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Monadic quasi-modal distributive nearlattices

ISMAEL CALOMINO

Abstract. We prove that there is a one to one correspondence between monadic
finite quasi-modal operators on a distributive nearlattice and quantifiers on the
distributive lattice of its finitely generated filters, extending the results given in
“Calomino I., Celani S., Gonzalez L. J.: Quasi-modal operators on distributive
nearlattices, Rev. Unién Mat. Argent. 61 (2020), 339-352”.
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1. Introduction and preliminaries

A modal algebra is pair (B, ) such that B is a Boolean algebra and J: B — B
a map such that 01 =1and O(aAb) =0aAOb for all a,b € B. It is well know
that the variety of modal algebras is the algebraic semantic of classical normal
modal logics. A generalization of the notion of modal operator in a Boolean
algebra B was studied in [4] where the author introduces a map that sends each
element a € B to an ideal I of B. This type of maps are not operations in the
sense of universal algebra, but have some similar properties to modal operators.

The class of distributive nearlattices are a natural generalization of semi-
boolean algebras, in the sense of Abbott, see [1], and also of bounded distributive
lattices. Several authors have studied these structures from an algebraic, see [12],
[19], [8], [9], [10], [2], [15], [3], [16], topological, see [5], [6], [7], and logical, see [13],
[14], point of view. In particular, a notion of necessity modal operator on dis-
tributive nearlattices was studied in [7]. Later, inspired by [4], in [3] was studied
a class of operators on a distributive nearlattice, called finite quasi-modal oper-
ators, which are in one to one correspondence with possibility modal operators
on the distributive lattice of its finitely generated filters. The finite quasi-modal
operators are a generalization of the necessity modal operators given in [7]. Fol-
lowing the results given in [3], the main aim of this paper is to prove that there
is a one to one correspondence between monadic finite quasi-modal operators on
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a distributive nearlattice and quantifiers on the distributive lattice of its finitely
generated filters. Also, the concept of gqm-subnearlattice is introduced in the class
of quasi-modal distributive nearlattices as a generalization of the [J-subalgebras
given in [7].

Let A = (A, V, 1) be a join-semilattice with greatest element. A subset U of A
is said to be upper (lower) if for every x,y € U such that x € U (y € U) and z < y,
then y € U (z € U). For each X C A, the upper (lower) set generated by X is
X)={acA:FJzeX(z<a)} (X]={acA: Tz e X(a<2x)}). If X ={a},
then we will write [a) and (a] instead of [{a}) and ({a}], respectively. A filter is
a subset F' of A such that 1 € F, F is upper and if a,b € F, then a Ab € F,
whenever a A b exists. If X is a subset of A, the least filter containing X is
called the filter generated by X and will be denoted by Fig(X). A filter G is
said to be finitely generated if G = Fig(X) for some finite subset X of A. If
X = {a}, then Fig({a}) = [a) = {x € A: a < z}, called the principal filter of a.
We denote by Fi(A) and Fif(A) the set of all filters and finitely generated filters
of A, respectively. A nonempty subset I of A is called an ideal if I is lower and
if a,b € I, thenaVvbel If X is a subset of A, the least ideal containing X
is called the ideal generated by X and will be denoted by Idg(X). Then we have
the following characterization of the ideal generated by a subset X of A:

Idg(X)={a€ A: Jz1,...,2, € X(a <21V ... Va,)}.

We shall say that a proper ideal P is prime if for all a,b € A, a Ab € P implies
a € P or b e P, whenever a A b exists. Denote by Id(A) and X(A) the set of all
ideals and prime ideals of A, respectively.

In the rest of this section we recall some concepts about distributive nearlattices
and quasi-modal operators. The reader is referred to [12], [8], [9], [10], [7], [3].

1.1 Distributive nearlattices.

Definition 1. Let A be a join-semilattice with greatest element. Then A is
a distributive nearlattice if for each a € A, the principal filter [a) is a bounded
distributive lattice with respect to the induced order.

Let A be a distributive nearlattice. For each a € A, the meet operation
of the lattice [a) is well defined and is denoted by “A,”. Thus, the structure
([a),V, Aa,a,1) is a bounded distributive lattice. It should be noted that for all
x,y € A, the meet x Ay exists in A if and only if x,y have a common lower
bound in A. Thus, for all z,y € [a), the meet of z,y in [a) coincides with their
meet in A, that is, £ A, y = A y. This should be kept in mind since we will
use it without mention. We can define a ternary operation m: A3 — A given by
m(z,y,z) = (xVz)A(yVz). The operation m is very useful and characterize the
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class of distributive nearlattices, for more details see [19], [10], [2]. We introduce
the following notation: for each natural number n we define inductively for every

ai,...,an,b € A the element m"~1(ay,...,a,,b) as follows:
o m%(a1,b) = m(ay,as,b),
o for n > 1, m" ay,...,an,b) =m(m" 2(ay,...,an_1,b),an,b).

Then m™ (ay,...,an,b) = (a1 Vb)A...A(a, Vb). In particular, m®(a1,b) = a1 Vb
and m!(a1,az,b) = m(ai,az,b).

On the other hand, if A is a distributive nearlattice, then by results given in
[12] the structure Fi(A) = (Fi(4),V, A, {1}, A) is a bounded distributive lattice,
where the least element is {1}, the greatest element is A, GAH = GN H, and
GV H = Fig(G U H) for every G, H € Fi(A). We have the following characteri-
zation of the filter generated by a subset X of A:

Fig(X)'={a€ A: Jz1,...,2, € [X)(a = 21N ... Azp)}.

If X=1{ay,...,an}, then

Fig(X) =[a1)V...V[a,) ={a € A: a=m" " (ay,...,an,0a)}.

Moreover, Fig(A) = (Fig(A),V, A, {1}, A) is a bounded distributive lattice.

Theorem 2 ([17], [9]). Let A be a distributive nearlattice. Let I € I1d(A) and
F € Fi(A) be such that INF = 0. Then there exists P € X(A) such that I C P
and PNF = ).

1.2 Quasi-modal operators.

Definition 3. Let A be a distributive nearlattice. A quasi-modal operator de-
fined on A is a map V: A — Fi(A) such that:

(1) V1= {1},

(2) V(aAb) =Va¥Y Vb, whenever a Ab exists.
A finite quasi-modal operator defined on A is a quasi-modal operator such that
Va € Fif(A) for every a € A. A pair (A, V) is a quasi-modal distributive near-
lattice, or qm-distributive nearlattice for short, if A is a distributive nearlattice
and V is a quasi-modal operator on A. Analogously, a pair (A, V) is a finite
quasi-modal distributive nearlattice, or fgm-distributive nearlattice for short, if A
is a distributive nearlattice and V is a finite quasi-modal operator on A.

Remark 4. It is easy to prove that the condition (2) of Definition 3 is equivalent
to the equation Vm(a,b,¢) =V(aV )V V(bVc) for every a,b,c € A.

INote that in the class of distributive nearlattices it is also valid Fig(X) = {a € A:
Jz1,...,zn € [X)(a > z1A...Azn)}. However, in this paper we will work with the equal-
ity, following the line of research proposed in [13], [14], [3].
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Example 5. A necessity modal operator on a distributive nearlattice A is a mo-
notone map [J: A — A such that 01 = 1and O (aAb) = OaAD b, whenever aAb
exists, see [7]. If for each a € A we put Vg(a) = [Ha), then O induces a finite
quasi-modal operator V. Conversely, if (A, V) is a fqm-distributive nearlattice
such that for each a € A the filter Va is principal, then the map Oy: A — A
given by Oy (a) = b if and only if Va = [b) defines a necessity modal operator
on A. Thus, finite quasi-modal operators are a natural generalization of necessity
modal operators.

Example 6. Let A be a distributive nearlattice. We consider the map V:
A — Fi(A) given by

V _ {1} ifa:l,
“T) V{FeFi(A):a¢ F} ifa<l.

Let a,b € A be such that a Ab exists and F' € Fi(A4). Note that aAb ¢ F if and
onlyif a ¢ F or b¢ F. Then

V(anb)=\/{F €Fi(d): anb¢ F}
=\/{FeFi(d):a¢ Forbg¢F}=VaVVb.

Hence, (A, V) is a qm-distributive nearlattice.

Let (A, V) be a qm-distributive nearlattice and D C A. Consider the set
v(D)={a€ A: VanD = 0}
and the binary relation Ry C X(A4) x X(A) given by
(P,Q) € Ry < v(P)nQ =10.
It is easy to check that C~! o Ry C Ry.
Theorem 7 ([3]). Let A be a distributive nearlattice and V: A — Fi(A) a map.

Then the following conditions are equivalent:

(1) V is a quasi-modal operator on A,
(2) V inverts the order and ~y(P) € Fi(A) for every P € X(A).

Proposition 8 ([3]). Let (A,V) be a gm-distributive nearlattice. Let a € A
and P € X(A). Then VaN P # () if and only if there exists Q € X(A) such that
Y(P)NQ =0 and a € Q.

A possibility modal operator on a bounded distributive lattice L =
(L,V,A,0,1) is a map O: L — L such that 00 = 0 and ¢ (aVbd) = QaV Ob
for every a,b € L.
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Definition 9. Let (A, V) be a qm-distributive nearlattice. For a subset X C A,
we define

(+) ov(X) = Fig(J{Va: @€ X}).
Remark 10. Note that Qv ([a)) = Va for every a € A.

In the following result we show the connection between finite quasi-modal op-
erators on a distributive nearlattice A and possibility modal operators on the
bounded distributive lattice Fig(A).

Theorem 11 ([3]). Let A be a distributive nearlattice.

(1) If V: A — Fi(A) is a finite quasi-modal operator on A, then the map
Ov: Fif(A) — Fif(A) given by (e) is a possibility modal operator on
Fif(A), ie., Ov({1}) = {1} and Ov(F Y G) = Ov(F) Y Ov(G) for every
F,G € Fi¢(A).

(2) If ¢: Fig(A) — Fif(A) is a possibility modal operator on Fif(A), then
the map Vo: A — Fif(A) given by Vea = O([a)) is a finite quasi-modal
operator on A.

If V is a finite quasi-modal operator on A, then V = V. Analogously, if ¢ is
a possibility modal operator on Fif(A), then ¢ = Qv . Moreover, there is a one
to one correspondence between finite quasi-modal operators on A and possibility
modal operators on Fig(A).

1.3 Qm-subnearlattices. Let A be a distributive nearlattice. We say that
a structure B = (B, V, 1) is a subnearlattice of A if B is a subset of A, B is
closed under the operation “v”, 1 € B and if a,b € B are such that if a Ab exists
in A then a Ab € B. It follows that subnearlattices are equivalent to structures
(B, m, 1) such that B is a subset of A, 1 € B and m(a,b,c) € B for every
a,b,c € B.

Now we introduce the notion of gm-subnearlattice in the class of quasi-modal
distributive nearlattices. In what follows to distinguish about the algebra we are
working on, we are going to use subscripts.

Remark 12. Note that if A is a distributive nearlattice and B is a subnearlat-
tice of A, then for each @ € X(A4) we have Q N B € X(B) U {0}.

Proposition 13. Let A be a distributive nearlattice and B be a subnearlattice
of A. Then for each P € X(B) there exists ) € X(A) such that P =Q N B.

PROOF: Let P € X(B). Then B — P € Fi(B) and we consider the ideal Idg 4(P)
generated by P in A. On the other hand, since B — P is closed under existing
meets, we take the filter Fig,(B — P) generated by B — P in A. Thus we have
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Idg 4 (P) N Fig4(B — P) =0 and by Theorem 2 there exists € X(A) such that
Idg,4(P) C @ and Q NFigy (B — P) =0. It follows that P = QN B. O

Remark 14. It is easy to see that if A is a distributive nearlattice and B is
a subnearlattice of A, then Figgz(X) = Fig,(X) N B for every X C B.

Definition 15. Let (A,Va4),(B,Vp) be two qm-distributive nearlattices. We
say that the structure (B, Vp) is a gm-subnearlattice of (A,V 4) if B is a sub-
nearlattice of A, and for each b € B we have

Fig4(Vp(b) =Va(b).

Theorem 16. Let (A,V ) be a qm-distributive nearlattice and B be a sub-
nearlattice of A. Then the following conditions are equivalent:
(1) There exists a map Vp: B — Fi(B) such that (B,Vpg) is a qm-subnear-
lattice of (A,V 4),
(2) For each b € B we have

Fig,(Va(b) N B) = Va(b).
PRrROOF: (1) = (2) Let b € B. As Vp is a quasi-modal operator on B, we have

V A(b) = Fig 1 (V5 (b)) C Fig,(Fig,(V5()) N B)
— Fig(Va(b) N B) € Va(b).

Hence, Fig,(Va(b) N B) =V a(b).

(2) = (1) We define the map Vp: B — Fi(B) givenby Vp(b) = Va(b)N B. It
is easy to see that Vp is well defined and V(1) = {1}. Let a,b € B be such that
aAb exists in B. We prove the equality Va(aAb) = Fig,((Va(a)UV (b)) NDB).
By Theorem 7, V inverts the order and

Fig,(Va(a)UVA()NB)CValand).

We see the other inclusion. If we suppose the contrary, then there is z € V 4(aAb)
such that = ¢ Fig,((Va(a) U Va(b)) N B). Then by Theorem 2 there exists
P € X(A) such that € P and PN Fig4((Va(a) UVa(b))NB)=0. So,

PN (Va(a)uVab)NB=(PNBNVa(a)) UPNBNVa(b))=0.

Since z € Va(a Ab) = Figy(Vala Ab) N B), there exist x1,...,z, € [Vala A
b) N B)a such that 1 A ... Az, exists and ¢ = 21 A ... A z,. So, there exist
Y1y Yn € Vala Ab)N B such that y; < a; for all ¢ € {1,...,n}. Tt follows
that y1,...,yn € Va(a) ¥ Va(b) = Figy(Va(a) UV4(b)). Thus, there exist
28 ...,28 € Va(a) and 28,...,25 € V4(b) such that y; = 2 A 2} for all i €
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{1,...,n}. As a =21 A...Ax, € P and P is prime, there is j € {1,...,n}
such that z; € P. Then y; = 2} A z? € P and again, since P is prime, we have
zj € P or z? e P.

We suppose z§ € P. As 2§ € Vy(a) = Figs(Va(a) N B), then there exist
Wi, ..., Wy € [Va(a)NB)4 such that wy A...Aw,, exists and 28 = WA AW
So, there exist w1, ..., W, € Va(a) N B such that w; < w; forall i € {1,...,m}.
Since P is prime and zj € P, there is k € {1,...,m} such that wy € P. Thus,
wy, € P. In summary, wy, € PN BNV a(a) and

(PNBNVa(a)U(PNBNVA®D)) #0,

which is a contradiction. If we suppose z;’ € P, the argument is analogous. Then
x € Fig4((Va(a) UV 4(b)) N B) and we have

ValaAb) =Figy(Vala) UVa(D))NB).
Then, by Remarks 14, we get

Ve(aAb)=ValaAb)NB=Fig,(Vala)UVa()NB)NB
= Fig4(Vp(a) UVE(b) N B = Figp((Ve(a) UVE(D))
= V5(a) Y V5(b).

Therefore, the pair (B, V) is a qm-subnearlattice of (A, V 4). O

Remark 17. Following Example 5, let (A,[0) be a distributive nearlattice with
a necessity modal operator and Vg the quasi-modal operator associated with [J
given by Vo(a) = [Oa). Let B be a subnearlattice of A. If condition (2) of
Theorem 16 is satisfied, then for each b € B we have Fig,([Ob) N B) = [Ob).
Thus, Ob € Fig,([Ob) N B) and there exist z1,...,2, € [[0b) N B)4 such that
T1A... ANz, exists and O b= x1 A...Axy. So, there exist y1,...,y, € [Ob)NB
such that y; < z; for all i € {1,...,n}. It follows

Ob<yiA...ANypn <z1 A... N2y =010,

ie, db=wy1 A... ANy,. On the other hand, since B is a subnearlattice of A,
y1 A+ ANyp, € B and Ob € B. Therefore, the gqm-subnearlattices are a general-
ization of the [O-subalgebras studied in [7].

2. Some extensions of gm-distributive nearlattices

Our aim is to introduce and study the classes of topological and monadic quasi-
modal distributive nearlattices through the binary relation Ry and the operator
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Qv given by (e), and the connection that exists with the distributive lattice of its
finitely generated filters. We begin this section by noting that Proposition 8 can
be reformulated in a more general context. This result will be of great importance
for the rest of the paper.

Proposition 18. Let (A,V) be a qm-distributive nearlattice. Let F' € Fi(A)
and P € X(A). Then Qv (F) NP # (0 if and only if there exists Q € X(A) such
that (P,Q) € Ry and FNQ # 0.

PRrOOF: It follows from Proposition 8 and (e). d

If (A,V) is a qm-distributive nearlattice and X C A, we define recursively
0% (X) = Fig(X),

and

0% (X) = Ov (0% 1(X))
for n > 0. It follows that O+ (X) = Ov(X), which agrees with Definition 9. The
next result is a generalization of Proposition 18.

Proposition 19. Let (A,V) be a gm-distributive nearlattice. Let F € Fi(A)
and P € X(A). Then for n > 1, 0L (F) NP # 0 if and only if there exists
Q € X(A) such that (P,Q) € R% and FNQ # 0.

PRrROOF: The proof is by induction on n. The case n = 1 is Proposition 18.
Assume that 0% (F) N P # ( if and only if there exists @ € X(A) such that
(P,Q) € R% and FNQ # 0. Suppose OLH(F) NP # 0. Then Oy (0% (F))N
P # 0 and by Proposition 18 there exists R € X(A) such that (P,R) € Ry
and O%(F) N R # 0. By inductive hypothesis there is Q@ € X(A) such that
(R,Q) € R and FNQ # 0. Hence (P,Q) € REM and FNQ # 0.

Conversely, suppose there exists Q € X(A) such that (P,Q) € R%H and F' N
Q@ # 0. Then there is R € X(A) such that (P,R) € Ry and (R,Q) € R%. It
follows by inductive hypothesis ¢% (F) N R # 0. Then there is y € R such that
y € O%(F). So, Vy C 0L (F). On the other hand, since (P, R) € Ry, we have
¥(P)NR=10 and y ¢ v(P), i.e., VyN P # (. Therefore, 0L (F)NP #0. O

Theorem 20. Let (A,V) be a qm-distributive nearlattice. Then the following
properties are satisfied:
(1) F C Ov(F) for every F € Fi(A) if and only if Ry is reflexive.
(2) 0%(F) C Ov(F) for every F € Fi(A) if and only if Ry is transitive.
(3) O%L(F) C F for every F' € Fi(A) if and only if for all P,Q € X(A4),
(P,Q) € RY implies Q@ C P.
(4) OLTY(F) C FY Oy(F) V...V OR(F) for every F € Fi(A) if and only if
for all P,Q € X(A), if (P,Q) € R&™ and FNQ # 0, then there exists
j €{0,...,n} such that OL(F)NP #0.
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PRrOOF: (1) Let F' € Fi(A) and suppose F' C Oy (F). Let P € X(A) such
that v(P) N P # 0. Then, since y(P) € Fi(4) by Theorem 7, we have by
hypothesis Ov(v(P)) N P # 0. So, by Proposition 18, there exists Q € X(A)
such that (P,Q) € Ry and ~v(P) N Q # 0, which is a contradiction. Then
~(P) N P =0 and Ry is reflexive. Reciprocally, suppose there is F' € Fi(A) such
that FF ¢ Ov(F). Then there is z € F such that 2 ¢ Ov(F). By Theorem 2
there exists P € X(A) such that € P and Ov(F) N P = (. Since (P, P) € Ry
and F'N P # (), by Proposition 18 it follows O (F)N P # () which is impossible.

(2) Let F € Fi(A) and suppose 0% (F) C Ov(F). Let P,Q, R € X(A) be such
that (P,Q),(Q,R) € Ry. If (P,R) ¢ Ry, then v(P)N R # . As (Q,R) € Ry,
by Proposition 18 we have Qv (y(P)) N Q # 0. Since (P,Q) € Ry, again by
Proposition 18 it follows 0% (y(P)) N P # 0. Thus, by Proposition 19 there
exists T' € X(A) such that (P,T) € Ry and v(P) NT # () which is impossible.
Conversely, suppose there is F' € Fi(A) such that 0% (F) € Ov(F). So, there is
z € 0% (F) such that z ¢ Oy (F). Then by Theorem 2 there exists P € X(4)
such that z € P and Oy (F) N P = (. On the other hand, 0% (F)N P # () and
by Proposition 19 there exists @ € X(A) such that (P,Q) € R and F NQ # 0.
By hypothesis Ry is transitive and R% C Ry, then (P,Q) € Ry and FNQ # 0.
Thus by Proposition 18 it follows v (F) N P # (), which is a contradiction.
Therefore 0% (F) C Qv (F) for every F € Fi(A).

(3) Let F' € Fi(A) be such that 0% (F) C F. Let P,Q € X(A) be such that
(P,Q) € RYL. If a € @, then [a) N Q # (0 and by Proposition 19 we have
O%([a)) N P#0. As 0%([a)) C [a), then [a) N P# (0 and a € P. So, Q C P.
For the other implication, suppose there is F' € Fi(A) such that 0% (F) € F, i.e.,
there is « € Q% (F') such that ¢ F. Then by Theorem 2 there exists P € X(A)
such that 2 € P and F NP = (. Since 0% (F) N P # (), by Proposition 19 there
exists @ € X(A) such that (P,Q) € RY and FNQ # (0. Then by hypothesis
Q@ C P and FNP # 0, which is impossible. Hence % (F) C F for every
F € Fi(A).

(4) Let F € Fi(A) and suppose OuH (F) € F Y Oy(F) V... Y OL(F). Let
P,@Q € X(A) be such that (P,Q) € R¢™ and FNQ # 0. By Proposition 19,
OLH(F)N P # 0 and by hypothesis,

(FY Og(F)Y...VOR(F)) NP #0,

i.e., there is # € P such that x € FY Oy(F) Y ... Y 0L (F). So, there exist
T1,...,xy € FUQv(F)U...UQL(F) such that z1 A ... Az, exists and z =
1A ...N2Zp. As © € P and P is prime, there is k € {1,...,n} such that
xr € P and there is j € {0,...,n} such that z, € OJ'V(F). Then O%(F) N
P # 0. Reciprocally, suppose there is F' € Fi(A) such that 0% (F) ¢ F VY

169
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Ov(F)Y...VOR(F), ie., thereis x € 0L (F) such that x ¢ F Y Og(F) V...V
Q% (F'). By Theorem 2 there exists P € X(A) such that z € P and

(%) (FY Og(F)Y...YOu(F))nP=0.

On the other hand, O™ (F)NP # () and by Proposition 19 there exists Q € X(A)
such that (P,Q) € R%H and F'NQ # (). Thus, by hypothesis, there exists
j €{0,...,n} such that OL(F) NP # 0 which is impossible by (x). O

Definition 21. Let (A, V) be a qm-distributive nearlattice. We say that V is
topological if it satisfies the following conditions for each a € A:

(R) [a) € Va,

(T) Ov(Va) C Va.
Moreover, we say that V is monadic if it is topological and verifies the following
additional condition for each a,b € A:

(M) VanVb C Oy([a) NVb).
A pair (A, V) is a topological gm-distributive nearlattice if A is a distributive
nearlattice and V is a topological quasi-modal operator on A. Analogously, a pair

(A,V) is a monadic gm-distributive nearlattice if A is a distributive nearlattice
and V is a monadic quasi-modal operator on A.

The topological and monadic qm-distributive nearlattices are generalizations
of the S4-nearlattices and the S5-nearlattices, respectively, studied in [7].

Remark 22. If (A, V) is a topological qm-distributive nearlattice, then we have
Ov(Va) = Va for every a € A.

Now we are going to focus on the class of fqm-distributive nearlattices.

Theorem 23. Let (A, V) be a fqm-distributive nearlattice. Then (A, V) is to-
pological if and only if F C Qy(F) and 0% (F) C Oy (F) for every F € Fig(A).

ProoF: Let F' € Fig(A). Then there exist aq,...,a, € A such that F =
[a1) ¥Y...¥Y[ay). By Remark 10 and condition (R) of Definition 21 we have

FCVa Y...¥YVa, =0v([a1))¥Y...YOv([an))
=0v(la) ¥... Y]an)) = Ov(F).

On the other hand, F =[a1)Y...Y[ay) implies Oy (F) = Va1 ¥Y...YVa,. Thus,
by the condition (T) of Definition 21,

0%L(F) = Ov(Var ¥...YVa,) = Ov(Var) Y... Y Ov(Va,)
QVali...YVan :Qv(F)

i.e., 0% (F) C Ov(F). The converse is just restriction to principal filters. O
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Corollary 24. Let (A, V) be a topological fqm-distributive nearlattice. Then

Ov(FNOv(G)) C Ov(F) NOv(G),
for every F,G € Fig(A).

PROOF: Let F,G € Fif(A) and suppose there is € Oy (F N Oy (G)) such that
x ¢ Ov(F) N Oy (G). By Theorem 2 there exists P € X(A) such that z € P
and Oy (F) N Ov(G) NP = 0. Since Oy (F N Ov(G)) NP # 0, by Proposition 18
there exists @ € X(A) such that (P,Q) € Ry and F N Ov(G) NQ # 0. Since
(P,Q) € Ry and FNQ # 0, again by Proposition 18 we have Qv (F) N P # 0.
On the other hand, as (P,Q) € Ry and Ov(G) N Q # 0, by Proposition 18 it
follows 0% (G) N P # 0. By hypothesis (A, V) is a topological fqm-distributive
nearlattice, then by Theorem 23 we have QQV(G) C Ov(G) and Ov(G) N P # 0.
So, Ov(F)NOv(G)N P # 0, which is impossible. We conclude ¢y (FNOv(G)) C
Ov(F)NOv(G). O

Consider the relation Fy = Ry N R%l.

Lemma 25. Let (A, V) be a topological fqm-distributive nearlattice. Then

)
By ={(P,Q) € X(4) x X(A): 7(P) =~(Q)}.

PRrROOF: Let P, € X(A) be such that (P,Q) € Evy. Then (P,Q) € Ry and
(Q,P) € Ry. If a ¢ ~(Q), then Van @ # () and since (P,Q) € Ry by Propo-
sition 18 we have Oy (Va) N P # (. By Remark 22 it follows VaN P # () and
a ¢ v(P). Thus, v(P) C v(Q). The other inclusion is similar and v(P) = v(Q).
The reciprocal is immediate because Ry is reflexive by Theorems 23 and 20. O

Theorem 26. Let (A, V) be a topological fqm-distributive nearlattice. If Ry C
Ego C71, then (A, V) is monadic.

PROOF: Let a,b € A. Suppose there is x € Van Vb such that = ¢ Ov([a) NVD).
Then by Theorem 2 there exists P € X(A) such that z € P and Qv ([a) N
V)N P = 0. Then z € Van P, i.e., VaN P # ( and by Proposition 8
there is @ € X(A) such that (P,Q) € Ry and a € Q. Thus, by hypothesis,
(P,Q) € Eyo C! and there exists R € X(A) such that (P,R) € Ey and Q C R.
By Lemma 25 we have v(P) = v(R) and a € R. On the other hand, © € VbN P
implies b ¢ v(P) = v(R) and VON R # (. So, there is y € Vb such that y € R.
Then [aVy) C [a)NVb and Ov([aVy)) = V(aVy) C Ov([a) N VD). As
a,y € R,aVy € R and V(aVy)N R # 0 by condition (R) of Definition 21.
Then Ov([a) NVD)N R # @ and as (P,R) € Ry, by Proposition 18 we have
0% ([a) N Vb) N P # (). Then, by Theorem 23, Ov([a) N Vb) N P # 0 which is
a contradiction. Thus, VaN'Vb C Oy ([a) N'Vb). O
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Theorem 27. Let (A,V) be a topological fqm-distributive nearlattice. Then
(A, V) is monadic if and only if

Ov(F)NOv(G) € Ov(F N Ov(G))
for every F,G € Fig(A).

ProoF: Let F,G € Fig(A). Then there exist ai,...,an, b1,...,bm € A such
that FF'=[a1)¥Y...¥Y[a,) and G = [by) ¥Y... Y [by,). Thus, by Remark 10 we
have Ov(F) = Va1 ¥Y...¥YVa, and Ov(G) = Vb ¥... ¥ Vb,,. Then since Fif(A)
is a distributive lattice and by condition (M) of Definition 21, it follows

QV(F)HOV(G):(ValyYVan)ﬂ(VMYYka)
=\/{VainVh;: 1<i<n, 1<j<m}

S\ A{0v([a:)NVby): 1<i<n, 1<j<m}.

Note that [a;) N Vb, is a principal filter for all ¢ € {1,...,n} and for all j €
{1,...,m}. Indeed, since Vb; € Fif(A), then there exist c1,...,c; € A such that
Vb =[c1)¥...¥Y[ck). So,

[ai)ﬂVbj = [ai)ﬂ([cl)!...Y[ck)) = [cl\/ai)Y...Y [ck\/ai)
=[(caVa)A...AlcxVay)) =[m" e, ..., cn a;))

and [a;) N Vb; = [mF~Y(c1,..., ¢k, a;)). Then for each i € {1,...,n} and each
jeA{l,...,m}, let d;; € A be such that [a;) N Vb; = [d;;). Thus,

Ov(F)NOv (G C\/{Ov a) Vb)) 1<i<n, 1<j<m}
=\/{0v([dij): 1<i<n, 1<j<m}
:QV(M{[%‘): 1<i<n, 1§j§m})
:Qv(\/{[ai)ﬂVbj:lgign,lgjgm})

= Ov(([a1) v y[ an)) N (Vb ¥ ...V Vb))

(
= OV(FQQV(

Reciprocally, if a,b € A, then by Remark 10 and by hypothesis we have

Vanvb = 0v([a) N0v([b) € Ov([a)NOv([D)) = Ov([a) N VD).

Therefore, (A, V) is a monadic fqm-distributive nearlattice. O
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The notion of quantifier on a Boolean algebra was introduced by P.R. Halmos
in [18] and later by R. Cignoli in the class of bounded distributive lattices, see [11].
Recall that a quantifier on a bounded distributive lattice L = (L,V,A,0,1) is
a unary operator A: L — L that verifies the following conditions for every
a,b € A:

o A0=0,

oaNAa=ma,

o AlaNAb)=AaANAD,
o AlaVvbd)=AaVAb.

We have the main result of this paper which is a consequence of Theorem 11,
Corollary 24 and Theorem 27.

Theorem 28. Let A be a distributive nearlattice. Then there is a one to one cor-

respondence between monadic finite quasi-modal operators on A and quantifiers
on Fif(A).

Acknowledgement. The author thanks the referee for his careful reading of the
first version of this paper and his valuable suggestions.
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