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Abstract. Recently, motivated by Anderson, Dumitrescu’s S-finiteness, D. Bennis, M. El
Hajoui (2018) introduced the notion of S-coherent rings, which is the S-version of coherent

rings. Let R = € Ra be a commutative ring with unity graded by an arbitrary commu-
acG
tative monoid G, and S a multiplicatively closed subset of nonzero homogeneous elements

of R. We define R to be graded-S-coherent ring if every finitely generated homogeneous
ideal of R is S-finitely presented. The purpose of this paper is to give the graded version of
several results proved in D.Bennis, M. El Hajoui (2018). We show the nontriviality of our
generalization by giving an example of a graded-S-coherent ring which is not S-coherent
and as a special case of our study, we give the graded version of the Chase’s characterization
of S-coherent rings.
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1. INTRODUCTION

This section is devoted to some conventions and a recall of some standard back-
ground terminology. Throughout this paper all rings are commutative with unity,
and all modules are unital. The symbol G will denote a commutative monoid (that is,
a commutative monoid, written additively, with an identity element denoted by 0),
and all the graded rings and modules are graded by G. The symbol S will be a mul-
tiplicatively closed subset of nonzero homogeneous elements of R.

If R is a ring and M is an R-module, M is called S-finite if there exists a finitely
generated submodule N of M such that sM C N for some s € S; this notion was
introduced by Anderson and Dumitrescu, see [3]. According to [7], F is called an
S-finitely presented R-module if there exists an exact sequence 0 — Fy — Fy —
E — 0 of R-modules such that Fj is a finitely generated free R-module and Fj is
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S-finite. Any finitely presented R-module is an S-finitely presented R-module, while
the converse is false in general; for more results and details, the reader can refer to [7],
Section 2. A finitely generated R-module M is said to be an S-coherent R-module
if every finitely generated R-submodule of M is an S-finitely presented R-module;
and a ring R is said to be an S-coherent ring if R is S-coherent as an R-module.
The concept of coherent rings is one of the most significant notions in homological
algebra. Because of its importance, there have been many generalizations to the
notion of coherent rings. Some of them are to the context of graded rings, see [4]-[6].
According to [5], a graded ring R is said to be a graded-coherent ring if every
finitely generated homogeneous ideal of R is a finitely presented ideal of R. Clearly,
every coherent graded ring is a graded-coherent ring, but the converse is false, see [5],
Example 3.2. In this paper we are interested in the graded version of S-coherent
modules and rings, which are called, respectively, graded-S-coherent modules and
graded-S-coherent rings, see Definition 3.1. In Section 3, we introduce and study the
notion of graded-S-coherent rings and the more general notion of graded-S-coherent
modules (over an arbitrary graded ring). Our main aims in this section are to
characterize graded-S-coherent modules and graded-S-coherent rings and to establish
some of their basic properties. For rings, we have S-coherent = graded-S-coherent
and graded-coherent = graded-S-coherent with neither implication being reversible.

2. PRELIMINARIES

This section will be devoted to a standard recall of different basic notions and
properties that are related to graded ring theory. For more details, we refer the
reader to [8], Chapter II, Section 11, pages 163-176.

Let G be a grading commutative monoid written additively with an identity ele-
ment denoted by 0. By a graded ring R, we mean a ring graded by G, that is, a direct
sum of subgroups R, of R such that RyRg C R,p for every o, § € G. The set

h(R) = U R, is the set of homogeneous elements of R. A nonzero element € R
aeG
is called homogeneous if it belongs to one of the R,’s, homogeneous of degree « if

x € Ro. Every z € R may be written uniquely as a sum z = 24, + ... + 24, Of
homogeneous elements z,, € R,,, where ay,...,a, are distincts; z,, is called the
homogeneous component of degree a; of z. If G is cancellative, then Ry is a subring
of R (clearly 1 € Ry) and every R, is an Rp-module.

By a graded R-module M, we mean an R-module graded by G, that is, a direct
sum of subgroups M, of M such that R,Mg C M, for every o, 3 € G. The set

h(M)= |J M, is the set of homogeneous elements of M.
aeG
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A graded R-module M is called a graded-free R-module (gr-free) if there exists
a basis (m;);e; of M consisting of homogeneous elements. Note that any graded-free
R-module is a free R-module; the converse is false, see [15], page 21. When G is
cancellative, then M, are Rg-modules. Obviously, R is a graded R-module.

Let R and R’ be two graded rings, a ring homomorphism f: R — R’ is called
graded if f(R,) C R, for all « € G. A graded ring isomorphism is a bijective
graded ring homomorphism. Let M and M’ be two graded R-modules and let
v: M — M’ be an R-module homomorphism and 8 € G; v is called graded of de-
gree B if v(My) C Moy for all @ € G. An R-module homomorphism v: M — M’
is called graded if there exists 8 € G such that v is graded of degree 5. A graded
R-module isomorphism is a bijective graded R-module homomorphism of degree 0.
If v # 0 and G is cancellative, the degree of v is then determined uniquely. An exact
sequence of graded R-modules is an exact sequence, where the R-modules and the
R-module homomorphisms in question are graded.

A submodule N of M is called homogeneous if N = @ (N N M,). It is well
acG
known that the following are equivalent for a submodule N of M:

(1) N is homogeneous;
(2) the homogeneous components of every element of N belong to N;
(3) N is generated by homogeneous elements.
A homogeneous submodule of R is called a homogeneous ideal of R. If N is a ho-
mogeneous submodule of a graded R-module M, then M/N is a graded R-module,
where (M/N)q = (M, + N)/N. If I is a homogeneous ideal of a graded ring R,
then R/I is a graded ring, where (R/I)y := (Ro +1)/I.

Let R; and Ry be two graded rings. Then R = R; x Rs is a graded ring with

homogeneous elements h(R) = |J Rq, where R, = (R1)a X (R2)q for alla € G. It
acG
is well known that an ideal of Ry X Ry is of the form I x I for some ideals I; of R;

and Iy of Ry. Also, it is easily seen that I; X I5 is a homogeneous ideal of Ry X Ro
if and only if I;, I5 are homogeneous ideals of R; and Rs, respectively.

Let R be a graded ring and let M be a graded R-module. If the grading monoid G
is a group and if S is a multiplicatively closed set of homogeneous elements of R,
then S™!R is a graded ring and S~'M is a graded S~!R-module, where (S~'R); =
{r/s: r€ Rj,s€ RgNSand j—k=i}and (ST*M); = {m/s: m € Mj, s € RgNS
and j —k =1i}.

Assume that the grading monoid is a cancellative torsion-free monoid. Let R be
a graded ring. Then R is called a graded-Noetherian ring (gr-Noetherian ring) if it
satisfies the ascending chain condition (a.c.c.) on homogeneous ideals; equivalently,
if each homogeneous prime ideal of R is finitely generated, see [16], Lemma 2.3. Ob-
viously, a Noetherian graded ring is a gr-Noetherian ring, while gr-Noetherian rings
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need not be Noetherian. It is known that the monoid ring A[X; G| over a ring A is
a Noetherian ring (gr-Noetherian ring) if and only if A is a Noetherian ring and G
(each ideal of @) is finitely generated, see [11], Theorem 7.7, page 75, [16], Theo-
rem 2.4. Hence, if Q is the additive group of rational numbers and D is a Noetherian
ring, the group ring, A = D[X; (), is a gr-Noetherian ring but not a Noetherian ring.

3. GRADED-S-COHERENT RINGS

This section initiates the study of graded-S-coherent modules and rings. We begin,
following the classical case, by giving the definition of graded-S-coherent modules.

Definition 3.1. A graded R-module M is said to be graded-S-coherent if it
is finitely generated and every finitely generated homogeneous submodule of M is
S-finitely presented. And a graded ring R is said to be graded-S-coherent, if it is
graded-S-coherent as a graded R-module; that is, if every finitely generated homo-
geneous ideal of R is S-finitely presented.

We next collect some immediate classes of graded-S-coherent modules and rings.

Remark 3.2. Let R be a graded ring. Then the following statements hold:

(1) Every finitely generated homogeneous R-submodule of a graded-S-coherent
R-module is graded-S-coherent.

(2) Recall from [5] that an R-module M is said to be graded-coherent if it is
finitely generated and every finitely generated homogeneous submodule of M
is finitely presented. Clearly, any graded-coherent R-module is a graded-S-
coherent R-module since every finitely presented module is S-finitely presented.
Hence, all graded-Noetherian ring (see [9]), graded-valuation domain (see [1]),
and graded Priifer domain (see [2]) are graded-S-coherent rings.

(3) Obviously, every S-coherent graded R-module is a graded-S-coherent R-module
and every S-coherent graded ring is a graded-S-coherent ring. But the converse
is not true in general, as shown by the following example.

Example 3.3. If A is a countable direct product of Q[[t, u]]’s, consider the poly-
nomial ring graded by N via (A[X]), = AX™ for every n € N, and let S = {1}.
Then A[X] is graded-S-coherent but not S-coherent.

Proof. By [5], Example 3.2, the polynomial ring A[X] is graded-coherent and
then it is graded-S-coherent, but it is not S-coherent. In fact, by [17], Proposition 18,
A[X] is not coherent since there exists an ideal I which is not finitely generated and
it is the intersection of two finitely generated ideals. Now, since S = {1}, I is not
even S-finite, and then A[X] is not S-coherent by [7], Theorem 3.8 (3). O
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The following result studies the behavior of graded-S-coherence of graded modules
in short exact sequences. It is the graded version of [7], Proposition 3.2.

Proposition 3.4. Let 0 - P 5 N Py M = 0 be an exact sequence of graded
R-modules. Then the following statements hold:
(1) If P is finitely generated, N is graded-S-coherent and (8 has a cancellable degree,
then M is graded-S-coherent.
(2) If M is graded-coherent, P is graded-S-coherent and « has a cancellable degree,
then N is graded-S-coherent.
(3) If N is graded-S-coherent and P is finitely generated, then P is graded-S-
coherent.

Proof. (1) Since N is finitely generated and f: N — M is surjective, we
have that M is finitely generated. Let M; be a finitely generated homogeneous
submodule of M. Since 3 has a cancellable degree, the submodule 371(M;) of N is
homogeneous, and we have the following exact sequence of graded R-modules:

0— P — g1 (M;) = M; — 0.

Now, 3~ 1(M;) is finitely generated since M; and P are so. Therefore, since N is
graded-S-coherent, 3~1(Mj) is S-finitely presented and so using [7], Theorem 2.4 (4),
M is S-finitely presented, as desired.

(2) Since M and P are finitely generated modules, we have that N is finitely
generated. Now, let N7 be a finitely generated homogeneous submodule of N.
Since « has a cancellable degree, consider the exact sequence of graded R-modules
0 — Ker(Bin,) — Ny LN B(Ny) — 0. Then, since $(N7) is a finitely generated ho-
mogeneous submodule of the graded-coherent module M, 5(Ny) is finitely presented.
Hence, Ker(3|y, ) is finitely generated, and since P is graded-S-coherent, Ker(j|y, )
is S-finitely presented since it is homogeneous. Therefore, by [7], Theorem 2.4 (2),
N7 is S-finitely presented.

(3) This is an immediate consequence of Remark 3.2 (1). O

Remark 3.5. Let G be an abelian group, R be a graded ring and S a multi-
plicatively closed subset of Ry. Then, recall from [14] that R is said to be graded
S-Noetherian if every homogeneous ideal of R is S-finite. Note that every graded
S-Noetherian ring is graded-S-coherent. Indeed, this follows by applying Proposi-
tion 2.3 of [7] and from the fact that when R is graded S-Noetherian, every finitely
generated graded R-module is graded S-Noetherian.

We next give our definition which generalizes the definition in [14].
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Definition 3.6. Let R be a graded ring and S a multiplicatively closed subset
of homogeneous elements of R (not necessarily of Ry). Then R is said to be graded-
S-Noetherian if every homogeneous ideal of R is S-finite.

The next result presents the graded version of Proposition 2 (f) in [3]. For an
ideal I of R, IRs N R means the S-saturation of I.

Proposition 3.7. Let G be a group, R be a graded ring and S C R a multiplica-
tively closed subset of homogeneous elements of R. Then R is graded-S-Noetherian
if and only if Rg is graded-Noetherian and for every finitely generated homogeneous
ideal I of R, IRs N R = (I : s) for some s € S.

Proof. Suppose that R is graded-S-Noetherian and choose a homogeneous
ideal J of Rg. Then there exists an ideal I of R such that NS = 0 and J = I Rg.
Then note that IRgs N R is a homogeneous ideal of R which is graded-S-Noetherian,
then there exists s € S such that s(IRsNR) C K C IRsNR for a finitely generated
ideal K of R. This implies that

[S(IRS N R)]RS =IRs C KRg C [IRS N R]RS =IRg.

Thus, J = K Rg is finitely generated, that is, Rg is a graded-Noetherian ring. Now,
suppose that [ is a finitely generated homogeneous ideal of R. Then it is clear that
(I:s')CIRsNR for every s € S. Put J = IRg N R. Then J is S-finite, there
exist x1,%2,...,2, € R and t € S such that tJ C Rxy + ...+ Rx, C J. Since
z; € J = IRs N R, we get t;z; € I for some t; € S, where i = 1,2,... n. Fix
§ = ttita ... t,. Then note that for every x € J we have sz € I, which implies that
J C (I:s), as needed.

For the reverse implication, assume that Rg is graded-Noetherian and let J be
a homogeneous ideal of R. Then JRg N R = LRg N R for a finitely generated
homogeneous ideal L C J. If s € S satisfies LRs N R = (L : s), then sJ C L, which
completes our proof. O

The following proposition investigates a change of rings result.

Proposition 3.8. Let ¢: R — L be a graded ring homomorphism, M be a graded
L-module and S a multiplicatively closed subset of homogeneous elements of R such
that 0 ¢ ¢(S). Then if the graded R-module L is finitely generated and M is graded-
S-coherent as an R-module, then M is graded-¢(S)-coherent as an L-module.

Proof. Let N be a finitely generated homogeneous L-submodule of M. Then
so is N as an R-submodule of M. Hence, N is S-finitely presented over R since M is
graded-S-coherent over R, then, by [7], Proposition 2.6, N is ¢(S)-finitely presented
over L since the R-module L is finitely generated. (Il
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Proposition 3.9. Let R be a graded ring, I be an S-finite homogeneous ideal
of R, where S is a multiplicatively closed subset of homogeneous elements of R and M
be a graded R/I-module. Assume that INS = () so that V := {s+1 € R/I;s € S} is
a multiplicatively closed subset of homogeneous elements of R/I. Then the following
statements hold:

(1) M is graded-V-coherent as an R/I-module if and only if it is graded-S-coherent
as an R-module.

(2) If R is a graded-S-coherent ring, then R/I is a graded-V-coherent ring. The
converse holds if R/I is a graded-V-coherent ring and I is graded-S-coherent
as an R-module.

Proof. (1) (=) Let M be a graded-V-coherent R/I-module and let N
be a finitely generated submodule of M. Since M is graded-V-coherent as an
R/I-module, N is V-finitely presented R/I-module. Now, since I is S-finite, by [7],
Proposition 2.7, N is S-finitely presented R-module and so M is graded-S-coherent
R-module.

(<) Similar to the proof of the direct implication.

(2) The direct implication follows from (1). The reverse implication is a direct
application of Proposition 3.4 (2). O

The following theorem clarifies the situation for the product of graded S-coherent
modules.

Theorem 3.10. Let M; be a graded R;-module and S; a multiplicatively closed
set of homogeneous elements of R; for i = 1,2,...,n. Suppose that R = R; X
Rox...X Ry, M =My xMyXx...x M, and S =51 xS x...xS5,. The following
statements are equivalent.

(1) M; is a graded-S;-coherent R;-module for each i =1,2,...,n.
(2) M is a graded-S-coherent R-module.

Proof. By mathematical induction on n, it suffices to prove the case n = 2.

(1) = (2): Suppose that N is a finitely generated homogeneous submodule of M.
Then we can write N = Nj x N» for a finitely generated homogeneous submodule N;
of M; for each i = 1, 2. Since M; is a graded-S;-coherent R;-module for each i = 1,2,
there exists an exact sequence of R;-modules 0 — K 25 F ﬂ) N; — 0, where K;
is S;-finite and F; is finitely generated free R;-module. Put K = K; x Ky, F =
Fy x Fy. Consider the R-homomorphisms a; X ag: K — F defined by a(ky, ka) =
(a1(k1), az(kz2)) and also B1 x Ba: ' — N defined by 8(f1, f2) = (B1(f1), B2(f2))-
Then 0 — K “2$* F Bl_x[>32 N — 0 is an exact sequence of R-modules, where K is
S-finite and F is finitely generated free. Thus, N is S-finitely presented, namely, M
is a graded-S-coherent R-module.
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(2) = (1): Suppose that M is a graded-S-coherent R-module. Consider the graded
ring epimorphism m: R — R;. Note that R; is a finitely generated R-module
and 0 ¢ m(S) = S;. Take a finitely generated homogeneous N; of M. Then
N = Ny x (0) (22 Ny) is a finitely generated homogeneous submodule of M. Since M
is a graded-S-coherent R-module, N (¢ N;) is an S-finitely presented R-module.
Then by [7], Proposition 2.6, Ny (= N) is an S;-finitely presented R;i-module. There-
fore, M; is a graded-Si-coherent R;-module. Likewise, Ms is a graded-Ss-coherent

Rs-module.
O

As a consequence of the previous theorem, we have the following result.

Corollary 3.11. Let R = [] R; be a direct product of graded rings R; (n € N)

n =1

and S = [[ S; be a cartesian product of multiplicatively closed sets S; of homoge-
i=1

neous elements of R;. Then R is graded-S-coherent if and only if R; is graded-S;-

coherent for every i € {1,...,n}.

Before giving the following two remarks, we first recall from [13] the idealiza-
tion construction. For a ring R and an R-module E (both not necessarily non-
trivially graded), the trivial ring extension of A by F is the ring A := R x E,
whose underlying group is A @ E with multiplication defined by (r,e)(r’,e’) =
(rr',re +1r'e).

Remark 3.12.

(1) As a particular case of Remark 3.2 (2), any graded-coherent ring is a graded-
S-coherent ring, see [5]. The converse is not true in general. Consider the
graded ring A = 7 o (Z5)™) with its natural Z,-grading; Ay = 7 o 0 and
Ay = 0 o (Z2)™) and consider the multiplicative set of homogeneous ele-
ments S = {2": n € N} o 0. Since (2,0) is a homogeneous element and
(0:(2,0)) =0 o (Z2)™) is not a finitely generated ideal, then, according to [5],
Theorem 3.3, A is not graded-coherent. Then, taking any homogeneous ideal I
of A, we have that (2,0)I is finitely generated. Hence, A is graded-S-Noetherian
and so graded-S-coherent by Remark 3.5.

(2) Recall from [7], Remark 3.4 (3) that if M is an S-finitely presented R-module,
then Mg is a finitely presented Rg-module. Thus, if R is a graded-S-coherent
ring, Rg is a graded-coherent ring.

Now, we give the graded version of the S-counterpart of the classical Chase’s
result [10], Theorem 2.2. For reference purposes, it will be helpful to recall the
following elementary lemma.
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Lemma 3.13 ([12], Lemma 2.3.1). Let R be a ring, let I = (uy,uz,...,ur)
be a finitely generated ideal of R (r € N) and let a € R. Set J = I + Ra. Let F' be

a free module on generators x1,xs,..., 2,41 and let 0 - K — F N J — 0 be an
exact sequence with f(x;) =u; (1 <14 <r) and f(x,+1) = a. Then there exists an
T

exact sequence 0 - KN F' — K % (I : a) — 0, where F' = @ Ruz;.
=1

Theorem 3.14. Let R be a graded ring. The following assertions are equivalent:
(1) R is graded-S-coherent.
(2) (I :a) is an S-finite ideal of R for every finitely generated homogeneous ideal T
of R and for every homogeneous element a € R.
(3) (0: a) is an S-finite ideal of R for every homogeneous element a € R and the
intersection of two finitely generated homogeneous ideals of R is an S-finite
ideal of R.

Proof. (1) = (2): Let I be a finitely generated homogeneous ideal of R and
let a be a homogeneous element of R. Then J = I + Ra is a finitely generated
homogeneous ideal of the graded-S-coherent ring R, and so J = I + Ra is S-finitely
presented. Then there exist an exact sequence of R-modules

0—-L—-K—J—=0,

where L is S-finite. Thus, by Lemma 3.13, there exists a surjective homomorphism
L — (I : a) which makes (I : a) an S-finite ideal.

n

(2) = (1): Let I = > Rr; be a finitely generated homogeneous ideal of R. We
i=1
use induction on n to prove that I is S-finitely presented. For n = 1 we consider

the exact sequence of R-modules: 0 — (0 : 1) - R — I — 0. By hypothesis (2),
(0 :71) is S-finite and so I is S-finitely presented, as desired.

Forn > 1, let J = nzl Rr;. Consider the exact sequences of R-modules: 0 —

i=1

ker f — R"™ L1 S5 0and0 — kerg < R ' % J — 0 with f(ej) = g(ej) = 7y,
1 <j<n-—1and f(en) = rn, where (e;)7_; is the canonical basis of R". Then,
by Lemma 3.13, there exists an R-module homomorphism «: ker f — (J : r,,) such
that the sequence of R-modules 0 — kerg < ker f % (J : r,) — 0 is exact. By
hypothesis (2), (J : r,) is S-finite, and by induction hypothesis, J is S-finitely
presented, so that ker g is S-finite. Therefore, ker f is S-finite, so that I is S-finitely
presented, as desired.

(1) = (3): Consider the exact sequence of R-modules: 0—(0: a) - R — Ra — 0,
where a is a homogeneous element of R. Since Ra is a finitely generated homogeneous
ideal of the graded-S-coherent ring R, Ra is S-finitely presented. Therefore (0 : a) is
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S-finite, by [7], Proposition 2.3 as desired. Then, let I and J be two finitely generated
homogeneous ideals of R. Then so is I + J and hence I + J is S-finitely presented
since R is graded-S-coherent. Therefore, I N .J is S-finite, by [7], Corollary 2.5.

(3) = (1): Let I = > Rr; be a finitely generated homogeneous ideal of R. We use
i=1
induction on n to show that I is S-finitely presented.

For n = 1, we consider the exact sequence of R-modules: 0 — (0 :r;) - R —
I — 0. By hypothesis (3), (0 : ry) is S-finite and so I is S-finitely presented,

n—1
as desired. Let n > 1. By induction hypothesis, > Rr; and Rr, are S-finitely pre-
i=1

n—1
sented and, by hypothesis (3), the intersection ( > Rm) NRr, is S-finite. Therefore,
i=1

n—1
I =5 Rr;+ Rr, is S-finitely presented, by [7], Corollary 2.5, as desired. O
i=1
Recall from [15] that a homogeneous ideal M of a graded ring R is said to be
a maximal homogeneous ideal if it is maximal among proper homogeneous ideals;
equivalently, if every nonzero homogeneous element of R/M is invertible and a graded
ring is said to be graded-local if it has a unique maximal homogeneous ideal.

Proposition 3.15. Assume that the grading monoid G is cancellative and
let (R, M) be a graded-local ring such that M? = 0 and S be a multiplicatively
closed set of homogeneous elements of R. The following statements are equivalent.

(1) R is a graded-S-coherent ring.
(2) (0: ) is an S-finite ideal for every homogeneous element x € R.
(3) M is S-finite.

Proof. (1)= (2): Follows from Theorem 3.14.

(2) = (3): Assume that M is not zero. Choose 0 # x € M Nh(R). Since zM = 0,
we have M C (0 : ) C M, that is, M = (0 : z). Then by assumption, M is an
S-finite ideal.

(3) = (1): Suppose that M is S-finite and I is a finitely generated homoge-
neous ideal of R. Assume that {a1,as,...,a,} is a minimal generator set of homo-
geneous elements of I. Consider the exact sequence 0 — Ker § — R" i> I —0,
where 8: R™ — I is defined by f(z1, 22, ...,%n) = 101 + T2a2 + ... + Tpay,. Since

n

M? = 0, we can easily get [[ M C KerB. Let (21,72,...,2,) € Ker3 be a ho-
i=1
mogeneous element. Then zia; + x2as + ... + xpa, = 0. Assume that for some i,

x; ¢ M. Then we have that z; is a unit, so we have a; = —a:i_l(arlal + x9a9 + ...+
ZTi—1@;—1+Zit10;41+. . .+xnay). This gives I = (a1, a2,...,a;-1,a0i11,...,ay,), which
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is a contradiction. So we have Ker 5 C H M, that is, H M = Ker 8 (since G is a
i=1
cancellative monoid and so § has a cancellable degree, thus Ker 3 is a homogeneous

submodule and so every element of Ker 8 is a sum of its homogeneous elements).
Since M is S-finite, so is H M = Ker . Thus, I is S-finitely presented, that is, R
is a graded-S-coherent rlng O

We end this section with the following result, which studies the transfer of graded-
S-coherence under localizations.

Proposition 3.16. Assume that the grading monoid G is a group and let R be
a graded ring. If R is a graded-S-coherent ring, then Ry is a graded-Sy -coherent
ring for every multiplicative set V' of homogeneous elements of R.

Proof. Ry is a graded ring since G is a group and V' is a multiplicative set of
homogeneous elements of R. Now, let J be a finitely generated homogeneous ideal
of Ry . Then there is a finitely generated homogeneous ideal I of R such that J = Iy .
Since R is graded-S-coherent, I is S-finitely presented. Then, by [7], Lemma 3.10,
the homogeneous ideal J = I @Q Ry of Ry is Sy-finitely presented, as desired. O

R

References

[1] D.D. Anderson, D.F. Anderson, G.W. Chang: Graded-valuation domains. Commun.
Algebra 45 (2017), 4018-4029.
[2] D.F. Anderson, G. W. Chang, M. Zafrullah: Graded Priifer domains. Commun. Algebra
46 (2018), 792-8009.
[3] D.D. Anderson, T.Dumitrescu: S-Noetherian rings. Commun. Algebra 30 (2002),
4407-4416.
[4] A. Assarrar, N. Mahdou, U. Tekir, S. Kog: On graded coherent-like properties in trivial
ring extensions. Boll. Unione Mat. Ital. 15 (2022), 437-449.
[5] C.Bakkari, N. Mahdou, A. Riffi: Commutative graded-coherent rings. Indian J. Math.
61 (2019), 421-440.
[6] C.Bakkari, N. Mahdou, A.Riffi: Uniformly graded-coherent rings. Quaest. Math. 44
(2021), 1371-1391.
[7] D.Bennis, M. El Hajoui: On S-coherence. J. Korean Math. Soc. 55 (2018), 1499-1512.
[8] N. Bourbaki: Eléments de mathématique. Algebre. Chapitres 1 & 3. Springer, Berlin,
2007. (In French.)
[9] G. W. Chang, D. Y. Oh: Discrete valuation overrings of a graded Noetherian domain. J.
Commut. Algebra 10 (2018), 45-61.
[10] S. U. Chase: Direct products of modules. Trans. Am. Math. Soc. 97 (1960), 457-473.
[11] R. Gilmer: Commutative Semigroup Rings. Chicago Lectures in Mathematics. Univer-
sity of Chicago Press, Chicago, 1984.
[12] S. Glaz: Commutative Coherent Rings. Lecture Notes in Mathematics 1371. Springer,
Berlin, 1989.
[13] J. A. Huckaba: Commutative Rings with Zero Divisors. Monographs and Textbooks in
Pure and Applied Mathematics 117. Marcel Dekker, New York, 1988.

563

ZbIME]doi
zbIMR]do
ZbIMR]doi
ZbIMR]doi
ZbIJMER

zbIMEdoi
ZoIJME]doi

zblMRfdoil

zbIMEdoi
ZbIJME]doi

2bIMR
zblMRfdoil
zbIMR


https://zbmath.org/?q=an:1390.13002
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3627646
http://dx.doi.org/10.1080/00927872.2016.1254784
https://zbmath.org/?q=an:1397.13001
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3764897
http://dx.doi.org/10.1080/00927872.2017.1327595
https://zbmath.org/?q=an:1060.13007
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1936480
http://dx.doi.org/10.1081/AGB-120013328
https://zbmath.org/?q=an:1497.13002
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR4461706
http://dx.doi.org/10.1007/s40574-021-00312-6
https://zbmath.org/?q=an:1451.13003
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3971513
https://zbmath.org/?q=an:1484.13003
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR4345229
http://dx.doi.org/10.2989/16073606.2020.1799106
https://zbmath.org/?q=an:1405.13035
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3883493
http://dx.doi.org/10.4134/JKMS.j170797
https://zbmath.org/?q=an:1111.00001
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0274237
http://dx.doi.org/10.1007/978-3-540-33850-5
https://zbmath.org/?q=an:1400.13007
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3804846
http://dx.doi.org/10.1216/JCA-2018-10-1-45
https://zbmath.org/?q=an:0100.26602
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0120260
http://dx.doi.org/10.1090/S0002-9947-1960-0120260-3
https://zbmath.org/?q=an:0566.20050
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0741678
https://zbmath.org/?q=an:0745.13004
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0999133
http://dx.doi.org/10.1007/BFb0084570
https://zbmath.org/?q=an:0637.13001
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0938741

[14] D. K. Kim, J. W. Lim: When are graded rings graded S-Noetherian rings. Mathematics

8 (2020), Article ID 1532, 11 pages. doi
[15] C. Nastasescu, F. Van Oystaeyen: Methods of Graded Rings. Lecture Notes in Mathe-

matics 1836. Springer, Berlin, 2004. MR doi
[16] D. E. Rush: Noetherian properties in monoid rings. J. Pure Appl. Algebra 185 (2003),

259-278. MR doi

[17] J.-P. Soublin: Anneaux et modules cohérents. J. Algebra 15 (1970), 455-472. (In French.) IMREdoi

Authors’ addresses: Anass Assarrar, Najib Mahdou, Modelling and Math-
ematical Structures Laboratory, Department of Mathematics, Faculty of Science and
Technology of Fez, Box 2202, University Sidi Mohamend Ben Abdellah Fez, Morocco,
e-mail: anass.smb.assarrar@gmail.com, mahdou@hotmail.com; Unsal Tekir (corre-
sponding author), Department of Mathematics, Marmara University, 34722 Istanbul,
Turkey, e-mail: utekir@marmara.edu.tr; Suat Kog, Department of Mathematics, Is-
tanbul Medeniyet University, D100 Highway No. 98, Istanbul, Turkey, e-mail: suat.koc@
medeniyet.edu.tr.

564


http://dx.doi.org/10.3390/math8091532
https://zbmath.org/?q=an:1043.16017
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2046303
http://dx.doi.org/10.1007/b94904
https://zbmath.org/?q=an:1084.13007
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2006430
http://dx.doi.org/10.1016/S0022-4049(03)00103-8
https://zbmath.org/?q=an:0198.35803
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0260799
http://dx.doi.org/10.1016/0021-8693(70)90050-5
mailto:suat.koc@medeniyet.edu.tr
mailto:suat.koc@medeniyet.edu.tr

