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Abstract. Let G = Kn1,n2,...,nr be a complete multipartite graph on [n] with n > r > 1
and JG being its binomial edge ideal. It is proved that the Castelnuovo-Mumford regularity
reg(Jt

G) is 2t + 1 for any positive integer t.
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1. Introduction

The notion of binomial edge ideals of graphs was first introduced in [7] and [11]

independently. Since then, many researches on binomial edge ideals of graphs have

been done, cf. [8]. One of challenging problems in this area is the computation of the

Castelnuovo-Mumford regularity of powers of binomial edge ideals. Because of the

difficulties, only a few results have been obtained. When the graph is a cycle, a star

or complete, such regularities were successfully computed in [10]. The regularities of

powers of binomial edge ideals of a closed graph were obtained in [5]. The aim of this

paper is to compute the regularities of powers of binomial edge ideals of complete

multipartite graphs.

Let G = (V (G), E(G)) be a finite simple graph with V (G) = [n] := {1, 2, . . . , n}
and S = K[x1, x2, . . . , xn, y1, y2, . . . , yn] be a polynomial ring in 2n variables over

a field K. Then the binomial edge ideal of G, denoted by JG, is the ideal generated

by all binomials

fij := xiyj − xjyi, 1 6 i < j 6 n, {i, j} ∈ E(G).
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On the other hand, for a finitely generated graded S-moduleM , the (Castelnuovo-

Mumford) regularity of M , denoted by reg(M), is an important algebraic invariant

ofM . For a long time, mathematicians have made great efforts to find homogeneous

ideals I whose powers possess linear regularities, i.e., reg(It) = at + b. When G

is a complete multipartite graph, we show that its binomial edge ideal JG is such

a homogeneous ideal. In fact, we prove that reg(J t
G) = 2t+ 1.

After preparing some auxiliary results in Section 2, we reduce the problem on

the power J t
G to certain suitable powers by using symbolic powers in Section 3.

Section 4 is the main part of this paper. We simplify some colon ideals, which makes

it possible to estimate the regularity of sums of powers of binomial edge ideals of

complete graphs and another ideal. Then we prove the main result reg(J t
G) = 2t+1

in Section 5.

2. Preliminaries

Let S = K[x1, x2, . . . , xn] be a polynomial ring over a field K and M a finitely

generated graded S-module. Let

. . . → Fj

ϕj−→ . . . → F1
ϕ1−→ F0 → M → 0

be a graded minimal free resolution of M , where Fj =
⊕

i

S(−aji). Im(ϕj) is called

the jth syzygy module ofM . One says that M is m-regular if aji− j 6 m for all i, j

and defines the Castelnuovo-Mumford regularity (or regularity) of M by

reg(M) = min{m : M is m-regular}.

Let I be a nonzero homogeneous ideal of S. Notice that the ith syzygy of I is just

the (i+1)st syzygy of S/I. It follows that reg(I) = reg(S/I) + 1. For the properties

of regularity, we refer to [4].

The following Regularity Lemma will be used frequently.

Lemma 2.1 (Regularity Lemma, cf. [4], Corollary 20.19). Let 0 → M → N →
L → 0 be a short exact sequence of graded S-modules. Then

(1) reg(N) 6 max{reg(M), reg(L)};
(2) reg(M) 6 max{reg(N), reg(L) + 1}.
We will apply the following two lemmas in the sequel.

Lemma 2.2 (Cf. the proof of Lemma 2.10 of [3]). Let I be a monomial ideal

and x a variable of S. Then

reg((I, x)) 6 reg(I).
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Lemma 2.3 ([9], Lemma 3.2). Let S1 = K[x1, x2, . . . , xn], S2 = K[y1, y2, . . . , yN ]

and S3 = K[x1, x2, . . . , xn, y1, y2, . . . , yN ]. Then, for nonzero homogeneous ideals

I ⊆ S1 and J ⊆ S2, we have

reg(S3/(I + J)) = reg(S1/I) + reg(S2/J).

Then, in the above lemma, reg((I, yi)) = reg(I).

Let < be a monomial order on S. For any f 6= 0 ∈ S, the initial monomial of f

is denoted by in<(f). Let I be a nonzero ideal of S. Then the initial ideal of I,

denoted by in<(I), is the ideal generated by all monomials in<(f), f 6= 0 ∈ I. In

some cases, one can reduce the problem on I to the monomial ideal in<(I).

Lemma 2.4 ([6], Theorem 3.3.4). Let I be a nonzero homogeneous proper ideal

of S. Then, for any monomial order < on S,

reg(I) 6 reg(in<(I)).

Lemma 2.5 ([4], Lemma 15.5). Let I ⊆ J be nonzero proper ideals of S. If there

is a monomial order < on S such that in<(I) = in<(J), then I = J .

In our cases, we are interested in colon ideals. The following lemma is useful.

Lemma 2.6. Let I1, I2, . . . , Ir be nonzero proper ideals of S and f 6= 0 ∈ S. If

there is a monomial order < on S such that

in<(I1 + I2 + . . .+ Ir) = in<(I1) + in<(I2) + . . .+ in<(Ir) and

in<(Ii : f) = in<(Ii) : in<(f), i = 1, 2, . . . , r,

then

(I1 + I2 + . . .+ Ir) : f = (I1 : f) + (I2 : f) + . . .+ (Ir : f).

P r o o f. It is clear that (I1 : f)+ (I2 : f)+ . . .+(Ir : f) ⊆ (I1+ I2+ . . .+ Ir) : f .

Then, by Lemma 2.5, we only need to show that

in<((I1 + I2 + . . .+ Ir) : f) ⊆ in<((I1 : f) + (I2 : f) + . . .+ (Ir : f)).

Let g ∈ (I1 + I2 + . . .+ Ir) : f . Then gf ∈ I1 + I2 + . . .+ Ir and

in<(g)∈ in<(I1 + I2 + . . .+ Ir) : in<(f)= (in<(I1) + in<(I2) + . . .+ in<(Ir)) : in<(f)

= (in<(I1) : in<(f)) + (in<(I2) : in<(f)) + . . .+ (in<(Ir) : in<(f))

= in<(I1 :f) + in<(I2 :f) + . . .+ in<(Ir :f)

⊆ in<((I1 :f) + (I2 :f) + . . .+ (Ir :f)).

The result follows. �
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Let < be a monomial order on S and I = (g1, g2, . . . , gs) be a nonzero ideal of S.

If in<(I) = (in<(g1), in<(g2), . . . , in<(gs)), then {g1, g2, . . . , gs} is called a Gröbner
basis of I with respect to <.

Let f, g 6= 0 ∈ S and, cf and cg be coefficients of in<(f) and in<(g), respectively.

The S-polynomial of f and g is defined as

S(f, g) =
lcm(in<(f), in<(g))

cf · in<(f)
f − lcm(in<(f), in<(g))

cg · in<(g)
g.

We say that f has a standard expression with respect to g1, g2, . . . , gs with remain-

der 0 if

f = f1g1 + f2g2 + . . .+ fsgs, in<(figi) 6 in<(f), i = 1, 2, . . . , s.

Then, by Buchberger’s Criterion, {g1, g2, . . . , gs} is a Gröbner basis of I if and only
if for all i 6= j, S(gi, gj) has a standard expression with respect to g1, g2, . . . , gs with

remainder 0.

Remark 2.7. Notice that in Lemma 2.6, in<(I1 + I2 + . . . + Ir) = in<(I1) +

in<(I2) + . . . + in<(Ir) holds if and only if there is a Gröbner basis Gi of Ii with

respect to <, i = 1, 2, . . . , r, such that G1 ∪ G2 ∪ . . . ∪ Gr is a Gröbner basis of

I1 + I2 + . . .+ Ir with respect to <.

Set [m,n] = {m,m + 1, . . . , n} for any m 6 n. Write [m] for [1,m]. Let G =

([n], E(G)) be a finite simple graph on [n] and S = K[x1, x2, . . . , xn, y1, y2, . . . , yn]

be a polynomial ring in 2n variables over a field K. Then the binomial edge ideal

of G, denoted by JG, is the ideal generated by all binomials

fij := xiyj − xjyi, 1 6 i < j 6 n, {i, j} ∈ E(G).

Note that, in fact, fij is just a 2-minor of the generic matrix

(

x1 x2 . . . xn

y1 y2 . . . yn

)

.

Then, by the properties of minors of a determinant, we have:

Lemma 2.8.

(1) For any a < b < c, xafbc − xbfac + xcfab = 0 and yafbc − ybfac + ycfab = 0.

(2) For any a < b < c < d, fadfbc − facfbd + fabfcd = 0 (Plücker relation).
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Let T ⊆ [n]. Denote the complete graph on T by KT . Then JKn
= {fij : 1 6 i <

j 6 n}. Let G be the complete r-partite graph Kn1,n2,...,nr
, i.e., V (G) is the disjoint

union of Vi :=
[

1 +
i−1
∑

t=1
nt,

i
∑

t=1
nt

]

, i = 1, 2, . . . , r, and E(G) = {{a, b} : a and b is

not in the same Vi}. If r = 1, then JG = 0. In the following, we always assume

that r > 1. When n1 = n2 = . . . = nr = 1, G = K1,1,...,1 is a complete graph.

For any T ⊆ [n], set AT = (xi, yi : i ∈ T ) and Am = A[m] for any 1 6 m 6 n. Set

A0 = 0 by convention. Note that, for any 1 6 m 6 n and s > 1, reg(As
m) = s as As

m

has a linear resolution. On the other hand, let < be the lexicographic order with

x1 > x2 > . . . > xn > y1 > y2 > . . . > yn, it is well-known that fij , 1 6 i < j 6 n,

form a Gröbner basis of JKn
with respect to <, which implies that in<(JKn

) =

(xiyj , 1 6 i < j 6 n). It is also known that reg(in<(JKn
)) = 2 by [13], Theorem 2.2.

Furthermore, we have:

Lemma 2.9. Let 0 6 m 6 n. Then, for any s > 1, reg(in<(JKn
) +As

m) 6 s+ 1.

P r o o f. Let us use induction on m and s together to prove that

reg(in<(JKn
) +As

m) 6 s+ 1.

If m = 0, the result is clear. If s = 1, then by Lemma 2.2, reg(in<(JKn
) + Am) 6

reg(in<(JKn
)) = 2.

Now assume that m > 0 and s > 1, and the result is true for (s,m − 1) and

(s− 1,m). Consider the following short exact sequences:

0 → S

(in<(JKn
) +As

m) : x1
(−1)

·x1−→ S

in<(JKn
) +As

m

→ S

in<(JKn
) +As

m + (x1)
→ 0,

0 → S

(in<(JKn
) +As

m + (x1)) : y1
(−1)

·y1−→ S

in<(JKn
) +As

m + (x1)

→ S

in<(JKn
) +As

m + (x1, y1)
→ 0.

Note that in<(JKn
)+As

m+(x1, y1) = in<(JK[2,n]
)+As

[2,m]+(x1, y1) and (in<(JKn
)+

As
m + (x1)) : y1 = in<(JKn

) + As−1
m + (x1). Then reg(in<(JKn

) + As
m + (x1, y1)) =

reg(in<(JK[2,n]
) +As

[2,m]) 6 s+ 1 by the induction hypothesis on m and

reg((in<(JKn
) +As

m + (x1)) : y1) 6 reg(in<(JKn
) +As−1

m ) 6 s

by the induction hypothesis on s. Then applying Regularity Lemma 2.1 to the above

second short exact sequence, we obtain that

reg(in<(JKn
) +As

m + (x1)) 6 s+ 1.
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It is easy to see that (in<(JKn
) + As

m) : x1 = (in<(JKn
) : x1) + (As

m : x1) =

(y2, . . . , yn) + As−1
m , hence reg((in<(JKn

) + As
m) : x1) 6 reg(As−1

m ) = s − 1. Then

reg(in<(JKn
)+As

m) 6 s+1 follows by applying Regularity Lemma 2.1 to the above

first short exact sequence. �

The following simple result will be used in Section 4.

Lemma 2.10. Let I be an ideal of a ring R and f ∈ R. Then, in the polynomial

ring R[x],

(I, x) : f = (I : f) + (x).

3. Powers of binomial edge ideals of complete multipartite graphs

Let I be an ideal of a ring R. The tth symbolic power of I is, by definition,

I(t) =
⋂

p∈min(I)

(ItRp ∩R),

where min(I) is the set of minimal prime ideals of I.

Let I = Q1 ∩ Q2 ∩ . . . ∩ Qm be an irredundant primary decomposition of I with

min(I) = {P1, P2, . . . , Ps} and Pi =
√
Qi, i = 1, 2, . . . , s. Then it is well-known that

I(t) = Q
(t)
1 ∩Q

(t)
2 ∩ . . . ∩Q(t)

s .

Now we consider the case that I is the binomial edge ideal of a complete multi-

partite graph.

Let G = Kn1,n2,...,nr
be a complete multipartite graph on [n]. Then, by [12],

Theorem 4.3, J t
G = J

(t)
G for any t > 1. On the other hand, assume that n1 6

n2 6 . . . 6 nr, r > 1, and nr > 1, i.e., G is not a complete graph. Furthermore,

assume that n1 = n2 = . . . = ns = 1 and ns+1 > 1. Then, by [12], Lemma 2.2, all the

associated prime ideals of JG are minimal, which are exactly JKn
, Pi, i = s+1, . . . , r,

where Pi =
(

xj , yj : j 6∈
[

1 +
i−1
∑

k=1

nk,
i
∑

k=1

nk

])

. It is clear that P
(t)
i = P t

i . On the

other hand, J
(t)
Kn

= J t
Kn
is well-known, see [1], Theorem 10.4. Thus, it follows that

J t
G = J t

Kn
∩ P t

s+1 ∩ P t
s+2 ∩ . . . ∩ P t

r .

We will use this equality to compute the regularity reg(J t
G).
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Remark 3.1. Our strategy for computing reg(J t
G) is as follows. We firstly

estimate reg(J t
Kn

+ P t
i ), which is the crucial result of this paper, then estimate

reg(J t
Kn

∩ P t
i ), and finally get reg(J

t
Kn

∩ P t
s+1 ∩ P t

s+2 ∩ . . . ∩ P t
r ), i.e., reg(J

t
G).

4. Regularity related to powers of binomial edge ideals

of complete graphs

Let K be a field and S = K[x1, x2, . . . , xn, y1, y2, . . . , yn]. Let T1 and T2 be two

subsets of S. Set T1T2 = {t1t2 : ti ∈ Ti, i = 1, 2}. For any ideal I of a ring R, Ii = R

for i 6 0 by convention. Let < be the lexicographic order with x1 > x2 > . . . > xn >

y1 > y2 > . . . > yn.

Remark 4.1. It is known that reg(J t
Kn

) = reg(in<(JKn
)t) = 2t for any t > 1 as

observed by [10], Observation 3.2 (2). In this section, we will estimate the regularity

of the sum of J t
Kn
and some power of an ideal as AT .

Set G(JKn
) = {fij : 1 6 i < j 6 n}.

Lemma 4.2 ([2], Theorem 2.1). For any t > 1, (G(JKn
))t is a Gröbner basis

of J t
Kn
with respect to < and in<(J

t
Kn

) = (in<(JKn
))t.

Similarly, for any 1 6 a < b 6 n, we can define G(JK[a,b]
) and prove that

(G(JK[a,b]
))t is a Gröbner basis of J t

K[a,b]
with respect to <.

Lemma 4.3. For any 1 6 a < b 6 n and t > 1, G(JK[a,b]
)(G(JKn

))t is a Gröbner

basis of JK[a,b]
J t
Kn
with respect to < and in<(JK[a,b]

J t
Kn

) = in<(JK[a,b]
)(in<(JKn

))t.

P r o o f. Note that G(JK[a,b]
)(G(JKn

))t generates JK[a,b]
J t
Kn
and the set of initial

terms of G(JK[a,b]
)(G(JKn

))t generates in<(JK[a,b]
)(in<(JKn

))t. It is sufficient to

show that

in<(JK[a,b]
J t
Kn

) ⊆ in<(JK[a,b]
)(in<(JKn

))t.

On the contrary, suppose that there exists a monomial u ∈ in<(JK[a,b]
J t
Kn

) \
in<(JK[a,b]

)(in<(JKn
))t. As in<(JK[a,b]

J t
Kn

) ⊆ in<(J
t+1
Kn

) = (in<(JKn
))t+1, we can

write u = w
t+1
∏

k=1

xikyjk with no xikyjk ∈ in<(JK[a,b]
). On the other hand, as

in<(JK[a,b]
J t
Kn

) ⊆ in<(JK[a,b]
), there exists some xpyq ∈ in<(JK[a,b]

) such that

xpyq|u, which admits four possibilities:
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(1) xpyq|w. Then u ∈ in<(JK[a,b]
)(in<(JKn

))t+1 ⊆ in<(JK[a,b]
)(in<(JKn

))t, a con-

tradiction.

(2) xp|w and yq|
t+1
∏

k=1

xikyjk . Let yq = yjl . Then

u = xpyq
w

xp

xil

∏

j 6=l

xikyjk ∈ in<(JK[a,b]
)(in<(JKn

))t,

a contradiction.

(3) xp|
t+1
∏

k=1

xikyjk and yq|w. The same as (2).

(4) xpyq|
t+1
∏

k=1

xikyjk . Let p = is and q = jl. Then s 6= l, il < a < b < js and

u = w(xpyq)(xilyjs)
∏

k 6=s,l

xikyjk ∈ in<(JK[a,b]
)(in<(JKn

))t,

which is also a contradiction. Then the result follows. �

For a monomial ideal I of S, the set of minimal generators of I is denoted by G(I).

Now, we verify the conditions in Lemma 2.6 in order to apply this lemma to get

following Proposition 4.9.

Proposition 4.4. For any 1 6 a < b 6 n, T ⊆ [n] and s, t > 1,

in<(J
t
Kn

+ JK[a,b]
J t−2
Kn

+As
T ) = (in<(JKn

))t + in<(JK[a,b]
)(in<(JKn

))t−2 +As
T .

P r o o f. It is sufficient to show that (G(JKn
))t ∪ G(JK[a,b]

)(G(JKn
))t−2 ∪G(As

T )

is a Gröbner basis of J t
Kn

+ JK[a,b]
J t−2
Kn

+As
T with respect to <. For any h1, h2 from

two different sets of the above three sets, let us show that the S-polynomial S(h1, h2)

has a standard expression with respect to the union of two sets with remainder 0.

(I) h1 ∈ (G(JKn
))t or G(JK[a,b]

)(G(JKn
))t−2 and h2 ∈ G(As

T ). Then h1 ∈
(G(JKn

))t
′

where t′ = t or t− 1. Write

h1 =

t′
∏

k=1

fikjk = u1 + c2u2 + . . .+ crur,

where u1 > u2 > . . . > ur are monomials of the same degrees and ci ∈ K∗,

i = 2, 3, . . . , r. Then

S(h1, h2) =

r
∑

i=2

lcm(u1, h2)

u1
ciui =

r
∑

i=2

cih2

gcd(u1, h2)
ui.

Note that u1 = xi1xi2 . . . xit′
yj1yj2 . . . yjt′ and if u1 ∈ Ad

T for some d > 0, then

ui ∈ Ad
T for all i = 2, 3, . . . , r. If d > s, then it is clear that cih2ui/gcd(u1, h2) ∈ As

T ,
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i = 2, 3, . . . , r. If d < s, then h2/gcd(u1, h2) ∈ As−d
T . Thus again cih2/gcd(u1, h2)ui∈

As
T , i = 2, 3, . . . , r. Hence, S(h1, h2) has a standard expression with respect to

G(As
T ) ∪ {h1} with remainder 0.
(II) h1 ∈ (G(JKn

))t and h2 ∈ G(JK[a,b]
). Let us show that S(h1, h2) has a standard

expression with respect to (G(JKn
))t∪G(JK[a,b]

) with remainder 0 . We may assume

that h1 =
t
∏

k=1

fikjk with no fikjk ∈ JK[a,b]
, h2 = fpq and gcd(in<(h1), in<(h2)) 6= 1.

Then gcd(in<(h1), in<(h2)) = xp or yq or xpyq.

(i) gcd(in<(h1), in<(h2)) = xp. Let p = i1. Then p < q 6 b < j1. One has

S(h1, h2) = yqh1 −
(

yj1

t
∏

k=2

xikyjk

)

h2

= yqfpj1

t
∏

k=2

fikjk − (yj1

t
∏

k=2

xikyjk)fpq

= (yj1fpq + ypfqj1)

t
∏

k=2

fikjk −
(

yj1

t
∏

k=2

xikyjk

)

fpq

= ypfqj1

t
∏

k=2

fikjk + yj1

( t
∏

k=2

fikjk −
t
∏

k=2

xikyjk

)

fpq,

which is a standard expression with respect to fqj1
t
∏

k=2

fikjk and fpq with remainder 0

because in<(ypfqj1) < in<(yqfi1j1) and in<

( t
∏

k=2

fikjk−
t
∏

k=2

xikyjk

)

< in<

( t
∏

k=2

fikjk

)

.

(ii) gcd(in<(h1), in<(h2)) = yq. The same as (i).

(iii) gcd(in<(h1), in<(h2)) = xpyq. We may assume that p = i1 and q = j2. Then

i2 < a 6 p < q 6 b < j1. We have

S(h1, h2) =

t
∏

k=1

fikjk − xi2yj1

( t
∏

k=3

xikyjk

)

fpq

= fpj1fi2q

t
∏

k=3

fikjk − xi2yj1

( t
∏

k=3

xikyjk

)

fpq

= (fpqfi2j1 + fi2pfqj1)
t
∏

k=3

fikjk − xi2yj1

( t
∏

k=3

xikyjk

)

fpq

= fi2pfqj1

t
∏

k=3

fikjk + (fi2j1 − xi2yj1)

( t
∏

k=3

xikyjk

)

fpq,

which is also a standard expression with respect to fi2pfqj1
t
∏

k=3

fikjk and fpg with re-

mainder 0 because in<(fi2pfqj1) < in<(fpj1fi2q) and in<(fi2j1 −xi2yj1) < in<(fi2j1).
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(III) t > 2 and (G(JKn
))t ∪ G(JK[a,b]

)(G(JKn
))t−2 forms a Gröbner basis with

respect to <. As in the proof of Lemma 4.3, it is sufficient to show that

in<(J
t
Kn

+ JK[a,b]
J t−2
Kn

) ⊆ (in<(JKn
))t + in<(JK[a,b]

)(in<(JKn
))t−2.

Suppose on the contrary that there is one monomial u ∈ in<(J
t
Kn

+ JK[a,b]
J t−2
Kn

) \
(in<(JKn

))t + in<(JK[a,b]
)(in<(JKn

))t−2. Then u ∈ (in<(JKn
))t−1, u 6∈ (in<(JKn

))t

and u 6∈ in<(JK[a,b]
)(in<(JKn

))t−2. On the other hand, in<(J
t
Kn

+ JK[a,b]
J t−2
Kn

) ⊆
in<(J

t
Kn

+ JK[a,b]
) = (in<(JKn

))t + in<(JK[a,b]
) by (II), which implies that u ∈

in<(JK[a,b]
). Thus, u = w

t−1
∏

k=1

xikyjk with no xikyjk ∈ in<(JK[a,b]
) and xpyq|u for

some a 6 p < q 6 b. This situation leads to a contradiction by the same argument

as in the proof of Lemma 4.3. This completes the proof. �

Lemma 4.5. For any T ⊆ [n], 1 6 k < l 6 n and s > 1, As
T : fkl = A

s−|{k,l}∩T |
T

and in<(A
s
T : fkl) = As

T : in<(fkl).

P r o o f. |{k, l} ∩ T | has three possible values 0, 1, 2. If |{k, l} ∩ T | = 0, then no

variable in fkl appears in AT , hence A
s
T : fkl = As

T . If |{k, l}∩T | = 1, then fkl ∈ AT

and As−1
T ⊆ As

T : fkl. On the other hand, one has

in<(A
s
T : fkl) ⊆ in<(A

s
T ) : in<(fkl) = As

T : xkyl ⊆ As−1
T .

Then As
T : fkl = As−1

T and in<(A
s
T : fkl) = As

T : in<(fkl). Finally, suppose that

|{k, l} ∩ T | = 2. Then fkl ∈ A2
T and As−2

T ⊆ As
T : fkl. From in<(A

s
T : fkl) ⊆ As

T :

xkyl ⊆ As−2
T , one has As

T : fkl = As−2
T and in<(A

s
T : fkl) = As

T : in<(fkl). �

It is easy to show the following lemma, as in<(JKn
) is a monomial ideal.

Lemma 4.6. For any t > 1, (in<(JKn
))t : x1y2 = (in<(JKn

))t−1.

Lemma 4.7. For any t > 1, J t
Kn

: f12 = J t−1
Kn
and in<(J

t
Kn

: f12) = in<(J
t
Kn

) :

in<(f12).

P r o o f. It is clear that J t−1
Kn

⊆ J t
Kn

: f12. On the other hand, since

in<(J
t
Kn

: f12) ⊆ in<(J
t
Kn

) : in<(f12) = (in<(JKn
))t : in<(f12) = in<(J

t−1
Kn

)

by Lemma 4.6, it follows that J t
Kn

: f12 = J t−1
Kn
and in<(J

t
Kn

: f12) = in<(J
t
Kn

) :

in<(f12). �

Lemma 4.8. For any 1 < c 6 n and t > 0, JK[2,c]
J t
Kn

: f12 = JK[2,c]
J t−1
Kn
and

in<(JK[2,c]
J t
Kn

: f12) = in<(JK[2,c]
J t
Kn

) : in<(f12).
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P r o o f. Clearly JK[2,c]
J t−1
Kn

⊆ JK[2,c]
J t
Kn

: f12. Note that, by Lemma 4.3,

in<(JK[2,c]
J t
Kn

: f12) ⊆ in<(JK[2,c]
J t
Kn

) : x1y2 = in<(JK[2,c]
)(in<(JKn

))t : x1y2.

However, in<(JK[2,c]
)(in<(JKn

))t is a product of monomial ideals and x1y2 is co-

prime with all the generators of in<(JK[2,c]
). This implies that

in<(JK[2,c]
)(in<(JKn

))t : x1y2 = in<(JK[2,c]
)((in<(JKn

))t : x1y2).

Hence, by Lemma 4.6,

in<(JK[2,c]
J t
Kn

: f12) ⊆ in<(JK[2,c]
)(in<(JKn

))t−1 = in<(JK[2,c]
J t−1
Kn

).

Then JK[2,c]
J t
Kn

: f12 = JK[2,c]
J t−1
Kn
and in<(JK[2,c]

J t
Kn

: f12) = in<(JK[2,c]
J t
Kn

) :

in<(f12). �

Proposition 4.9. Let 1 6 a < b 6 n and T ⊆ [n]. Then, for any t > 2,

(J t
Kn

+As
T + JKb−1

J t−2
Kn

) : fab = J t−1
Kn

+ A
s−|{a,b}∩T |
T + JKb−1

J t−3
Kn

.

P r o o f. Note that (J t
Kn

+ As
T + JKb−1

J t−2
Kn

) : fab = (J t
Kn

+ As
T + JKb−1

J t−2
Kn

) :

(−fab) and −fab = xbya − xayb. Reverse the order of 1, 2, . . . , n, it is equivalent to

showing that, for 1 6 a < b 6 n,

(J t
Kn

+As
T + JK[a+1,n]

J t−2
Kn

) : fab = J t−1
Kn

+ A
s−|{a,b}∩T |
T + JK[a+1,n]

J t−3
Kn

.

Then, reordering 1, 2, . . . , n, we may assume that a = 1, b = 2 and need to prove

that, for any 2 6 c 6 n,

(J t
Kn

+As
T + JK[2,c]

J t−2
Kn

) : f12 = J t−1
Kn

+ A
s−|{1,2}∩T |
T + JK[2,c]

J t−3
Kn

.

Then, in virtue of Lemma 2.6 and by Proposition 4.4, Lemmas 4.5, 4.7 and 4.8, we

get the result. �

The following result plays an important role in the proof of our main theorem.

Proposition 4.10. Let t > 1, r =
(

n
2

)t−1
and (G(JKn

))t−1 = {F1, F2, . . . , Fr}
ordered by a lexicographic order <e induced by

f12 >e f13 >e . . . >e f1n >e f23 >e f24 >e . . . >e f2n >e f34 >e . . . >e fn−1,n.
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Then, for any s > t > 1, 1 6 m 6 n and l = 1, 2, . . . , r, if Fl 6∈ J t
Kn

+ As
m +

(F1, F2, . . . , Fl−1), write Fl =
u
∏

k=1

f ck
ak,bk

with fa1,b1 >e fa2,b2 >e . . . >e fau,bu , ck > 0,

k = 1, 2, . . . , u, and
u
∑

k=1

ck = t− 1, and obtain

(J t
Kn

+As
m + (F1, F2, . . . , Fl−1)) : Fl = JK[au,n]

+As′

[au,m] +Aau−1,

where s′ = s−
u
∑

k=1

ck|{ak, bk} ∩ [m]|.

P r o o f. Firstly note that from fa1,b1 >e fa2,b2 >e . . . >e fau,bu we have

a1 6 a2 6 . . . 6 au. Further, it also holds that b1 6 b2 6 . . . 6 bu. Assume,

on the contrary, that bi > bj for some i < j, then ai < aj < bj < bi. By Lemma 2.8,

fai,bifaj ,bj = fai,bjfaj ,bi − fai,aj
fbj ,bi . But fai,bifaj,bj <e fai,bjfaj,bi , fai,aj

fbj,bi and

it follows that

Fl = fai,bifaj,bj

(

∏

k 6=i,j

f ck
ak,bk

)

(f ci−1
ai,bi

f
cj−1
aj ,bj

)

= (fai,bjfaj,bi − fai,aj
fbj ,bi)

(

∏

k 6=i,j

f ck
ak,bk

)

(f ci−1
ai,bi

f
cj−1
aj,bj

) ∈ (F1, . . . , Fl−1),

a contradiction. Note also that, for i = 1, 2, . . . , au − 1,

(∗) (xi, yi)Fl ⊆ (F1, F2, . . . , Fl−1),

because xifau,bu = xau
fi,bu − xbufi,au

by Lemma 2.8 and fau,bu <e fi,bu , fi,au
, then

it follows that

xiFl = xifau,buf
cu−1
au,bu

u−1
∏

k=1

f ck
ak,bk

= (xau
fi,bu − xbufi,au

)f cu−1
au,bu

u−1
∏

k=1

f ck
ak,bk

∈ (F1, F2, . . . , Fl−1)

and similarly yiFl ∈ (F1, F2, . . . , Fl−1). Then Aau−1 ⊆ (F1, F2, . . . , Fl−1) : Fl. By

Lemma 4.5, As′

[au,m] +Aau−1 = (As
m : Fl) +Aau−1. Hence

JK[au,n]
+As′

[au,m] +Aau−1 ⊆ (J t
Kn

+As
m + (F1, F2, . . . , Fl−1)) : Fl.

Let us show the converse containment.

Set J = (F ∈ (G(JKn
))t−1−c1 : f t−1−c1

a1,b1
>e F >e f

c2
a2,b2

. . . f cu
au,bu

). Then

(∗∗) (F1, F2, . . . , Fl−1) ⊆ JKb1−1
J t−2
Kn

+ f c1
a1,b1

J.
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Let us use the induction on u to show that

(J t
Kn

+As
m + JKb1−1

J t−2
Kn

+ f c1
a1,b1

J) : Fl ⊆ JK[au,n]
+As′

[au,m] +Aau−1,

then the above converse containment follows.

If u = 1, we need to show that

(J t
Kn

+As
m + JKb1−1

J t−2
Kn

) : f t−1
a1,b1

⊆ JK[a1,n]
+A

s−(t−1)|{a1,b1}∩[m]|
[a1,m] +Aa1−1,

which is true by applying Proposition 4.9 (t− 1) times as

JK[a1,n]
+A

s−(t−1)|{a1,b1}∩[m]|
[a1,m] +Aa1−1 ⊇ JKn

+As−(t−1)|{a1,b1}∩[m]|
m + JKb1−1

.

Now assume that u > 1 and the result is true for u− 1. Then

(J t
Kn

+As
m + JKb1−1

J t−2
Kn

+ f c1
a1,b1

J) : Fl

= ((J t
Kn

+As
m + JKb1−1

J t−2
Kn

+ f c1
a1,b1

J) : f c1
a1,b1

) : f c2
a2,b2

. . . f cu
au,bu

.

But (J t
Kn

+As
m+JKb1−1

J t−2
Kn

+f c1
a1,b1

J) : f c1
a1,b1

= (J t
Kn

+As
m+JKb1−1

J t−2
Kn

) : f c1
a1,b1

+J .

Then, by Proposition 4.9,

(J t
Kn

+As
m + JKb1−1

J t−2
Kn

+ f c1
a1,b1

J) : f c1
a1,b1

= J t−c1
Kn

+As−c1|{a1,b1}∩[m]|
m + JKb1−1

J t−2−c1
Kn

+ J.

Note that Aa2−1 ⊆ (F1, F2, . . . , Fl−1) : Fl by (∗). Using (∗∗), we have

(J t
Kn

+As
m + JKb1−1

J t−2
Kn

+ f c1
a1,b1

J) : Fl

= (J t−c1
Kn

+As−c1|{a1,b1}∩[m]|
m + JKb1−1

J t−2−c1
Kn

+ J) : f c2
a2,b2

. . . f cu
au,bu

+Aa2−1.

Then

(J t
Kn

+As
m + JKb1−1

J t−2
Kn

+ f c1
a1,b1

J) : Fl

⊆ (J t−c1
Kn

+As−c1|{a1,b1}∩[m]|
m + JKb1−1

J t−2−c1
Kn

+ J +Aa2−1) : f
c2
a2,b2

. . . f cu
au,bu

= (J t−c1
K[a2,n]

+A
s−c1|{a1,b1}∩[m]|
[a2,m] + JK[a2,b1−1]

J t−2−c1
K[a2,n]

+ J ′ +Aa2−1) : f
c2
a2,b2

. . . f cu
au,bu

,

where J ′ = (F ∈ (G(JK[a2,n]
))t−1−c1 : F >e f c2

a2,b2
. . . f cu

au,bu
). Again, by the

same argument as for (F1, F2, . . . , Fl−1) ⊆ JKb1−1
J t−2
Kn

+ f c1
a1,b1

J , we have J ′ ⊆
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JK[a2,b2−1]
J t−2−c1
K[a2,n]

+f c2
a2,b2

J ′′ where J ′′ = (F ∈ (G(JK[a2,n]
))t−1−c1−c2 : f t−1−c1−c2

a2,b2
>e

F >e f
c3
a3,b3

. . . f cu
au,bu

). It turns out that

J t−c1
K[a2,n]

+A
s−c1|{a1,b1}∩[m]|
[a2,m] + JK[a2,b1−1]

J t−2−c1
K[a2,n]

+ J ′ +Aa2−1

⊆ J t−c1
K[a2,n]

+A
s−c1|{a1,b1}∩[m]|
[a2,m] + JK[a2,b1−1]

J t−2−c1
K[a2,n]

+ JK[a2,b2−1]
J t−2−c1
K[a2,n]

+ f c2
a2,b2

J ′′ +Aa2−1

= J t−c1
K[a2,n]

+A
s−c1|{a1,b1}∩[m]|
[a2,m] + JK[a2,b2−1]

J t−2−c1
K[a2,n]

+ f c2
a2,b2

J ′′ +Aa2−1

as b1 6 b2. Therefore

(J t
Kn

+As
m + JKb1−1

J t−2
Kn

+ f c1
a1,b1

J) : Fl

⊆ (J t−c1
K[a2,n]

+A
s−c1|{a1,b1}∩[m]|
[a2,m] + JK[a2,b2−1]

J t−2−c1
K[a2,n]

+ f c2
a2,b2

J ′′ +Aa2−1) : f
c2
a2,b2

. . . f cu
au,bu

= (J t−c1
K[a2,n]

+A
s−c1|{a1,b1}∩[m]|
[a2,m] + JK[a2,b2−1]

J t−2−c1
K[a2,n]

+ f c2
a2,b2

J ′′) : f c2
a2,b2

. . . f cu
au,bu

+ Aa2−1

where the last equality follows by Lemma 2.10.

Note that from Fl 6∈ J t
Kn

+ As
m + (F1, F2, . . . , Fl−1) we get that f

c2
a2,b2

. . . f cu
au,bu

6∈
J t−c1
K[a2,n]

+A
s−c1|{a1,b1}∩[m]|
[a2,m] + J ′. Then, applying the induction hypothesis, we have

(J t−c1
K[a2,n]

+A
s−c1|{a1,b1}∩[m]|
[a2,m] + JK[a2,b2−1]

J t−2−c1
K[a2,n]

+ f c2
a2,b2

J ′′) : f c2
a2,b2

. . . f cu
au,bu

⊆ JK[au,n]
+As∗

[au,m] +A[a2,au−1],

where s∗ = s−c1|{a1, b1}∩ [m]|−
u
∑

k=2

ck|{ak, bk}∩ [a2,m]|. As noted at the beginning
of the proof, a2 6 a3 6 . . . 6 au and a2 6 b2 6 b3 6 . . . 6 bu, so we see that

{ak, bk} ∩ [a2,m] = {ak, bk} ∩ [m] for k > 2. It follows that s∗ = s′. Then

(J t
Kn

+As
m + JKb1−1

J t−2
Kn

+ f c1
a1,b1

J) : Fl ⊆ JK[au,n]
+As′

[au,m] +A[a2,au−1] +Aa2−1

= JK[au,n]
+As′

[au,m] +Aau−1,

as required. �

Theorem 4.11. For any 1 6 m 6 n and s > t > 1, reg(J t
Kn

+As
m) 6 2s.

P r o o f. We prove the result by using induction on t. If t = 1, then, as

in<(JKn
+As

m) = in<(JKn
)+As

m by Proposition 4.4 and reg(in<(JKn
)+As

m) 6 s+1

by Lemma 2.9, we have

reg(JKn
+As

m) 6 s+ 1 6 2s.
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Now assume that t > 1 and the result is true for t − 1. Set (G(JKn
))t−1 =

{F1, F2, . . . , Fr} as in above Proposition 4.10. We have the exact sequences

0 → S

(J t
Kn

+As
m) : F1

(−(2t− 2))
·F1−→ S

J t
Kn

+As
m

→ S

J t
Kn

+As
m + (F1)

→ 0,

0 → S

(J t
Kn

+As
m + (F1)) : F2

(−(2t− 2))
·F2−→ S

J t
Kn

+As
m + (F1)

→ S

J t
Kn

+As
m + (F1, F2)

→ 0,

...

0 → S

(J t
Kn

+As
m + (F1, . . . , Fr−2)) : Fr−1

(−(2t− 2))

·Fr−1−→ S

J t
Kn

+As
m + (F1, . . . , Fr−2)

→ S

J t
Kn

+As
m + (F1, . . . , Fr−1)

→ 0,

0 → S

(J t
Kn

+As
m + (F1, . . . , Fr−1)) : Fr

(−(2t− 2))

·Fr−→ S

J t
Kn

+As
m + (F1, . . . , Fr−1)

→ S

J t−1
Kn

+As
m

→ 0.

For l = 1, 2, . . . , r, if Fl 6∈ J t
Kn

+ As
m + (F1, . . . , Fl−1), write Fl =

u
∏

k=1

f ck
ak,bk

with

fa1,b1 >e fa2,b2 >e . . . >e fau,bu , ck > 0, k = 1, 2, . . . , u, and
u
∑

k=1

ck = t− 1, then, by

Proposition 4.10

(J t
Kn

+As
m + (F1, . . . , Fl−1)) : Fl = JK[au,n]

+As′

[au,m] +Aau−1,

where s′ = s−
u
∑

k=1

ck|{ak, bk}∩ [m]|. For the regularity, by Lemma 2.3, reg(JK[au,n]
+

As′

[au,m] + Aau−1) = reg(JK[au,n]
+ As′

[au,m]) + reg(Aau−1) = reg(JK[au,n]
+ As′

[au,m]).

Note that if au > m then A[au,m] = ∅ and if au 6 m then {ak, bk} ∩ [m] 6= ∅ for all
k = 1, . . . , u, hence s′ = s−

u
∑

k=1

ck|{ak, bk}∩ [m]| 6 s−
u
∑

k=1

ck = s− t+1. Then either

reg(JK[au,n]
+As′

[au,m]+Aau−1) = reg(JK[au,n]
) = 2 or reg(JK[au,n]

+As′

[au,m]+Aau−1) =

reg(JK[au,n]
+ As′

[au,m]) 6 s′ + 1 6 s− t+ 2 by Lemmas 2.4 and 2.9. It follows that

reg(JK[au,n]
+As′

[au,m] +Aau−1) 6 2s− 2t+ 2 in any cases.

By the induction hypothesis, reg(S/(J t−1
Kn

+As
m)) 6 2s−1. Then by applying Reg-

ularity Lemma 2.1 to the above last exact sequence, we get that reg(S/(J t
Kn

+As
m+

(F1, . . . , Fr−1))) 6 2s−1. Similarly, from the above last but one exact sequence, one

has reg(S/(J t
Kn

+As
m + (F1, . . . , Fr−2))) 6 2s− 1, and so on. Finally, from the first

exact sequence , we obtain that reg(S/(J t
Kn

+As
m)) 6 2s− 1, as required. �
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Corollary 4.12. For any 1 6 m 6 n and s > t > 1, reg(J t
Kn

∩ As
m) 6 2s+ 1.

P r o o f. Since reg(S/J t
Kn

) = 2t−1, reg(S/As
m) = s−1 and reg(S/(J t

Kn
+As

m)) 6

2s− 1 by Theorem 4.11, the result follows by applying Regularity Lemma 2.1 to the

short exact sequence

0 → S

J t
Kn

∩ As
m

→ S

J t
Kn

⊕ S

As
m

→ S

J t
Kn

+As
m

→ 0.

�

5. The main result

Now we come to the computation of regularity of powers of binomial edge ideals

of complete multipartite graphs. First we have

Proposition 5.1. Let JKn1,n2,...,nr
be a complete r-partite graph on [n] with

n > r > 1. Then reg(JKn1,n2,...,nr
) = 3.

P r o o f. Assume that n1 6 n2 6 . . . 6 nr. Let us prove the result by induction

on r.

If r = 2, it is known by [15], Theorem 1.1. Now assume that r > 2 and the result is

true for r−2. Let G be the graph on [n1] with the empty edge set. Then Kn1,n2,...,nr

is the join product of G and Kn2,n3,...,nr
, i.e., Kn1,n2,...,nr

= G ∗Kn2,n3,...,nr
. Then,

by [14], Theorem 2.1,

reg(JKn1,n2,...,nr
) = max{reg(JG), reg(JKn2,n3,...,nr

), 3} = max{0, 3, 3} = 3.

�

The following lemma will be used in the proof of the main theorem.

Lemma 5.2. For 1 6 m 6 n, J t
Kn

= (J t
Kn

∩At
m) + (J t

Kn
∩ At

[m+1,n]).

P r o o f. For any g ∈ (G(JKn
))t, let us show that either g ∈ At

m or g ∈ At
[m+1,n].

Write g =
t
∏

k=1

fakbk = c1u1+c2u2+. . .+crus, where u1, u2, . . . , us are monomials and

ci ∈ K∗, i = 1, 2, . . . , s. Let d be the number of elements of a1, a2, . . . , at, b1, b2, . . . , bt

which are in [m]. Then ui ∈ Ad
m ∩ A2t−d

[m+1,n], i = 1, 2, . . . , s. It follows that either

g ∈ At
m or g ∈ At

[m+1,n]. �
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Now we can prove our main result.

Theorem 5.3. Let G = JKn1,n2,...,nr
be a complete r-partite graph on [n] with

n > r > 1. Then, for any t > 1,

reg(J t
G) = 2t+ 1.

P r o o f. When t = 1, it is Proposition 5.1. Assume that t > 2. Note that,

since the length of the longest induced path in G is 2, reg(J t
G) > 2t + 1 by [10],

Corollary 3.4. Hence, it is sufficient to show that reg(J t
G) 6 2t+ 1.

Use the same notations as Section 3. Then J t
G = J t

Kn
∩ P t

s+1 ∩ P t
s+2 ∩ . . . ∩ P t

r ,

where Pi =
(

xj , yj : j 6∈
[

1+
i−1
∑

k=1

nk,
i
∑

k=1

nk

])

. Set Qi = J t
Kn

∩P t
i ∩P t

i+1∩. . .∩P t
r , i =

s+1, s+2, . . . , r. Then Qs+1 = J t
G, Qi = (J t

Kn
∩P t

i )∩Qi+1, i = s+1, s+2, . . . , r−1,

and from

J t
Kn

⊇ (J t
Kn

∩ P t
i ) +Qi+1 = (J t

Kn
∩ P t

i ) + (J t
Kn

∩ P t
i+1 ∩ P t

i+2 ∩ . . . ∩ P t
r )

⊇ (J t
Kn

∩ P t
i ) + (J t

Kn
∩ (P ′

i )
t) = J t

Kn
,

where P ′
i =

(

xj , yj : j ∈
[

1 +
i−1
∑

k=1

nk,
i
∑

k=1

nk

])

and the last equality follows by

Lemma 5.2, one has (J t
Kn

∩ P t
i ) + Qi+1 = J t

Kn
, i = s + 1, s + 2, . . . , r − 1. We

have the following short exact sequences:

0 → S

J t
G

→ S

J t
Kn

∩ P t
s+1

⊕ S

Qs+2
→ S

J t
Kn

→ 0,

0 → S

Qs+2
→ S

J t
Kn

∩ P t
s+2

⊕ S

Qs+3
→ S

J t
Kn

→ 0,

...

0 → S

Qr−2
→ S

J t
Kn

∩ P t
r−2

⊕ S

Qr−1
→ S

J t
Kn

→ 0,

0 → S

Qr−1
→ S

J t
Kn

∩ P t
r−1

⊕ S

J t
Kn

∩ P t
r

→ S

J t
Kn

→ 0.

Since reg(S/J t
Kn

) = 2t − 1 and reg(S/(J t
Kn

∩ P t
i )) 6 2t, i = s + 1, s + 2, . . . , r, by

Corollary 4.12, reg(S/J t
G) 6 2t follows by applying Regularity Lemma 2.1 to the

above exact sequences. �
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