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Abstract. We prove a general homogenization result for monotone parabolic problems
with an arbitrary number of microscopic scales in space as well as in time, where the
scale functions are not necessarily powers of the scale parameter e. The main tools for the
homogenization procedure are multiscale convergence and very weak multiscale convergence,
both adapted to evolution problems.
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1. INTRODUCTION

In this paper we present a homogenization result for general monotone parabolic
problems of the type

e V() = (1) in Q.

(1.1) 8tu5(x,t)—v-a(£,..., 5 E

€1

e

u®(z,t)=0 on 90 x (0,T),
uf(z,0)=u’(x) in Q
with multiple spatial and temporal scales, where f € L?(Q7) and u® € L?(f2). Here Q2
is an open bounded set in RY with smooth boundary and Qr = Q x (0,7). We let

Y = (0,1)Y and S = (0, 1) and we assume that a is Y-periodic in the n first variables
and S-periodic in the following m variables. Finally, we let &, for k =1,...,n and ¢;
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for j = 1,...,m be scale functions depending on € and tending to zero as e does,
where the scales are assumed to fulfill certain conditions of separatedness.

The mathematical theory of nonlinear partial differential equations plays an impor-
tant role in, e.g., applied mathematics and physics. Homogenization theory concerns
finding the effective properties, on a macroscopic level, of media with a strongly
heterogeneous microstructure. Mathematically, the homogenization of (1.1) means
studying the asymptotic behavior of the corresponding sequence of solutions u® as €
tends to zero and finding the limit problem

ou(z,t) — V- bz, t, Vu(z,t)) = f(z,t) in Qp,
u(z,t) =0 on 90 x (0,T),
u(z,0) = u’(z) in Q,

which admits the function w, the limit of {u°}, as its unique solution. Here b is
characterized by local problems, one for each microscopic spatial scale. For more
informative texts on homogenization theory we suggest, e.g., [1], [6] and [17].

The main tools used to carry out the homogenization process for (1.1) are mul-
tiscale convergence and very weak multiscale convergence in the evolution setting.
Here very weak multiscale convergence, see, e.g., [10] and [12], is the key to handling
the difficulties that appear when rapid time oscillations are present. The nonlinearity
of the problem is treated by applying the perturbed test functions method.

Homogenization results for linear parabolic equations with oscillations in one
spatial scale and one temporal scale were obtained by using asymptotic expansions
in [5]. In [15] parabolic problems containing fast oscillations in space as well as in
time were treated for the first time applying two-scale convergence methods. Using
the same kind of methods, linear parabolic problems have also been investigated
in, e.g., [14], where more than one fast temporal scale was considered for the first
time and in [12], where an arbitrary number of scales in both space and time was
treated. Furthermore, linear parabolic problems with one fast scale in space as well
as in time have been studied using the periodic unfolding method in [3] and [4].
Homogenization results for not necessarily linear parabolic problems have been
presented in, e.g., [13] and [26] using multiscale convergence methods and in [20]
and [27] by the method of 3-convergence, all of them for different combinations of
moderate numbers of fixed scales, the number of fast scales being limited to at most
one in either space or time or both, and in [21] for one microscopic spatial scale and
arbitrarily many temporal scales.

The present paper contributes by collecting, combining and extending previous
homogenization results of periodic parabolic multiscale problems. It serves as an
overview of such problems in the sense that several other works can be obtained as
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special cases of the results in this paper. Novelties are that the problem studied is not
necessarily linear while also exhibiting an arbitrary number of both spatial and tem-
poral scales and that the scale functions do not have to be power functions of ¢, as is
the case in several other previous works (e.g., all mentioned above except [21] and [3]).
The choice of arbitrary scale functions reconnects to the original setting of [2] by Al-
laire and Briane, where multiscale convergence (for more than two spatial scales) was
first introduced and applied to the homogenization of elliptic multiscale problems.

Notation 1.1. We let F;(Y) be the space of all functions in Fioc(RY) which are
the periodic repetition of a function in F(Y). We also let Y, =Y fork =1,...,n,
Y™ =Y; x...xY, (the nN-dimensional open unit cell), y"* = yi,...,yn (corre-
sponding local spatial multivariable), dy™ = dyi ... dy,, S; = S for j =1,...,m,
S™ = S1X...x Sy, (the m-dimensional open unit cell), s™ = s1,..., Sy, (correspond-
ing local temporal multivariable), ds™ = ds; ... ds,, and YV, m = Y™ x 8™, where
we interpret Yo, as S™. We let éx(e), for k = 1,...,n, and €;(¢), j = 1,...,m,
be strictly positive functions such that éx(e) and £;(¢) go to zero when ¢ does. We
also use the notations é" = éi1,...,&, and €™ = &1,...,&,, and furthermore, x/&"
denotes x©/é1,...,x/é, and similarly, by t/¢" we mean t/é1,...,t/Ep,.

2. MULTISCALE AND VERY WEAK MULTISCALE CONVERGENCE

In [18] Nguetseng presented a new homogenization technique based on a certain
type of convergence which has become known as two-scale convergence. Allaire has
further developed the concept and in [1] he presented, e.g., compactness results for
some alternative classes of test functions. See also, e.g., [29] and [17]. This con-
cept of convergence was extended in [2] by Allaire and Briane to so-called multiscale
convergence, which allows a use of multiple scales and makes it possible to cap-
ture numerous types of spatial microscopic oscillations. Below we define evolution
multiscale convergence, which is a further development of multiscale convergence to
include rapid temporal oscillations, see also [12].

Definition 2.1. A sequence {u®} in L?(27) is said to (n+1, m+1)-scale converge
to ug € L2(Qq X Yom) if

r t
“(x,t t,—,— ) dxdt t,y",s™
[ v on(et e gm) arar s [ oty
x v(z,t,y", s™) dy" ds" dz dt
for any v € L%(Qr; Cy(Vn,m)). We write

wf (z,8) TR g (g7, ™).



The next definition concerns concepts regarding relations between scale functions.

Definition 2.2. We say that the scales in a list {e1,...,&,} are separated if

3
lim 2+ —
e—=0 g
for Kk =1,...,n — 1 and that the scales are well-separated if there exists a positive
integer [ such that
1 /e !
lim — () =0
e—0 €k Ek
for k =1,...,n — 1. For the special case when a list consists of only one element it

is defined to be well-separated.

Worth noting is that separatedness is implied by well-separatedness. In the results
with respect to evolution multiscale convergence (e.g., Theorem 2.6), there are as-
sumptions on how the spatial and temporal microscales shall be related to each other.
The notion of jointly (well-)separated lists of scales was first introduced by Persson,
see, e.g., [22]. Note that it will not be enough that the lists of spatial and temporal
scales are individually well-separated for the lists to be jointly well-separated.

Definition 2.3. Let {¢"} and {&™} be lists of (well-)separated scales. Collect
all elements from both lists into one common list. If all possible pairs {&x,&;} such
that for some 0 < C}; < o0,

lim ev—k = Ck,h

e—0 g
are removed and the list of all the remaining elements, sorted by order of mag-
nitude, is (well-)separated, then the lists {£"} and {€™} are said to be jointly
(well-)separated. For the special case when the list of remaining elements is empty,

the lists {€"} and {&€™} are defined to be jointly (well-)separated.

Note that the reason why pairs of asymptotically equal scale functions are removed
is that it is already known that they are (well-)separated from all other scales and we
do not have to take them into further consideration when continuing investigating the
separatedness. To concretize the definition, we give the following example inspired
by Example 2.60 in [22].

Example 2.4. The spatial list {2} = {2,/2,£%} and the temporal list {3} =
{ef —1,In(1 + €2),e3In(1 + 1/¢)} are both well-separated. Following Definition 2.3
we collect the scales in one common list {2/€,e° — 1,&2,In(1 + ¢2),e%In(1 + 1/¢)}
and since )

tim 20T
e—0 £
the pair {e2,In(1 + %)} is removed and we have the joint list {2/€,e° — 1,

e2In(1 + 1/¢)}, which is well-separated. For an illustration, see Figure 1, where
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the well-separatedness is indicated by the space between the elements.

- @ |

{ e =1 In(1 +&2) 63ln(1+§) }
{ 2\ e —1 e3ln(l+é) }

Figure 1. The two lists {£2} = {21/€,€%} and {&3} = {e* — 1,In(1+¢2),e%In(1+1/¢)} and
the resulting well-separated joint list {2v/z,e° — 1,3 In(1 4 1/¢)}.

The lists {3} = {21/z,£2,e3} and {&?} = {2, In(1 + 1/¢)} are also both well-
separated and they give the common list {2./¢,¢2%,¢2,&3In(1 + 1/¢),£3}. Obviously,
the pair {€2,£2} should be removed. Since

1 3

) £ !
W S 1 1/2) (= (L + 1/5)) =

independently of the choice of the positive integer [ while

1 =
m - =0,
50 3 In(1 + 1/2)

the pair {e3In(1 + 1/¢),e3} is merely separated. Hence, so is the joint list
{2y/z,e3In(1 + 1/e),e3}, see Figure 2, where the mere separateness is indicated
by the two elements in question being tangent to each other.

c® o)
{ e 531n(1+§) }

{ 2\/e el ln(l 4 é) 3 }

Figure 2. The two lists {¢} = {2/£,e%,&%} and {¢?} = {2,e3In(1 + 1/)} and the
resulting separated joint list {2v/, In(1 + 1/¢),e>}.

To give some kind of intuitive understanding of (joint) separation of scales we
present an elementary case with one spatial and one temporal microscale which to-
gether constitute a jointly well-separated setting. The pictures in Figure 3 illustrate,
for three different values of €, a sequence of functions f(z/e,t/e?), which could, e.g.,
represent a heat conductivity coefficient on © x (0,7) = (0,1) x (0,1). Even though
both scale functions tend to zero, they can be distinguished from each another. One
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can easily see that the frequency increases more rapidly along the time axis than
along the spatial axis as the value of € decreases.

e=0.6 e=04
1.0 1.0
t t
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2

0 0 0
0 02 04 06 0.8,1.0 0 02 04 06 0.8,1.0 0 02 0.

Figure 3. An illustration of joint scale separation.

The following two theorems state a compactness result for (n + 1,m + 1)-scale
convergence and a characterization of multiscale limits for gradients, respectively.

Theorem 2.5. Let {u¢} be a bounded sequence in L?()r) and suppose that the
lists {é"} and {&€™} are jointly separated. Then there exists ug in L2(Qr X Yn.m)
such that, up to a subsequence,

w(a,t) " gy 8.

Proof. See Theorem 2.66 in [22] or Theorem A.1 in [12]. O

The space W12(0,T; H}(Q),L?(2)) that appears in the theorem below is the
space of all functions in L?(0,T; Hi(9)) such that the time derivative belongs to
L2(0,T; H-1()).

Theorem 2.6. Let {u°} be a bounded sequence in W'2(0,T; H}(Q), L*(92)) and
suppose that the lists {¢"} and {¢™} are jointly well-separated. Then, up to a sub-

sequence,
uf(z,t) — u(z,t) in L*(Qr),
uf (x,t) — u(x,t) in L?(0,T; H3(Q))
and .
Vu®(z,t) Ll Vu(z,t) + Z Vy,ui(z,t, yl,s™),

j=1
where u € WH2(0,T; H}(2), L2(Q)) and u; € L*(Qp x yj,l,m;Hﬂl(Yj)/lR) for j =

1,...,n.

Proof. See Theorem 2.74 in [22] or Theorem 4 in [12]. O



Multiscale convergence is very useful for homogenization of problems involving
rapid oscillations on several micro levels. Unfortunately, we can only use this for
sequences bounded in the L2-norm but when rapid time oscillations are present, we
encounter sequences that do not possess this boundedness. Multiscale convergence
has a large class of test functions and the limit captures both the global trend and
the microscopic oscillations. If we downsize this class to only capture the microscopic
fluctuations, it becomes possible to handle certain sequences that are not required to
be bounded in any Lebesgue space. This is the idea behind so-called very weak mul-
tiscale convergence. A first compactness result of very weak multiscale convergence
type was given in [15], see also [20], [10] and [11].

Definition 2.7. A sequence {w®} in L(Qr) is said to (n + 1,m + 1)-scale con-
verge very weakly to wg € LY(Qr X Vym) if

/Q w® (z, t)vy (x, ;—_1)0(15, gim)fz)g(%) dx dt

T
5 / / wole,t,y", ™Yor @,y elt, ™Yo (ya) dy” ds™ dardt
Qr

n,m

for any vy € D(€; CBX’(Y"’I)), vy € Cg°(Yy,)/R and ¢ € D(0,75C¢°(S™)), where

/ wO(xatvynvsm) dyn =0.
Y

We write

w®(x,t) n+1§+1 wo(z, t,y", s™).

The following theorem is essential for the homogenization of (1.1).

Theorem 2.8. Let {u®} be a bounded sequence in W'2(0,T; H}(Q2), L?(2)) and
assume that the lists {é€"} and {¢€™} are jointly well-separated. Then there exists
a subsequence such that

U (2,1) nt1ptt

’Ltn(J?, ta yna Sm/)v
En vw

where up, € L2(Qr X Yn—1.m; Hﬁl (Y,,)/R) is the same as in Theorem 2.6 for j = n.

Proof. See Theorem 2.78 in [22] or Theorem 7 in [12]. O



3. THE HOMOGENIZATION RESULT

We study the homogenization of problem (1.1) given in the introduction, i.e.,

(3.1) Ot (z,t) =V - a(i £ Vus(x,t)) = f(z,t) in Qp,

gn’gm’
u®(z,t) =0 on 09 x (0,7T),
u®(z,0) = u’(z) in Q,

where f € L?(Qr) and u° € L?(2). Here we assume that the flux function
a: R™ x R™ x RN — RY

satisfies the following structure conditions, where Cy and C; are positive constants
and 0 < o < 1:

(i) a(y™,s™,0) =0 for all (y*,s™) € R™ x R™,

i) a(-,+, &) is Yo m-periodic and continuous for all £ € RV,
(iii) a(y™,s™,-) is continuous for all (y",s™) € R™V x R™,

) (aly, 5™, &) — aly™, ™€) - (€ — €) > Colé — €2 for all (37, 5™) € R™N x R™
and all £,¢ € RN,
(v) la(y™,s™, &) — aly™,s™, &) < Cr(1 + [¢] + €)' 72§ — €' for all (y",s™) €

R™N x R™ and all £,¢&" € RV,

Under these conditions, problem (3.1) possesses a unique solution, see Theo-

rem 30.A (a) in [28], and the a priori estimate

”UE||W112(0,T;H§(Q)7L2(Q)) <C

holds true for some C' > 0, see Proposition 3.16 in [22]. Finally, we assume that the
lists {€"} and {¢™} in (3.1) are jointly well-separated.

In order to formulate the homogenization result (Theorem 3.1 below) in a neat
way, we define some numbers determined by how the scale functions present are
related to each other. Consider the spatial scale ;. We define consecutively d;

and g;, i =1,...,n, as follows:
> If 5
El_r}(l)é# =0, thend; =m.
If, for some j=1,...,m — 1,

. €j . &
hm—jQ>O and lim jH:O,

e—0 (éz) e—0 (éi)Q

then d; = m — j.



If
lim —m >0, thend; =0.

> If, for some j=1,...,m,

. (&)
lim —— =D;, 0<D; <oo,
e—0 Ej
we say that we have resonance and we let o, = D;, otherwise o; = 0.

We are now prepared to give and prove the main theorem of the paper. Here
Wﬁl’Q(S;Hﬁl(Y)/R,Lg(Y)/[R) denotes the space of all functions w such that u €
LuQ(S;Hﬁl(Y)/[R) and Osu € LuQ(S; (Hul(Y)/[R)’)

Theorem 3.1. Let {u®} be a sequence of solutions in W12(0,T; H}(Q), L?(Q))
to (3.1). Then it holds that

uf(z,t) = u(x,t)  in L*(Qr),
uf(z,t) — u(x,t) in L*(0,T; H} (Q))

and
n+1,m+1

k

V’U,(Jﬁ, f,) + Z Vyjuj(x, t, yj7 sm—dj)7

j=1
where v € WH2(0,T; H}(Q),L?(Q2)) is the unique solution to the homogenized
problem

Vu(z,t)

(3.2) ou(z,t) — V- bz, t, Vu(z,t)) = f(z,t) in Qp,
u(z,t) =0 on 992 x (0,7,
u(z,0) = ul(z) inQ
with
bt Vu(at)) = | a(y”,sm,Vu<x,t> +Zvyjuj<x,t7yﬂ‘,smdj>> dy" ds™.
n,m j=1

Here, fori = 1,...,n, u; are the unique solutions to the system of local problems

(33) i,y uile ity s~V / /
Sm—d;+1 Sm JYip1
n

Y

j=1
X dyn AN dyi+1 dSm, ce dsm—d,;—i—l = 07

where, when o; = 0, u; € L*(Qr x yi,lﬁm,di;Hul(Yi)/R) and when g; # 0,
ui € LHQr X Yictm-d,— 13 W2 (Sm—a,; HE (Vi) /R, L (Y;)/R)).



Before giving the proof we provide some remarks concerning the theorem.

Remark 3.2. In words, the number d; for i = 1,...,n in the theorem specifies
the number of temporal scales faster than the square of the spatial scale in question.
The impact of this is that the corrector in question, u;, will be independent of the lo-
cal time variables corresponding to these rapid temporal scales. The number p; found
in (3.3) indicates whether we have a parabolic or an elliptic local problem, i.e., the
resonant case means a parabolic local problem whereas nonresonance an elliptic one.

Remark 3.3. In the theorem above, (3.2) and (3.3) constitute a coupled system
of equations. In the special case when the equations are linear, it would be possible
to decouple them using separation of variables. This was done already in [2] (Corol-
lary 2.12) for elliptic problems with several spatial scales. See also Remark 3.2 in [7],
where this is illustrated for a parabolic problem with three rapid scales in both space
and time. In the case of nonlinearity, it is more complicated. One way to handle this
case is to resort to numerical methods, see, e.g., [24], which presents an algorithm
for a nonlinear parabolic problem with one rapid scale in both space and time.

For the convenience of the reader we also provide an outline for and some comments
on the proof. The proof consists mainly of four steps, successively more extensive.
In the first, rather brief, step, convergence results for the sequence of solutions are
concluded up to a subsequence. In the second step, we derive the homogenized prob-
lem at a preliminary stage, here called pre-homogenized problem, in the sense that
the evolution multiscale limit ag of the sequence of flux functions is not fully charac-
terized. The third step consists of finding the local problems, still with the limit aq
uncharacterized and hence called pre-local problems, including possible independen-
cies of the local time variables in the correctors. This step is divided into two cases:
nonresonance and resonance. These first three steps follow mainly the steps in the
proof of Theorem 9 in [12], which treats the corresponding linear case. However, here
we also need to handle the general scale functions. The proof is also abbreviated in
the sense that the cases with and without independencies of the local time variables,
respectively, have been merged, resulting in two cases instead of four. Due to the
monotonicity there remains a vital part of the proof. This last main step consists of
the characterization of ag, giving the homogenized problem and the local problems
their final form. Here the main tool is the method of perturbed test functions.

Proof of Theorem 3.1. Main step 1: Convergences of the solutions. The lists
{€"} and {€™} of scales are jointly well-separated and since {u®} is bounded in
W12(0,T; H(Q), L?(£2)), Theorem 2.6 is applicable and hence, up to a subsequence

u®(z,t) = u(z,t) in LQ(QT),
W (1) = ulz, ) in L2(0, T HL(9)
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and .
n+1,m+1 vu(a:, t) + Zvyjuj(a:, t7yj7 sm),

j=1
where u € W12(0,T; Hg (), L*(2)) and u; € L*(Qr x yj,lym;Hnl(Yj)/R) for j =
1

L

Vu(z,t)

R %
Main step 2: Pre-homogenized problem. The weak form of (3.1) reads: find
u® € WH2(0,T; H} (Q), L?(£2)) such that

X

(3.4) /Q (—UE(x, t)o(2)dpe(t) + a<é—n, Eim Vel (z, t)) : Vv(x)c(t)) d dt

= f(z,t)v(x)e(t) dedt
Qr
for all v € H} () and ¢ € D(0,T). By choosing &' = 0 in structure condition (v) we

have
la(y™, s™, &) < Co(1+ €)' ¢l

and since

Cr(1+ 1D El* < L1+ [Nt (1 + D)™,
we obtain
(3.5) la(y™, s™, &)| < Ci(1 + [&]).

The boundedness of {uf} in L2(0,T; H}(Q2)) together with (3.5) gives, up to a sub-
sequence, that
4
a( : =m’ VUE(QJ, t)) e ao(ilf, L, yn’ Sm)

gn' g
for some ag € L2(Qr X Vym)Y due to Theorem 2.5. We let € tend to zero in (3.4)
and obtain

(3.6) /Q T (—u(a:,t)v(x)@tc(t) + ( / a0, by, ™) dy™ dsm> -Vv(a:)c(t)) da dt

n,m

= f(z, t)v(x)e(t) dz dt,
Qr

which is the homogenized problem if we can prove that
n
Cl()(.l?, ta yna Sm) =a (yna Sm7 V’LL(J), t) + Z Vyjuj (l‘, t7 y]7 5m_dj)>
j=1

with v and u; as given in the theorem. To characterize ay we will use the system of
local problems (3.3), and deriving this will be our next aim.

11



Main step 3: Pre-local problems. In (3.4) we will use test functions defined ac-
cording to the following. Let {r.} be a sequence of positive numbers tending to zero
as € does. Fixi=1,...,n and choose

v () = rev1(z)ve (;1) T Vit (é%)

and
t

0=aitlL) -l

with v1 € D(2), v; € C°(Yj—1) for j = 2,...,4, vip1 € CF°(Y3)/R, ¢1 € D(0,T) and
a € Cf° (Sj—1) for I =2,..., A+ 1. We get, after carrying out the differentiations,

/QT ( —u(z, t)vr(2)v2 (;—1) Vil (6%) <T53t61(t)62<€—t1) Ol (i)
A g t t
+IZ: é:l (t)CQ(a) ...851_1cl(§l—_1

), A=1,....m

X ¢1(t)ea (;—1) co.Catl (gi) dz dt
= fz, t)revi(x)vg (6—331) Vit (5%)61 (t)co (é) CCAt+1 ( ) dz dt.

Qr

The next step will be to let € tend to zero. The terms that do not include any inner
derivative, e.g., the first term, immediately go to zero from the definition of r. and
Theorem 2.6 while the remaining parts, i.e.,

Elig(l) o < —uf(x, t)vr(x)vg (%) Vit (5%)

&= o t t t
X (Z gl_lc (t)02<g) e 85"‘1Cl<g'l—_1) .. .c,\+1<a)>

=2
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require some more attention. Rewriting we obtain

A+1 A
(3.7) 6hir(l) o ( — éiiu,s(aj, t) g 7;551 v1(z)ve (%) e Vgl (é)

€11

H_l xX x x
XZ—’Ul ( ) -Vyj_lvj(A ) ...Ui+1(7)
=2 €j—1 €1 €j—1 €

X c1(t)ca (é_tl) c)\+1<5/\)) dzdt =0,

where we have factored out 1/€; from the first sum to make it obvious that it is
possible to pass to the limit by means of very weak (i + 1, A + 1)-scale convergence.
Suppose that {r.&;/éx} and {r./é;} are bounded. This implies that

re€;

- -0, 7=1,....A2—1 and
Ex—j Ei—j

—0, j=1,...,i—1

as € — 0 due to the fact that the scales are separated. Hence, under these assump-
tions, (3.7) turns into
(3.8)
1 £ t t
lim (— A—ue(m,t)@vl(m)vg(i) 'U1+1((I:)Cl(t)62(v_) oo OsyCag1 (7)
Qr EX €1 € EX

e—0 E; Ei 1

—l—a( x , Vm,Vu (x, ))%vl(x)vg(§1> ...U‘(gle)v%’l)z_i_l(:l)
X ¢1(t)ea (;—1) ce CAt1 (é)) dxdt =0,

which will be our springboard when deriving the independencies of the local time
variables in the corrector functions as well as the local problems. This will be done
for the two different cases of nonresonance and resonance.

Case 1: Nonresonance (p; = 0). First we derive the independencies for d; > 0.

Let A successively be m,...,m —d; + 1. If r. = &) /¢;, we have that
Ly
EX

and, from the chosen values of A and the meaning of d;,

(3.9) == =0

13



as € — 0. Hence, we may use (3.8) for this choice of 7. and we have

lim o ( - éuE(a:,t)m(ar)vz (;—1) v1+1(i)cl(t)cQ(é) . 8SACA+1(%)
+ a( :Cn, ;n,vuﬁ(x,t)) (ST)‘)Qm(x)vg(g—l) . .vi(éil)vyw”l(%)

t
X Cl(t)02<a) cAH(g)\))dxdt—O
We let e tend to zero and obtain, due to (3.9) and Theorem 2.8, that
[ [ - uwts’ u@enm). o)
Qr JYix
X c1(t)ea(s1) .- Osyear1(sa) dy*ds*dadt =0
and by the Variational Lemma we have
/ —ui(x,t,y', 805, cry1(sx) dsy =0
Sa

almost everywhere for all cy;1 € CBX’(S »). This means that u; is independent of
Sm—d;+1s - - -y Sm- We proceed by deriving the local problems and for this purpose we
choose r. = &; and A = m — d;, where d; > 0. Since g; = 0, we conclude that

A 2 \2
7’?61‘ _ V(Ei) 50
Ek 8T)’L—(iq‘,
as ¢ — 0 and
T
= =1,
&

which means that (3.8) is valid and we get

lim o ( - Aiue(a:, t) V(éi) v1(x)vg (é%) Vit (é)

=0 & Em—d;

XCl(t)C2(E%)-- Os,, g, Cm— d+1( t )

Emfd

+a(:;, Vm,Vu (z, )>v1(x)02(§_1)"'vi(gf)Vy‘v”l(i)

XCl(t)CQ(é—tl) . Cn— dH(Emtd ))dxdt:O.

As ¢ — 0, we obtain
[ asleta ™) vaeenn) o) Vo vin ()

Qr S Vn,m
x c1(t)ea(s1) - em—d;+1(Sm—a;) dy™ ds™ dx dt =0

14



and, finally,

(3.10) / / / / ao(z,t,y",s™)
Sm—d;+1 Sm JY; Yn

m

X VyiviJrl(yi) dyn e dyi dsm ce dsm,diJrl =0

almost everywhere for all v, € C{°(Y;)/R and by density all vy € Hj (Yi)/R,
which is the weak form of the local problem in this nonresonant case.

Case 2: Resonance (9; = D;). Asin the first case we begin with the independencies
for d; > 0. Again, let A successively be m,...,m —d; + 1. Now choose r. = £,/&;
directly implying that

Te€; Te Ex

=1 d —= —0
N MG T @)

when € — 0, by the restriction of A and the definition of d;. Thus, (3.8) turns into

EHE% 5 ( _ E%ue(x, )y (2)vs (é) e Vit (E%)cl(t)(:g (é_tl) . 0syCat1 (i)

+ a(éﬁn, EV%, Vua(x,t)) %vl(x)vg (;—1) .. .vi<éii_l)vyivi+1 (%)
X ¢1(t)ea (;—1) .. .c)\+1<£)) dedt =0

and a passage to the limit gives

/QT/f,,/\ — iz, t,yt, Moy (@)ve (y1) - - vig (s)

X c1(t)ea(s1) .- Osyear1(sa) dy® ds* dzdt = 0.

Hence,

/ —ui(x,t,yi,s”\)é‘ﬂc)\ﬂ(s)\) dsy =0
S

almost everywhere for all cyy; € Cﬁx’ (S)), and thus, u; is independent of sy. To
extract the local problem we choose r. = ¢; and A = m—d;, where d; > 0, which gives

reéi _ (&)’

— = — 0i
6)\ EWL7di
as € — 0 and
= =1
€i

15



and from (3.8) we then have

A2 " 2
lim o ( — %UE(x,t) (&) :m(x)vz (5—) e Ui (T)

e—0 E; Em—d; 1 €
t t
X er(t)ez (5_1) Dy it (émfd)
z t T T T
a g V@ 0)Ju@en(5) (5 Vv (5)
—l—a(gn o VU (x,t) )vi(z)vg B v; o i Vit1 z
t t
X ¢1(t)ea (7) .. .cm,dﬁl( - )) dzdt = 0.
€1 Em—d,;

Letting € tend to zero and applying Theorem 2.8 we obtain

/QT / (— oiwi(z, t,y", s )or(@)va(y1) - vigr (2)
X e (t)ea(sy) . O, g Cm—d;+1(8m—d;)
+ao(z,t,y", s™)vi(z)v2(y1) - - vi(Yi-1) Vi, vit1 (i)
x c1(t)ea(s1) - - Cm—di+1(Sm—q;)) dy" ds™ dzdt =0

and hence, we end up with
(3.11)

/ / // _Qiui(x7tayi7Sm_di)vi"l‘l(y’i)asm—d,;cm_da‘,-i'l(sm—di)
Sm—d; Sm JY; Yy,

+ao(z, t,y", s™)Vy,vix1 (i) em—di+1(Sm—d;) QYn - .. dys s, ... dSpm—q, =0

almost everywhere for all ¢p_g,41 € Cﬁ’o(Sm,di) and v;41 € C&’O (Y;)/R and by
density all v;41 € Hﬁ1 (Y;)/R, the weak form of the local problem in this second case.

Main step 4: Characterization of ag. What remains is to characterize ag and to
this end we use perturbed test functions, see [8] and [9], according to

n
Pty ™) = 00w t) + R (et 8T + gty 8™,
j=1

where p*% € DQr)N, p"I € D(Qr;C°(Vjim—a;))N for j = 1,...,n, g €
D(Qr; Cgo(ymm))N and ¢ is a positive real number. We choose these sequences
such that

pH(x,t) = Vu(z,t) in L2(Qr)Y,

pk’j (QC, tv ij Smidj) — vyj uj (1[,', ta yja Smidj) iIl L2 (QT X yj,mfdj)N
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and such that they converge almost everywhere to the same limits as £ — oo, see
p. 88 in [16]. We introduce the notation

T
p];(xvt) :pk(l',t, é_n’ Em)
Using structure condition (iv), we get

(o o) el ) St st

and integration and expansion lead to

(3.12) /Q (a(;;, == Vu’ ) -Vus (z,t) —a(éin, éim,VuE) -p’g(x,t)

_a(€n, ém,pe) Vs (x, )+a( g ém,pe) .p’g(x,t)) dedt > 0.

From, e.g., Theorem 30.A (c) in [28] it follows that the weak form (3.4) is equivalent to

X

T
/ <8tu€(t),w(t)>H71(Q)7Hé(Q)dt—|—/ a2 Vm,Vu)-Vw(x,t)dxdt
0 Qp €

= [z, t)w(x,t) dzdt

Qr

for all w € L2(0,T; Hi(2)). This means that we may replace ve with u in (3.4) via
the above form and get another way of expressing the first term in (3.12) and thus
we obtain

t

/QT (f(x,t)us(x,t) —a(é%,éim,v ) pF(z,t) _a<:n’ ém,pe) - Vu(z,t)

z t k k g € €
+Cl(é—n, é—m7p€) ps(x,t)) dz dt —/O <8tu (t),u (t)>H—1(Q),Hé(Q) dt 2 0

We note that p*, a(y", s™,p") and their product are admissible test functions and

since

T T
— lim inf/o (Opus (1), u () m-1(0), m (@) At < —/O (Opu(t), u(®)) m-1(0),my () dt

e—0
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(see pp. 12-13 in [19]), we get, up to a subsequence, that

wm [ ] (f(w)u(azﬂ — a0l g™, ™) - (a7 5™

_ a(y"7 Sm,pk) . (vu(x, t) + Z Vyjuj (J?, t, yj, Sm—d,~)>

j=1

+a(y", s, p") - pFat gy, ™) dy” dsm) dz dt
T
—/0 (Oru(t), u(t)) g-1(0),m1 @) dt 20

when ¢ tends to zero. From the choice of p* we have that
n
pF(x,t,y", s™) = Vu(z t)—i—ZV wj(z,t,y0, s + Sg(x,t,y", s™)
s Uy ) ) yj gy by ) s Uy )
j=1
in L?(Qr x yn,m)N and almost everywhere in Qp X YV, », as k — oo. Furthermore,
n
a(y™, s™,pF) — a(y”, s™, Vu + Z Vy,uj + (5g>
j=1
almost everywhere in Qp X Y, ,,, and hence,

n
aly™, s™, p*) - pF(a,t,y", s™) — a(y”, s, Vu + Z Vy,uj+ 5g)

Jj=1

X (Vu(a:, t) + Zvyjuj(a:, t,y?, s ) 4+ dg(x,t,y", sm)>

j=1

almost everywhere in Qp X YV, . We proceed by letting k tend to infinity in (3.13)
and we go through the details for the fourth term. We will use Lebesgue’s generalized
majorized convergence theorem (Theorem (19a) in the appendix of [28]). Choosing
¢ = pF in (3.5) we have that

(3.14) laly”, ™, ") < CL(L+ [p" (2, t,y", s™))).

Successively applying the Cauchy-Schwarz inequality and (3.14), we get

nsm

la(y™, ™, p") - pF (2, t, ™, s™)| < |a(y™, s™, p")||p" (2, t, y", s™)
< Ci(1+ [p"(, t,y™, s™)D " (2, t,y", s™)
(" (2, t,y™, s™)| + [p"(z, t, 5™, s™) ).

1

C
Cy
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Letting £ — 0o, we have

/ / D5 (, £, 5™ + [ s £,y ™) 2 dy™ ds™ der
Qr n,m

o

vu CL',t + Zvyjuj(xvt;yj; Smidj) + §g($,t,yn,sm)
j=1

Vu(zx,t) +ZV U (z,t, 97, 8™ )—|—5g(x,t,y”,sm)‘
n,m j=1

2
dy™ ds"™ dz dt

and hence we conclude that

// a(y™,s™,p") - pF(x, t,y", s™) dy" ds™ dx dt
Qr n,m

— / / ( Vu+ZVyJuj+6g>
Qr n,m

Jj=1

(Vu x,t) + Z Vy,uj(z,t, Y, s 4 Sg(x, t, Y, sm)) dy" ds™ dz dt.
j=1

Thus, as k tends to infinity in (3.13) we find that

/QT /n)m (f(a:,t)u(a:,t) —ao(z, by, s™)

X (Vu(x, t) + Z Vy,uj(,t, yl, s £ 8g(x, t,y", sm))

j=1

_ a<yn, s™, Vu + Zvyjuj + (59)

j=1

X (Vu(x, t) + Z Vy,uj(z,t, Y, sm—dj))

j=1

+ a<yn, s, Vu + Zvyjuj + (5g>

Jj=1

() + 3 V5ot 5 g™ ) ) @ ds

j=1

T
—/O (Oru(t), ult)) m-1(0),m1 () At 2 0,
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where some terms vanish directly and we have

(3.15) /QT / (f(a:,t)u(a:,t) — ao(w, £,y ™)

X (Vu(x, t) + Z Vy,uj(z,t, yl, s £ 8g(x, t,y", sm))

j=1

+ a(y”, s Vu + Z Vy,uj+ 5g) “og(x, t,y", sm)) dy™ ds™ dx dt

j=1
T
~ [ @t )00 > 0

Replacing ve by v in (3.6), we get
(3.16)

/OT@tU(t)vu(t»HI(Q),Hg(n) dH‘/QT(/

= fz, t)u(z, t)dedt
Qr
and with (3.16) in (3.15) we obtain
(3.17)

n
/ / ( aO x, t y )'Vyjuj(xat7yj75m_dj)
Qr JVn,m \j=1

ap(z,t,y", s™)dy"™ dsm) -Vu(z,t)dedt

n,m

ao(x,t,y", ™) - og(x,t,y", ™)

+ a( ™ Vu+ Z Vy,uj + (59) og(z, t,y", sm)) dy™ ds™dxdt > 0.
j=1

Using the local problems (3.10) and (3.11) we will eliminate the first n terms in (3.17).
We study them one at a time by letting j successively be 1,...,n. If o; =0, we use
the local problem (3.10) with ¢ = j and the term in question vanishes directly. If
0; # 0, then w; € L2(Qr X ¥ 1.m—a,~1, Wy *(Sm—a,; H} (V;)/R, L3 (Y;)/R)), which
implies that w;(z,t, ¢~ sm"471) € Wn1’2(5m,dJ;Hnl(Y}-)/R, L3(Y;)/R). Then,
by density (see Proposition 4.6 in [20]) we may replace vc by w; in (3.11). Thus,
from (3.11) with ¢ = j, we obtain that

T Y

xVyJuj(xty s™ J)dyn odyjdsy, ... dsm_a,

/ / —o;uj(z,t Ly, s d; 7)0s,, "y uj(z,t Lyl ™ d; 1) dy; dsm—a,

Sm— dj

= 05054 Wy Uj) L2(S ;s (HE (V) /RY) L2 (S HE (V) /R)
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By Corollary 4.1 in [20] the duality pairing above equals zero, which yields that the
term in question in (3.17) vanishes. What remains of (3.17) is

/QT/M<—aoxty )+a( Vu+ZV uj+5g>)

j=1
x 0g(z,t,y", s™)dy" ds™ dzdt > 0

Dividing by ¢ and letting § tend to zero, we deduce that

ao(mat7yn) )_a< Vu+zvyyuj>

Jj=1

Finally, by the uniqueness of u, the entire sequence converges and the proof is com-
plete. O

Remark 3.4. The existence of a unique solution to the limit problem, i.e., the
homogenized problem, follows from G-convergence, see [23]. See also [13]. A detailed
study regarding the uniqueness and regularity of the solution to a monotone parabolic
local problem can be found in [25]. Taking one spatial and one temporal microscopic
scale, both powers of ¢, the local problem (3.3) is a special case of the local problem
studied in [25] and the procedure in [25] can be applied in like manner for the case
with multiple scales and scales which are not necessarily powers of ¢.

We conclude the paper by applying the main result to a nonlinear parabolic prob-
lem with a specific choice of fixed scales.

Example 3.5. Consider the (3,4)-scaled special case of (3.1) given by

c r t t t c
(@, 1) = V- “(2\/5’ 2 e T hi+d) Pt (@:0)
:f($,t) in QT7
u®(z,t) =0 on 90 x (0,T),

u®(2,0) =u’(z) in Q.

According to Example 2.4 the list of spatial scales and the list of temporal scales are
jointly well-separated.

Identifying d; and p; (defined in connection to Theorem 3.1, see also Remark 3.2)
for i = 1 we have d; = 2 and o1 = 4 and for i = 2 we obtain dy = 0 and g3 = 0.
Now, by Theorem 3.1 we have

u®(z,t) = u(z,t) in LQ(QT),
W (1) = ulz, ) in L2(0, T HL(9)
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and
3,4
VUE(x,t) - vu(xvt) + Vy1u1(x7t7y17 31) + Vyzug(x,t,yQ, 33)7

where u € W12(0,T; H(Q), L2(Q)), u1 € L*(Qr; Wul’Q(Sl; H}(Y1)/R, L;(Y1)/R))
and ug € L2(Qr x V1 3; Hlil (Y2)/R). Here w is the unique solution to the homogenized

problem
ou(z,t) — V- bz, t, Vu(z,t)) = f(z,t) in Qp,
u(z,t) =0 on 990 x (0,7T),
u(z,0) = u’(z) in Q
with

b(z, t, Vu(z, b)) = /

Va3
+ Vy,ua(z, t, 2, 53)) dy? ds®

a(y27 53,V’U,($,t) + vylul(xvta Y1, 51)

and we have the two local problems

405, u1(z,t,y1,51) — Vy, - / / / a(y2,53,Vu(x,t)
S JS3JY>
+ Vyui(z, t,y1,s1) + Vy,ua(z, t, v, 53)> dys dszdsy =0

and
_vyz ! a’(y27 SB; vu(xvt) + Vy1u1(xvta Y1, 31) + Vyzug(x,t,gf, 83)) =0.

Acknowledgment. We would like to thank the anonymous referee for valu-
able comments that have improved the quality of the paper.
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