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Abstract. In this paper we study the balanced metrics on some Hartogs triangles of
exponent γ ∈ Z

+, i.e.,

Ωn(γ) = {z = (z1, . . . , zn) ∈ C
n : |z1|

1/γ < |z2| < . . . < |zn| < 1}

equipped with a natural Kähler form ωg(µ) :=
1
2 (i/π)∂∂Φn with

Φn(z) = −µ1ln(|z2|
2γ − |z1|

2)−

n−1∑

i=2

µiln(|zi+1|
2 − |zi|

2)− µnln(1− |zn|
2),

where µ = (µ1, . . . , µn), µi > 0, depending on n parameters. The purpose of this paper
is threefold. First, we compute the explicit expression for the weighted Bergman kernel
function for (Ωn(γ), g(µ)) and we prove that g(µ) is balanced if and only if µ1 > 1 and γµ1
is an integer, µi are integers such that µi > 2 for all i = 2, . . . , n− 1, and µn > 1. Second,
we prove that g(µ) is Kähler-Einstein if and only if µ1 = µ2 = . . . = µn = 2λ, where λ
is a nonzero constant. Finally, we show that if g(µ) is balanced then (Ωn(γ), g(µ)) admits
a Berezin-Engliš quantization.

Keywords: balanced metric; Kähler-Einstein metric; Berezin-Engliš quantization

MSC 2020 : 32A25, 32Q15, 53C55

1. Introduction

Suppose that M is a domain in C
n, let Φ be a strictly plurisubharmonic function

onM . Therefore, we can endowM with a Kähler metric g, associated with a Kähler

form ω expressed as

ω =

√
−1

2π

∂∂Φ.

c© Institute of Mathematics, Czech Academy of Sciences 2023.

DOI: 10.21136/CMJ.2023.0208-22 633

http://dx.doi.org/10.21136/CMJ.2023.0208-22


The function Φ is also called Kähler potential of g. For α > 0 consider the complex

Hilbert space Hα(M) defined as

Hα(M) :=

{
f ∈ O(M) :

1

π
n

∫

M

|f |2 exp{−αΦ}ω
n

n!
< ∞

}
,

where O(M) denotes the space of holomorphic functions onM . If Hα(M) 6= {0}, let
Kα(z, z) be the weighted reproducing kernel of Hα(M). Then we give the definition

of balanced metric.

Definition 1.1. The metric αg on M is said to be a balanced metric if Rawns-

ley’s ε-function defined by

ε(α,g)(z) := exp{−αΦ}Kα(z, z) (z ∈ M)

is constant on M .

One should notice that Rawnsley’s ε-function depends only on the Kähler form ω,

not on the choice of the Kähler potential Φ. Moreover, this terminology can be

naturally extended to the more general setting of functions replaced by sections of

line bundle (e.g., see [5]). In this setting, Rawnsley’s ε-function is also called the

weighted Bergman kernel.

As far as we know, the notation “balanced” may be firstly used by Donaldson [9]

in the case of a compact polarized Kähler manifold, who also showed that there exist

balanced metrics on any compact projective Kähler manifold with finite automor-

phism group. Then Arezzo-Loi [1] generalized the definition of balanced metric to the

noncompact setting. Furthermore, there is also an asymptotic expansion for ε(α,g)(z)

in terms of the parameter α, namely

ε(α,g)(z) ∼ αn + a1(z)α
n−1 + a2(z)α

n−2 + . . .

as n → ∞. This was proved for compact manifolds by Catlin [6] and Zelditch [22],
and for noncompact manifolds by Ma-Marinescu [17], [18]. In some particular case

it was also proved by Engliš [10], [11]. Furthermore, the coefficients aj(z) depend on

the curvature and its covariant derivatives of the metric g (e.g., [18]).

In the past decades, there were many deep studies of the existence and uniqueness

of balanced metrics in the compact case. Unfortunately, much less seems to be known

concerning existence and uniqueness of balanced metrics in noncompact manifolds,

even on the domains in C
n.

In 2012, Loi-Zedda [16] gave the necessary and sufficient conditions for the exis-

tence of balanced metrics on Cartan-Hartogs domains. Feng-Tu [13] firstly showed
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the existence of balanced metrics on nonhomogeneous domain. Afterward, Bi-Feng-

Tu [2] proved the existence of balanced metrics for a class of unbounded nonhomo-

geneous domains. For more studies about balanced metrics, the reader is referred

to [12], [15], and [20]. Recently, Bi-Su [4] showed that there exist balanced metrics

on generalized Hartogs triangles. In their paper, they also posed a question whether

one can find balanced metrics on generalized Hartogs triangles with exponent γ.

Following this line, we consider the so-called Hartogs triangles of exponent γ in Cn,

which are defined by

(1.1) Ωn(γ) = {z = (z1, . . . , zn) ∈ C
n : |z1|1/γ < |z2| < . . . < |zn| < 1},

where γ is a positive constant. Throughout this paper, we assume that γ is a positive

integer. Then we can define a strictly plurisubharmonic function Φn(z1, . . . , zn)

on Ωn(γ) which is expressed by

(1.2)

Φn(z1, . . . , zn) = −µ1ln(|z2|2γ − |z1|2)−
n−1∑

i=2

µiln(|zi+1|2 − |zi|2)− µnln(1− |zn|2),

where µi > 0 (1 6 i 6 n). Therefore, the associated Kähler form ωg(µ) is

ωg(µ) =

√
−1

2π

∂∂Φn.

Then we can give the sufficient and necessary conditions for the metric g(µ) to be

balanced.

Theorem 1.2. The Kähler metric g(µ) on Hartogs triangles Ωn(γ) of exponent γ

is balanced if and only if µ1 > 1 and γµ1 is an integer, µi are integers such that

µi > 2 for all i = 2, . . . , n− 1, and µn > 1.

The existence of Kähler-Einstein metric on various manifolds has been one of the

central problems in complex geometry. When M is a homogeneous domain, it is

well-known that the Bergman metric of M is a Kähler-Einstein metric. But for

a nonhomogeneous domain, this is still an open problem. Therefore, from this point,

it is natural to study the existence of Kähler-Einstein metric on Hartogs triangles of

exponent γ.

Theorem 1.3. The Hartogs triangles (Ωn(γ), g(µ)) of exponent γ are Kähler-

Einstein manifolds if and only if µ1 = µ2 = . . . = µn = 2λ, where λ is a nonzero

constant.
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By definition, when µj = 2, j = 1, . . . , n, g(µ) reduces to the Bergman met-

ric. Therefore by the above theorem, one can see that the Bergman metric on

(Ωn(γ), g(µ)) is also a Kähler-Einstein metric. Furthermore, we know that the exis-

tence of Kähler-Einstein metric is closely related to the existence of solution of the

Monge-Ampère equation (see [7]). From the proof of Theorem 1.3, we can also con-

struct an explicit solution of the Monge-Ampère equation on Ωn(γ). More precisely,

we prove the following result:

Theorem 1.4. For v > 0, µi > 0, i = 1, . . . , n, the function

Φ′(z) =
1

n+ 1
ln v|z2|2γ

n−1∏

i=2

|zi+1|2 − µ1 ln(|z2|2γ − |z1|2)

−
n−1∑

i=2

µi ln(|zi+1|2 − |zi|2)− µn ln(1− |zn|2)

is the explicit solution of the Monge-Ampère equation

det
( ∂2Φ

∂zi∂zj

)
= e(n+1)Φ

with the boundary condition Φ(z) = ∞, z ∈ ∂Ωn(γ), on Hartogs triangles Ωn(γ) if

and only if v = µ1 . . . µn, µi = 2/(n+ 1).

As we get to this point, another interesting question arises: can one find a canon-

ical metric on Kähler manifolds such that the metric is both balanced and Kähler-

Einstein? One can check that the Bergman metric on the unit ball is balanced

and Kähler-Einstein. Moreover, Bi-Hou [3] obtained similar results on generalized

Hartogs triangles with exponent γ = 1. Therefore the following result can also be

regarded as a natural generalization of Bi-Hou’s result. In fact, by Theorem 1.2

and 1.3, we can easily get the following corollary.

Corollary 1.5. The metrics g(µ) on Ωn(γ) are both Kähler-Einstein and balanced

if and only if µ1 = . . . = µn > 2 are integers. In particular, the Bergman metric on

Hartogs triangles Ωn(γ) is both Kähler-Einstein and balanced.

Moreover, the relations between the holomorphic isometric immersion and the

balanced metric also imply the following result.

636



Corollary 1.6. If:

(i) αµi are integers such that αµi > 2 for all i = 1, . . . , n− 1 and αµn > 1, α > 0,

(ii) µ1 = µ2 = . . . = µn = 2λ, where λ is a nonzero constant,

then Hartogs triangles (Ωn(γ), αg(µ)) of exponent γ are Kähler-Einstein submani-

folds of the infinite dimensional complex projective space CP∞.

Furthermore, once we find the existence of balanced metric on (Ωn(γ), g(µ)), we

can also establish the Berezin-Engliš quantization on (Ωn(γ), g(µ)) by using the ideas

in Bi-Su [4]. Recently, Hou-Bi [14] showed that the generalized Hartogs triangle

endowed with the Kähler metric admits a Berezin quantization by using Calabi’s

diastasis function and Rawnsley’s ε-function.

Corollary 1.7. Let Ωn(γ) be Hartogs triangles of exponent γ endowed with the

Kähler metric g(µ). If µi are positive rational numbers for all i = 1, . . . , n − 1 and

µn > 0, then (Ωn(γ), g(µ)) admits a Berezin-Engliš quantization.

The paper is organized as follows. In Section 2, we present some results which

is helpful for calculating the explicit forms of the weighted Bergman kernel. In

Section 3, we give the proofs of Theorem 1.2, Theorem 1.3, and Theorem 1.4.

In Section 4, we complete the proof of the corresponding applications, mainly the

proof of Corollary 1.7.

2. Preliminaries

Firstly, we give several vital lemmas.

Lemma 2.1. Let (Ωn(γ), g(µ)) be Hartogs triangles of exponent γ. Then we have

(2.1) det(g(µ)) = µ1
|z2|2γ

(|z2|2γ − |z1|2)2
n−1∏

i=2

µi
|zi+1|2

(|zi+1|2 − |zi|2)2
µn

1

(1− |zn|2)2
.

P r o o f. By definition, we have

gij̄(µ) =
∂2Φn

∂zi∂zj

and

Φn(z) = −µ1ln(|z2|2γ − |z1|2)−
n−1∑

i=2

µiln(|zi+1|2 − |zi|2)− µnln(1− |zn|2).
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From a direct calculation, we can see that

(2.2) g(µ) = (gij̄(µ))n×n =




g1,1̄(µ) g1,2̄(µ) . . . 0

g2,1̄(µ) g2,2̄(µ) . . . 0
...

...
. . .

...

0 0 . . . gn−1,n̄(µ)

0 0 . . . gn,n̄(µ)




,

where

g1,1̄(µ) = µ1
|z2|2γ

(|z2|2γ − |z1|2)2
, g1,2̄(µ) = −γµ1

z1|z2|2γ
z2(|z2|2γ − |z1|2)2

,

g2,1̄(µ) = −γµ1
z1|z2|2γ

z2(|z2|2γ − |z1|2)2
,

g2,2̄(µ) = µ1γ
2 |z1|2|z2|2γ−2

(|z2|2γ − |z1|2)2
+ µ2

|z3|2
(|z3|2 − |z2|2)2

,

gn−1,n̄(µ) = −µn−1
zn−1zn

(|zn|2 − |zn−1|2)2
,

gn,n̄(µ) = µn−1
|zn−1|2

(|zn|2 − |zn−1|2)2
+ µn

1

(1− |zn|2)2
.

By a straightforward computation, it is not difficult to obtain that

det(g(µ)) = µ1
|z2|2γ

(|z2|2γ − |z1|2)2
n−1∏

i=2

µi
|zi+1|2

(|zi+1|2 − |zi|2)2
µn

1

(1− |zn|2)2
.

�

Lemma 2.2 (see D’Angelo [8], Lemma 1). Suppose α ∈ (R+)
n. Then we have

∫

Bn
+

γ2α−1 dV (γ) =
β(α)

2n|α| ,
∫

Sn−1

+

ω2α−1 dσ(ω) =
β(α)

2n−1
.

For α ∈ (R+)
n, β(α) is defined by

β(α) =

∏n
i=1 Γ(αi)

Γ(|α|) ,

where Γ is the usual Euler gamma function. Here dV is the Euclidean n-dimensional

volume form, dσ is the Euclidean (n − 1)-dimensional volume form, and the sub-

script + means that all the variables are positive.
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Lemma 2.3 (see D’Angelo [8], Lemma 2). Let x = (x1, . . . , xn) ∈ (R)n, ‖x‖2 < 1

and s ∈ R with s > 0. Then we have

∑

q∈Nn

Γ(|q|+ s)

Γ(s)
∏n

i=1 Γ(qi + 1)
x2q =

1

(1− ‖x‖2)s .

Lemma 2.4. Let z = (z1, . . . , zn) ∈ Ωn(γ) and p = (p1, . . . , pn) ∈ Z
n. Then we

have

‖zp‖2L2
Φn

=

n∏

i=1

(µi)B(p1+1, µ1− 1)

n∏

i=2

B

(
γ(p1+µ1)+

i∑

j=2

(pj +µj)−µi+1, µi− 1

)
,

where B(p, q) =
∫ 1

0 xp−1(1 − x)q−1 dx is the beta function.

P r o o f. By definition, we can see that

(2.3)

‖zp‖2L2
Φn

=
1

π
n

∫

Ωn(γ)

|z|2p exp {−Φn}
ωn

n!

=
1

π
n

∫

Ωn(γ)

|z|2p(|z2|2γ − |z1|2)µ1

n−1∏

i=2

(|zi+1|2 − |zi|2)µi(1− |zn|2)µn

× µ1
|z2|2γ

(|z2|2γ − |z1|2)2
n−1∏

i=2

µi
|zi+1|2

(|zi+1|2 − |zi|2)2
µn

1

(1− |zn|2)2
dm(z),

where dm(z) is the Euclidean measure. To calculate it, we first introduce polar

coordinates and then the right-hand side of formula (2.3) becomes

n∏

i=1

2µi

∫

06t
1/γ
1

<t2<...<tn<1

t2p1+1
1 (t2γ2 − t21)

µ1−2t2p2+2γ+1
2 (t23 − t22)

µ2−2

×
n−1∏

i=3

t2pi+3
i (t2i+1 − t2i )

µi−2t2pn+3
n (1− t2n)

µn−2 dt1 . . . dtn.

Next, set sj = t2j (1 6 j 6 n) and then we get

n∏

i=1

µi

∫

06s
1/γ
1

<s2<...<sn<1

sp1

1 (sγ2 − s1)
µ1−2sp2+γ

2 (s3 − s2)
µ2−2

×
n−1∏

i=3

spi+1
i (si+1 − si)

µi−2spn+1
n (1− sn)

µn−2 ds1 . . . dsn.
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Consequently, we obtain

‖zp‖2L2
Φn

=

n∏

i=1

µi

∫ sγ
2

0

sp1

1 (sγ2 − s1)
µ1−2 ds1

∫ s3

0

sp2+γ
2 (s3 − s2)

µ2−2 ds2

×
n−1∏

i=3

∫ si+1

0

spi+1
i (si+1 − si)

µi−2 dsi

∫ 1

0

spn+1
n (1 − sn)

µn−2 dsn

=

n∏

i=1

µi

∫ 1

0

( s1
sγ2

)p1
(
1− s1

sγ2

)µ1−2

d
( s1
sγ2

) ∫ s3

0

s
p2+γ(p1+µ1)
2 (s3 − s2)

µ2−2 ds2

×
n−1∏

i=3

∫ si+1

0

spi+1
i (si+1 − si)

µi−2 dsi

∫ 1

0

spn+1
n (1 − sn)

µn−2 dsn

=

n∏

i=1

µiB(p1 + 1, µ1 − 1)

∫ s3

0

s
p2+γ(p1+µ1)
2 (s3 − s2)

µ2−2 ds2

×
n−1∏

i=3

∫ si+1

0

spi+1
i (si+1 − si)

µi−2 dsi

∫ 1

0

spn+1
n (1 − sn)

µn−2 dsn.

Similarly, we get

‖zp‖2L2
Φn

=

n∏

i=1

µiB(p1 + 1, µ1 − 1)

∫ 1

0

(s2
s3

)p2+γ(p1+µ1)(
1− s2

s3

)µ2−2

d
(s2
s3

)

×
∫ s4

0

s
p3+p2+µ2+γ(p1+µ1)
3 (s4 − s3)

µ3−2 ds3

×
n−1∏

i=4

∫ si+1

0

spi+1
i (si+1 − si)

µi−2 dsi

∫ 1

0

spn+1
n (1− sn)

µn−2 dsn

=

n∏

i=1

µiB(p1 + 1, µ1 − 1)B(p2 + γ(p1 + µ1) + 1, µ2 − 1)

×
∫ s4

0

s
p3+p2+µ2+γ(p1+µ1)
3 (s4 − s3)

µ3−2 ds3

×
n−1∏

i=4

∫ si+1

0

spi+1
i (si+1 − si)

µi−2 dsi

∫ 1

0

spn+1
n (1− sn)

µn−2 dsn.

Therefore, by induction, we conclude that

‖zp‖2L2
Φn

=

n∏

i=1

µiB(p1 + 1, µ1 − 1)

×
n∏

i=2

B

(
γ(p1 + µ1) +

i∑

j=2

(pj + µi)− µi + 1, µi − 1

)
.

�
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Furthermore, by the proof of the above lemma, we can get the following result.

Remark 2.5. HΦn(Ωn(γ)) 6= {0} if and only if µi > 1 for all i = 1, . . . , n.

3. Proofs of main theorems

Now we give the proof of the existence of balanced metric.

P r o o f of Theorem 1.2. According to the definition of balanced metric, if

ε(1,g)(z) = exp{−Φn}K1(z, z)

is a constant, then the metric g(µ) is balanced. So we need to calculate the Bergman

kernel K1(z, z). It is easy to see that {zp/‖zp‖L2
Φn

} forms a complete orthonormal
basis of H1(Ωn(γ)), where the multi-index p = (p1, . . . , pn) ranges over all integers

that satisfy the following inequality for all i = 1, . . . , n,

γκ1 +

i∑

j=2

κj − µi > 0, where κ1 = p1 + µ1, κj = pj + µj .

Let N denote the set of all the multi-indices p = (p1, . . . , pn) satisfying such inequal-

ities. Hence by Lemma 2.4, we have

K1(z, z) =
∑

p∈N

|zp|2
‖zp‖2

L2
Φn

=
1∏n

i=1 µi

∞∑

p1=0

|z1|2p1

B(p1 + 1, µ1 − 1)
× . . .

×
∞∑

pn=−γκ1−
∑n−1

j=2
κj

|zn|2pn

B(γκ1 +
∑n

j=2 κj − µn + 1, µn − 1)
.

Notice that

∞∑

pn=−γκ1−
∑n−1

j=2
κj

|zn|2pn

B(γκ1 +
∑n

j=2 κj − µn + 1, µn − 1)

= |zn|−2(γκ1+
∑n−1

j=2
κj)

∞∑

m=0

|zn|2m
B(m+ 1, µn − 1)

= |zn|−2(γκ1+
∑n−1

j=2
κj) Γ(µn)

Γ(µn − 1)

∞∑

m=0

Γ(m+ µn)

Γ(m+ 1)Γ(µn)
|zn|2m

= |zn|−2(γκ1+
∑n−1

j=2
κj)(µn − 1)

1

(1− |zn|2)µn
.
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Thus, we obtain

K1(z, z) =
1∏n

i=1 µi

µn − 1

(1 − |zn|2)µn

∞∑

p1=0

|z1|2p1

B(p1 + 1, µ1 − 1)
× . . .

×
∞∑

pn−1=−γκ1−
∑n−2

j=2
κj

|zn−1|2pn−1 |zn|−2(γκ1+
∑n−1

j=2
κj)

B(γκ1 +
∑n−1

j=2 κj − µn−1 + 1, µn−1 − 1)
.

Similarly, we can see that

∞∑

pn−1=−γκ1−
∑n−2

j=2
κj

|zn−1|2pn−1 |zn|−2(γκ1+
∑n−1

j=2
κj)

B(γκ1 +
∑n−1

j=2 κj − µn−1 + 1, µn−1 − 1)

= |zn−1|−2(γκ1+
∑n−2

j=2
κj)|zn|−2µn−1

∞∑

m=0

|zn−1/zn|2m
B(m+ 1, µn−1 − 1)

= |zn−1|−2(γκ1+
∑n−2

j=2
κj)|zn|−2µn−1(µn−1 − 1)

1

(1− |zn−1/zn|2)µn−1
.

Then we get

K1(z, z) =
1∏n

i=1 µi

(µn − 1)(µn−1 − 1)

(1 − |zn|2)µn(1 − |zn−1/zn|2)µn−1

1

|zn|2µn−1

×
∞∑

p1=0

|z1|2p1

B(p1 + 1, µ1 − 1)
× . . .

×
∞∑

pn−2=−γκ1−
∑n−3

j=2
κj

|zn−2|2pn−2 |zn−1|−2(γκ1+
∑n−2

j=2
κj)

B(γκ1 +
∑n−2

j=2 κj − µn−2 + 1, µn−2 − 1)
.

Therefore, by induction, we conclude that

K1(z, z) =

∏n
i=2(µi − 1)∏n

i=1 µi

n−1∏

i=2

1

(1 − |zi/zi+1|2)µi

1

(1− |zn|2)µn

×
n−1∏

i=2

1

|zi+1|2µi

∞∑

p1=0

|z1|2p1 |z2|−2γκ1

B(p1 + 1, µ1 − 1)

=

∏n
i=1(µi − 1)∏n

i=1 µi

n−1∏

i=2

1

(1 − |zi/zi+1|2)µi

1

(1− |zn|2)µn

×
n−1∏

i=2

1

|zi+1|2µi

1

|z2|2γµ1

1

(1 − |z1|2/|z2|2γ)µ1

=

∏n
i=1(µi − 1)∏n

i=1 µi

1

(|z2|2γ − |z1|2)µ1

n−1∏

i=2

1

(|zi+1|2 − |zi|2)µi

1

(1− |zn|2)µn
.
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Now, we are able to show that

ε(1,g)(z) = exp{−Φn}K1(z, z) =

∏n
i=1(µi − 1)∏n

i=1 µi

is a positive constant, which means that the metric g(µ) is balanced.

On the other hand, assume that g(µ) is balanced. Then there exists a constant

C (> 0) satisfying

K1(z, z) = C exp{Φn} = C(|z2|2γ − |z1|2)−µ1

n−1∏

i=2

(|zi+1|2 − |zi|2)−µi(1− |zn|2)−µn .

By Lemma 2.3, we obtain

(|zi+1|2 − |zi|2)−µi =

∞∑

pi=0

Γ(pi + µi)

Γ(µi)Γ(pi + 1)
|zi|2pi |zi+1|−2(pi+µi).

Thus for any p1 ∈ N, considering the coefficient of |z1|2p1 in the expansion ofK1(z, z),

we can see that there exists a constant C̃ such that the corresponding coefficient

equals

C̃
∞∑

p1=0

Γ(κ1)

Γ(µ1)Γ(p1 + 1)
|z1|2p1 |z2|−2γκ1

n−1∏

i=2

∞∑

pi=0

Γ(pi + µi)

Γ(µi)Γ(pi + 1)
|zi|2pi |zi+1|−2(pi+µi)

×
∞∑

pn=0

Γ(pn + µn)

Γ(µn)Γ(pn + 1)
|zn|2pn .

Notice that zp1

1 belongs to the basis of H1(Ωn(γ)) and pi (1 6 i 6 n) are integers,

and then we get that

γµ1 = p2 − γp1.

Similarly we also can get that for all i = 2, . . . , n− 1,

µi = pi+1 − pi.

Then we conclude that γµ1, µ2, . . . , µn−1 are forced to be integers. The proof is

complete. �

P r o o f of Theorem 1.3. Recall that a Kähler metric g is said to be a Kähler-

Einstein metric if Ricg = λωg for some nonzero constant λ. Furthermore, we know

that the Ricci curvature Ricg is given in local coordinates by

(3.1) Ricij̄ = −∂2 ln(det(g(µ)))

∂zi∂zj
(i, j = 1, . . . , n).
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Then by a direct calculation, we get

(3.2) Ricg = (Ricij̄)n×n =




Ric1,1̄(µ) Ric1,2̄(µ) . . . 0

Ric2,1̄(µ) Ric2,2̄(µ) . . . 0
...

...
. . .

...

0 0 . . . Ricn−1,n̄(µ)

0 0 . . . Ricn,n̄(µ)




,

where

Ric1,1̄(µ) = 2
|z2|2γ

(|z2|2γ − |z1|2)2
, Ric1,2̄(µ) = −2γ

z1|z2|2γ
z2(|z2|2γ − |z1|2)2

,

Ric2,1̄(µ) = −2γ
z1|z2|2γ

z2(|z2|2γ − |z1|2)2
,

Ric2,2̄(µ) = 2γ2 |z1|2|z2|2γ−2

(|z2|2γ − |z1|2)2
+ 2

|z3|2
(|z3|2 − |z2|2)2

,

Ricn−1,n̄(µ) = −2
zn−1zn

(|zn|2 − |zn−1|2)2
, Ricn,n̄(µ) = 2

|zn−1|2
(|zn|−|zn−1|2)2

+ 2
1

(1− |zn|2)2
.

Comparing (2.2) and (3.2), we can easily find that the metric g(µ) is Kähler-

Einstein if and only if

µ1 = . . . = µn = 2λ,

where λ is a nonzero constant. The proof is finished. �

P r o o f of Theorem 1.4. According to the definition and by a straightforward

calculation, we get

e(n+1)Φ′

=
v|z2|2γ

∏n−1
i=2 |zi+1|2

(|z2|2γ − |z1|2)(n+1)µ1

∏n−1
i=2 (|zi+1|2 − |zi|2)(n+1)µi (1− |zn|2)(n+1)µn

.

By (1.2), we have

Φ′(z)− Φn(z) =
1

n+ 1
ln v|z2|2γ

n−1∏

i=2

|zi+1|2

since ln v|z2|2γ
n−1∏
i=2

|zi+1|2 are pluriharmonic terms. Hence, we have

∂∂Φ′ = ∂∂Φn.

It follows that

det
( ∂2Φ′

∂zi∂zj

)
= det(g(µ)).

Then by Lemma 2.1, we can see that Φ′(z) is the explicit solution of the Monge-

Ampère equation on Hartogs triangles Ωn(γ) if and only if v = µ1 . . . µn, µi =

2/(n+ 1). The proof is finished. �
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4. Proofs of corollaries

In order to prove Corollary 1.7 we briefly recall some results on the Berezin-

Engliš quantization. Suppose that (M, g) is a Kähler manifold with a global Kähler

potential, Engliš [10] gave a sufficient condition for (M, g) admitting the Berezin-

Engliš quantization.

Theorem 4.1 (see [10]). LetM be a Kähler manifold with a global defined Kähler

potential. If:

(I) The function exp{−Dg(z, w)} is globally defined on M ×M ,

exp{−Dg(z, w)} 6 1, exp{−Dg(z, w)} = 1

if and only if z = w, where Dg(z, w) denotes Calabi’s diastasis function.

(II) There exists a subset E ⊂ R
+ which has ∞ in its closure such that Rawnsley’s

ε-function ε(α,g)(z) is a positive constant for α ∈ E.

Then (M, g) admits a Berezin-Engliš quantization.

Lemma 4.2 (Lemma 3 in [21]). Let (M, g) be a noncompact Kähler manifold.

Suppose that (M, g) admits a holomorphic isometric immersion into the infinite

dimensional complex space l2(C) through an injective mapping f . Then (M, g)

satisfies the condition (I) of Theorem 4.1.

P r o o f of Corollary 1.7. By the proof of Corollary 1.6, we know that (Ωn(γ), g(µ))

can be a Kähler (not necessarily Einstein) submanifold of CP∞. Furthermore, the

immersion f : Ωn(γ) → CP
∞ can be written as

f = [. . . , zp, . . .],

where the multi-index p = (p1, . . . , pn) ranges all integers such that

γκ1 +

i∑

j=2

κj − µi > 0, i = 1, . . . , n.

Therefore, we have f(Ωn(γ)) ⊂ l2(C) and f is an injective mapping. In fact,

one only needs to notice that the immersion f is constructed by the orthonormal

basis of some Hilbert space. Then Lemma 4.2 yields that (Ωn(γ), g(µ)) satisfies the

condition (I) of Theorem 4.1.

In the following, we prove that (Ωn(γ), g(µ)) also satisfies the condition (II). In

fact, the methods came from [4]. For completeness, we write it down.

Let E ⊂ R
+ be a set defined by

E = {α ∈ N
+ : αµk > 2 are integers for 1 6 k 6 n− 1 and αµn > 1}.
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Since µk for all 1 6 k 6 n− 1 are positive rational numbers and µn > 0, we obtain

that ∞ is in the closure of the subset E. If α ∈ E, we can get that αµk for all

1 6 k 6 n − 1 are integers and αµn > 1. Thus by Theorem 1.2, we conclude that

αg(µ) is a balanced metric on Ωn(γ), which means that ε(1,αg(µ))(z) is a constant

for any α ∈ E. Then by Lemma 3.2 in Yang-Bi [19], we have that ε(α,g(µ))(z) is

a constant for any α ∈ E. It follows that E satisfies the condition (II) of Theorem 4.1.

Therefore, we conclude that (Ωn(γ), g(µ)) admits the Berezin-Engliš quantization by

Theorem 4.1. The proof is complete. �
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