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Abstract. This paper is concerned with the global well-posedness and relaxation-time
limits for the solutions in the full quantum hydrodynamic model, which can be used to
analyze the thermal and quantum influences on the transport of carriers in semiconductor
devices. For the Cauchy problem in R3, we prove the global existence, uniqueness and ex-
ponential decay estimate of smooth solutions, when the initial data are small perturbations
of an equilibrium state. Moreover, we show that the solutions converge into that of the
simplified quantum energy-transport model and the quantum drift-diffusion model for the
moment relaxation limit, and the moment and energy relaxation limit, respectively.

Keywords: quantum hydrodynamic equation; quantum Euler-Poisson system; bipolar
semiconductor model; relaxation-time limit
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1. INTRODUCTION

We consider the following full quantum hydrodynamical (FQHD) model for semi-
conductors (see [15], [6]):

ot + div(gu) = 0,

(ou); + div(ou ® u) + Vp(o,0) = TLQQV(%) + oV — %;
(0,0)

9 2
00; + ou - VO + p3

1.1

" diva = 2 div(sV) + = div(oAu) — =
iva= —di —di —
vu = zdiv(x 5 div(eAu) — o

AdivV=p—-p5, 1rotV=0 zcR3 t>0,

/8 Q(e - 0))

where o(z,t) is the electron density, u(z,t) = (uy,ua,us) is the velocity, 6(x,t) is
the temperature, V(x,t) = (V1,Va, V3) is the electric field and p(p,0) = 00 is the
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pressure. Also, i > 0 is the (scaled) Planck constant, 7,, > 0 is the momentum
relaxation time, x > 0 is the heat conductivity, 7. > 0 is the energy relaxation time,
6 > 0 is the temperature of the semiconductor lattice in energy units, A > 0 is the
Debye length, g > 0 is the doping profile and 5 > 0.

If p is a function of g only, then the corresponding barotropic model reads as

ot +div(eu) =0,
(1.2) (ou); + div(pu ® u) + Vp(p) = h%V(%) + oV — Q,

Tm

AdivV =p—p, rotV =0,

which is called the unipolar isentropic (or isothermal) QHD model for semicon-
ductors.

In the present paper, we investigate the relaxation-time limits (7,,, — 0 and/or
Te — 0) for FQHD model (1.1). In the real simulations of semiconductor devices,
the size of the device is rather small (in nano-size, for instance). This in turn
makes the scaled parameters 7,,, 7. rather smaller due to different situations under
consideration. The typical values of the parameters for semiconductors are given
n [24]. Therefore, one of the both mathematically and physically important prob-
lems is to justify the asymptotic approximation (or behavior) of the macroscopic
observable of the quantum hydrodynamical model subject to the small parameters
mentioned above.

First, we are interested in the global well-posedness of solutions for QHD
model (1.2) or FQHD model (1.1). For last two decades, there have been many
mathematical studies about the unipolar QHD model (1.2) in different settings.
For the stationary system in 1-D case, Jiingel, Li [12], [13] proved the existence,
uniqueness and exponential stability of the subsonic stationary solution to the
Dirichlet-Neumann mixed boundary value problem. For the stationary system in
multi-D case, Jiingel [11] proved the existence of solutions to the boundary value
problem in bounded domains, and Dong [5] studied the existence and semi-classical
limit of the boundary value problem with a mixed boundary condition. For the
non-stationary system in 1-D case, the existence and semi-classical limit on the
solutions were studied in [9], [10] for the Cauchy problem and in [27] for the initial
boundary value problem of bounded interval. Also, for non-stationary system in
multi-D case, Li, Marcati [21] proved the existence and exponential decay of the
smooth solutions to the periodic boundary value problem in torus T2, and Jiingel,
Li, Matsumura [14] showed the existence and relaxation-time limit of the smooth
solutions to the Cauchy problem in R3. However, to the best of our knowledge, there
seems not to be any result for the existence of solutions to non-isentropic unipolar
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QHD model (1.1) except for [28], where they proved the global well-posedness and
exponential decay for system (1.1) with 7,,, = 7.

Next, we turn to the analysis of relaxation-time limits. To this end, let us introduce
the diffusion scaling as

x—x, t— i, (o™, u™m 0T VT (x,t) = (g, E,H,V) (x, i)

Tm Tm Tm

Then (1.1) can be rewritten as

(1.3) ol 4 div(p™u™) = 0,
72 (P + 72, div(g™uT @ u™) + V(gm0

A/o™m
_ hQQT"LV< (ng ) + Q‘Fm Vm — Q‘fm u‘"m7

m T"'L m m m
Tm0 ™0™ + Tmo™™u™ - VO™ 4+ 1,

2 QTm 07—77L

3 diva™

2 h? 2
=3 div(kVO™) + T, 0 div(e™ Au™m) — 3—2@ 0™ — ),

Adiv V™™ = g™ — 5, rot VT = 0.

Formally, if we take only the moment relaxation-time limit 7,,, — 0 for the fixed
energy relaxation-time 7, > 0, then the simplified quantum energy-transport (QET)
model

(1.4) o¢ + div [gV—V(ge) +n2gv(%ﬂ —0,
_ Bo,;

—div(kVl) = —(6 — 0),

AdivV =p—p, rotV =0,

is obtained, which is considered by [16], where they proved existence of global weak
solutions to the periodic boundary value problem of system (1.4) in torus T¢ (d < 3).
Recently, [19] showed the stability of the stationary solution of system (1.4) with
h = 0 on an interval.

On the other hand, if we take the moment and energy relaxation-time limit, that
is, 7y, — 0 and 7. — 0, then the quantum drift-diffusion (QDD) model

_ Ay/o
1 — 2 — Y = = 1 = 0—0 =
(1.5) o +div [V —0Vo+h QV( /e )} 0, ANivV=p—p, rotV =0,

is obtained, which is considered by many papers (see [17], [8], [18], [4], [2], [22], [1],
[3], [7], [26], [29] and the references therein).
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In fact, there are some mathematical results for the relaxation-time limit of the
isentropic QHD model (1.2), which is reduced to system (1.5) as 7, — 0 (see [14],
[31], [23], [2], [1] and the references therein). However, to the best of our knowledge,
there seems not to be any result for the relaxation-time limits of non-isentropic QHD
model (1.1), which is the main goal of this paper.

Notation 1.1. In this paper, LP(R3) and WI?([RB) denote the usual Lebesgue and
Sobolev spaces on R?, with norms ||-||r» and ||~||W§, respectively. When p = 2, we
denote W} (R?) by H*(R?) with the norm ||| g and ||-|| go = ||-||, which will be used
to denote the usual L?-norm. We use the following notation:

HF(R®) = {w e LS(R?) | Vw € H*1(R®)}, k>1.

The notation |(A1, Aa,...,A;)|| g~ means the summation of ||A;|| g+ from i = 1
to i = l. For a multi-index a = (o, 2, a3), we denote D = 031052093 and

|| = a1 + a2 + a3. For an integer m, the symbol V™ denotes the summation of
all terms D® with the multi-index « satisfying || = m. We use C, ¢ to denote the
constants which are independent of x,t and may change from line to line. We also
omit the spatial domain R3 in integrals for convenience. For simplicity, we use the
notation a < b which means a < Cyb for a universal constant Cy depending only on
h, 0,0, B and k.

2. MAIN RESULTS AND PRELIMINARY

2.1. Main results. We consider the Cauchy problem of system (1.1) with the

initial condition in R3:
(2.1) (0,1,0)(x,0) = (00, u0,6)(z) — (2,0,0) as |z| = co.

From now on, we set the scaled Debye length to be one A = 1 for simplicity.
First of all, we have the global existence and uniqueness theory of the Cauchy
problem (1.1), (2.1).

Theorem 2.1 (Global existence). Let g, 0, x and 3 be fixed positive constants.
Assume that for the positive parameters T,,, T. of system (1.1), it holds

46* 6
(2.2) Tm <1, 7.<1 and —1p1e <h2< 84

g 0
Also, suppose that
(2.3) (/35 — v/ o, b0 — ) € HA(R?) x H3(R?) x H(R?).
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Then there exists a positive constant 19 > 0 depending on h, 3, , 0,  but indepen-
dent of 7,,, 7. such that if

(2.4) Iveo = Vellze + Vol + 7160 — 07
+ 7 IV V2ol 7 + IV?u0l3) < 15,

the Cauchy problem (1.1), (2.1) admits a unique solution (p,u, 8, V) on [0,c0) sat-

isfying
(2'5) (x,t)E]i%Iéi [0,00) Q(l‘, t) >0, (x,t)e}%ryl’i [0,00) 9($,t> >0,
Ve =@ € C([0,00); HY(R?)) N CH([0, 00); H*(R?)),
u e C([0,00); H3(R?)), 'V € C([0,00); H(RY)),
0 —0 e C(J0,00); H*(R®)), V6 € L?*(0,00; H*(R?))
and
(2.6) I(vVe = Vo) O)llfs + la@®liFs + 10 = ) @)IF + V)5

< O(lIveo = Vallips + uoll3e + 100 — Olf72)e ™
for any t € [0, 00), where C, ¢ are positive constants dependent on t and 1.

Remark 2.1. (1) In the real simulations of semiconductor devices, the size of
the device is rather small (in nano-size, for instance). This in turn makes the scaled
parameters f, 7, Te rather smaller due to different situations under consideration.
The typical values of the parameters for semiconductors are given in [24]. Therefore,
one of the both mathematically and physically important problems is to justify the
asymptotic approximation of the macroscopic observable of the quantum hydrody-
namical model subject to the small parameters mentioned above. The third condition
in (2.2) requires that the relaxation parameters 7, and 7. are rather smaller than
the scaled Planck constant h.

(2) Condition (2.2) holds for small 7,, and 7., which is not needed for isentropic
QHD model (1.2). In fact, Jiingel-Li-Matsumura [14] proved the existence, expo-
nential decay and relaxation-time limit for the Cauchy problem of isentropic QHD
model (1.2) with D(x) # const., when (/20 — VD, uo) € H® x H°. Also, we would
like to emphasise there exists a recent result ([28]) similar to Theorem 2.1 in the case
of the full QHD model (1.1) with 7, = 7.

Next, we consider the relaxation-time limits for FQHD model (1.1). To this end,
we consider indeed the initial value problem for the re-scaled system (1.3) together
with the following initial data:

T, T T, Tm 11Tm OQTm Uo
27) (e w 07 (@, 0) = (gf g 0 (@) = (0. 2. 60) (@), @ € R

m
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By Theorem 2.1, it is easy to verify that there is a unique global smooth solution
(o™, u™ 0™ V™) of system (1.3), (2.7) satisfying (2.5). What is left is to establish
the uniform estimates with respect to the parameters 7,,, and/or 7. in order to pass
into the limits. We have the following theorem.

Theorem 2.2 (Momentum relaxation-time limit). Under the assumptions of The-
orem 2.1, let (o™ ,u™, 0™ V™) be the unique global solution of the system (1.3),
(2.7) satistying (2.5), (2.6). Then there exists a limit (9,0, V) as 7, — 0 satisfying

(2.8) /o — 2 € L>(0,00; H*(R?)) N L?(0, 00; H*(R?)), 0; € L*(0,00; L*(R?)),
0 — 0 c L*(0,00; H*(R®)), V & L>(0,00;H*(R?)),

where (0,0, V) is the strong solution of the Cauchy problem for QET model (1.4)
with initial condition

(2.9) 0(z,0) = go(z), = €R3.

Theorem 2.3 (Momentum and energy relaxation-time limit). Under the assump-
tions of Theorem 2.1, let (9™ ™, u™™ T §7m:Te 'V 7m:Te) be the unique global solution
of system (1.3), (2.7) satisfying (2.5). Then there exists a limit (o, V) as 7, — 0
and 7. — 0 such that

(2.10) VB~ VT € L(0, 00; H(RY)) 1 L2(0, 005 H (R9)),
ot € L*(0,00; L*(R?)), 'V € L>(0,00; H*(R?)),

and (o, V) is the strong solution of the Cauchy problem for QDD model (1.5) with
initial condition (2.9).

Remark 2.2. (1) The same results as in Theorems 2.1-2.3 are also obtained
for the periodic boundary value problem of the full QHD model (1.1) in torus T¢ =
(0,1) (d = 2,3) (see Li, Marcati [21] for the isentropic QHD model (1.2)).

(2) It is possible to generalize the results in Theorems 2.1-2.3 into the case of
the more general state equations, that is, p,(g,0) > 0 and eg(p,0) > 0, instead of
p = 00 and e = 360/2, respectively, where e is the inertial energy. It will be left for
the future work.

Highlight of this paper. The main purpose of this paper is to justify the
asymptotic approximation of the macroscopic observable of the full QHD model
subject to the small relaxation-time parameters 7, and 7.. The main steps in prov-
ing Theorems 2.1-2.3 are to derive the a priori estimates for (¢, u, {, V) independent
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of the time T and the small relaxation-time parameters 7,,,7.. Here, we briefly
review the main differences, compared with our previous work [28], where we ob-
tained the same result as in Theorem 2.1 for fixed relaxation-time 7 = 7,,, = Te.
In fact, for the fixed relaxation-time 7,,, > 0, if we multiply the reformulated equa-
tion (3.6) on the momentum equation (1.1), by 1, then we have the uncontrolled
term 16 [(1 + 1)V - Vi dz (see (3.18)), while if we multiply the reformulated equa-
tion (3.8) on the energy equation (1.3), by (1+ )¢, then we have the uncontrolled
term —(2h%7,,,/(30)) [(1 +)Viby - V¢ da (see (3.20)). In [28], Lemma 3.1, we have
taken the strategy to eliminate two uncontrolled terms by multiplying the second
term by 362/ (4h27m) for the fixed 7,,, > 0. However, in this paper, we cannot bor-
row the strategy because we study the relaxation-time limit 7,,, — 0. To circumvent
the difficulties, we first make a term %(Tm — 1) [(1 + )V - V{dx to survive by
multiplying the second term by 362/(4h%) (see (3.25)). Therefore, a term which can
not be small was generated in lower order estimate (see (3.12)). Next, we obtain the
high order estimate with all small controlled terms (see (3.33)). Then, combining
the lower and higher estimates, we could get the desired estimate, independent of T,
Tm and 7., needed for the study of relaxation-time limits.

2.2. Auxiliary results. We need the following standard results.

Lemma 2.1 (Gagliardo-Nirenberg inequality, [25]). Letl, s and k be any integers
satistying 0 < I, s < k, and let p,r,q € [1,00] and l/k < 6 < 1 such that

4GB G-

Then, for any u € W(I’“(R3), there exists a positive constant C > 0 depending only
on q,k,r and s such that

IV'ull e < OV ullLo [ Voull 2,

where |[|[V! - ||zr = Y ||DY - || 1v-

e

Lemma 2.2 ([14], Lemma 2.7). Let f € H*(R3), s > 3/2. There exists a unique
solution V € H*! of the divergence equation

divV=f r1otV=0, V()=0 (Jz|] > )

satisfying
[Vlize < Csllfll,  IVVIas < Csll flla--
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Last, we shall frequently use the following Moser-type calculus inequalities:

Lemma 2.3 ([20]). For f,g € H*(R*) NL>(R?) and |o| < s, s > 3, it holds that

ID(fl < Csll IVl + gl [[V*£1)-

3. A PRIORI ESTIMATES

This section is devoted to derive the a priori estimates, which play a crucial role

in the proof of our main results.

Since we are interested in not only the global existence theory but also the

relaxation-time limits of smooth solutions with respect to small parameters, we deal
with the Cauchy problem (1.3), (2.7) directly, because the scaled Cauchy prob-
lem (1.3), (2.7) is equivalent to the original Cauchy problem (1.1), (2.1) for smooth

solutions.

We first reformulate the Cauchy problem (1.3), (2.7). For simplicity, we omit the

index 7, in the following argument. That is, we take
(o™, u™, 0™ V) = (o, u,6, V).
Then, setting
wz%f and C:%—l,

we obtain from (1.3) and (2.7) (see [28], Subsection 2.1) that
(3.1)

1
Ve +u- Vi + —;wdivu:O,
0 _
o+t 2V (u?) - 7 rotu x u+ %ﬁﬁw +OVC = hQV(lﬁ—ww
26 2K 2Tm .. B Tm o
: =2 p ¢ 222 iy — T A i) = P,
TmGt + 3’7’6C 30 ¢+ 3 divu 37 (divu)

divV = g(¥? +2¢), 10tV =0

and
~ (Veolz) — /o Oo(z)
(32) (07, Q) ,0) = (22 o), 5= 1),
respectively, which is convenient to obtain the a priori estimates of (¢, u, ¢, V), where
h2, 2k 1 1 27,
3) F™™ — mV(a(1 2l.Au—1,u- S (———=—=)A-="(¢divu.
(3.3) 300 Vie(14+¢)*]-Au—7,u-V{+ 3 (@(1+w)2 @) ¢ 3 ¢divu
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Define the solution space X (0,7) for system (3.1), (3.2) by

X(0,7) == {(¢,u,(, V) | ¢ € C([0,T]; H(R*)) N C*([0, T]; H*(R?)),
ue C([0,T]; H*(R%), V € C([0, T]; H*(R?)),
¢ € C([0,T]; H*(R®)), V¢ € L*(0,T; H*(R?))},

where 0 < T < oco. Also, we assume a priori that there exists a small positive
constant 7; < 1 depending on A, 3, k, 8, @ but independent of 7,,, 7. such that

(3-4) SupT(Ilw(t)H%rz + 7 [V + 7l (0, V) ()]

+ 1l V@, V) @)1 + 7€) 1F2) < 18,

which is necessary to obtain the a priori estimates independent of T', 7,,, and 7.. By
using (3.4) and Lemma 2.1, we can choose 7; > 0 such that

3

1
(3.5) 0< 3 <1+t <3

2

Next, we reformulate some equations in (3.1) for the convenience in a priori esti-
mates. To this end, we assume that (¢, u,(, V) € X(0,7T) is the solution of Cauchy
problem (3.1), (3.2) satisfying (3.5). Differentiating (3.1), for ¢, we get

Uit + m div((1+ 7/1)21’4) + Vi, -u+ % divu = 0,
and using (3.1), yields (see [28], Subsection 2.1) that
h? _ 0
(3.6) T+ B0 + A% = BAG — S (14 9)AC = £,
where
2 _
(3.7) fim = =12V u— %”wt divu — g(&pz + %) = V-V
2
+ %(1 + ) div[(u- V)u] + 72 V¢ - ((u- V)u)
B ; .
S T2 I ) L M e

1+
Also, using (3.1),, we rewrite (3.1), as

2 1+ 1+

/8 41, 2h27-m Uy Tm
(3.8) i+ € = SEAC = T + T A () = g

where

Tm _ Tm __ 4 h Vil) u
(B9 g = FT = g = Vo) - SEEA(TE).
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Last, taking rot to (3.1), yields (see [28], Subsection 2.1) that

20(1 4+ ¢)

(3.10) 72 (rotu); + rotu — 72 rot(rot u x u) + rot( 110

Vi +0VC) =0
Noticing that

rot(rotu x u) =rotudivua+ (u- V) rotu — (rotu V)u,

20(1+¢) = +¢
i Sl Y =9 ==
rot Ty Vi +0VC) = 9V< H}) Vi = vangw,
we obtain from (3.10)
(3.11) 72 (rotu); + rotu — 72 rot udivu
2 2 ___%
T (rotu- Viu+ 75, (u-V)rotu = 1+wVC><V1/J

We first will prove the following lower order estimate:
Lemma 3.1. Under assumption (3.4), it follows that

d _
(3.12) —Eo(t) + Ao(t) < 40V lleell + Con IV 3z + IVZCI? + 7 V20]?),

where
(3.13)

1
Bo(t)i= 1P + 72 [ wurda 72l + ol

3602 Tm
11+ )P + 77 [rot 2,

h2 2 ) 2
+ A2 + 81yl +

-
o
—~

~+
N2

Il

2 62 Tm B6?
(1= 2 )l - 25 [vncda+ e €I + frotu?

2 _
Y
HAW + 5 vl

b\ Tull? +
+5IVHI + /vw

and C' is a positive constant depending only on h, g, 8, 3 and k.

Remark 3.1. By using (2.2) and (3.5), we obtain from (3.13)

(3.14) Eo(t) = [[9ll32 + 75 [l (e, rot w)[|? + 7| ¢
and

1
(3.15) Ao(t) = (|91 = + || (e, ot w)[|* + T—HCH2 +1v¢I?,

where A = B means CA < B < A/C for a generic constant C' > 0 depending only
on h, 9, 6, B and k.
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Proof of Lemma 3.1. Multiplying (3.6) by v and integrating it over R®, we
obtain (cf., [28], (3.4)) that

1d

h2
316 ga (Wi +erd [ovas) — P + gt + iavp

. 0
+ 0|Vl + 5/vg - Vipdz = I,

where

2

(3.17) I} =72 /wt div(yu) do — 72, / % divuy dz — %’L /((u -V)u) - Vi dx

o .
+/1+wdlv[(l+w><vw]wdx_/(5(3w2+w3)+vw.V)wdx

R (AY)? VYR
+/(71+w +91+w+9w-vg)¢dx.

Multiplying (3.6) by v and integrating it over R?, we obtain (cf., [28], (3.6)) that

Gy S+ ol + Al + 6V el) +
‘ 24\ 2 ‘
7
+§/(1+w)VC-thdx:I§,
where

319) 2= Tfn/[lzw divl(u- V)u] + Vo - ((u - V)w)| v da
-
+/(

Multiplying (3.8) by (1 + ¢)?¢ and integrating it over R3, we obtain (cf., [28],
(3.9)) that

0
o VI 9T de

SN

(BY* +¢*) + VY-V —
§ VY2 0

(Ag)?
T +91+w+5w~v<)wtdx.

v

md)

2
(3.20) 2 dt

5 20 9 2K 9
(19 + 5 CIE + 5219¢]

AT 207, ;
_%/wtcdx— 367T /(1+w)th~vgdx:13,
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where
(3.21)

Ig:/(1+w)2 T*"Cdx——/i/)2+1/)42 z—g/w(ﬂw)IVCIde
_4_7/(1+¢)<w-vgdx+—m/w(2+w)wt<dx+m/(1+w)wt<2dx

2h27m | V)2
1+

/wt [2div(¢VY) + Vi - V(+2¢ | dz

Multiplying (3.11) by rotu and integrating it over R*, we have

o d 2 2 _ 74
(3.22) TEHrotuH + [[rot u||* = I,
where
. _ 37, . 5
(3.23) Iy = " (rotu-rotu)divudz + 7, [ (rotu-V)u-rotudx
— 25/@ -rotudz.

Here, we used the following formula:

(3.24) /(a-V)b-cdm = —/(b-c)divadm—/(a-V)c-bdx.

Thus, taking the procedure
1 362
(3.16) x 3+ (3.18) + (3.20) x el (3.22),

we get

1d 1, 5 302 5
(3.25) §EEO( )+ Ao(t) = 510 +1o +RIO +1y+(Tm —1)

N D

/ (149)VC - Ve da,

where E(t) and Ag(t) are defined by (3.13).

We estimate all the terms of the right-hand side of (3.25). First, for the
term I}, using (3.5), Lemma 2.1, Lemma 2.2 and (3.4), we obtain (cf., [28], (3.18))
from (3.17) that

(3.26) Iy < m(lell® + 1Vl + 91132 + lIC]12)-

Using (3.5), Lemma 2.1, Lemma 2.2 and (3.4), we obtain (cf., [28], (3.20))
from (3.19) that

(3.27) 1131 S m(lel® + [1Val® + 1017 + 18913 + [1€)13:)-
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Noticing that 7,,, < 1, we obtain from (3.23) that
(3:28) || S o lIVullzo [Vl s [Vl + V¢ 22 | V4 | o ||V
S @IVl 72 IVl 2 VP2 4 V2 V2V V|
S mrnl[V2al® + [Vl + V|7,
On the other hand, by the same lines as in [28], (3.23), we get
(3.29) J10+6PacIde S mIwls + 161

Thus, by (3.21) and (3.29), we have

330 IS [0+ 0P do+ ol (101 + I9¢F)

IVl llCl s IVEI + Tz (] LollCl zs + NCH s 1€] o)
+ T [Yel IV s IVCl e + [ADIICH Loe + [[Cll e [Vl LoVl Ls)

1
SmlelEs + T—HCH2 +IVClEn).

Also, using (3.5), (3.4) and 7,, < 1, we have

(3:31) Cn 228 [+pyve-wpnar =122 Lo+ o) van,ar
3
<0171V s + SIAC o]

(CmIIV2C||+—HACII)|thH 20| | [ V*C]I-

Substituting (3.26), (3.27), (3.28), (3.30) and (3.31) into (3.25), and using 7, < 1
and 7. < 1, we have

1d _
(332) 2B+ Aolt) - 2Bl €]
1
< (Il + Il + e + I + V€I + 72920
1
S mu (1@t vot W2 + 1113 + = IS + V€13 + 72 V2ul?)
®.19) 2,112 2,012 1 2 ||T24 |2

S m(Ao() + V[l + IV + 75, [V7u7),

where we used ||Vul|? = ||divul|? + |[rot u|? and

[divall S {4l + m Vel

due to (3.1);.
By using the smallness of 171 > 0, estimate (3.12) follows directly from (3.32). The
proof of Lemma 3.1 is completed. O

125



Next, we prove the higher order estimate:

Lemma 3.2. Under assumption (3.4), it follows that

d
(3:33) T Balt)+ Aalt) < Cm (Il + (v, ot w)?
1
o Tl V (@, vt w) B+ = ¢l + IVC e
for || =1 or 2 and any t € [0,T], where

1
(330)  Balt) = DI + 72 / DDy da + 73| Dl + 7] D

h2

T ID A + 7, | DOV
39 Tm o o
= I+ ) D 4 73 rot D,

R 7—721’1, « 2 o oY B92
Ralt) = (rn = ) ID0l? - T3 [ DouDe e + e

HTm

I\l?aCI\2

0
+—|\VD%/1H2 /VD% vD*

h/2
+ AD | + ||Da1/1”2+7m|\1"0tDau||2

and C' is a positive constant depending only on h, g, 0, § and k.
Remark 3.2. By using (2.2) and (3.5), we obtain from (3.34)

(3.35)  Eo(t) = |[DY|* + 1| VD|| 31 + 75| D* (o1, rot w) || + 7, || DY
and

1
(3.36) Aa(t) = DYl + 7| D (1, rot w)|* + — [ DC|* + [ DV

Proof of Lemma 3.2. Applying D¢ to (3.6), multiplying the resulting equation
by D% and using the Leibniz formula

(3.37) Dwv) =wD™v+ Y ClDPwD* Py,
1<|8I< ol
we obtain (cf., [28], (3.29)) that

1d

339 gy (Iompee [ D%Dawtdx)— 2 Do + o D]

h2
+ | AD 2+ BIVD P + / VD¢ VD de = I o,
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where

(3.39) Lo= /(D“fT'" +Q > qg'lpﬂ 1+w)ADa5C>Da1pda:

1<|ﬁ\<\a|

é (6% o é « «
—§/wVD ¢-VD wdx—E/D YV DOC - Vipdz.

Applying D® to (3.6), multiplying the resulting equation by D*v, and using (3.37),

we obtain (cf., [28], (3.31)) that

2
(3.40) - (RND 2 + 2l DI + | AP + 81V D w?)

N —
Q|Q_,

0
+ | D%y ||* + /(1 +)VDYC - VDY dx = Iz 4,

where

(3.41) Lo = /<Daf”"+g > C}§D5(1+¢)ADaﬂg)Dawtdx

1<[BI<] e

0
-3 /Dfu)vmg-w dz.

Applying D* to (3.8) and using the Leibniz formula (3.37), we have

4Tm a
27127'm Do wt 2h27m
_ A = CgTm — [e%)
3 Sy TP T
where
B ] B a=p
(3.43) 92,0 = 1<%;|QC|QA{D ( +¢)D wt}

Multiplying (3.42) by (1 + )2D*( yields (cf., [28], (3.36)) that

Tm d 20 2K
44) 2@ D2 + == || D¢||? + = ||VD¢|[?
(3:44) G-I+ 0D + S D+ VD

A7 2R T,
- % Do, D¢ dx — 2T

/(1 +¢Y)VD%Y, - VD da = I3 4,
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where

2827,
30

+Tm/(1+w>wt(Dao 5/w 2+ $)(D°0)d

(3.45) I3, = /(1 +9)? (Dagfm - —, a)D (dz

- 2—'? /w(2 + )| VD da — T /(1 +)D* (VY - VD¢ dx

4 4m / B2 + ) D, DO da

_ 2h2Tm
36

[V
14+

/ D%y, [2 div(D*¢CVY) + Vi - VD¢ + 2D*¢ 2| da.

Applying D® to (3.11) and using

DY(f x g) =0y, (f x g) =gx D*f+ f x D% for |a] =1,
D(f x g) := 02,0,,(f xg9) =gx D*f + f x D%
+ Op, f X 0p, 9+ Ou, f X gOz,g  for |af =2,

we have

(3.46) 72 (rot D®u); + rot D%u —
+ 72(D*

fnrotD udivu — 72 (rot D*u - V)u
V) rotu — 72 rot udiv D*u
V)

-2 (rot u-V)D% + 72 (u- V) rot D*u

N 20 o
= —D (mVC) VQ/}— mvc x VD 1/1_ le,a+X2,ou

where xk,o(k =1,2) is zero for |a| =1 and

Xi,a = — (rotu)g, (divu),; — ((rotu)e, - V)(u)z; + ((u)s, - V)(rot u),,
— (rot ), (divu)s, — ((rotu)y, - _V)(u)gC + ((u)g; - V)(rotu),,,
o=~ (T ¥E) (0, — (T ¥E) % (Vo

for |a| = 2. Multiplying (3.46) by rot D®u, integrating it over R® and using (3.24),
we have

2
m

(3.47) Im

Im 2 \ivot D*ul|? + |[rot D*ul|? = I1.q,

[\]
&~
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where
(3.48) Iyo =172 / E rot D*udivu + (rot D%u - V)u — (D% - V) rot u} rot D*udx
+ 72 /[rot udiv D% + (rotu - V)D%u]rot D*udx
of 20 20 . .
—/[D (mvg) x Vi + (mvg) X VD] xot D*uda
- T’rQn/Xl,a rot D%udx + /Xz}a rot D%udz

2 3 4 5
= Ii,o( + I4,oz - I4,oz - I4,oz + I4,a'

Thus, from the procedure

1 362
(3.38) x 5 + (3.40) X 7, + (3.44) % e +(3.47) X T,y

we get

d 1 362
Ea(t) + Aa(t) = iIl,a + TmI2,a + _IB,a + TmI4,a;

4 - —
(3.49) 2 dt 452

where E,(t) and A, (t) are defined by (3.34).
We estimate the terms of the right-hand side of (3.49). For the estimate on I q,
using (3.39) and (3.7), we rewrite it as

0
2

6
(350) ILOt = Ill,a + Ilz,a + Iia + If,a + ilia - If,aﬂ

where

i, =—(-1)l / 290w+ rfn% divu+ 2(362 + %) D" Dy da,

I}, =—(-1)l / [wp V- div[(1 + w)ng]}D“D% dz,

1+ ¢

B, =1l [ [0 divltu: Va4 Vo (@ V)w)| DD da,

R (A)?2 VYR
4 1)\ w . a o
Io=(-1) /[21+¢+91+w+9w VC}DDwda:,

F,= > CI?‘/Dﬂ(l—kw)ADa*ﬂgDawdx,

INVEINEY

I, = / YV DOC VD da + / DT DR C - Vi da
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By using Holder’s inequality, (3.5), Lemma 2.1 and (3.4), we obtain (cf., [28], (3.45))
from (3.50) that

(3.51) [Tal S m([elF + 1Val® + (1€ + [12]1)-
Next, we estimate I3 o. To this end, using (3.41) and (3.7), we rewrite I o as
1 2 3 4 0 s
(352) I27Ot = IQ,a + IQ,a + IQ,a + IQ,a + 512,04’

where

211)

I, =- /D“ 2V, ut 72 2 divu + 2 (3¢ b )}Dawtdx,

I3, =- /D“ V-V — div[(1 + w)gw]} D%, de,

7
L+
B, = T,%L/Da ﬂ div[(u- V)u] + Vo - ((u- V)u)} Dy da,

h2 Aw Vo2
Ik, = /D S T OV vc} e de,

Ba= ), C}ﬂ/Dﬁ(l+w)AD“*’3CDawtda:—/Dawtvmg-wdx.

1<[BI<] e
Then, by the same lines as in [28], (3.47)—(3.49), we obtain from (3.52) that
(3.53) .ol S ¢l + Tl $elFe + 7o Vllze + 1VCI132)-
Also, we estimate I3 .. Using (3.45), we rewrite it as

2h*
__Ig,a + Ig,a + Ifgl,a + Ig,a + Ig,a + Ig,a + I?Ef,ou

.54 Iy, =1}
(35) 3, 3,a+39

where
I3, = /(1 +)°Dg[" D dz, I3, =—Tm /(1 +9)2g9,o D¢ dx,
Ba=tn [@ 400020 s, 1, ==22 [ w2+ 6)(D70 o
=g [0+ 0V P o, 15, =35 [+ 0DV VD Cdn

4
.= 2Tm /w (2 + ) Dy, D da,
s 27L27’m

La=—235" / D, [2 div(D*¢CVY) + Vi - VD¢ + 2D°¢

VY[

dz.
T e
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Then, by the same lines as in [28], (3.51)—(3.55), we obtain from (3.54) that

1
(355) g0l S i (I3 + 19037 + 7l Vil + — V€130 + 1 9€152).

Last, we estimate Iy o. By using (3.5), Lemma 2.1 and (3.4), we obtain (cf., [28],
(3.56)) from (3.48) that

(3.56) Tmllaal S m[$lEs + 7l VulZe + [VC]E2)-

Then, substituting (3.51), (3.53), (3.55) and (3.56) into (3.49), and using 7, < 1
and 7. < 1, we get

(3.57) Ea(t) + Aa(t) S m(IVal* + [0el* + 7l V20l 3 + 70 [ V0170

DN =
&~

(01 + G0 + IVC[5e).

Noticing that
(3.58) [Vul|% = [|div |3 + [[rot a3, for k=0,1,2
due to Au = Vdivu — rot(rot u) and
(3.59) ldival g < [l +ml Vol for k=0,1,2
due to (3.1),, we obtain (3.33) from (3.57). The proof of Lemma 3.2 is completed.

(I
4. PROOF OF MAIN RESULTS
In this section, we prove the main results, combining the estimates that we have

derived in the previous section.
Using Yong’s inequality, (3.15) (3.58) and (3.59), we obtain from (3.12) that

d 1
(4.1) S Bo(t) + Cr (913 + 1|, vot w2 + = ¢ + V¢
< oIVl + V3G + 7|V (1, ot w) 2),

where Oy, Cy are positive constants depending only on %, g, 8, 8 and k.
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Also, using the smallness of 7; > 0 and (3.36), we obtain from (3.33) that

d 1
(42)  LF1®) + Ca (V613 + mnll VW rotw) s + — VI3 + V303 )

1
< Ca (11613 + [, rotw)2 + — ¢ + 19¢]1),

where Eq(t) = Y, FE,(t) and

1<]al<2
(4.3) Ei(t) = IVYIin + il V20l F2 + 7 IV (@, rot W)+ 7o [ VE [

due to (3.35). Multiplying (4.1) by C5/(2C2), and adding the resulting inequality
with (4.2), since 1 > 0 is small, we deduce that there exists a constant C5 such that

wy LU o + @ rotw)?)

1
+ C5 (7| V (s rot W) + =[Cl3e + V€2 ) <0,

where E(t) = $C3Ey(t)/Ca + Ex(t).
Also, by (3.14) and (4.3), we have
(4.5)
E(t) 2 ¢lF + V¢l + moll (e, vot w) |2 + 7, |V (e, rot w) [ 7 + 7nlIC] 7o

Therefore, by using (3.58) and (3.59), we obtain from (4.4) and (4.5) that

(4.6)
dE(t 1
% + O (Il + 110 VI + [V 3, VOl + =[Gl + V€2 ) <0

and
(4.7) B(t) = ¢l + 7l V2Ol 5+l (@, VO 701V (@, V)3 47 [l e
respectively.

4.1. The existence, uniqueness and exponential decay of global solutions.
In this subsection, we will prove Theorem 2.1. We first state the existence of the local
solutions to Cauchy problem (3.1), (3.2). We omit the proof, because it is similar as

n [28], Theorem 4.1, where we used the linearization of the non-linear system and
the contraction mapping principle.
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Lemma 4.1. Let g, 0, 7,,, h and 7. be fixed. Assume that (2.3) and
my

dmq,mo >0 VmE[RB, 5

< oo(z), 6bo(z) < 2mo.

Then there exists a positive constant ty > 0, depending on h, Ty, Te, K, 0, 0, 3 and
(v/20 — /@, 10, 00 — 0)|| 4 3243 < 2, such that the Cauchy problem (3.1), (3.2) admits
a solution (o,u,0,V) on [0, ty] satisfying
my < Q(xvt)a g(x;t) < ma,
Ve = Ve € C([0, to]; HA(R)) N C1 ([0, to]; H*(R?)),
u € C([0,to]; H3(R?)), 'V € C([0,to); H*(R?)),
0 —0 € C([0,to]; H*(R?)), V0 € L*([0,t0]; H*(R?)).

By (4.6) and (4.7), there exists a positive constant ¢y > 0, depending on
h; Tmy Te, R,y @7 é; 6 Satisfying

(4.8) E(t) < E(0)e !
for fixed 7, and 7.. Therefore, by (4.7), (4.8) and (3.2), we get

(4.9) [0 F + T IV + 7| (8, V) (1)
+ IV (e, Va) )13+ Tl (1) |2
S E(t) < E(0)
S0 132 + 7l V29 0) 7 + [Vua(0)]?
+ 7 [VU(0) [ 71 + 7 [C(0) 1
< Iveo = Vel + mnll V2 Veoll 3 + [IVuolf?
+ Tm”quO”?{l + Tm||90 — §||?r_12
Using Lemma 4.1, (2.4) and (4.9), by a standard continuity argument, we can
close the a priori estimate (4.6). Also, by using (4.7) and Lemma 2.2, we obtain
the exponential decay (2.6) from (4.8). Now, the existence of the global solutions
to Cauchy problem (3.1), (3.2) can be proved by extending the local solutions in
time (see Subsection 4.2 in [28]). Moreover, the proof of the uniqueness is standard,

relying on the estimates for the difference of two solutions (see Subsection 4.3 in [28]).
So, we omit the details for brevity.

4.2. The relaxation-time limits. We first prove Theorem 2.2. Let (o™, u™,
6™ V™) be the global solution derived in Theorem 2.1 and we set

g = YO VB 20
ve o 0
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Then, by (4.6), (4.7) and Lemma 2.2, (¢)™™,u™, (™ V™) is the unique solution to
system (3.1), (3.2) satisfying

(4.10)

[ (= + IVV™ (O 2 + Tl V2™ O3+ 7l [VEVT ()] 2

+ ol Va7 + [V (@7, Va0 + T IC7 ()]

t t N 1 t
[ I @ ds+ [ r v @ s+ = [ ) as

t t
+Tm/0 (7, Vam) () 7 d8+/0 IV¢™ (5)II32 ds
S 0)IF2 + 7l VO 7 + V(O + 7V 0) [ F1 + 7l IS(0)] 72

for any ¢ > 0. The right-hand sides in (4.10) are independent of 7, due to
(2.4). Thus, these uniform estimates and the arguments on compact set in the
space LP(0,T; B) (see [30]) imply the existence of a subsequence denoted also by
(™ u™ (™ V™) such that

(4.11) Y™ —1p  x-weakly in L>(0, 00; H*(R?)) N L2(0, 00; H*(R?)),
7 — by weakly in L%(0, 00; L*(R?)),
Y™ — 1) strongly in L?(0, 00; H (R?)),
u™ — u  weakly in L?(0, 00; H!(R?)),
(" — ¢ weakly in L?(0, co; H3(R?)),
V™ — V  s-weakly in L>(0, co; H3(R?))

as 7, — 0. Also, the above converging results allow the limit solutions (¢, u,, V)
from the FQHD model (3.1), (3.2) to the system

(4.12)  [(1+¥)?) +div[(1+)*u] =0, z€R?® 0<t<T,

20(1 +¢) T 32 Ay _ K __B
T VOHOVC= IV () # VL o A=
divV = g(¢)* +2¢), 1otV =0, o(z,0)= M-
Vo
Indeed, noticing that
Frm 26 (71 — E)AQ weakly in L?(0, co; L2(R?))
3\o(l+¢)? o o

due to (3.3), and using (4.11), we obtain (4.12), from (3.1),. It is easy to check the
other equations in (4.12).
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If we set 0 = (14 )%p and 6 = (1 + ()@, then system (4.12) is equivalent to the
Cauchy problem (1.4), (2.9). Moreover, we obtain from (4.11) that

Y € L™(0,00; H*(R3)) N L2(0,00; HY(R?)), 1 € L*(0,00; L*(R?)),
¢ € L*(0,00; H3(R?)), V € L>(0,00;H*(R?)),
which implies (2.8). The proof of Theorem 2.2 is completed.

Next, we prove Theorem 2.3. Let (o7, u™ 7 §7m:7e VTm:Te) he the global
solution derived in Theorem 2.1 and we set

grmre = YO =Ny, T8
ve o 0

Then, (¢p™m 7, u™Te (Tm:Te 'V7Tm:Te) ig also the unique solution to system (3.1), (3.2)
satisfying (4.10). Thus, there exists a subsequence denoted also by (¢™™7e, u”m e,
CTm,Te’ V‘rm,‘re) such that

(4.13) PpTmTe 5 q)p x-weakly in L°°(0, 00; H2(R?)) N L*(0, 00; H*(R?)),
TmTe — by weakly in L2(0, 00; L*(R?)),

YT Te —qp strongly in L*(0, 00; Hp (R?)),

u™™ — u  weakly in L?(0, 00; H'(R?)),

¢ T — 0 strongly in L?(0, co; H?(R?)),

V7mTe 5V s-weakly in L>(0, 0o; H*(R?))
as 7, — 0 and 7. — 0. Also, the above converging results allow the limit solutions
(1,1, V) from the FQHD model (3.1), (3.2) to the system

[(1+¢)% +div[(1+¢)%u] =0, zeR’ 0<t<T,
200+ o At

u+wvw—TLV(m>+V,

divV = g(¢)? + 2¢), rot'V =0,

W(x,0) = 7V90($>__\/§,
Vo
which is equivalent to the Cauchy problem (1.5), (2.9) for QDD model, if we set
0= (1+1)?p and 0 = (1 + ¢)f. Moreover, we obtain from (4.13) that

Y € L>(0,00; H*(R?)) N L?(0, 00; H*(R?)),
¢ € L*(0,00; L*(R?)), 'V € L=(0,00; H*(R?)),

which implies (2.10). The proof of Theorem 2.3 is completed. O
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