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Abstract. This paper is concerned with the global well-posedness and relaxation-time
limits for the solutions in the full quantum hydrodynamic model, which can be used to
analyze the thermal and quantum influences on the transport of carriers in semiconductor
devices. For the Cauchy problem in R

3, we prove the global existence, uniqueness and ex-
ponential decay estimate of smooth solutions, when the initial data are small perturbations
of an equilibrium state. Moreover, we show that the solutions converge into that of the
simplified quantum energy-transport model and the quantum drift-diffusion model for the
moment relaxation limit, and the moment and energy relaxation limit, respectively.

Keywords: quantum hydrodynamic equation; quantum Euler-Poisson system; bipolar
semiconductor model; relaxation-time limit
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1. Introduction

We consider the following full quantum hydrodynamical (FQHD) model for semi-

conductors (see [15], [6]):

(1.1)
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
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




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
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

̺t + div(̺u) = 0,

(̺u)t + div(̺u⊗ u) +∇p(̺, θ) = h̄2̺∇
(∆

√
̺

√
̺

)

+ ̺V − ̺u

τm
,

̺θt + ̺u · ∇θ + 2p(̺, θ)

3
divu =

2

3
div(κ∇θ) + h̄2

3
div(̺∆u)− 2β

3τe
̺(θ − θ̄),

λdivV = ̺− ¯̺, rotV = 0, x ∈ R
3, t > 0,

where ̺(x, t) is the electron density, u(x, t) = (u1, u2, u3) is the velocity, θ(x, t) is

the temperature, V(x, t) = (V1, V2, V3) is the electric field and p(̺, θ) = ̺θ is the
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pressure. Also, h̄ > 0 is the (scaled) Planck constant, τm > 0 is the momentum

relaxation time, κ > 0 is the heat conductivity, τe > 0 is the energy relaxation time,

θ̄ > 0 is the temperature of the semiconductor lattice in energy units, λ > 0 is the

Debye length, ¯̺> 0 is the doping profile and β > 0.

If p is a function of ̺ only, then the corresponding barotropic model reads as

(1.2)















̺t + div(̺u) = 0,

(̺u)t + div(̺u⊗ u) +∇p(̺) = h̄2̺∇
(∆

√
̺

√
̺

)

+ ̺V − ̺u

τm
,

λdivV = ̺− ¯̺, rotV = 0,

which is called the unipolar isentropic (or isothermal) QHD model for semicon-

ductors.

In the present paper, we investigate the relaxation-time limits (τm → 0 and/or

τe → 0) for FQHD model (1.1). In the real simulations of semiconductor devices,

the size of the device is rather small (in nano-size, for instance). This in turn

makes the scaled parameters τm, τe rather smaller due to different situations under

consideration. The typical values of the parameters for semiconductors are given

in [24]. Therefore, one of the both mathematically and physically important prob-

lems is to justify the asymptotic approximation (or behavior) of the macroscopic

observable of the quantum hydrodynamical model subject to the small parameters

mentioned above.

First, we are interested in the global well-posedness of solutions for QHD

model (1.2) or FQHD model (1.1). For last two decades, there have been many

mathematical studies about the unipolar QHD model (1.2) in different settings.

For the stationary system in 1-D case, Jüngel, Li [12], [13] proved the existence,

uniqueness and exponential stability of the subsonic stationary solution to the

Dirichlet-Neumann mixed boundary value problem. For the stationary system in

multi-D case, Jüngel [11] proved the existence of solutions to the boundary value

problem in bounded domains, and Dong [5] studied the existence and semi-classical

limit of the boundary value problem with a mixed boundary condition. For the

non-stationary system in 1-D case, the existence and semi-classical limit on the

solutions were studied in [9], [10] for the Cauchy problem and in [27] for the initial

boundary value problem of bounded interval. Also, for non-stationary system in

multi-D case, Li, Marcati [21] proved the existence and exponential decay of the

smooth solutions to the periodic boundary value problem in torus T3, and Jüngel,

Li, Matsumura [14] showed the existence and relaxation-time limit of the smooth

solutions to the Cauchy problem in R3. However, to the best of our knowledge, there

seems not to be any result for the existence of solutions to non-isentropic unipolar
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QHD model (1.1) except for [28], where they proved the global well-posedness and

exponential decay for system (1.1) with τm = τe.

Next, we turn to the analysis of relaxation-time limits. To this end, let us introduce

the diffusion scaling as

x→ x, t→ t

τm
, (̺τm ,uτm , θτm ,Vτm)(x, t) =

(

̺,
u

τm
, θ,V

)(

x,
t

τm

)

.

Then (1.1) can be rewritten as

̺τmt + div(̺τmu
τm) = 0,(1.3)

τ2m(̺τmu
τm)t + τ2m div(̺τmu

τm ⊗ u
τm) +∇(̺τmθτm)

= h̄2̺τm∇
(∆

√
̺τm√
̺τm

)

+ ̺τmV
τm − ̺τmu

τm ,

τm̺
τmθτmt + τm̺

τmu
τm · ∇θτm + τm

2̺τmθτm

3
divuτm

=
2

3
div(κ∇θτm) + τm

h̄2

3
div(̺τm∆u

τm)− 2β

3τe
̺τm(θτm − θ̄),

λdivVτm = ̺τm − ¯̺, rotVτm = 0.

Formally, if we take only the moment relaxation-time limit τm → 0 for the fixed

energy relaxation-time τe > 0, then the simplified quantum energy-transport (QET)

model

̺t + div
[

̺V −∇(̺θ) + h̄2̺∇
(∆

√
̺

√
̺

)]

= 0,(1.4)

− div(κ∇θ) = β̺

τe
(θ̄ − θ),

λdivV = ̺− ¯̺, rotV = 0,

is obtained, which is considered by [16], where they proved existence of global weak

solutions to the periodic boundary value problem of system (1.4) in torus Td (d 6 3).

Recently, [19] showed the stability of the stationary solution of system (1.4) with

h̄ = 0 on an interval.

On the other hand, if we take the moment and energy relaxation-time limit, that

is, τm → 0 and τe → 0, then the quantum drift-diffusion (QDD) model

(1.5) ̺t + div
[

̺V − θ̄∇̺+ h̄2̺∇
(∆

√
̺

√
̺

)]

= 0, λdivV = ̺− ¯̺, rotV = 0,

is obtained, which is considered by many papers (see [17], [8], [18], [4], [2], [22], [1],

[3], [7], [26], [29] and the references therein).
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In fact, there are some mathematical results for the relaxation-time limit of the

isentropic QHD model (1.2), which is reduced to system (1.5) as τm → 0 (see [14],

[31], [23], [2], [1] and the references therein). However, to the best of our knowledge,

there seems not to be any result for the relaxation-time limits of non-isentropic QHD

model (1.1), which is the main goal of this paper.

Notation 1.1. In this paper, Lp(R3) andW k
p (R

3) denote the usual Lebesgue and

Sobolev spaces on R
3, with norms ‖·‖Lp and ‖·‖Wk

p
, respectively. When p = 2, we

denoteW k
p (R

3) by Hk(R3) with the norm ‖·‖Hk and ‖·‖H0 = ‖·‖, which will be used
to denote the usual L2-norm. We use the following notation:

Hk(R3) = {w ∈ L6(R3) | ∇w ∈ Hk−1(R3)}, k > 1.

The notation ‖(A1, A2, . . . , Al)‖Hk means the summation of ‖Ai‖Hk from i = 1

to i = l. For a multi-index α = (α1, α2, α3), we denote D
α = ∂α1

x1
∂α2

x2
∂α3

x3
and

|α| = α1 + α2 + α3. For an integer m, the symbol ∇m denotes the summation of

all terms Dα with the multi-index α satisfying |α| = m. We use C, c to denote the

constants which are independent of x, t and may change from line to line. We also

omit the spatial domain R
3 in integrals for convenience. For simplicity, we use the

notation a . b which means a 6 C0b for a universal constant C0 depending only on

h̄, ¯̺, θ̄, β and κ.

2. Main results and preliminary

2.1. Main results. We consider the Cauchy problem of system (1.1) with the

initial condition in R
3:

(2.1) (̺,u, θ)(x, 0) = (̺0,u0, θ0)(x) → (¯̺, 0, θ̄) as |x| → ∞.

From now on, we set the scaled Debye length to be one λ = 1 for simplicity.

First of all, we have the global existence and uniqueness theory of the Cauchy

problem (1.1), (2.1).

Theorem 2.1 (Global existence). Let ¯̺, θ̄, κ and β be fixed positive constants.

Assume that for the positive parameters τm, τe of system (1.1), it holds

(2.2) τm 6 1, τe 6 1 and
4θ̄2

β
τmτe 6 h̄2 <

8κθ̄

¯̺
.

Also, suppose that

(2.3) (
√
̺0 −

√
¯̺,u0, θ0 − θ̄) ∈ H4(R3)×H3(R3)×H2(R3).
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Then there exists a positive constant η0 > 0 depending on h̄, β, κ, ¯̺, θ̄ but indepen-

dent of τm, τe such that if

(2.4) ‖√̺0 −
√
¯̺‖2H2 + ‖∇u0‖2 + τm‖θ0 − θ̄‖2H2

+ τm(‖∇3√̺0‖2H1 + ‖∇2
u0‖2H1) 6 η20 ,

the Cauchy problem (1.1), (2.1) admits a unique solution (̺,u, θ,V) on [0,∞) sat-

isfying

(2.5) inf
(x,t)∈R3×[0,∞)

̺(x, t) > 0, inf
(x,t)∈R3×[0,∞)

θ(x, t) > 0,

√
̺−√

¯̺∈ C([0,∞);H4(R3)) ∩ C1([0,∞);H2(R3)),

u ∈ C([0,∞);H3(R3)), V ∈ C([0,∞);H5(R3)),

θ − θ̄ ∈ C([0,∞);H2(R3)), ∇θ ∈ L2(0,∞;H2(R3))

and

(2.6) ‖(√̺−√
¯̺)(t)‖2H4 + ‖u(t)‖2H3 + ‖(θ − θ̄)(t)‖2H2 + ‖V(t)‖2H5

6 C(‖√̺0 −
√
¯̺‖2H4 + ‖u0‖2H3 + ‖θ0 − θ̄‖2H2)e−ct

for any t ∈ [0,∞), where C, c are positive constants dependent on t and η0.

R em a r k 2.1. (1) In the real simulations of semiconductor devices, the size of

the device is rather small (in nano-size, for instance). This in turn makes the scaled

parameters h̄, τm, τe rather smaller due to different situations under consideration.

The typical values of the parameters for semiconductors are given in [24]. Therefore,

one of the both mathematically and physically important problems is to justify the

asymptotic approximation of the macroscopic observable of the quantum hydrody-

namical model subject to the small parameters mentioned above. The third condition

in (2.2) requires that the relaxation parameters τm and τe are rather smaller than

the scaled Planck constant h̄.

(2) Condition (2.2) holds for small τm and τe, which is not needed for isentropic

QHD model (1.2). In fact, Jüngel-Li-Matsumura [14] proved the existence, expo-

nential decay and relaxation-time limit for the Cauchy problem of isentropic QHD

model (1.2) with D(x) 6= const., when (
√
̺0 −

√
D,u0) ∈ H6 ×H5. Also, we would

like to emphasise there exists a recent result ([28]) similar to Theorem 2.1 in the case

of the full QHD model (1.1) with τm = τe.

Next, we consider the relaxation-time limits for FQHD model (1.1). To this end,

we consider indeed the initial value problem for the re-scaled system (1.3) together

with the following initial data:

(2.7) (̺τm ,uτm , θτm)(x, 0) := (̺τm0 ,uτm
0 , θτm0 )(x) =

(

̺0,
u0

τm
, θ0

)

(x), x ∈ R
3.
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By Theorem 2.1, it is easy to verify that there is a unique global smooth solution

(̺τm ,uτm , θτm ,Vτm) of system (1.3), (2.7) satisfying (2.5). What is left is to establish

the uniform estimates with respect to the parameters τm and/or τe in order to pass

into the limits. We have the following theorem.

Theorem 2.2 (Momentum relaxation-time limit). Under the assumptions of The-

orem 2.1, let (̺τm ,uτm , θτm ,Vτm) be the unique global solution of the system (1.3),

(2.7) satisfying (2.5), (2.6). Then there exists a limit (̺, θ,V) as τm → 0 satisfying

√
̺−√

¯̺∈ L∞(0,∞;H2(R3)) ∩ L2(0,∞;H4(R3)), ̺t ∈ L2(0,∞;L2(R3)),(2.8)

θ − θ̄ ∈ L2(0,∞;H3(R3)), V ∈ L∞(0,∞;H3(R3)),

where (̺, θ,V) is the strong solution of the Cauchy problem for QET model (1.4)

with initial condition

(2.9) ̺(x, 0) = ̺0(x), x ∈ R
3.

Theorem 2.3 (Momentum and energy relaxation-time limit). Under the assump-

tions of Theorem 2.1, let (̺τm,τe ,uτm,τe, θτm,τe ,Vτm,τe) be the unique global solution

of system (1.3), (2.7) satisfying (2.5). Then there exists a limit (̺,V) as τm → 0

and τe → 0 such that

√
̺−√

¯̺∈ L∞(0,∞;H2(R3)) ∩ L2(0,∞;H4(R3)),(2.10)

̺t ∈ L2(0,∞;L2(R3)), V ∈ L∞(0,∞;H3(R3)),

and (̺,V) is the strong solution of the Cauchy problem for QDD model (1.5) with

initial condition (2.9).

R em a r k 2.2. (1) The same results as in Theorems 2.1–2.3 are also obtained

for the periodic boundary value problem of the full QHD model (1.1) in torus Td =

(0, 1)d (d = 2, 3) (see Li, Marcati [21] for the isentropic QHD model (1.2)).

(2) It is possible to generalize the results in Theorems 2.1–2.3 into the case of

the more general state equations, that is, p̺(̺, θ) > 0 and eθ(̺, θ) > 0, instead of

p = ̺θ and e = 3θ/2, respectively, where e is the inertial energy. It will be left for

the future work.

Highlight of this paper. The main purpose of this paper is to justify the

asymptotic approximation of the macroscopic observable of the full QHD model

subject to the small relaxation-time parameters τm and τe. The main steps in prov-

ing Theorems 2.1–2.3 are to derive the a priori estimates for (ψ,u, ζ,V) independent
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of the time T and the small relaxation-time parameters τm, τe. Here, we briefly

review the main differences, compared with our previous work [28], where we ob-

tained the same result as in Theorem 2.1 for fixed relaxation-time τ = τm = τe.

In fact, for the fixed relaxation-time τm > 0, if we multiply the reformulated equa-

tion (3.6) on the momentum equation (1.1)2 by ψt, then we have the uncontrolled

term 1
2 θ̄

∫

(1 + ψ)∇ζ · ∇ψt dx (see (3.18)), while if we multiply the reformulated equa-

tion (3.8) on the energy equation (1.3)3 by (1+ψ)2ζ, then we have the uncontrolled

term −(2h̄2τm/(3θ̄))
∫

(1 + ψ)∇ψt · ∇ζ dx (see (3.20)). In [28], Lemma 3.1, we have
taken the strategy to eliminate two uncontrolled terms by multiplying the second

term by 3θ̄2/(4h̄2τm) for the fixed τm > 0. However, in this paper, we cannot bor-

row the strategy because we study the relaxation-time limit τm → 0. To circumvent

the difficulties, we first make a term 1
2 (τm − 1)θ̄

∫

(1 + ψ)∇ψt · ∇ζ dx to survive by
multiplying the second term by 3θ̄2/(4h̄2) (see (3.25)). Therefore, a term which can

not be small was generated in lower order estimate (see (3.12)). Next, we obtain the

high order estimate with all small controlled terms (see (3.33)). Then, combining

the lower and higher estimates, we could get the desired estimate, independent of T ,

τm and τe, needed for the study of relaxation-time limits.

2.2. Auxiliary results. We need the following standard results.

Lemma 2.1 (Gagliardo-Nirenberg inequality, [25]). Let l, s and k be any integers

satisfying 0 6 l, s < k, and let p, r, q ∈ [1,∞] and l/k 6 θ 6 1 such that

1

p
− l

3
=

(1

q
− k

3

)

θ +
(1

r
− s

3

)

(1− θ).

Then, for any u ∈ W k
q (R

3), there exists a positive constant C > 0 depending only

on q, k, r and s such that

‖∇lu‖Lp 6 C‖∇ku‖θLq‖∇su‖1−θ
Lr ,

where ‖∇l · ‖Lp =
∑

|α|=l

‖Dα · ‖Lp .

Lemma 2.2 ([14], Lemma 2.7). Let f ∈ Hs(R3), s > 3/2. There exists a unique

solution V ∈ Hs+1 of the divergence equation

divV = f, rotV = 0, V(x) → 0 (|x| → ∞)

satisfying

‖V‖L6 6 Cs‖f‖, ‖∇V‖Hs 6 Cs‖f‖Hs .
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Last, we shall frequently use the following Moser-type calculus inequalities:

Lemma 2.3 ([20]). For f, g ∈ Hs(R3)∩L∞(R3) and |α| 6 s, s > 3
2 , it holds that

‖Dα(fg)‖ 6 Cs(‖f‖L∞‖∇sg‖+ ‖g‖L∞‖∇sf‖).

3. A priori estimates

This section is devoted to derive the a priori estimates, which play a crucial role

in the proof of our main results.

Since we are interested in not only the global existence theory but also the

relaxation-time limits of smooth solutions with respect to small parameters, we deal

with the Cauchy problem (1.3), (2.7) directly, because the scaled Cauchy prob-

lem (1.3), (2.7) is equivalent to the original Cauchy problem (1.1), (2.1) for smooth

solutions.

We first reformulate the Cauchy problem (1.3), (2.7). For simplicity, we omit the

index τm in the following argument. That is, we take

(̺τm ,uτm , θτm ,Vτm) = (̺,u, θ,V).

Then, setting

ψ =

√
̺−√

¯̺√
¯̺

and ζ =
θ

θ̄
− 1,

we obtain from (1.3) and (2.7) (see [28], Subsection 2.1) that

(3.1)

ψt + u · ∇ψ +
1 + ψ

2
divu = 0,

τ2mut + u+
τ2m
2
∇(u2)− τ2m rotu× u+

2θ̄(1 + ζ)

1 + ψ
∇ψ + θ̄∇ζ = h̄2∇

( ∆ψ

1 + ψ

)

+V,

τmζt +
2β

3τe
ζ − 2κ

3¯̺
∆ζ +

2τm
3

divu− h̄2τm

3θ̄
∆(div u) = F τm ,

divV = ¯̺(ψ2 + 2ψ), rotV = 0

and

(3.2) (ψ, τmu, ζ)(x, 0) =
(

√

̺0(x) −
√
¯̺√

¯̺
,u0(x),

θ0(x)

θ̄
− 1

)

,

respectively, which is convenient to obtain the a priori estimates of (ψ,u, ζ,V), where

(3.3) F τm =
h̄2τm

3̺θ̄
∇[ ¯̺(1+ψ)2]·∆u−τmu·∇ζ+2κ

3

( 1

¯̺(1 + ψ)2
− 1

¯̺

)

∆ζ− 2τm
3
ζ divu.
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Define the solution space X(0, T ) for system (3.1), (3.2) by

X(0, T ) := {(ψ,u, ζ,V) | ψ ∈ C([0, T ];H4(R3)) ∩C1([0, T ];H2(R3)),

u ∈ C([0, T ];H3(R3)), V ∈ C([0, T ];H5(R3)),

ζ ∈ C([0, T ];H2(R3)), ∇ζ ∈ L2(0, T ;H2(R3))},

where 0 < T 6 ∞. Also, we assume a priori that there exists a small positive
constant η1 6 1 depending on h̄, β, κ, ¯̺, θ̄ but independent of τm, τe such that

(3.4) sup
06t6T

(‖ψ(t)‖2H2 + τm‖∇3ψ(t)‖2H1 + τ2m‖(ψt,∇u)(t)‖2

+ τ3m‖∇(ψt,∇u)(t)‖2H1 + τm‖ζ(t)‖2H2 ) 6 η21 ,

which is necessary to obtain the a priori estimates independent of T , τm and τe. By

using (3.4) and Lemma 2.1, we can choose η1 > 0 such that

(3.5) 0 <
1

2
6 1 + ψ(x, t) 6

3

2
.

Next, we reformulate some equations in (3.1) for the convenience in a priori esti-

mates. To this end, we assume that (ψ,u, ζ,V) ∈ X(0, T ) is the solution of Cauchy

problem (3.1), (3.2) satisfying (3.5). Differentiating (3.1)1 for t, we get

ψtt +
1

2(1 + ψ)
div((1 + ψ)2ut) +∇ψt · u+

ψt

2
divu = 0,

and using (3.1)2 yields (see [28], Subsection 2.1) that

(3.6) τ2mψtt + ψt + ¯̺ψ +
h̄2

2
∆2ψ − θ̄∆ψ − θ̄

2
(1 + ψ)∆ζ = f τm

1 ,

where

(3.7) f τm
1 = − τ2m∇ψt · u− τ2m

2
ψt divu− ¯̺

2
(3ψ2 + ψ3)−∇ψ ·V

+
τ2m
2
(1 + ψ) div[(u · ∇)u] + τ2m∇ψ · ((u · ∇)u)

+
θ̄

1 + ψ
div[(1 + ψ)ζ∇ψ] + h̄2

2

(∆ψ)2

1 + ψ
+ θ̄

|∇ψ|2
1 + ψ

+ θ̄∇ψ · ∇ζ.

Also, using (3.1)1, we rewrite (3.1)3 as

(3.8) τmζt +
2β

3τe
ζ − 2κ

3¯̺
∆ζ − 4τm

3
ψt +

2h̄2τm

3θ̄
∆
( ψt

1 + ψ

)

= gτm1 ,

where

(3.9) gτm1 = F τm − 4τm
3(1 + ψ)

(ψψt −∇ψ · u)− h̄2τm

3θ̄
∆
(∇ψ · u
1 + ψ

)

.
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Last, taking rot to (3.1)2 yields (see [28], Subsection 2.1) that

(3.10) τ2m(rotu)t + rotu− τ2m rot(rotu× u) + rot
(2θ̄(1 + ζ)

1 + ψ
∇ψ + θ̄∇ζ

)

= 0.

Noticing that

rot(rotu× u) = rotu divu+ (u · ∇) rotu− (rotu · ∇)u,

rot
(2θ̄(1 + ζ)

1 + ψ
∇ψ + θ̄∇ζ

)

= 2θ̄∇
( 1 + ζ

1 + ψ

)

×∇ψ =
2θ̄

1 + ψ
∇ζ ×∇ψ,

we obtain from (3.10)

(3.11) τ2m(rotu)t + rotu− τ2m rotu divu

− τ2m(rotu · ∇)u+ τ2m(u · ∇) rotu = − 2θ̄

1 + ψ
∇ζ ×∇ψ.

We first will prove the following lower order estimate:

Lemma 3.1. Under assumption (3.4), it follows that

(3.12)
d

dt
E0(t) + Λ0(t) 6 4θ̄‖∇2ζ‖‖ψt‖+ Cη1(‖∇2ψ‖2H2 + ‖∇2ζ‖2 + τm‖∇2

u‖2),

where

(3.13)

E0(t) :=
1

2
‖ψ‖2 + τ2m

∫

ψψt dx+ τ2m‖ψt‖2 + ¯̺‖ψ‖2

+
h̄2

2
‖∆ψ‖2 + θ̄‖∇ψ‖2 + 3θ̄2τm

4h̄2
‖(1 + ψ)ζ‖2 + τ2m‖rotu‖2,

Λ0(t) :=
(

1− τ2m
2

)

‖ψt‖2 −
θ̄2τm

h̄2

∫

ψtζ dx+
βθ̄2

2h̄2τe
‖ζ‖2 + ‖rotu‖2

+
θ̄

2
‖∇ψ‖2 + θ̄

4

∫

∇ψ · ∇ζ dx+
κθ̄2

2h̄2 ¯̺
‖∇ζ‖2 + h̄2

4
‖∆ψ‖2 + ¯̺

2
‖ψ‖2

and C is a positive constant depending only on h̄, ¯̺, θ̄, β and κ.

R em a r k 3.1. By using (2.2) and (3.5), we obtain from (3.13)

(3.14) E0(t) ⋍ ‖ψ‖2H2 + τ2m‖(ψt, rotu)‖2 + τm‖ζ‖2

and

(3.15) Λ0(t) ⋍ ‖ψ‖2H2 + ‖(ψt, rotu)‖2 +
1

τe
‖ζ‖2 + ‖∇ζ‖2,

where A ⋍ B means CA 6 B 6 A/C for a generic constant C > 0 depending only

on h̄, ¯̺, θ̄, β and κ.
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P r o o f of Lemma 3.1. Multiplying (3.6) by ψ and integrating it over R3, we

obtain (cf., [28], (3.4)) that

(3.16)
1

2

d

dt

(

‖ψ‖2 + 2τ2m

∫

ψψt dx

)

− τ2m‖ψt‖2 + ¯̺‖ψ‖2 + h̄2

2
‖∆ψ‖2

+ θ̄‖∇ψ‖2 + θ̄

2

∫

∇ζ · ∇ψ dx = I10 ,

where

(3.17) I10 = τ2m

∫

ψt div(ψu) dx− τ2m

∫

ψt

2
divuψ dx− τ2m

2

∫

((u · ∇)u) · ∇ψ dx

+

∫

θ̄

1 + ψ
div[(1 + ψ)ζ∇ψ]ψ dx−

∫

( ¯̺

2
(3ψ2 + ψ3) +∇ψ ·V

)

ψ dx

+

∫

( h̄2

2

(∆ψ)2

1 + ψ
+ θ̄

|∇ψ|2
1 + ψ

+ θ̄∇ψ · ∇ζ
)

ψ dx.

Multiplying (3.6) by ψt and integrating it over R
3, we obtain (cf., [28], (3.6)) that

(3.18)
1

2

d

dt

(

τ2m‖ψt‖2 + ¯̺‖ψ‖2 + h̄2

2
‖∆ψ‖2 + θ̄‖∇ψ‖2

)

+ ‖ψt‖2

+
θ̄

2

∫

(1 + ψ)∇ζ · ∇ψt dx = I20 ,

where

(3.19) I20 = τ2m

∫

[1 + ψ

2
div[(u · ∇)u] +∇ψ · ((u · ∇)u)

]

ψt dx

−
∫

( ¯̺

2
(3ψ2 + ψ3) +∇ψ ·V − θ̄

1 + ψ
div[(1 + ψ)ζ∇ψ]

)

ψt dx

+

∫

( h̄2

2

(∆ψ)2

1 + ψ
+ θ̄

|∇ψ|2
1 + ψ

+
θ̄

2
∇ψ · ∇ζ

)

ψt dx.

Multiplying (3.8) by (1 + ψ)2ζ and integrating it over R3, we obtain (cf., [28],

(3.9)) that

(3.20)
τm
2

d

dt
‖(1 + ψ)ζ‖2 + 2β

3τe
‖ζ‖2 + 2κ

3¯̺
‖∇ζ‖2

− 4τm
3

∫

ψtζ dx− 2h̄2τm

3θ̄

∫

(1 + ψ)∇ψt · ∇ζ dx = I30 ,
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where

(3.21)

I30 =

∫

(1 + ψ)2gτm1 ζ dx− 2β

3τe

∫

ψ(2 + ψ)ζ2 dx− 2κ

3¯̺

∫

ψ(2 + ψ)|∇ζ|2 dx

− 4κ

3¯̺

∫

(1 + ψ)ζ∇ψ · ∇ζ dx+
4τm
3

∫

ψ(2 + ψ)ψtζ dx+ τm

∫

(1 + ψ)ψtζ
2 dx

− 2h̄2τm

3θ̄

∫

ψt[2 div(ζ∇ψ) +∇ψ · ∇ζ + 2ζ
|∇ψ|2
1 + ψ

] dx.

Multiplying (3.11) by rotu and integrating it over R3, we have

(3.22)
τ2m
2

d

dt
‖rotu‖2 + ‖rotu‖2 = I40 ,

where

(3.23) I40 =
3τ2m
2

∫

(rotu · rotu) divu dx+ τ2m

∫

(rotu · ∇)u · rotu dx

− 2θ̄

∫ ∇ζ ×∇ψ
1 + ψ

· rotu dx.

Here, we used the following formula:

(3.24)

∫

(a · ∇)b · cdx = −
∫

(b · c) div adx−
∫

(a · ∇)c · b dx.

Thus, taking the procedure

(3.16)× 1

2
+ (3.18) + (3.20)× 3θ̄2

4h̄2
+ (3.22),

we get

(3.25)
1

2

d

dt
E0(t)+Λ0(t) =

1

2
I10 +I

2
0 +

3θ̄2

4h̄2
I30 +I

4
0 +(τm−1)

θ̄

2

∫

(1+ψ)∇ζ ·∇ψt dx,

where E0(t) and Λ0(t) are defined by (3.13).

We estimate all the terms of the right-hand side of (3.25). First, for the

term I10 , using (3.5), Lemma 2.1, Lemma 2.2 and (3.4), we obtain (cf., [28], (3.18))

from (3.17) that

(3.26) I10 . η1(‖ψt‖2 + ‖∇u‖2 + ‖ψ‖2H2 + ‖ζ‖2H2).

Using (3.5), Lemma 2.1, Lemma 2.2 and (3.4), we obtain (cf., [28], (3.20))

from (3.19) that

(3.27) |I20 | . η1(‖ψt‖2 + ‖∇u‖2 + ‖ψ‖2H2 + ‖∆ψ‖2H2 + ‖ζ‖2H2).
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Noticing that τm 6 1, we obtain from (3.23) that

(3.28) |I40 | . τ2m‖∇u‖L6‖∇u‖L3‖∇u‖+ ‖∇ζ‖L3‖∇ψ‖L6‖∇u‖
. (τ3/2m ‖∇2

u‖)τ1/2m ‖∇2
u‖1/2‖∇u‖3/2 + ‖∇2ψ‖‖∇ζ‖1/2‖∇2ζ‖1/2‖∇u‖

. η1(τ
2
m‖∇2

u‖2 + ‖∇u‖2 + ‖∇ζ‖2H1).

On the other hand, by the same lines as in [28], (3.23), we get

(3.29)

∫

|(1 + ψ)2g1ζ| dx . η1(‖ψ‖2H3 + ‖ζ‖2H2).

Thus, by (3.21) and (3.29), we have

(3.30) I30 .

∫

|(1 + ψ)2g1ζ| dx+ ‖ψ‖L∞

( 1

τe
‖ζ‖2 + ‖∇ζ‖2

)

+ ‖∇ψ‖L6‖ζ‖L3‖∇ζ‖+ τm‖ψt‖(‖ψ‖L6‖ζ‖L3 + ‖ζ‖L3‖ζ‖L6)

+ τm‖ψt‖(‖∇ψ‖L3‖∇ζ‖L6 + ‖∆ψ‖‖ζ‖L∞ + ‖ζ‖L∞‖∇ψ‖L6‖∇ψ‖L3)

. η1(‖ψ‖2H3 +
1

τe
‖ζ‖2 + ‖∇ζ‖2H1).

Also, using (3.5), (3.4) and τm 6 1, we have

(3.31)
(τm − 1)θ̄

2

∫

(1 + ψ)∇ζ · ∇ψt dx =
(1− τm)θ̄

2

∫

div[(1 + ψ)∇ζ]ψt dx

6 θ̄(‖∇ψ‖L3‖∇ζ‖L6 +
3

2
‖∆ζ‖)‖ψt‖

6 θ̄(Cη1‖∇2ζ‖ + 3

2
‖∆ζ‖)‖ψt‖ 6 2θ̄‖ψt‖‖∇2ζ‖.

Substituting (3.26), (3.27), (3.28), (3.30) and (3.31) into (3.25), and using τm 6 1

and τe 6 1, we have

(3.32)
1

2

d

dt
E0(t) + Λ0(t)− 2θ̄‖ψt‖‖ζ‖H2

. η1

(

‖ψt‖2 + ‖∇u‖2 + ‖ψ‖2H4 +
1

τe
‖ζ‖2 + ‖∇ζ‖2H1 + τ2m‖∇2

u‖2
)

. η1

(

‖(ψt, rotu)‖2 + ‖ψ‖2H4 +
1

τe
‖ζ‖2 + ‖∇ζ‖2H1 + τ2m‖∇2

u‖2
)

(3.15)

. η1(Λ0(t) + ‖∇2ψ‖2H2 + ‖∇2ζ‖2 + τ2m‖∇2
u‖2),

where we used ‖∇u‖2 = ‖divu‖2 + ‖rotu‖2 and

‖divu‖ . ‖ψt‖+ η1‖∇ψ‖

due to (3.1)1.

By using the smallness of η1 > 0, estimate (3.12) follows directly from (3.32). The

proof of Lemma 3.1 is completed. �
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Next, we prove the higher order estimate:

Lemma 3.2. Under assumption (3.4), it follows that

(3.33)
d

dt
Eα(t) + Λα(t) 6 Cη1

(

‖ψ‖2H4 + ‖(ψt, rotu)‖2

+ τm‖∇(ψt, rotu)‖2H1 +
1

τe
‖ζ‖2H2 + ‖∇ζ‖2H2

)

for |α| = 1 or 2 and any t ∈ [0, T ], where

(3.34) Eα(t) :=
1

2
‖Dαψ‖2 + τ2m

∫

DαψDαψt dx+ τ3m‖Dαψt‖2 + τm ¯̺‖Dαψ‖2

+
h̄2τm
2

‖Dα∆ψ‖2 + θ̄τm‖Dα∇ψ‖2

+
3θ̄2τm

4h̄2
‖(1 + ψ)Dαζ‖2 + τ3m‖rotDα

u‖2,

Λα(t) :=
(

τm − τ2m
2

)

‖Dαψt‖2 −
θ̄2τm

h̄2

∫

DαψtD
αζ dx+

βθ̄2

2h̄2τe
‖Dαζ‖2

+
θ̄

2
‖∇Dαψ‖2 + θ̄

4

∫

∇Dαψ · ∇Dαζ dx+
κθ̄2

2h̄2 ¯̺
‖∇Dαζ‖2

+
h̄2

4
‖∆Dαψ‖2 + ¯̺

2
‖Dαψ‖2 + τm‖rotDα

u‖2

and C is a positive constant depending only on h̄, ¯̺, θ̄, β and κ.

R em a r k 3.2. By using (2.2) and (3.5), we obtain from (3.34)

(3.35) Eα(t) ⋍ ‖Dαψ‖2 + τm‖∇Dαψ‖2H1 + τ3m‖Dα(ψt, rotu)‖2 + τm‖Dαζ‖2

and

(3.36) Λα(t) ⋍ ‖Dαψ‖2H2 + τm‖Dα(ψt, rotu)‖2 +
1

τe
‖Dαζ‖2 + ‖Dα∇ζ‖2.

P r o o f of Lemma 3.2. Applying Dα to (3.6), multiplying the resulting equation

by Dαψ and using the Leibniz formula

(3.37) Dα(wv) = wDαv +
∑

16|β|6|α|

C
|β|
|α|D

βwDα−βv,

we obtain (cf., [28], (3.29)) that

(3.38)
1

2

d

dt

(

‖Dαψ‖2 + 2τ2m

∫

DαψDαψt dx

)

− τ2m‖Dαψt‖2 + ¯̺‖Dαψ‖

+
h̄2

2
‖∆Dαψ‖2 + θ̄‖∇Dαψ‖2 + θ̄

2

∫

∇Dαζ · ∇Dαψ dx = I1,α,
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where

(3.39) I1,α =

∫
(

Dαf τm
1 +

θ̄

2

∑

16|β|6|α|

C
|β|
|α|D

β(1 + ψ)∆Dα−βζ

)

Dαψ dx

− θ̄

2

∫

ψ∇Dαζ · ∇Dαψ dx− θ̄

2

∫

Dαψ∇Dαζ · ∇ψ dx.

ApplyingDα to (3.6), multiplying the resulting equation byDαψt and using (3.37),

we obtain (cf., [28], (3.31)) that

(3.40)
1

2

d

dt

(

τ2m‖Dαψt‖2 + ¯̺‖Dαψ‖2 + h̄2

2
‖∆Dαψ‖2 + θ̄‖∇Dαψ‖2

)

+ ‖Dαψt‖2 +
θ̄

2

∫

(1 + ψ)∇Dαζ · ∇Dαψt dx = I2,α,

where

(3.41) I2,α =

∫
(

Dαf τm
1 +

θ̄

2

∑

16|β|6|α|

C
|β|
|α|D

β(1 + ψ)∆Dα−βζ

)

Dαψt dx

− θ̄

2

∫

Dα
t ψ∇Dαζ · ∇ψ dx.

Applying Dα to (3.8) and using the Leibniz formula (3.37), we have

(3.42) τm(Dαζ)t +
2β

3τe
Dαζ − 2κ

3¯̺
∆Dαζ − 4τm

3
Dαψt

+
2h̄2τm

3θ̄
∆(

Dαψt

1 + ψ
) = Dαgτm1 − 2h̄2τm

3θ̄
g2,α,

where

(3.43) g2,α =
∑

16|β|6|α|

C
|β|
|α|∆

[

Dβ
( 1

1 + ψ

)

Dα−βψt

]

.

Multiplying (3.42) by (1 + ψ)2Dαζ yields (cf., [28], (3.36)) that

(3.44)
τm
2

d

dt
‖(1 + ψ)Dαζ‖2 + 2β

3τe
‖Dαζ‖2 + 2κ

3¯̺
‖∇Dαζ‖2

− 4τm
3

∫

DαψtD
αζ dx− 2h̄2τm

3θ̄

∫

(1 + ψ)∇Dαψt · ∇Dαζ dx = I3,α,
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where

(3.45) I3,α =

∫

(1 + ψ)2
(

Dαgτm1 − 2h̄2τm

3θ̄
g2,α

)

Dαζ dx

+ τm

∫

(1 + ψ)ψt(D
αζ)2 dx− 2β

3τe

∫

ψ(2 + ψ)(Dαζ)2 dx

− 2κ

3¯̺

∫

ψ(2 + ψ)|∇Dαζ|2 dx− 4κ

3¯̺

∫

(1 + ψ)Dαζ∇ψ · ∇Dαζ dx

+
4τm
3

∫

ψ(2 + ψ)DαψtD
αζ dx

− 2h̄2τm

3θ̄

∫

Dαψt

[

2 div(Dαζ∇ψ) +∇ψ · ∇Dαζ + 2Dαζ
|∇ψ|2
1 + ψ

]

dx.

Applying Dα to (3.11) and using

Dα(f × g) := ∂xi
(f × g) = g ×Dαf + f ×Dαg for |α| = 1,

Dα(f × g) := ∂xi
∂xj

(f × g) = g ×Dαf + f ×Dαg

+ ∂xi
f × ∂xj

g + ∂xj
f × g∂xi

g for |α| = 2,

we have

(3.46) τ2m(rotDα
u)t + rotDα

u− τ2m rotDα
u divu− τ2m(rotDα

u · ∇)u

+ τ2m(Dα
u · ∇) rotu− τ2m rotu divDα

u

− τ2m(rotu · ∇)Dα
u+ τ2m(u · ∇) rotDα

u

= −Dα
( 2θ̄

1 + ψ
∇ζ

)

×∇ψ − 2θ̄

1 + ψ
∇ζ ×∇Dαψ − τ2mχ1,α + χ2,α,

where χk,α(k = 1, 2) is zero for |α| = 1 and

χ1,α = − (rotu)xi
(divu)xj

− ((rotu)xi
· ∇)(u)xj

+ ((u)xi
· ∇)(rotu)xj

− (rotu)xj
(divu)xi

− ((rotu)xj
· ∇)(u)xi

+ ((u)xj
· ∇)(rotu)xi

,

χ2,α = −
( 2θ̄

1 + ψ
∇ζ

)

xi

× (∇ψ)xj
−
( 2θ̄

1 + ψ
∇ζ

)

xj

× (∇ψ)xi

for |α| = 2. Multiplying (3.46) by rotDα
u, integrating it over R3 and using (3.24),

we have

(3.47)
τ2m
2

d

dt
‖rotDα

u‖2 + ‖rotDα
u‖2 = I4,α,
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where

I4,α = τ2m

∫

[3

2
rotDα

u divu+ (rotDα
u · ∇)u− (Dα

u · ∇) rotu
]

rotDα
u dx(3.48)

+ τ2m

∫

[rotu divDα
u+ (rotu · ∇)Dα

u] rotDα
u dx

−
∫

[

Dα
( 2θ̄

1 + ψ
∇ζ

)

×∇ψ +
( 2θ̄

1 + ψ
∇ζ

)

×∇Dαψ
]

rotDα
u dx

− τ2m

∫

χ1,α rotDα
u dx+

∫

χ2,α rotDα
u dx

= I14,α + I24,α − I34,α − I44,α + I54,α.

Thus, from the procedure

(3.38)× 1

2
+ (3.40)× τm + (3.44)× 3θ̄2

4h̄2
+ (3.47)× τm,

we get

(3.49)
1

2

d

dt
Eα(t) + Λα(t) =

1

2
I1,α + τmI2,α +

3θ̄2

4h̄2
I3,α + τmI4,α,

where Eα(t) and Λα(t) are defined by (3.34).

We estimate the terms of the right-hand side of (3.49). For the estimate on I1,α,

using (3.39) and (3.7), we rewrite it as

(3.50) I1,α = I11,α + I21,α + I31,α + I41,α +
θ̄

2
I51,α − θ̄

2
I61,α,

where

I11,α = −(−1)|α|
∫

[

τ2m∇ψt · u+ τ2m
ψt

2
divu+

¯̺

2
(3ψ2 + ψ3)

]

DαDαψ dx,

I21,α = −(−1)|α|
∫

[

∇ψ ·V − θ̄

1 + ψ
div[(1 + ψ)ζ∇ψ]

]

DαDαψ dx,

I31,α = (−1)|α|τ2m

∫

[1 + ψ

2
div[(u · ∇)u] +∇ψ · ((u · ∇)u)

]

DαDαψ dx,

I41,α = (−1)|α|
∫

[ h̄2

2

(∆ψ)2

1 + ψ
+ θ̄

|∇ψ|2
1 + ψ

+ θ̄∇ψ · ∇ζ
]

DαDαψ dx,

I51,α =
∑

16|β|6|α|

C
|β|
|α|

∫

Dβ(1 + ψ)∆Dα−βζDαψ dx,

I61,α =

∫

ψ∇Dαζ · ∇Dαψ dx+

∫

Dαψ∇Dαζ · ∇ψ dx.

129



By using Hölder’s inequality, (3.5), Lemma 2.1 and (3.4), we obtain (cf., [28], (3.45))

from (3.50) that

(3.51) |I1,α| . η1(‖ψ‖2H4 + ‖∇u‖2 + ‖ζ‖2H3 + ‖ψt‖2).

Next, we estimate I2,α. To this end, using (3.41) and (3.7), we rewrite I2,α as

(3.52) I2,α = I12,α + I22,α + I32,α + I42,α +
θ̄

2
I52,α,

where

I12,α = −
∫

Dα
[

τ2m∇ψt · u+ τ2m
ψt

2
divu+

¯̺

2
(3ψ2 + ψ3)

]

Dαψt dx,

I22,α = −
∫

Dα
[

∇ψ ·V − θ̄

1 + ψ
div[(1 + ψ)ζ∇ψ]

]

Dαψt dx,

I32,α = τ2m

∫

Dα
[1 + ψ

2
div[(u · ∇)u] +∇ψ · ((u · ∇)u)

]

Dαψt dx,

I42,α =

∫

Dα
[ h̄2

2

(∆ψ)2

1 + ψ
+ θ̄

|∇ψ|2
1 + ψ

+ θ̄∇ψ · ∇ζ
]

Dαψt dx,

I52,α =
∑

16|β|6|α|

C
|β|
|α|

∫

Dβ(1 + ψ)∆Dα−βζDαψt dx−
∫

Dαψt∇Dαζ · ∇ψ dx.

Then, by the same lines as in [28], (3.47)–(3.49), we obtain from (3.52) that

(3.53) τm|I2,α| . η1(‖ψ‖2H4 + τm‖ψt‖2H2 + τm‖∇u‖2H2 + ‖∇ζ‖2H2).

Also, we estimate I3,α. Using (3.45), we rewrite it as

(3.54) I3,α = I13,α +
2h̄2

3θ̄
I23,α + I33,α + I43,α + I53,α + I63,α + I73,α + I83,α,

where

I13,α =

∫

(1 + ψ)2Dαgτm1 Dαζ dx, I23,α = −τm
∫

(1 + ψ)2g2,αD
αζ dx,

I33,α = τm

∫

(1 + ψ)ψt(D
αζ)2 dx, I43,α = − 2β

3τe

∫

ψ(2 + ψ)(Dαζ)2 dx,

I53,α = −2κ

3¯̺

∫

ψ(2 + ψ)|∇Dαζ|2 dx, I63,α = −4κ

3¯̺

∫

(1 + ψ)Dαζ∇ψ · ∇Dαζ dx,

I73,α =
4τm
3

∫

ψ(2 + ψ)DαψtD
αζ dx,

I83,α =
2h̄2τm

3θ̄

∫

Dαψt

[

2 div(Dαζ∇ψ) +∇ψ · ∇Dαζ + 2Dαζ
|∇ψ|2
1 + ψ

]

dx.
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Then, by the same lines as in [28], (3.51)–(3.55), we obtain from (3.54) that

(3.55) |I3,α| . η1

(

τm‖ψt‖2H2 + ‖ψ‖2H4 + τm‖∇u‖2H2 +
1

τe
‖∇ζ‖2H1 + ‖∇ζ‖2H2

)

.

Last, we estimate I4,α. By using (3.5), Lemma 2.1 and (3.4), we obtain (cf., [28],

(3.56)) from (3.48) that

(3.56) τm|I4,α| . η1(‖ψ‖2H4 + τm‖∇u‖2H2 + ‖∇ζ‖2H2).

Then, substituting (3.51), (3.53), (3.55) and (3.56) into (3.49), and using τm 6 1

and τe 6 1, we get

(3.57)
1

2

d

dt
Eα(t) + Λα(t) . η1(‖∇u‖2 + ‖ψt‖2 + τm‖∇2

u‖2H1 + τm‖∇ψt‖2H1)

+ η1

(

‖ψ‖2H4 +
1

τe
‖ζ‖2H2 + ‖∇ζ‖2H2

)

.

Noticing that

(3.58) ‖∇u‖2Hk = ‖divu‖2Hk + ‖rotu‖2Hk for k = 0, 1, 2

due to ∆u = ∇ divu− rot(rotu) and

(3.59) ‖divu‖Hk . ‖ψt‖Hk + η1‖∇ψ‖Hk for k = 0, 1, 2

due to (3.1)1, we obtain (3.33) from (3.57). The proof of Lemma 3.2 is completed.

�

4. Proof of main results

In this section, we prove the main results, combining the estimates that we have

derived in the previous section.

Using Yong’s inequality, (3.15) (3.58) and (3.59), we obtain from (3.12) that

(4.1)
d

dt
E0(t) + C1

(

‖ψ‖2H2 + ‖(ψt, rotu)‖2 +
1

τe
‖ζ‖2 + ‖∇ζ‖2

)

6 C2(‖∇2ψ‖2H2 + ‖∇2ζ‖2 + τm‖∇(ψt, rotu)‖2),

where C1, C2 are positive constants depending only on h̄, ¯̺, θ̄, β and κ.
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Also, using the smallness of η1 > 0 and (3.36), we obtain from (3.33) that

(4.2)
d

dt
E1(t) + C3

(

‖∇ψ‖2H3 + τm‖∇(ψt, rotu)‖2H1 +
1

τe
‖∇ζ‖2H1 + ‖∇2ζ‖2H1

)

6 C4η1

(

‖ψ‖2H2 + ‖(ψt, rotu)‖2 +
1

τe
‖ζ‖2 + ‖∇ζ‖2

)

,

where E1(t) =
∑

16|α|62

Eα(t) and

(4.3) E1(t) ⋍ ‖∇ψ‖2H1 + τm‖∇2ψ‖2H2 + τ3m‖∇(ψt, rotu)‖2H1 + τm‖∇ζ‖2H2

due to (3.35). Multiplying (4.1) by C3/(2C2), and adding the resulting inequality

with (4.2), since η1 > 0 is small, we deduce that there exists a constant C5 such that

(4.4)
dE(t)

dt
+ C5(‖ψ‖2H4 + ‖(ψt, rotu)‖2)

+ C5

(

τm‖∇(ψt, rotu)‖2H1 +
1

τe
‖ζ‖2H2 + ‖∇ζ‖2H2

)

6 0,

where E(t) = 1
2C3E0(t)/C2 + E1(t).

Also, by (3.14) and (4.3), we have

(4.5)

E(t) ⋍ ‖ψ‖2H2 + τm‖∇2ψ‖2H2 + τ2m‖(ψt, rotu)‖2 + τ3m‖∇(ψt, rotu)‖2H1 + τm‖ζ‖2H3 .

Therefore, by using (3.58) and (3.59), we obtain from (4.4) and (4.5) that

(4.6)
dE(t)

dt
+ C

(

‖ψ‖2H4 + ‖(ψt,∇u)‖2 + τm‖∇(ψt,∇u)‖2H1 +
1

τe
‖ζ‖2H2 + ‖∇ζ‖2H2

)

6 0

and

(4.7) E(t) ⋍ ‖ψ‖2H2 +τm‖∇3ψ‖2H1 +τ2m‖(ψt,∇u)‖2+τ3m‖∇(ψt,∇u)‖2H1 +τm‖ζ‖2H2 ,

respectively.

4.1. The existence, uniqueness and exponential decay of global solutions.

In this subsection, we will prove Theorem 2.1. We first state the existence of the local

solutions to Cauchy problem (3.1), (3.2). We omit the proof, because it is similar as

in [28], Theorem 4.1, where we used the linearization of the non-linear system and

the contraction mapping principle.
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Lemma 4.1. Let ¯̺, θ̄, τm, h̄ and τe be fixed. Assume that (2.3) and

∃m1,m2 > 0 ∀x ∈ R
3,

m1

2
6 ̺0(x), θ0(x) 6 2m2.

Then there exists a positive constant t0 > 0, depending on h̄, τm, τe, κ, ¯̺, θ̄, β and

‖(√̺0−
√
¯̺,u0, θ0− θ̄)‖H4×H3×H2 , such that the Cauchy problem (3.1), (3.2) admits

a solution (̺,u, θ,V) on [0, t0] satisfying

m1 6 ̺(x, t), θ(x, t) 6 m2,
√
̺−√

¯̺∈ C([0, t0];H
4(R3)) ∩ C1([0, t0];H

2(R3)),

u ∈ C([0, t0];H3(R3)), V ∈ C([0, t0];H5(R3)),

θ − θ̄ ∈ C([0, t0];H
2(R3)), ∇θ ∈ L2([0, t0];H

2(R3)).

By (4.6) and (4.7), there exists a positive constant c0 > 0, depending on

h̄, τm, τe, κ, ¯̺, θ̄, β satisfying

(4.8) E(t) 6 E(0)e−c0t

for fixed τm and τe. Therefore, by (4.7), (4.8) and (3.2), we get

(4.9) ‖ψ(t)‖2H2 + τm‖∇3ψ(t)‖2H1 + τ2m‖(ψt,∇u)(t)‖2

+ τ3m‖∇(ψt,∇u)(t)‖2H1 + τm‖ζ(t)‖2H2

. E(t) 6 E(0)

. ‖ψ(0)‖2H2 + τm‖∇3ψ(0)‖2H1 + ‖∇u(0)‖2

+ τm‖∇u
2(0)‖2H1 + τm‖ζ(0)‖2H2

. ‖√̺0 −
√
¯̺‖2H2 + τm‖∇3√̺0‖2H1 + ‖∇u0‖2

+ τm‖∇2
u0‖2H1 + τm‖θ0 − θ̄‖2H2 .

Using Lemma 4.1, (2.4) and (4.9), by a standard continuity argument, we can

close the a priori estimate (4.6). Also, by using (4.7) and Lemma 2.2, we obtain

the exponential decay (2.6) from (4.8). Now, the existence of the global solutions

to Cauchy problem (3.1), (3.2) can be proved by extending the local solutions in

time (see Subsection 4.2 in [28]). Moreover, the proof of the uniqueness is standard,

relying on the estimates for the difference of two solutions (see Subsection 4.3 in [28]).

So, we omit the details for brevity.

4.2. The relaxation-time limits. We first prove Theorem 2.2. Let (̺τm , uτm ,

θτm , Vτm) be the global solution derived in Theorem 2.1 and we set

ψτm =

√
̺τm −√

¯̺√
¯̺

, ζτm =
θτm − θ̄

θ̄
.
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Then, by (4.6), (4.7) and Lemma 2.2, (ψτm ,uτm , ζτm ,Vτm) is the unique solution to

system (3.1), (3.2) satisfying

(4.10)

‖ψτm(t)‖2H2 + ‖∇V
τm(t)‖2H2 + τm‖∇3ψτm(t)‖2H1 + τm‖∇4

V
τm(t)‖2H1

+ τ2m‖(ψτm
t ,∇u

τm)(t)‖2 + τ3m‖∇(ψτm
t ,∇u

τm)(t)‖2H1 + τm‖ζτm(t)‖2H2

+

∫ t

0

‖ψτm(s)‖2H4 ds+

∫ t

0

‖(ψτm
t ,∇u

τm)(s)‖2 ds+ 1

τe

∫ t

0

‖ζτm(s)‖2H2 ds

+ τm

∫ t

0

‖(ψτm
t ,∇u

τm)(s)‖2H1 ds+

∫ t

0

‖∇ζτm(s)‖2H2 ds

. ‖ψ(0)‖2H2 + τm‖∇3ψ(0)‖2H1 + ‖∇u(0)‖2 + τm‖∇u
2(0)‖2H1 + τm‖ζ(0)‖2H2

for any t > 0. The right-hand sides in (4.10) are independent of τm due to

(2.4). Thus, these uniform estimates and the arguments on compact set in the

space Lp(0, T ;B) (see [30]) imply the existence of a subsequence denoted also by

(ψτm ,uτm , ζτm ,Vτm) such that

(4.11) ψτm −→ ψ ∗-weakly in L∞(0,∞;H2(R3)) ∩ L2(0,∞;H4(R3)),

ψτm
t −→ ψt weakly in L2(0,∞;L2(R3)),

ψτm −→ ψ strongly in L2(0,∞;H3
loc(R

3)),

u
τm −→ u weakly in L2(0,∞;H1(R3)),

ζτm −→ ζ weakly in L2(0,∞;H3(R3)),

V
τm −→ V ∗-weakly in L∞(0,∞;H3(R3))

as τm → 0. Also, the above converging results allow the limit solutions (ψ,u, ζ,V)

from the FQHD model (3.1), (3.2) to the system

(4.12) [(1 + ψ)2]t + div[(1 + ψ)2u] = 0, x ∈ R
3, 0 < t 6 T,

u+
2θ̄(1 + ζ)

1 + ψ
∇ψ + θ̄∇ζ = h̄2∇

( ∆ψ

1 + ψ

)

+V, − κ

¯̺(1 + ψ)2
∆ζ = − β

τe
ζ,

divV = ¯̺(ψ2 + 2ψ), rotV = 0, ψ(x, 0) =

√

̺0(x)−
√
¯̺√

¯̺
.

Indeed, noticing that

F τm → 2κ

3

( 1

¯̺(1 + ψ)2
− 1

¯̺

)

∆ζ weakly in L2(0,∞;L2(R3))

due to (3.3), and using (4.11), we obtain (4.12)3 from (3.1)3. It is easy to check the

other equations in (4.12).
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If we set ̺ = (1 + ψ)2 ¯̺ and θ = (1 + ζ)θ̄, then system (4.12) is equivalent to the

Cauchy problem (1.4), (2.9). Moreover, we obtain from (4.11) that

ψ ∈ L∞(0,∞;H2(R3)) ∩ L2(0,∞;H4(R3)), ψt ∈ L2(0,∞;L2(R3)),

ζ ∈ L2(0,∞;H3(R3)), V ∈ L∞(0,∞;H3(R3)),

which implies (2.8). The proof of Theorem 2.2 is completed.

Next, we prove Theorem 2.3. Let (̺τm,τe,uτm,τe , θτm,τe,Vτm,τe) be the global

solution derived in Theorem 2.1 and we set

ψτm,τe =

√
̺τm,τe −√

¯̺√
¯̺

, ζτm,τe =
θτm,τe − θ̄

θ̄
.

Then, (ψτm,τe ,uτm,τe , ζτm,τe,Vτm,τe) is also the unique solution to system (3.1), (3.2)

satisfying (4.10). Thus, there exists a subsequence denoted also by (ψτm,τe, uτm,τe ,

ζτm,τe , Vτm,τe) such that

(4.13) ψτm,τe −→ ψ ∗-weakly in L∞(0,∞;H2(R3)) ∩ L2(0,∞;H4(R3)),

ψτm,τe
t −→ ψt weakly in L2(0,∞;L2(R3)),

ψτm,τe −→ ψ strongly in L2(0,∞;H3
loc(R

3)),

u
τm,τe −→ u weakly in L2(0,∞;H1(R3)),

ζτm,τe −→ 0 strongly in L2(0,∞;H2(R3)),

V
τm,τe −→ V ∗-weakly in L∞(0,∞;H3(R3))

as τm → 0 and τe → 0. Also, the above converging results allow the limit solutions

(ψ,u,V) from the FQHD model (3.1), (3.2) to the system

[(1 + ψ)2]t + div[(1 + ψ)2u] = 0, x ∈ R
3, 0 < t 6 T,

u+
2θ̄(1 + ζ)

1 + ψ
∇ψ = h̄2∇

( ∆ψ

1 + ψ

)

+V,

divV = ¯̺(ψ2 + 2ψ), rotV = 0,

ψ(x, 0) =

√

̺0(x)−
√
¯̺√

¯̺
,

which is equivalent to the Cauchy problem (1.5), (2.9) for QDD model, if we set

̺ = (1 + ψ)2 ¯̺ and θ = (1 + ζ)θ̄. Moreover, we obtain from (4.13) that

ψ ∈ L∞(0,∞;H2(R3)) ∩ L2(0,∞;H4(R3)),

ψt ∈ L2(0,∞;L2(R3)), V ∈ L∞(0,∞;H3(R3)),

which implies (2.10). The proof of Theorem 2.3 is completed. �
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