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Abstract. Let [z] be an integer part of  and d(n) be the number of positive divisor of n.
Inspired by some results of M. Jutila (1987), we prove that for 1 < ¢ < g,

Z d([n°]) = exlogz + (2y — ¢)x +O(lozm)’

n<e

where « is the Euler constant and [n°] is the Piatetski-Shapiro sequence. This gives an
improvement upon the classical result of this problem.
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1. INTRODUCTION

The Piatetski-Shapiro sequences are sequences of the form

([n“DZss

where ¢ > 1 and ¢ ¢ N. Let [z] be the largest integer not exceeding x. Using the
prime number theorem and some elementary calculation, we can easily prove that

x
1.1 1~ —
(1) Z clogx asaTree

n<x
[n°]eP

for 0 < ¢ < 1 and P is the set of primes.
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For ¢ > 1, a classical result of finding primes in such sparse sequences is attributed
to Piatetski- Shapiro who proved that (1.1) holds if ¢ is a fixed number lying in the
range 1 < ¢ < 2 Naturally, one would like the range of ¢ to be as large as possible.
When c is a p051t1ve integer larger than 2, [n¢] is no longer to be a prime, so the
left-hand side of equation (1.1) vanishes. In this direction, many experts have made
significant contributions, see, e.g., [1], [4], [6], [7], [8], [10] and the references therein.
At present, the best result is obtained by Rivat and Sargos (see [11]), who proved
that (1.1) holds for 1 < ¢ < 22Z. On the other hand, Rivat and Wu in [12] have
proven that for ¢ € (1, %) there are infinitely many Piatetski-Shapiro primes.

In this paper, we are interested in the divisors of the sequence [n°]. Let d(n) be
the number of positive integer solutions to equation x1x3 = n. The estimation of the

error term of the asymptotic formula of sum > d(n) is called the Dirichlet divisor
n<x
problem, which is a famous problem in number theory. In 1999, Arkhipov, Soliba

and Chubarikov in [2] proved that when 1 < ¢ < &,

Zd (10gft)+0<1 ga:)

n<x

where Q(x) is a polynomial of degree 1. Later, Lii and Zhai in [9] improved the range
ofctol <ec< 433 by involving the theory of exponent pairs. One may note that

495
53 ~ 1.143187 and ~ 1.142857.

In this paper, we consider the asymptotic formula for Y d([n]), where d(n)
n<e
denotes the number of positive divisor of n. On this subject, we have the following

result. We can give a further improvement upon the range of c.

Theorem 1.1. Let 1 <c¢ < g Then we have

(1.2) z:d([nC —cxlogx—l—(ny—c)x—l—O(

n<x

1ogx>

where ~y is the Euler constant.

Notations 1.1. Throughout the paper, ¢ > 1 is a fixed number and we set

B = 1/c. The symbols n and ¢ are small positive real numbers, where ¢ may not

necessarily be the same at different occurrences. As usual, e(z) = exp(2niz) = e?™%.

The symbol k ~ K means 1K < k < 2K. We write f = O(g) or f < g to
mean |f| < c¢og for some unspecified positive constant ¢g. We denote f < g to mean

that f < g and g < f.
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2. PRELIMINARIES

In this section, we quote the results needed later. Firstly, we need the following
asymptotic formula for the divisor function d(n).

Lemma 2.1. Let x > 1, then

Z d(n) = xlogz + (2y — 1)x + O(Vx),

n<x
where v is the Euler constant.

We shall use the following approximation of the saw-tooth function ¢ (x) =
r—[z]—3€[-1,3).

Lemma 2.2. For 0 < |t| < 1, let
W(t) = nt(1 — |¢]) cot =t + [¢].

Fix a positive integer J. For x € R define

pa)=— Y (@)W (5 )el)

INNVINY Sl
and

! il Vo
2.1 = —_— 1— .
(2.1) 3@ = 5757 Z( 74 )elin)

Then § is nonnegative, and we have

[V (z) — ¢(2)] < d(x)
for all real numbers zx.

Proof. See Vaaler [13], Theorem 18. O

We shall also use the following estimate for a sum involving function §.

Lemma 2.3. Fix 0 < 8 < 1. Assume that 1 < N < Ny < 2N. Define the
function ¢ as in (2.1). Then

> (=) <IN+ TN,
N<n<N;

Proof. See [3], Chapter 4, page 48. O
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To estimate the exponential sums, we need the following lemma.

Lemma 2.4. Let 2 < M < M’ < 2M, and let f be a holomorphic function in
the domain
D={z: |z—x| <cM for somex € [M,M']},

where c is a positive constant. Suppose that f(x) is real for M < x < M’, and that

either
f(z) = Bz*(1 + O(F~Y3)) for z € D,

where o # 0,1 is a fixed real number, and
F =|BIM®, or f(z)=Blogz(1+o(F~3) forze D,

where F = |B|.
Let g € CY[M, M'], and suppose that M < z < M’,

lg(z)| < G, |¢(z)| <.

Suppose also that M3/* < F < M3/?, then

‘ Z d(m)g(m)e(f(m))| < (G + FG'\M'Y?F'/3+,
ML<m<M'!

Proof. See Jutila [5], Lemma 4.6. O

3. PROOF oF THEOREM 1.1
Throughout the proof, let 5 =1/c. Then [n°] = m is equivalent to
—(m+1)? < —n < -—mP,
Therefore, we have

(3.1) §:= Y d(n) = Y ([=m’] = [=(m+1)°])d(m) + O(«*)

n<x m<x®

=51+ 52+ O(xe),

where

Si= > (m+1)"=mP)d(m) and S>= Y (¥(=(m+1)%) —p(=m"))d(m)

m<x® m<x®
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with ¥(x) being the saw-tooth function in Lemma 2.2. Using partial summation,
Lemma 2.1 and the Taylor expansion

(x+ 1)6 —2? =B+ O(xﬁ_z)

for x > 1, we deduce that

S = Z (m+1)% =mP)d(m) =3 Z d(m)mP~! + O( Z d(m)mﬁ_Q)

m<x® m<xe

— cxlogz + (2 — o) + O.(V/a),

where the O-term only depends on c¢. Replacing 2¢ by M and breaking into dyadic
intervals, the remaining task is to prove that for small > 0,

Sy < (log2M) Y~ (1p(—(m + 1)°) — p(—m”))d(m) < M.
mn~ M

For convenience of calculation, we write

5= Y (W(=(m+1)°) — (=m?))d(m).

m~ M

By Lemma 2.2, for any J > 0 there exist functions ¢* and § (> 0) such that

P(z) = 9% (2) + 0(5(x)),

where
(3-2) Vi) = Y a(eliz), §z) = > b(j)eljz)
1<lilsd li1<J
with
a(j) <t b)) <IN
Hence,

S3= Y dm)(w*(=(m+1)%) 4" (=m?))

m~ M

00 3 (G(-m+ 1) + -

m~ M
=53 + O(MES4),

say. By Lemma 2.3, we have
Sy < JTIM + JHY2MP2,
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We fix a small > 0 and set

(3.3) J = MR,
then we obtain
S4 < Mﬁ_W/Q
if 1 <pB<1.
Finally, we need to prove that
(3.4) =) dm (m+1)%) — " (-

mn~M

provided that 7 is sufficiently small. By (3.2), we write

Sz =Y dm)(@*(—=(m+1)7) =y (-=m?))
mn~ M
-y d<m>( S ale(—jtm+ 1)) -
m~M 1<)5I<T 1<)51<J

> dm) Y a(j)es(m)e(—jim?),

m~M 1<[jI<7

where ¢;(z) = e(j(z? — (z 4+ 1)#)) — 1 and

d .
(3.5) 0;(x) < jMPL, “"dj—f)«jMﬁ—?

mﬂ)) < ]\45777/27

for x € (M,2M]. Using partial summation and (3.5), we have

Ss< 3 LY dimye Jmﬁ)‘

1<m<J m~M

< E max
] M<;c<2M
1<]71<T

/2M Z ; dsoj

1<]5|<J ‘M<m<x

MP1
< nﬁx Z
1<ljI<J

M<m<x

M<m< M

with M < My < 2M.

Z d(m)e(—

> dmel—im)

)

(—jmﬁ)‘ dz

We can infer that in order to get (3.4), it suffices to prove that

>

1<1|< 7

mn~M
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Taking the definition of J in (3.3) into account and dividing the summation interval
1 < |j| < J into O(log 2J) dyadic intervals, we see that the above bound holds if

00 = 5| 5 st <

h~H 'm~M

forany M > 1and 1 < H < MI—P+n,
By Lemma 2.4 with f(z) = —hz”, we have

K < MY/2HB/3F4/3,
where M3/4 8 « H <« M3/27F As 1< H < M8+ we have
K < MY2+8/3r4/3
for ¢ < %. Then we can conclude that
K< M

forl <c< g. This completes the proof of Theorem 1.1. O
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