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RATIONAL BEZIER CURVES WITH INFINITELY MANY
INTEGRAL POINTS

PETROULA DOSPRA

ABSTRACT. In this paper we consider rational Bézier curves with control
points having rational coordinates and rational weights, and we give necessary
and sufficient conditions for such a curve to have infinitely many points with
integer coefficients. Furthermore, we give algorithms for the construction of
these curves and the computation of theirs points with integer coefficients.

1. INTRODUCTION

Let Py, ..., P, be points of the affine space A3 over R and wy, . .., w, are nonzero
real numbers. We recall that the Bernstein polynomials of degree n are defined by

BI(t) = (’7)(1 )i (i=0,...,n).

i
A rational Bézier curve of degree n is defined by a map of the form
wo By (t) + -+ - + wa B (1)

The numbers wy, . . ., w, are called weights of F' and the set F'(A) is called the trace
of F. For wy = ... = w,, we obtain the classical (integral) Bézier curves. Rational
Bézier curves provide a curve fitting tool and are widely used in Computer Aided
Geometric Design, Computer Aided Design and Geometric Modelling [T}, 2, [3].

In this paper, we study the integral points of rational Bézier curves, i.e., the
points having integer coordinates. Often, the manipulation of rational Bézier curves
uses some auxiliary points of the curve (see for instance [7] where some points of
the curve are used for interpolation). By knowing the integral points of such a curve
and using them for its manipulation, the necessary computations will be simplified.
Thus, we will deal with the cases where these curves have infinitely many integral
points. More precisely, we give necessary and sufficient conditions on their weights
to have infinitely many integral points which permit us to give algorithms for the
construction of such rational Bézier curves. Furthermore, we present algorithms

F:A— A3 t+—
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for the computation of all the integral points of parametric space curves in cases
where these curves have infinitely many integral points.

The paper is organised as follows. In Section 2, we give necessary and sufficient
conditions for a parametric curve to have infinitely many integral points. In Section
3, we specialize these conditions for the rational Bézier curves in terms of theirs
weights. Finally, Section 4 is devoted in the presentation of an algorithm for the
computation of integral points of parametric space curves in these cases.

2. CURVES WITH INFINITELY MANY INTEGRAL POINTS

Let Q be an algebraic closure of Q, and C an irreducible affine curve of (geometric)
genus 0 in the affine space A% defined by a finite family of polynomials having
integer coefficients. The points (z1,...,2,) of C with z; € Z (i = 1,...,n) are
called integral points of C. We denote by C(Z) the set of integral points on C.
We denote by Q(C) the function field of C, by C the Zariski closure of C in the
projective space P" and we set Crp, = (C'\ C)(Q). We say that a discrete valuation
ring U of Q(C) lies at infinity if there is a point P € C, such that U contains the
local ring Op(C') of C at P and the maximal ideal of U contains the maximal ideal
of Op(C). We denote by ¥, the set of all the discrete valuation rings of Q(C) at
infinity. We call an element V of Yo, defined over a subfield k of Q(C), if 7(V) =V
for every 7 € Gal(Q/k). Furthermore, two elements V and W of ¥, are said to
be conjugate over a quadratic field k if V' and W are defined over k and there is
o € Gal(Q/Q) which is not the identity on k such that (V) = W. By [4], we have
the following result:

Theorem 1. The set C(Z) is infinite if and only if one of the following two
conditions is satisfied:

(a) The set Yoo consists of one element and C(Z) contains at least one non-singular
point.

(b) The set ¥, consists of two elements which are conjugate over a real quadratic
field and C(Z) contains at least one non-singular point

Suppose that C has a rational parametrization over Q. Then, there are coprime
homogeneous polynomials, ¢;(S,T) (i = 0,...,n), of the same degree and with
integer coefficients such that the map

¢: P —C, (5:t) — (do(s,t) :...: Puls, 1))

is a birational isomorphism. The correspondence f — f o ¢ induces an isomorphism
¢ defined over Q from Q(C) onto Q(P!). If f(s,t) is a homogeneous polynomial,
then we set

Z(f) ={(s: ) e P/ f(s,t) = 0} .

Lemma 1. The correspondence P — ¢~ (Op(PY)) defines a bijection from Z(¢o)
onto Y-

Proof. The proof is an easy generalization of [5, Lemma 2.2]. (]
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The restriction of ¢ to Al gives the map
o1(1,t) ¢n(17t)>
¢O(1at) o (b()(]-vt) .

Let U be the subset of t € Al with ¢o(1,t) # 0. Combining Theorem 1| and
Lemma [T} we deduce immediately the following result:

¢o: AY — C, tl—><

Theorem 2. The set C(Z) N ¢ (U) is infinite if and only if one of the following
two conditions is satisfied:

(a) The set ¢o(U) contains an integral non-singular point, and Z(¢po) has ezactly
one element.

(b) The set ¢o(Q) contains an integral non-singular point, and Z(¢g) = {(1 :
a+bVd),(1:a—0bVd)}, where a,b,d € Q, b# 0, and d is a square free integer
> 1.

3. RATIONAL BEZIER CURVES

In this section we specialize Theorem [2] for the case of rational Bézier curves.
Let F: A — A3 be a map defining a rational Bézier curve as in the Introduction.
Set I1,,(t) = woB{ () + - - - + w, B2 (t). We have:

e 1)

Lemma 2. We have the following:
a) The polynomial 11,,(t) has the form

IL,(t) = c(t — )™,

where

where ¢, € Q\ {0} if and only if we have
wy, = c(=1)"Fa"F1 -a)f (k=0,...,n).

b) Let u = a+ BvVd, where o, 8 € Q and d is a square-free positive integer, and

o= a — $Vd the conjugate of u. The polynomial I1,,(t) has the form
I, (¢t) =c(t —uw)™(t — )™
if and only if (wo, ..., wny) s the solution of the lower triangular linear system
Ry 2m 2m — j m\ [(m
- m—l—j i3]
(M) (o Y= () (M,
= J 2m —1—j ey 1 J

where l =2m,2m —1,...,0.
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Proof. a) Setting
I, (t) = et — )",

where ¢, a € Z\ {0}, we obtain the following linear system in unknowns wy, . . . , wy:

gwa‘(*)“ (Z) (Z_j) = c(~1)"Fan (Z) (k=0,...,n).

We have wg = ¢(—1)"a™ and w; = ca™ 1(~1)""1(1 — a). Suppose that ws =
(=) *a" (1 —a)® (s=2,...,k —1). Then, we get:

=t (1) 5 e () (7))

J

k—1
= ()t e ar - a1 ()

j=0 J
k—1 k
—¢c n—kan—k _ ak—J —a)
= (1) (1 > o=y (])
k
; k

—¢c n—kan—k —a k ak—J a)!
—c(-1) ((1 Fa-3aa-ap()

= ¢(—=1)""kank (1- a)fF+1—(a+1- a)k)
=c(=1)" ko k(1 - a)".
Hence, we deduce that wy = c(—1)""*a"=*(1 - a)* (k=0,...,n).
b) Setting
IL,(t) = c(t —w)™(t —u)™

we deduce the following linear system in unknowns wy, ..., wy:

S ()2 Jerme S (M) () ewe,

Jj=0 =l
0<i,j<m

where | = 2m,2m — 1,...,0. This system is a lower triangular linear system with
nonzero determinant, and so it has a unique solution which is easily computable. [
Thus we have the following result:

Theorem 3. The rational Bézier curve given by F has infinitely many integral
points if and only if the trace of F' contains an integral non-singular point and one
of the following two conditions is satisfied:

(a) We have wy, = ¢(—1)""Fa"=*(1 - a)* (k=0,...,n).

(b) The vector (wo, ..., ws) is the solution of the linear system
Ry 2m 2m — j m\ [m
4 _1y2mlj ij
Zw](j)(m—l—j)( : 2 (z)(a)““
7=0 it+j=1

0<i,j<m
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where | = 2m,2m —1,...,0.

We shall use the above Theorem [3] for the presentation of two algorithms which
provide rational Bézier curves having infinitely many integral points.

Algorithm 1. Construction of a rational Bézier curve of degree n having infinitely
many integral points and IL,, (¢) has only one root.

1. Select ¢,a € Z\ {0,1} and compute wy, = ¢(—1)""*a" (1 — a)* (k =
0,...,n).

2. Select n + 1 distinct points P, € A™ (i = 0,...,n) such that the coordinates
of Py are integers.

3. Output the rational Bézier curve defined by

woPo By (t) + -+ - + w, P, B ()
c(t — a)» ’

F(t) =

Proof of correctness of Algorithm 1. By Lemma a), we deduce that
I, (t) = c(t — a)™.

On the other hand, we have F(0) = Py and so, the curve F has an integral point.
Furthermore, by [I Section 4.3] the derivative of F' at Py is

nwq

, _ ==
F'(0) = PyP#0,

Wo
e . . .
where Py P; denotes the vector that points from Py to P;. Then, Py is a non-singular

point of F. 0

Example 1. We shall construct a rational Bézier curve of degree 3 with infinitely
many integral points using Algorithm [[} We take ¢ = 1, & = —1 and we compute

wop=1, w1 =2, we=4, ws=8§.
Next, we select the points
Py=(1,0,1), P,=(0,1,2/3), P,=(1,1/4,0), P;=(2,0,1/2).
Thus, we obtain the curve

PoB3(t) + 2P B (t) + 4P B3(t) + 8P3B3(t)
(t+1)3
1

— 3 2 3 2 3 2
—m(% + 15t — 3t +1,3t° — 9t° + 6¢, 7t — 5t° +t + 1)

which is a rational Bézier curve having infinitely many integral points.

F(t) =

Algorithm 2. Construction of a rational Bézier curve of degree 2m having infinitely
many integral points and Ily,, (t) has only two roots of the form « + 6vVd, where
«,B,d € Z, 8 #0 and d square free > 1.
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1. Select «, B8, ¢,d € Z, Bc # 0 and d square free > 1. Put u = o + 3v/d and
@ = a — 3v/d and find the unique solution of the lower triangular linear system:

2m—I1 .
2m 2m — j > Yl <m) <m> S
wj| (=) =c ) (Fw)t(=a)
0<i,j<m

where | =2m,2m —1,...,0.

2. Select 2m+1 distinct points P; € A™ (i = 0,...,2m) such that the coordinates
of Py are integers.

3. Output the rational Bézier curve defined by

Plt) = wo Py B3™ () + + -+ + Way Pamy BT (t)
N c(t —u)m(t —u)™

Proof of correctness of Algorithm 2. By Lemma b), we deduce that
IL,(t) = c(t —u)™(t —u)™.

Since we have F(0) = P, the curve F has an integral point. Further, by [I Section
4.3] the derivative of F' at Py is

F'0)="" pP £0,
wo
and, so, P, is a non-singular point of F. ([

Example 2. We shall construct a rational Bézier curve of degree 4 with infinitely
many integral points using Algorithm [2 We take c =1, a =5, =3 and d = 2.
For the computation of the appropriate weights wy, ..., w4 we have the following
linear system:

’LUO:49
—wgp +w; = —35
wo + 3w, — 3ws + w3z = —H

wo — 4wy + 6wy — 4wz = 1.
Thus, we have:
wo =49, w =14, wy=-2, wy=-4, wyg=4.

Next, we select the points

Py=(0,1,1), P =(1,1,0), Py=(1/2,0,0),

P;=(1,1,-1/2), Py=(2,1/2,-1).
Thus, we obtain the curve
_ 49PyB(t) + 14P B} (t) — 2P, B3 (t) — 4P3B3(t) + 4P, Bi(t)

(t—(5+3v2))? (t - (5-3v2))?
1

= {206 7 114 — 1a0r 1 49 (0 20 Ja(0)

F(t)
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where
fi(t) = —38t* +164t3 — 174t> +56t, fo(t) = 11t* — 444> + 126t% — 140t + 49
and

f3(t) = 45t* — 188t% 4 294t* — 196t + 49 .

4. COMPUTATION OF INTEGRAL POINTS

Consider the rational map
P1(t) d2(t) &3 (ﬂ)
AT A3t
¢ ! (cbo(t)’ do(t) do(t) )’

where ¢;(t) € Z[t] (0,1,2,3) and ged(¢o(t), @1(t), d2(t), #3(t)) = 1. The Zariski
closure of ¢(Al) in A3 is an affine curve K of genus 0. Consider the set:

Ix =¢(Q)NZ*.
Let N be the maximum of the degrees of the polynomials ¢;(t) (i = 0,1,2,3).

We put 9;(s,t) = sV -de8%ig, i(s,t) (i =0,1,2,3), where ¢, ;(s,t) is the homoge-
nization of ¢;(t). Thus the correspondence

(s:t) — (wo(s,t) s1(s,t) s ha(s,t) : wg(s,t))

defines a rational map 9: P! — P3 whose restriction on A® is ¢, and its image is
the projective closure K of K. We shall give two algorithms for the computation
of the elements of Ik in cases where this set is infinite (see Theorem [2). They are
variants of the algorithms presented in [6].

Algorithm 3.
Input: A rational map F: A — A3, as above.
Output: The elements of the set Ix.

1. Factorize over Q the polynomial (s, t). If ¥o(s,t) = a(bs + ct)V, where
a # 0 and ged(b, ¢) = 1, go to the next step, else output “FAIL”.
2. If be # 0, then we set s = v, t = (u — bv)c™ 1. Otherwise, we set s = u, t = v
if (b,c¢) = (1,0), and t = u, s = v if (b,¢) = (0, 1). Thus we obtain a birational map
w: Pt — K, (u:v)— (p1(u,v) : pa(u,v) : p3(u,v) : du®),

where d is a nonzero integer (with d|ac’Y) and p;(u,v) have integer coefficients.
3. Let a; be the coefficient of v"V in p;(u,v). Compute 6 = ged(ay, ag, as).
4. Determine the set X of integers 7 such that

pi(6,n) =0 (mod dé6™) (i =1,2,3).
5. For every n € X, compute the values

YT TN

6. Output the points (1,2, x3) computed in the previous step.

(i=1,2,3).
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Proof of correctness of Algorithm Suppose that (z1,z2,23) € I. Then,
there are coprime integers ug, vg such that ug # 0 and

pi(uo,v0) .
= Ditto-%) iy 9 3y
x s (¢ )

Since ¢o(t), #1(t), ¢2(t), ¢3(t)) are coprime, it follows that po(t), p1(t), p2(t), ps(t)
are coprime, and so (a1, as,as) # (0,0,0). Let § = ged(aq, as, as). Thus, ug divides
J. Setting n = vod/up, we obtain

Z; = d(SN (2_17273)
and hence n € X. Conversely, every point of this form belongs to Ii. (|

Example 3. We shall compute the integral points of the rational Bézier curve of
Example [I| defined by the rational map:

_ PyBj(t) + 2P Bi(t) + 4P, B3 (t) + 8P3 B(t)

B (t+1)3

(331512 — 3t + 1 3t3 — 92 46t T3 — 567 + 1+ 1

_< (t+1)3 (413 7 (t+1)3 )

F(t)

We apply Algorithm 3. Thus, the corresponding projective map F: P! — P3 is
defined by

F(s:t) = (pi(s,t) : pa(s,t) : p3(s,t) : (t+5)3),
where
p1(s,t) = 3t3 + 15t%s — 3ts® + 5, pa(s,t) = 3> — 9t%s + 6ts?,
pa(s,t) = Tt — 5t%s +ts? + 5.

Setting s = v, t = u — v, we obtain the polynomials:

q1(u,v) = pr(v,u —v) = 3u® 4 6u?v — 24uv? + 160°

q2(u,v) = pa(v,u — v) = 3u® — 18u%v + 33uv? — 1803,

q3(u,v) = p3(v,u —v) = Tud — 26uv 4 32uv? — 1203
Next, we compute § = ged(16, 18,12) = 2, and consider the polynomial congruences

¢i(2,m) =0 (mod 8) (i=1,2,3).

For i = 1, we have the congruence 61> = 0 (mod 8), whence 31 = 0 (mod 4),
and so = 0,2 (mod 4). For i = 2, we have —21® + 21? = 0 (mod 8), whence
—1n% 4+ 1% = 0 (mod 4), and so, we have n = 0,1,2 (mod 4). For i = 3, we get
41> = 0 (mod 8), and so = 0 (mod 2). The common solutions of the above
congruences are:

7 =0,2 (mod 4).
Thus, we have
n=4k,2+ 4k, keZ.



RATIONAL BEZIER CURVES WITH INFINITELY MANY INTEGRAL POINTS 347

For n = 4k, we get:
ql(2,4k)

TR =g = 128K3 — 96k2 + 12k + 3,
9, 4k

Tho = % — _144k° + 132k — 36k + 3,
9, 4k

Thz = % — —O6k® + 128k% — 52k + 7.

Therefore, we obtain the integral points Py, = (zk.1, k.2, Tk,3), k € Z. For n = 244k,
we have:

2,2 + 4k
Ye1 = 0(2,2+ 4k) = 128k® + 96k% + 12k + 1,
: 128
q2(2,2 + 4k) 3 2
=25 T 144k — 84k — 12k
Yk 2 128 8 )
2,2 + 4k
Y3 = q‘”’(’lf;) = —96k® — 16k> + 4k + 1.

Thus, we obtain the integral points Qr = (Yk,1,Yk,2: Yk,3), k € Z. It follows that
the integral points of F' are Py and Qg, k € Z.

Algorithm 4.
Input: A rational map F: Al — A3, as above.
Output: The elements of the set I.

1. Factorize over Q the polynomial (s, t). If
Yo(s,t) = k(as® + bst + ct*)N/?

with 6 = b% — 4ac > 0, then go to the next step, else output “FAIL”.
2. Setting u = 2as + bt and v = ¢, we compute a birational morphism

w: P! — K, (u:v) — (p1(u,v) : pa(u,v) : pa(u,v) : m(u? — 502)N/?)

where p;(u,v) (i = 1,2,3) are homogeneous polynomials in Z[u, v] of degree N and
m a non-zero integer.

3. For i = 1,2,3, compute the resultant R; of p;(u,1) and u? — 4.

4. Compute D = ged(Ry1, Ra, R3).

5. Determine the set

¥ = {(u,v) € Z*/ ged(u,v) =1, u>0, u? — 5v*|D}.
6. For every (u,v) € ¥, compute the values

pi(u,v)

@z — gy (=123

Ty =

7. Output the triples (z1, x2, x3), where 1, 2, x3 € Z, computed in the previous
step.
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Proof of correctness of Algorithm Suppose that (z1,z2,23) € I. Then,
there are coprime integers ug, vg such that v # 0 and

pi(u07 UO)

_ ,=1,2,3).
m(u3 — dv3)N/2 (i 2,3)

€Tr; =
Since the polynomials p; (u,v) (i = 1,2, 3) and u?—§v? have no common non-constant
factor, it follows that one of the resultants R; is not zero, and so D # 0. Suppose
that R; # 0. There are polynomials B(u) and C(u) with integer coefficients such
that

R = Blu)ps(u,1) + C(u) (u? — ).
Homogenizing this equation, we obtain
Riv" = p;i(u,v)B(u,v) + C(u,v)(u? — v?),

where r is a positive integer and B(u,v), C(u,v) are homogeneous polynomials such
that their dehomogenizations with respect to v are B(u) and C(u), respectively.
If (ug,v0) # (1,0), then uZ — §v3 divides Ryvj. Since ged(ud — dv3,vg) = 1, we
deduce that u3 — dvg divides R;, and so, u3 — dv§ divides D. Hence (u,v) € 3.
Thus, (21,22, x3) is given by the algorithm. a

Example 4. We shall compute the integral points of the rational Bézier curve of
Example 2] defined by the rational map:

1

F(t) = 9203 + 114¢2 — 140t+49(f1(t)7f2(t)3f3(t))7

where
fi(t) = —38t* + 164t3 — 174¢* + 56t

fo(t) = 11t% — 4413 + 126t> — 140t + 49,
f3(t) = 45t* — 188t% 4 294t* — 196t + 49 .

The Zariski closure of F(A!) in A% is an affine curve K. We denote by K its
projective closure. We have the birational morphism

PPt K, (s 1 t) — ((T8% — 10ts + )2 2 4y (s,1) < ha(s, 1) : P3(s, 1)),

where 1);(s,t) is the homogenization of f;(¢t) (i = 1,2,3). Setting u = 14s — 10t,
v =t, we have s = (u+10v)/14 and ¢ = v. Thus, we obtain the birational morphism

w: P — K, (u:v) — ((u® = 72032 : p1(u,v) : pa(u,v) : ps(u,v)),
where
p1(u,v) = 8(2udv — 27uv? + Suv® + 10560%) ,
pa(u,v) = ut — 96u%v? — 384unv® + 4384v*

p3(u,v) = ut — 160 + 96u>v* + 192uv® + 1600v* .
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Now, we compute the resultant R; of p;(u,1) and u? — 72 (i = 1,2, 3). We have
Ry = Ry = Rs =1, and so, D = ged(Ry, R, R3) = 1. Next, we shall compute the
set
Y= {(u,v) € Z*/ u >0, u® —720% = +1}.
If u? — 72v? = —1, then u? = —1 (mod 4) which is a contradiction. Further, the
integer solutions of the Pell equation u? — 72v? = 1, with u > 0, are given by
Un + VT2 = (1T £ 2VT2)", (n=1,2,...),

whence we get:

2, L(n=1)/2] n
— 1 n72l22l 2l - 4+ 1 n7217122l+1 2l
wn ;;(21)7 I S i 7ot
where n = 1,2, .... Therefore, the integral points of F' are given by the following

triples:
(pl(unavn)aPQ(unaUn)apl%(umvn))a (n =1,2,.. ) .
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