imé&*x) = Ker(éu)T;X by
Lemma 4.9. Thus, we have Nrxy = Txvéx,y. O

Let (¢, E,s) be an n-exangulated category. Let F be an additive subfunctor of F

and
Xo: Xo Do, Xi > M—Xo=oo— .2 A1 — X, 2 A — X1

an arbitrary s|p-conflation. Recall from [5] that F is closed if the two sequences

F(—, Xo) 2% F(—, x1) 2% F(=, X2)
and
)‘n)* ()\71—1)
F(Xnt1,—) — F(X,,—) — F(Xn-1,—-)
are exact.

Moreover, we have the following equivalent statements.

Lemma 4.11 ([11], Proposition 3.16). For any additive subfunctor F C E, the
following statements are equivalent.
(1) (¢,F,s|r) is an n-exangulated category.
(2) s|p-inflations are closed under composition.
(3) s|p-deflations are closed under composition.
(4) F C E is closed.

Proposition 4.12. Let

XX, O x, ey, g Pyl
be an s|p-distinguished n-exangle with X € %t ;. Then
(1) B is right 7y X-determined.
(2) Let F be an additive closed subfunctor of E. If o is in radg, then f is right
C-determined for some C' € € if and only if 7z X € addC. Consequently, we
have x[ = Y)s)der = 7 X[ = Y )g)-det-
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Proof. (1)Let f € €(L,Y) besuch that for each g € € (7y X, L), the morphism
fog factors through 5. We need to show that the morphism f factors through g. In-
deed, by (EA2), we have the commutative diagram of an s|p-distinguished n-exangle

0g)*§
X vi Yoo ——=V, — = x L0
I | | / i’g
[ [ [ // I
[ [ [ 6]
Y A\l ‘VI'/ W
X 1 Xn-1 Z 5 Yy-——>

Then we obtain (f o g)*6 = 0 by Lemma 2.13. Since X € %r, there exists a natural
isomorphism

Yo x: €(rg X,—) = DF(—, X).

Take ¢ := wTF_ X.X(Idr;X)' By the naturality of 1_ x, we have the commutative

diagram
wTF_X,X
(g X,7p X) —— DF(ry X, X)
%(TFX,g)l lD[F(mX)
Z(r X, 1) —2* ~ DF(L, X).

So

¥r,x(g) = DF(g, X)(e) =€ o F(g, X)
and hence,

Yr.x,(9)(f76) = (g™ f*0) =e((f 0 g)"d) = 0.

Note that ¢, x(g) runs over all maps in DF(L, X), when g runs over all morphisms
in €(ry X, L). It follows that f*6 = 0, thus, the morphism f factors through /5 by
Lemma 2.13, that is, we have the commutative diagram

T X

g

/L
;/O \Lf 5

X—>X1—>---—>Xn,1—>Z—>Y——>-

Therefore, « is right 7o X-determined.
(2) The sufficiency follows from (1). It suffices to prove the necessity. We will
show that each indecomposable direct summand X’ of X satisfies 7w X’ € add C.

Firstly, we claim that the composition of s|g-inflations X’ —» X -% X is not
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a split monomorphism, where ¢ is the natural inclusion. Otherwise, since F is closed,
av is an s|p-inflation by Lemma 4.11. If ¢ is a split monomorphism, then there
exists a morphism ¢: X; — X', such that tar = 1. We have tar € rady since « is
in rade. This shows 1 — tau is invertible, which is a contradiction since 1 — taw = 0.
Moreover, X’ is not an injective object by the dual of [18], Lemma 3.4. Hence, by
Lemma 3.11 there is an Auslander-Reiten s|p-n-exangle

4 o

X Sw w2 w, D X
We have the commutative diagram by [11], Proposition 3.6

’ / ’
4 a; X2 @ B I

n—1 _
X -2 Wy Wpo1 ——=W,, - ~ 7 X' -2 5
I I |
lb lh | in—1 | in | tn41
v Y Y
Qn— Qn—
p QUL IO I S A A

with .0 = ijL_H&.
Suppose 77 X’ ¢ addC. Then any f € €(C, 7y X') is not a split epimorphism
and hence factors through g’, that is, ’g = f. Thus, we have
int1f = int1(6'g) = B(ing).

Moreover, since (3 is right C-determined, there exists h € €(7p X', Z) such that
int1 = Bh. Consider the commutative diagram by (EA2)

Yo Y1 Yn—2 Yn—1 Yn _ i;+15
X Wi Wiy gy ey
| | | h
i in— in in
‘|Vz1 \‘y 1 ¢’L ﬁo +1
[e% a1 Qn—2 Qp—1 5
X X X1 z y - -~

By Lemma 2.13, we have that idx factors through 7y and hence, vy is a split
monomorphism. In particular, txo = iy ;0 = 0. Consider the commutative dia-
gram by (EA2°P)

/

o all Xp—2 0/'In—l B/ _ ’ o
X’ Wy Wit ——W,, ——7 X' = = >
I I [
L | [ in—1 | i H
l/ Is% V/, [e%} Qnp—2 ,Y, Qn—1 V,/ _ ;  LxO
X W/ | L D (e

By Lemma 2.13, the condition ¢, = 0 implies that there exists a morphism w €
€ (W1, X) satisfying ¢« = wa’. Since ¢ is a split monomorphism, o’ is also a split
monomorphism, which is a contradiction. Thus we have 7y X’ € add C. (]
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We are ready to state and prove our main result.

Theorem 4.13. Let F be an additive closed subfunctor of E and let X € %f.
The bijection triangle

subEnd%(TF_X)opf(T[F_X, Y)

_ £x,
Tf X[ — Y>5|F'd€f — SubEnd%’(X) F(Y, X)

n

is commutative. In particular, we get the restricted Auslander bijection at Y relative
top X,

=X,y " X[ Y)o|,-det — SubEndcg(T;X)“Pz(T[EX7 Y),
which is an isomorphism of posets.

Proof. It follows from Propositions 4.10 and 4.12. U

Remark 4.14. Theorem 4.13, when % is an extriangulated category, is just
Theorem 4.11 in [21].

Let (¢,%,0) be an (n + 2)-angulated category. Put Ex = €(—,X—): €°P x
% — Ab and, for any 6 € E(Y, X) = ¢(Y,XX), take an (n + 2)-angle

XX o Xeo ... 5 X, oY 259X
and set
sH=X-X1-Xo—...0 X, >Y],

then (%, Ex,s) is an n-exangulated category, see [11], Proposition 4.5. In this case,
each morphism in ¢ is an s-deflation, hence © X[ — V)4t =" X[ — Y). Note that
Pry, =0in &, thus €(X,Y) =F(X,Y) for any X,Y € %.

In particular,

6ty = {X € €: the functor D€ (—,XX): € — mod k is representable}.

Corollary 4.15. Let € is a k-linear Hom-finite Krull-Schmidt (n + 2)-angulated
category and let X € 6% (_ x_),;. The bijection triangle

SubEnd(g(7.—)()o;)<5(7'_)(7 Y)

L. A Txy

Ex,y

x[=2Y)="X[>Y) - subgna, (x)% (Y, 2X)

is commutative. In particular, we get the restricted Auslander bijection at Y relative
toT” X,
Nr=Xx,v: T X[ - Y> - SubEnd«g(‘r‘X)of’(g(TiXﬂ Y)a

which is an isomorphism of posets.
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Remark 4.16. Corollary 4.15, when n = 1, is just Corollary 4.12 in [21].
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