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Abstract. In this paper, to solve the three-by-three block saddle-point problem, a new
block triangular (NBT) preconditioner is established, which can effectively avoid the solving
difficulty that the coefficient matrices of linear subsystems are Schur complement matrices
when the block preconditioner is applied to the Krylov subspace method. Theoretical
analysis shows that the iteration method produced by the NBT preconditioner is uncondi-
tionally convergent. Besides, some spectral properties are also discussed. Finally, numerical
experiments are provided to show the effectiveness of the NBT preconditioner.
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1. INTRODUCTION

In recent years, lots of work have been devoted to the problems of solving large
linear systems with the three-by-three block saddle-point structure, which arises in
many plentiful backgrounds in scientific computing and practical applications, for
example, solving the quadratic program [8],

1
min{axTAx +rlz+ qu}, st. Bt +CTy=b, zeR" yeR,

where € R™ and ¢ € R! are given vectors; solving the Maxwell equations in a di-
electric medium [6], [16],

eOE—curlH=J in Qx (0,7),
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O H +curlE=0 in Q x (0,7,
div(eE) =p in Q2 x(0,T),
div(pH) =0 in Q x (0,7).

Here Q2 C R3? is a simply-connected Lipschitz polyhedral domain with connected
boundary which is occupied by dielectric material, E and H are the electric and
magnetic fields, and J and g are the current density and charge density. We assume
that the permeability parameter ;1 and the permittivity parameter ¢ of medium
are discontinuous across an interface I' C €2, where T" is the boundary of a simply-
connected Lipschitz polyhedral domain 2; with Q; cQand Qs =0 \ ;. We use
the Picard iteration method for a class of mixed finite element schemes for stationary
magnetohydrodynamics models [9],

(u-V)u—R;'Au—Sjx B+ Vp=f,
j—R,')'VxB=0,

V xE=0,
V-B=0,
V-u=0,
where Ohm’s law
j=FE+uxB

holds. Here u is the velocity of conducting fluids, p is the pressure, B is the mag-
netic field, E is the electric field and j is the volume current density. Dimensionless
parameters R., R,, and S are the Reynolds number of fluids, magnetic field and the
coupling number, respectively.

All the above tasks mainly involve the iteration solution of the following form of
a large sparse three-by-three saddle-point problem

A BT 0 x f
(1.1) Adu=(B 0 CT yl=1g]|=0
0o C 0 z h

where A € R™*™ is symmetric positive definite (SPD), B € R™*" and C' € RP*™ are
of full row rank. Here, f € R", g € R™ and h € RP are given vectors, (-)| denotes
the transpose of the corresponding matrix. Under these conditions, the solution of
the linear system (1.1) is unique [11], [10].

It is obvious that the coefficient matrix of the linear system (1.1) is symmetric,
then solving it by applying classical iteration solution methods may not be advantage.
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One usually equivalently reformulates (1.1) into

A BT 0 T f
(1.2) Au=|-B 0 -CT y|l=1|-9] =0,
0 C 0 z h

which forms the possibility to apply classical iteration solution methods, such as
stationary iteration methods and Krylov subspace methods, of which the latter is
particularly popular. Because of the slow convergence or even nonconvergence of
the nonpreconditioned Krylov subspace methods in solving the linear system (1.2),
it is necessary to construct a suitable preconditioner to be used in combination
with Krylov subspace methods, which can avoid nonconvergence and make Krylov
subspace methods achieve satisfactory convergence results quickly. Huang et al. [12]
proposed an exact block diagonal (BD) preconditioner for solving the nonsingular
system (1.2)

A 0 0
(1.3) Ppp=|(0 S 0 )
0 0 Ccs'cT

where S = BA™!BT. The inexact versions of the preconditioner were also studied
because of the complexity of solving the residual equation of the exact preconditioner.
Then, Cao [4] established the shift splitting (SS) iteration method and the SS and
relaxed SS (RSS) preconditioners were also derived, the form of the former is

al +A BT 0
(1.4) Pss = 5 -B al —CT
0 C al

Based on the SS preconditioner, a generalized shift-splitting (GSS) preconditioner
was considered in [19]. Zhang et al. [23] proposed a lopsided shift-splitting precon-
ditioner for the saddle-point problem (1.2). Xie et al. [21] considered three efficient
preconditioners in order to improve the preconditioning effect of the BD precondi-

tioner,
A 0 0 A 0 0
(1.5) =B -S c’ , PBr=|B -8 c’ ,
0 0 -—-Ccs ¢’ 0 0 cs o’
A BT 0
Ps=|B -S 0
0 0 —CcsicT
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Aslani et al. [3] presented a new matrix splitting and deduced a block preconditioner
for solving the linear system (1.2)

A BT 0
(1.6) =0 D -CT|,
0o C 0

where D is an SPD matrix. Salkuyeh et al. in [18] considered the alternating positive
semi-definite splitting (APSS) iteration method and the APSS preconditioner was
also produced for solving the problem (1.2),

al+A BT 0 ol 0 0
(1.7) Papss=| —-B ol 0 0 of -CT
0 0 af 0 C ol

Furthermore, the APSS method was also considered for solving three-by-three large,
sparse, and singular saddle-point problems [2]. Abdolmaleki et al. [1] from another
considerations proposed a block three-by-three diagonal preconditioner for the three-
by-three block saddle-point problem (1.2). Wang et al. [20] established an exact
parameterized block SPD preconditioner, and its inexact version for the block three-
by-three saddle-point problem (1.2) was also considered.

In [24], based on the existing block preconditioner, authors proposed a two-
parameter block triangular preconditioner for double saddle-point problem. Inspired
by the idea in [24], we establish a new block triangular (NBT) preconditioner for
the linear system (1.2) on the basis of the matrix decomposition of the coefficient
matrix A. Our purpose is to improve the preconditioning effect of the existing block
preconditioners by avoiding solving Schur complement matrices in each iteration.
Theoretical analysis shows that the iteration method produced by the NBT pre-
conditioner is unconditionally convergent. The choices of parameters for the NBT
preconditioner are also discussed. Additionally, we examine the spectral properties
of the NBT preconditioned matrix. Two numerical experiments further confirm the
proposed preconditioner is efficient and feasible.

The framework of this paper can be arranged as follows. We establish a new
block triangular (NBT) preconditioner, and the iteration scheme produced by the
preconditioner with unconditional convergence is discussed in Section 2. In Section 3,
we discuss the spectral properties of the NBT preconditioned matrix. Then, in
Section 4, numerical experiments are provided to demonstrate the efficiency of the
proposed preconditioner. Finally, conclusions are given in Section 5.
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2. A NEW BLOCK TRIANGULAR PRECONDITIONER

In this section, we introduce a new block triangular (NBT) preconditioner. For the
linear system (1.2), we decompose the three-by-three block saddle-point coefficient

matrix A into

I 0 0 A BT 0
(2.1) A=|-BAt T 0 o S -CT'],
0 cs—t cs-cT 0 0 I

where S = BA™'BT and I denotes the identity matrix with suitable dimension. We
find from the above matrix decomposition and existing block preconditioners that,
when we use block preconditioners that are close to the coefficient matrix A to solve
the linear system (1.2), we need to solve linear subsystems with the coefficient ma-
trix A and Schur complementary matrices BA™'BT and CS~'CT in each iteration,
such as the preconditioners Py, P, and Ps in (1.5), which is very time-consuming.
To reduce CPU time, solvers can choose to use their inexact versions to calculate the
linear system, but this will face a new problem, that is, the relative error between
the iteration solution and the exact solution will increase. In order to improve the
computational efficiency of the block preconditioners, the strategy we can adopt is
to replace the Schur complementary matrix with an easily solved matrix. Combined
with the thought of [24], we establish a new block triangular preconditioner based
on (2.1),

I X 0 0 A BT 0
(2.2) Pynpr = —BA” I (1) 0 al+S -CT
0 0 BI+ aCCT 0 0 I
A BT 0
_| -B al -CT

0 0 pI+ éCCT

where o and 8 are two positive parameters. This can avoid solving the dense Schur
complement matrices in each iteration.

It is easy to observe that the coefficient matrix A admits the matrix splitting
(2.3)

A BT 0 0 0 0
T
A=|—-B o _? — [0 o ? = Pnpr — QnBrT-
0 0 pI+—-CCT 0 —-C pBI+ ECCT
a

By the splitting (2.3), the NBT iteration method can be naturally established.
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NBT iteration method. Let o and 8 be positive parameters. Given an initial
guess u(®) = (x(O)T,y(O)T,z(O)T)—r € R™Tn*P for k = 0,1,2,... until the iteration
sequence u(F) = (m(k)T,y(k)T,z(k)T)T € R™*+n+P converges, compute

A BT 0 2k+1)
(24) —-B ol —CT y(k-i-l)
1
0 0 BI+ ECCT 2(k+1)
0 0 0 (k) f
0 —-C pBI+ EC’CT (k) h
The iteration matrix of the NBT iteration method is
A BT 0 /0 0 0
25)  Tep=|-B o - 0 ol 0
0 0 BI+—-CCT 0 —C BI+ aCCT
«

Let o(T (o, 8)) denote the spectral radius of the iteration matrix 7 («, 3). Then the
NBT iteration method is convergent if and only if o(7 (c, 8)) < 1 [4], [18].

In fact, for a given matrix splitting A = M — N with M being nonsingular, we can
construct a splitting iteration method. Besides, matrix M can naturally be regarded
as the preconditioner for Krylov subspace methods. The splitting preconditioner
corresponding to the NBT iteration method (2.4) is Pygr.

When the preconditioner Pypr is used to accelerate Krylov subspace methods
(such as the GMRES method), the generalized residual equation

(26) PNBTZ =T

needs to be solved, where r = (r1;r2;73) and z = (z1; 20; 23) are the given residual
vector and current vector, respectively, and r1,z1 € R™, ro,29 € R™, r3, 23 € RP.

Since
I 0 0 I lBT 0
Pypr= |9 1 _?T a[ 0
0 0 BI+ ECCT 0 I
A+=B™B 0 0 roo
X ( 0 ol 0 _EB I 01,
0 0o I 0 0 I

we have the following algorithmic implementation to solve the linear system (2.6) in
actual computation.
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NBT algorithm. For a given residual vector r = [r] ,rJ ,74 ], the current vec-

tor 2 = [2] , 25,23 | " of (2.6) can be computed according to the following procedures:

(1) Solve (BI +a~1CCT)z3 = rs.

(2) Solve (A+a 'B"B)zy =71 —a 'BTry —a 'BTCTz;.

(3) Solve 2z = a~L(ry + C T 23 + Bzy).
In the above algorithm, the linear systems with coefficient matrices 31+a~'CCT and
A+a~'BT B have to be solved at each iteration. They are easier to solve than linear
subsystems with the Schur complement matrices BA™'BT and C(BA~'BT)~1C".
Note that both B + o~ 'CC" and A+ o 'BT B are symmetric positive definite for
all @ > 0, 8 > 0. We can employ the sparse Cholesky factorization to solve them.

Remark 2.1. Note that we need to select suitable parameters when the NBT
preconditioner is used to solve the linear system (1.2). There are many practical
methods to calculate optimal parameters in [5], [13], [14], [15]. Using the method
in [5], [13], we see that the NBT preconditioned GMRES method will reach the best
when the parameters « and 8 minimize the function:

q)(aa 6) = HQNBT“%;

where Qnpr is defined in (2.3) and ||-||r represents the Frobenius norm. By com-
putation, we have

(e, B) = |Qnprli = tr(QNprQnsT)
28 1
= ma? + 220 + HICCT I 4+ p8? + O3

where tr(-) denotes the trace of a matrix. By taking the first-order derivative of
®(a, f) and making use of the necessary condition for the extreme value of a function,

we obtain
2

8 2
@0 = 2ma — 23 [Cl% ~ S CCT [ =0,

2
@5 =208+ 2|ClF =0,
Thus it follows that 8 = —(pa)~!||C||% and « satisfies the equation
ma’ = B||Clpa — |CC % = 0.

In fact, the parameter 8 is NOT a negative constant, we can choose S as close to
zero as possible. The corresponding parameter o can be calculated by the above
quarto equation. (It needs to be explained that the negative and complex roots of
the quarto equation will be omitted.)
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Next, we analyze the convergence of the NBT iteration method (2.4). Firstly, we
give a useful lemma.

Lemma 2.1 ([22]). Both roots of the real quadratic equation z® —px +q = 0 are
less than 1 in modulus if and only if |q| < 1 and |p| < 1+gq.

Theorem 2.1. Assume that A € R"*" is a symmetric positive definite matrix,
B e R™*™ and C € RP*™ be of full row rank. Let « and S be the positive constants.
Then the NBT iteration method (2.4) is unconditionally convergent.

Proof. Let A be an eigenvalue of the iteration matrix 7 (a, 8) and I = [u; v; w]
be the corresponding eigenvector. If A = 0, the NBT iteration method is convergent.
Next, we only consider the case of A\ # 0 corresponding to [ # 0. It follows according
to the relationships between eigenvalues and eigenvectors that

0 0 0 u A BT 0
(2.7) 0 ol ? vl =2 B ol el v
1
0 —C BI+ aCCT w 0 0 BI+ ECCT

The equation (2.7) can equivalently be reformulated into

AMAu + BTv) =0,
(2.8) ABu +a(l —Nv+MCTw =0,

Co+ (A — 1)(,@1+ éCCT)w =0.

If A=1, (2.8) reduces to

Au+ BTy =0,
(2.9) Bu+CTw =0,
Cv =0.

Note that both uw and v are not zero vectors, otherwise (u;v;w) = (0;0;0), which
is a contradiction. Multiplying the second equation in (2.9) from left by v*, and
combining it with the first and third equations in (2.9) gives u*Au = 0, i.e., u = 0,
furthermore, it follows that v = 0 and w = 0, contradiction happens. Thus A # 1.

Next, let’s consider the case that A is not equal to 1. Based on this assumption,
it is easy to find that both w and v are nonzero vectors. We have from the third
equation of (2.8) that

w = ﬁ (81+ éccT)_lcv.
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Taking it into the second equation of (2.8) gives
(2.10) ABu+a(l — Mo+ ——T (51 + lCCT)_lcv =0
' 1—A a '

The first equation of (2.8) gives u = —A~1BTv. Inserting it into (2.10) and multi-
plying from left by v*/(v*v) it becomes

*BA-'BT A v*CT(BI “lcoh)"lo
211) A2 2 U ia-a+ vie (plta vy,
v*v 1-A v*v
Through the assumed conditions, we put
«pA-1RT w T —1Ty—1
UBA*BU:b>O; vC(,BI—i—oz* ce') CU:C}O.
v* V¥
Therefore, (2.11) can be written as
2+ b—c Q@
2.12 A2 — A =
(2.12) a+b + oa+b
It is easy to verify that |a/(o + b)| < 1 and
2a+b—c a—c Q@
R T P
a+b a+b a+b
By Lemma 2, we know that |A| < 1. This completes the proof. O

3. SPECTRAL PROPERTIES OF THE PRECONDITIONED MATRIX Py p5pA

In this section, we analyze the spectral properties of the preconditioned matrix
under the preconditioner Pypr.
Firstly, we have the following lemma.

Lemma 3.1. Assume that A € R"*" is SPD, B € R™*" and C € RP*™ be of
full row rank. Let o > 0, 8 > 0 be the constants, 8 be the eigenvalue of P1§113TA-
Then we have

1—-0] <1.

In other words, the eigenvalues of the NBT preconditioned matrix PJQ}BTA are located
in the unit circle centered at (1,0).

Proof. By the fact PJ§113T-A =1- PJG}S,TQNBT, combined with Theorem 2.1, the
conclusion is valid. 0
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Next, we further analyze the eigenvalue and eigenvector distribution results of the
NBT preconditioned matrix.

Theorem 3.1. Under the conditions in Theorem 2.1. Let the NBT preconditioner
Pypr be defined in (2.2). Then the NBT preconditioned matrix PJQ}BT.A has an
eigenvalue 0. Further, we have that

(1) n eigenvectors of the form [u};0;0] (I = 1,2,...,n) that correspond to the
eigenvalue § = 1, where u} (I =1,2,...,n), are arbitrary linearly independent
vectors.

(2) i (0 < i < m+p) eigenvectors of the form [u?; v¥; w?] (1 < 1 < i) that correspond
to eigenvalues 0 # 1, where the nonzero vectors ul2 and le satisfy the equation
(3.4), have w} = 071 (B + a~1CC ")~ 1Cw}.

Proof. Let [0,1] be an eigenpair of the preconditioned matrix Py A, where
[ = [u; v;w]. We consider the eigenvalue problem

A BT 0 U A BT 0
(3.1) B 0 ¢ ||v]=0|"B o —fT
0 C 0 w 0 0 pl+—CCT

The equation (3.1) can equivalently be reformulated into

(0= 1)(Au+ BTv) =0,
(3.2) (1—0)(Bu+ CTw) +abv =0,

1
Cv (B + —CCT Jw=0.
o
If 6 =1, (3.2) becomes

abv =0,

(3:3) Cv— (51 + éCCT)w —0.

It is obvious that v = 0 and w = 0. Therefore, there are n linearly independent
eigenvectors [u;;0;0] (I = 1,2,...,n) corresponding to the eigenvalue 1, where u}
(I1=1,2,...,n) are arbitrary linearly independent vectors.

If § # 1, by the equation (3.2), we have that both u and v are nonzero vec-
tors, otherwise [u;v;w] = 0, contradiction. The third equation of (3.2) means that
w = 0Bl + a~*CCT)"1Cv, inserting it into the second equation of (3.2) gives
(1—80)Bu+ (ad+(1—0)071CT(BI + a~*CCT)"1C)v = 0. Hence, the precondi-

tioned matrix has i (0 < i < m + p) linearly independent eigenvectors [u?; v?; w?]
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(1 < 1 < i) that correspond to the eigenvalue § # 1, where u? and v? satisfy the

equation

Au? + BTle =0,
(3.4) ) 1-6 1 vl
(1= 0)Buf + (bl + ——CT (81 +~CCT) C)o} =0
and w? = 07 1(BI + o tCCT)"1Cw?.
Finally, we show that the n + i eigenvectors are linearly independent. That is to

say, it is required to prove that

(3.5) 0...0 N O T =1
0...0 kil wi. . w? k2 0

holds only when the vectors k! and k? are zero. We know that the first matrix in
the equation (3.5) consists of eigenvectors corresponding to the eigenvalue 1, the last
matrix consists of those corresponding to the eigenvalue \; #1 (I =1,2,...,i). By
multiplying both sides of (3.5) from left with PJQ}ETA , we obtain

(3.6) 0...0 e : =1 :
0...0 kL wi ... w? Ak 0

By subtracting (3.5) from (3.6), it holds that

u? .. u? (A1 — 1)kf 0
(3.7) vl 02 =1:

wi.owi/) o\ (N — 1)k2 0
Since [u?;v?; w}] are i linearly independent vectors and the eigenvalues \; # 1 (I =
1,2,...,i), we have k} = 0 (I = 1,2,...,4). Substituting k¥ = 0 (I = 1,2,...,4)

O

into (3.6), we see that both k! and k? are equal to zero.

As is known to all, Krylov subspace theory states that the iteration with any
method of optimality property (such as GMRES method) in exact arithmetic will
terminate as soon as the degree of the minimal polynomial is attained [17]. In the
following, we study an upper bound of the degree of the minimal polynomial of the

preconditioned matrix.

Theorem 3.2. Assume that the conditions of Theorem 2.1 hold. Then the di-
mension of the Krylov subspace IC(PJQETA, b) is at most m + p + 1.
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Proof. The proof process is similar to [15], Theorem 3. Due to the expression
(2.2), we have
AT'—AT'BTU'BA™! —A7'B'UT' —-AT'BTUCTR!
Pypr = U-'BAT Ut U-lCT R
0 0 R~

where U = ol + BA™'BT and R = BI + a~'CC'". Furthermore, it follows that

(3.8)

PyppA =
I A™'BT —A"'BTU'BA'B" —A"'BTU'CTR™'C A 'B'U'CT
0 U'BA™'BT +U'CTR™'C -u-tc’
0 R™C 0

It is easy to observe that the preconditioned matrix (3.8) can be equivalently written

_ I 1II
PN}BT“A: (O @)’

where IT € R**("+P) and © € R(m+p)x(mtp),
Let \; (I1=1,2,...,m+ p) be the eigenvalues of the matrix ©. Then the charac-
teristic polynomial of the matrix PJQETA is

as

m—+p
Bpor 4(N) = det(Pyppd — AL) = (=1)" (= 1) TT (A= ),
=1

Let
m-+p

T = (A1) [T - ).

=1
Then

m-+p
0 I J[(®©=X\I)
=1

0 ©-1T[©-xND)

=1

+
\I’(PJGET‘A) PJGBT-A I) H PJ\_Uls’T-A - Nl =

m-+p

Because \; (I =1,2,...,m+p) are the eigenvalues of ©, we have [[ (©—X\I)=0by
1=1

the Hamilton-Cayley theorem. Therefore, the degree of the minimal polynomial of

the preconditioned matrix PJQETA is at most m+p+1. Consequently, the dimension
of the corresponding Krylov subspace K(Py BTA b) is at most m + p + 1. O
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4. NUMERICAL EXPERIMENTS

In this section, we present two numerical examples, which show the performance
and robustness of the proposed preconditioner over existing preconditioners, i.e., the
BD preconditioner, block preconditioners P; (authors in [21] showed that the Py,
P, and Ps preconditioners in (1.5) can significantly improve the convergence speed
of the GMRES method, from numerical results it can be observed that the precon-
ditioner P3; outperforms other two preconditioners, thus we test only the P; pre-
conditioner), Py and APSS preconditioner. The above preconditioners are listed in
Section 1. The numerical behavior of these preconditioned GMRES iteration meth-
ods is tested and evaluated in terms of the number of iteration steps (denoted ‘IT’)
and the computing time (denoted ‘CPU’). All of them are used as the left precondi-
tioners of the GMRES iteration method to solve the three-by-three block saddle-point
problem (1.2).

In all the tests, the initial vector is the zero vector and the right-hand side vector b
is chosen such that the exact solution of (1.2) is the vector that has all its components
equal to one. The iterations stop once the relative residual satisfies

Ak _ BT, k)2 k) _ (T (k)2 2
nps . VT A = BTy0B g = Ba® — CT=0E+ = CyP[3 _

076
VI3 + gl + [IR[13

with ()T (y*)T (2())T)T being the current approximate solution or if the
prescribed maximum iteration count k., = 1500 is exceeded. The numerical tables
indicate ‘-’ if iteration steps exceed 1500. All experiments are performed in MATLAB
2017(a) on an Intel Core(4G RAM) Windows 10 system.

Example 4.1. Consider the three-by-three block saddle-point problem (1.2),
in which

0 [eT+Tol
—(I®F FRI)eR™¥ and C=E@FecRV ",

4 (I®T+T®I 0 )ERQPQX%Q’
B
where
T:i%ummg—L2,4)eRWﬂ 1?=%ummga1,4)eRWﬂ

and E = diag(1l,p+1,...,p> — p+ 1), ® means the Kronecker product symbol and
h=1/(p+1).
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Example 4.2 ([11], [20]). We consider the three-by-three saddle-point problem
(1.2), where the block matrices A and B arise from the two dimensional “leak” lid-
driven cavity problem in a square domain = (-1 < 2 < 1,-1 <y < 1), i.e., the
Stokes equations

—Au+Vp=0 in Q,
(4.1)

V-u=0 in Q.

A Dirichlet no-flow condition is applied on the side and bottom boundaries, and the
nonzero horizontal velocity on the lidis {y = 1; -1 <2 < 1| u, = 1}. Here, uand p
represent the velocity vector field and the pressure scalar field, respectively, A is the
vector Laplacian in R2, V denotes the gradient, and V- is the divergence.

To obtain the block matrices A and B, we adopted the IFISS software developed
by Elman et al. [7] to discretize the Stokes equation (4.1). Here, the @1 — Py finite
element method (FEM) on the uniform and stretched grids are taken. Note that the
block B generated by the IFISS package is not of full row rank, so the first two rows
of B are dropped to get a full row rank matrix. Besides, to make the linear system
(1.2) ill-conditioned and not too sparse, we consider the matrix C in the form

C = [diag(1,3,5,...,2l — 1), randn(l, 2)],

where | = m—2, randn(l, 2) denotes an I-by-2 matrix of normally distributed random

numbers.

Experimental explanations—Example 4.1. The experiment problem is
formed by setting different dimension sizes in Example 4.1. In existing precon-
ditioners, to make the preconditioners have a better preconditioning effect, we
choose their respective optimal parameter or matrix, i.e., D = I for P, [3], a = 0.01
for SS preconditioner [4], & = 1.5 for APSS preconditioner (the APSS preconditioned
GMRES method has better convergence under this value of parameter). Through
Remark 2.1 in Section 2, we can choose a smaller 5 = 10~° and the parameter o
could be calculated by the quarto equation. The values of the parameter « for the
NBT preconditioner are listed in Table 1 for different dimensions. Since the value of
parameter « is only related to § and the matrix C', the choices of parameter are still
applicable under different values of v. In Tables 2, 3 and 4, we list the number of
iteration steps, the relative residuals and the corresponding CPU times of the pre-
conditioned GMRES iteration methods with I (i.e., no preconditioning), Pgp, Ps,
Py, Pss, Pypss and Pypgr for Example 4.1 with different p. We choose v = 1, 0.1,
0.01 in Tables 2, 3 and 4, respectively. In addition, the eigenvalue distributions of
the different preconditioned matrices with p = 16 (v = 1) are shown in Figure 1. In
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Figure 4, iteration steps of the NBT preconditioned GMRES method with varying «

(p = 32 and v = 1) are given to show the effectiveness of the calculated parameter .

p

16

32

48

56

64

80

a 4338 3.45e+4

1.16e 45

1.84e+5 2.75e+5 5.37e+45

Table 1. The value of parameter o for the NBT preconditioner with 8 = 107 in different

dimensions for Example 4.1.

Pre. P 16 32 48 56 64 80
1 IT 865 - - - - -
RES 8.3e—-07 - - - - -
CPU  2.5452 - -
Pgp IT 4 4 4 4 5 6
RES 15e—10 1.2¢e—08 7.7e—07 9.9e —08 4.9e—07 2.5e—07
CPU  0.0567 0.4774 4.0985 12.5711  34.9930 96.0728
P IT 3 3 3 3 3 5
RES 9.1e—11 23e—08 1.0e —07 1.4e—07 6.0e —07 2.2e —09
CPU  0.0638 0.4682 4.6270 13.0306  35.1039  96.6838
P, IT 2 2 2 2 2 2
RES 1.7¢e—12 2.1le—11 9.6e—11 1.7e—10 2.3e—10 5.2e—10
CPU  0.0441 0.1760 1.1059 2.3689 6.4137 19.2243
Psg IT 2 2 2 2 2 2
RES 7.6e—07 3.4e—07 21e—07 1.7¢—07 1.5e—07 1.3e—07
CPU  0.0450 0.2301 1.1673 1.9706 3.6363 12.5058
Papss IT 11 11 12 12 11 13
RES 2.2e—07 5.4e—07 4.8¢—07 81le—07 4.4e—07 2.9e—07
CPU 0.0793 0.1976 0.8835 1.7202 3.2089 12.1361
PnBr IT 7 9 11 11 13 15
RES 1.6e—08 9.5e—07 15e—07 9.2e—07 1.9e—08 8.9e—09
CPU  0.0563 0.1777 0.8429 1.7192 3.1772 10.8361

Table 2. The numerical results of the preconditioned GMRES method with v = 1 for

Example 4.1.

Experimental explanations—Example 4.2. In Example 4.2, we choose vari-

ous gradient parameters h to obtain test problems of different dimensions. Especially,

the parameters of the APSS preconditioner are selected as the testing optimal pa-

rameters. For other existing preconditioners, the parameters or parameter matrix

of the preconditioners are similar to Example 4.1. Besides, we can select 5 = 1076,

it is easy to find from Remark 2.1 that the parameter « of the NBT preconditioner

is only related to the matrix C' under uniform and stretched grids, therefore the
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values of o under the two kinds of different grids are the same. The numerical re-
sults of the different preconditioned GMRES methods are listed in Tables 5 and 6.
In Figures 2 and 3, eigenvalue distributions of the preconditioned matrices under
compared preconditioners are plotted on uniform and stretched 16 x 16 grids. We
also draw the relationships between the parameter o and iteration steps of the NBT
preconditioned GMRES method on uniform 32 x 32 grids.

Pre. P 16 32 48 56 64 80
I IT 618 - - - - -
RES  9.8e-07 - - - - -
CPU 1.7501 - - - - -
Pgp IT 4 4 4 4 4 4

RES 19e—11 12e—-09 73e—09 59e—08 5.9e—08 2.7e—07
CPU 0.0610 0.5810 5.1490 14.8590  35.1190 108.4560
P IT 3 3 3 3 3 3
RES 4.5e—12 5.1e—10 9.8e—09 2.9e—08 2.2e—08 1.4e—07
CPU  0.0680 0.5790 5.0610 14.3270  35.5440 110.5970
Py IT 2 2 2 2 2 2
RES 18e—12 22e—11 1.0e—10 1.7¢e—10 23e—10 5.2¢ —10
CPU  0.0630 0.1790 0.9430 1.9570 4.7710 14.8130

Pss IT 3 3 3 3 3 3
RES 22e—08 2l1le—08 23e—08 27¢e—08 3.9e—08 6.3¢—08
CPU  0.0474 0.2178 0.9138 1.8811 3.6129 10.6621
Papss IT 19 22 23 23 25 25
RES 6.1e—07 3.1e—07 6.4e—07 5.5e—07 1.3e—07 1.7e—07
CPU  0.0738 0.2501 1.0686 2.0063 3.8605 10.6983
Pypr IT 7 9 11 12 13 15
RES 1.9e—07 7.8¢—07 22e—07 4.6e—07 1.7e—08 2.6e—08
CPU  0.0594 0.0899 0.2928 0.5382 0.8535 2.1596

Table 3. The numerical results of the preconditioned GMRES method with v = 0.1 for
Example 4.1.

Analysis of numerical results—Example 4.1.
> No preconditioned GMRES method is not convergent when p > 16. On the
contrary, all preconditioned GMRES methods are compelling.
> Comparison of iteration steps of different preconditioned GMRES methods:
Papss > Pnpr > Ppp > P3 > Py = Pss (Table 2),
Papss > Pnpr > Ppp > P3 = Pgg > Py (Table 3),
Papss > Pypr > Ppp = Psg > P3 > P, (Table 4).
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> Comparison of CPU times of different preconditioned GMRES methods:

Py > Pgp > Py > Psg > Papss > Pnpr
Py > Pgp > Py > Papss > Pss > Pypr
Ppp > P3 > Papgss > Py > Pss > Pypr

(Table 2),
(Table 3),
(Table 4).

> Through the comparison of data in different tables, it is easy to find that the CPU
times of the NBT preconditioned GMRES method are smaller if v is smaller.

Pre. p 16 32 48 56 64 80
I IT 561 - - - - -
RES 9.2e — 07 - - - - -
CPU  1.0762 - - - - -
Pgp IT 4 4 4 4 5 6
RES 1.6e—12 9.0e—11 82e—10 1.le—09 5.8¢—10 2.le—08
CPU  0.0570  0.5960  5.2080  14.1490  36.2650 110.5390
Py IT 3 3 3 3 3 3
RES 5.2¢—13 3.9¢e—11 5.le—10 4.9e—10 2.2¢e—09 4.6e— 08
CPU  0.0590  0.5930  5.0890  13.6860  33.5370  109.7490
Py IT 2 2 2 2 2 2
RES 1.6e—12 22e—11 1.0e—10 1.7e—10 2.6e—10 5.2¢ — 10
CPU  0.0620  0.1730  0.9390  1.9870  4.7820  14.6080
Psg IT 4 4 4 4 4 4
RES 8.5e—08 82e—08 7.6e—08 7.5¢—08 7.5e—08 8.7e— 08
CPU 0.0786  0.1993  1.0078  1.8599  3.6743  10.5774
Papss IT 42 49 45 43 50 50
RES 6.0e—07 4.8¢—08 7.2e—07 81le—07 7.3e—07 5.9e—07
CPU  0.1275  0.4266  1.6629  2.8772 54542  14.2465
Pypr IT 9 9 11 12 13 14
RES 1.6e—08 1.9e—07 3.9e—07 3.8¢—08 2.4e—08 7.6e—07
CPU  0.0606  0.0893  0.3151  0.5158  0.8533  2.0978

Table 4. The numerical results of the preconditioned GMRES method with v = 0.01 for
Example 4.1.

> It is found by the eigenvalue distributions of the preconditioned matrix that the

eigenvalue distributions of the coefficient matrix A are scattered, but the eigen-

value distributions of all preconditioned matrices are clustered.
> The iteration steps of the NBT preconditioned GMRES method increase with
the increase of «. Besides, it shows that the NBT preconditioner has the testing

optimal parameters, but the calculated value of « is also effective.
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Figure 4. Iteration steps of the NBT preconditioned GMRES method with varying « for
Example 4.1 (left: p = 32 and v = 1) and Example 4.2 (right: uniform 32 x 32
grids).

Analysis of numerical results—Example 4.2.

> Without preconditioning, the GMRES method converges slowly, possibly not at
all. However, all the preconditioned GMRES methods have good convergence
effect.

> When the gradient is small, the convergence effects of different preconditioned
GMRES methods are almost the same. Furthermore, with the increase of gradient,
the following sequences hold:

IT: Papss > Pep > Pss > P3s > Pypr > Py (Table 5);

( )
Papss > Pgp > P3 > Pss > Pypr > Py (Table 6),
( );
( )

Table 5
Table 6).

CPU: P3 > PBD > PSS > PAPSS > P4 > PNBT

)

P3 > Ppp > Psg > Papss > Py > Pypr

It is easy to find that the number of iteration steps of the GMRES method with P,
preconditioner is the least, but its CPU time is larger than that of the NBT
preconditioner.

> The NBT preconditioner has a stable numerical effect under given testing pa-
rameters, which means that the formula for calculating the parameters given in
Remark 2.1 is valid.

> Figures 2 and 3 show that the spectral distribution of the saddle-point coefficient
matrix is relatively scattered. On the contrary, all preconditioners improve the
spectral distribution of the saddle-point coefficient matrix A. It is worth mention-
ing that the eigenvalues of the preconditioned matrix PJQ}ETA are located in the
circle with (%, 0) as the center and % as the radius. This intuitively yields a much
more accurate spectral distribution result than Lemma 3.1.
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Table 5. The numerical results of the different preconditioned GMRES methods with uni-

form grids for Example 4.2.

> The iteration steps of the NBT preconditioned GMRES method are unchangeable

when « < 2400, iteration steps increase to 6 when « is greater than 2400, which

shows that the calculated parameter o of the NBT preconditioner is valid.

It is common knowledge that the advantage of the preconditioned GMRES itera-

tion method depends not only on the less number of iteration steps, but also on the
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fewer CPU time. Combined with the analysis of numerical results, it shows that the
new block triangular preconditioner is superior to the compared preconditioner for

solving three-by-three block saddle-point problem (1.2).
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Table 6. The numerical results of the different preconditioned GMRES methods with
stretched grids for Example 4.2.



5. CONCLUSIONS

In this paper, we established a new block triangular (NBT) preconditioner for
solving the three-by-three block saddle-point problem (1.2). Theoretical analysis
proved the unconditional convergence of the iteration method produced by the NBT
preconditioner. The spectral properties of the NBT preconditioned matrix were also
considered. Numerical experiments revealed that the proposed NBT preconditioner
has excellent superiority in calculated parameters compared with other testing pre-

conditioners in exact algorithms.

Acknowledgements. The authors are very thankful to the referee for
his/her constructive comments and valuable suggestions, which greatly improved
the original manuscript of this paper.

References

[1] M. Abdolmaleki, S. Karimsi, D. K. Salkuyeh: A new block-diagonal preconditioner for a
class of 3 x 3 block saddle point problems. Mediterr. J. Math. 19 (2022), Article ID 43,

15 pages. MR doi

[2] H.Aslani, D. K. Salkuyeh: Semi-convergence of the APSS method for a class of nonsym-
metric three-by-three singular saddle point problems. Available at
https://arxiv.org/abs/2208.00814 (2022), 17 pages.
[3] H.Aslani, D. K. Salkuyeh, F. P. A. Beik: On the preconditioning of three-by-three block
saddle point problems. Filomat 15 (2021), 5181-5194. MR]
[4] Y. Cao: Shift-splitting preconditioners for a class of block three-by-three saddle point

problems. Appl. Math. Lett. 96 (2019), 40-46. | zblJMR] doi

[6] Y. Cao: A block positive-semidefinite splitting preconditioner for generalized saddle

point linear systems. J. Comput. Appl. Math. 87/ (2020), Article ID 112787, 15 pages. MR

[6] P.Degond, P.-A.Raviart: An analysis of the Darwin model of approximation to

Maxwell’s equations. Forum Math. 4 (1992), 13—44. MR

[7] H.C. Elman, A. Ramage, D. J. Silvester: Algorithm 866: IFISS, a Matlab toolbox for
modelling incompressible flow. ACM Trans. Math. Softw. 838 (2007), Article ID 14, 18

pages. MR

[8] D.Han, X. Yuan: Local linear convergence of the alternating direction method of mul-

tipliers for quadratic programs. SIAM J. Numer. Anal. 51 (2013), 3446-3457. MR

9] K. Hu, J. Xu: Structure-preserving finite element methods for stationary MHD models.

Math. Comput. 88 (2019), 553-581. MR]

[10] N. Huang: Variable parameter Uzawa method for solving a class of block three-by-three

saddle point problems. Numer. Algorithms 85 (2020), 1233-1254. MR

[11] N. Huang, Y.-H.Dai, Q.Huw: Uzawa methods for a class of block three-by-three sad-

dle-point problems. Numer. Linear Algebra Appl. 26 (2019), Article ID €2265, 26 pages. IMR]

[12] N. Huang, C.-F. Ma: Spectral analysis of the preconditioned system for the 3 x 3 block

saddle point problem. Numer. Algorithms 81 (2019), 421-444. MR

[13] Y.-M. Huang: A practical formula for computing optimal parameters in the HSS itera-

tion methods. J. Comput. Appl. Math. 255 (2014), 142-149. IMR]

[14] Z.-G. Huang, L.-G. Wang, Z. Xu, J.-J. Cui: An efficient preconditioned variant of the
PSS preconditioner for generalized saddle point problems. Appl. Math. Comput. 376

(2020), Article ID 125110, 26 pages. MR

90


https://zbmath.org/?q=an:1481.65048
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR4371180
http://dx.doi.org/10.1007/s00009-021-01973-5
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR4394237
http://dx.doi.org/10.2298/FIL2115181A
https://zbmath.org/?q=an:07111438
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3946364
http://dx.doi.org/10.1016/j.aml.2019.04.006
https://zbmath.org/?q=an:1434.65087
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR4067982
http://dx.doi.org/10.1016/j.cam.2020.112787
https://zbmath.org/?q=an:0755.35137
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1142472
http://dx.doi.org/10.1515/form.1992.4.13
https://zbmath.org/?q=an:1365.65326
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2326956
http://dx.doi.org/10.1145/1236463.1236469
https://zbmath.org/?q=an:1285.90033
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3143838
http://dx.doi.org/10.1137/120886753
https://zbmath.org/?q=an:1405.65151
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3882276
http://dx.doi.org/10.1090/mcom/3341
https://zbmath.org/?q=an:1455.65049
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR4190815
http://dx.doi.org/10.1007/s11075-019-00863-y
https://zbmath.org/?q=an:1463.65046
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR4033762
http://dx.doi.org/10.1002/nla.2265
https://zbmath.org/?q=an:1454.65019
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3953154
http://dx.doi.org/10.1007/s11075-018-0555-6
https://zbmath.org/?q=an:1291.65100
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3093411
http://dx.doi.org/10.1016/j.cam.2013.01.023
https://zbmath.org/?q=an:1474.65063
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR4068949
http://dx.doi.org/10.1016/j.amc.2020.125110

[15] L. Meng, J. Li, S.-X. Miao: A variant of relaxed alternating positive semi-definite split-
ting preconditioner for double saddle point problems. Japan J. Ind. Appl. Math. 38

(2021), 979-998. MR
[16] P. Monk: Analysis of a finite element method for Maxwell’s equations. STAM J. Numer.

Anal. 29 (1992), 714-729. MR
[17] Y. Saad: Tterative Methods for Sparse Linear Systems. SIAM, Philadephia, 2003. MR

[18] D. K. Salkuyeh, H. Aslani, Z.-Z. Liang: An alternating positive semidefinite splitting pre-
conditioner for the three-by-three block saddle point problems. Math. Commun. 26
(2021), 177-195. MR]
[19] L. Wang, K. Zhang: Generalized shift-splitting preconditioner for saddle point problems
with block three-by-three structure. Open Access Library J. 6 (2019), Article ID e5968,
13 pages. doi
[20] N.-N. Wang, J.-C. Li: On parameterized block symmetric positive definite precondition-
ers for a class of block three-by-three saddle point problems. J. Comput. Appl. Math.

405 (2022), Article ID 113959, 15 pages. IMR]

[21] X. Xie, H.-B. Li: A note on preconditioning for the 3 x 3 block saddle point problem.

Comput. Math. Appl. 79 (2020), 3289-3296. MR]

[22] D. M. Young: Iterative Solution of Large Linear Systems. Computer Science and Applied

Mathematics. Academic Press, New York, 1971. MR

[23] N. Zhang, R.-X. Li, J. Li: Lopsided shift-splitting preconditioner for saddle point prob-
lems with three-by-three structure. Comput. Appl. Math. 41 (2022), Articles ID 261,

16 pages. MR

[24] J.-L. Zhu, Y.-J. Wu, A.-L. Yang: A two-parameter block triangular preconditioner for
double saddle point problem arising from liquid crystal directors modeling. Numer.

Algorithms 89 (2022), 987-1006. MR

Authors’ address: Jun Li (corresponding author), Xiangtuan Xiong, College of Math-
ematics and Statistics, Northwest Normal University, 967 Anning E Rd, Anning District,
Lanzhou, 730070, P.R. China, e-mail: jun1i026430@163.com, xiongxt@gmail.com.

91


https://zbmath.org/?q=an:1483.65048
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR4304920
http://dx.doi.org/10.1007/s13160-021-00467-x
https://zbmath.org/?q=an:0761.65097
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1163353
http://dx.doi.org/10.1137/0729045
https://zbmath.org/?q=an:1031.65046
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1990645
http://dx.doi.org/10.1137/1.9780898718003
https://zbmath.org/?q=an:07424441
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR4297389
http://dx.doi.org/10.4236/oalib.1105968
https://zbmath.org/?q=an:1480.65067
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR4355119
http://dx.doi.org/10.1016/j.cam.2021.113959
https://zbmath.org/?q=an:1452.65054
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR4094767
http://dx.doi.org/10.1016/j.camwa.2020.01.022
https://zbmath.org/?q=an:0231.65034
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0305568
http://dx.doi.org/10.1016/c2013-0-11733-3
https://zbmath.org/?q=an:1513.65061
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR4458078
http://dx.doi.org/10.1007/s40314-022-01944-w
https://zbmath.org/?q=an:1484.65058
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR4376676
http://dx.doi.org/10.1007/s11075-021-01142-5

