
Czechoslovak Mathematical Journal

Ali Akbar Estaji; Maryam Taha
The clean elements of the ring R(L)

Czechoslovak Mathematical Journal, Vol. 74 (2024), No. 1, 211–230

Persistent URL: http://dml.cz/dmlcz/152276

Terms of use:
© Institute of Mathematics AS CR, 2024

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized
documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz

http://dml.cz/dmlcz/152276
http://dml.cz


Czechoslovak Mathematical Journal, 74 (149) (2024), 211–230

THE CLEAN ELEMENTS OF THE RING R(L)

Ali Akbar Estaji, Maryam Taha, Sabzevar

Received February 8, 2023. Published online October 27, 2023.

Abstract. We characterize clean elements of R(L) and show that α ∈ R(L) is clean if and
only if there exists a clopen sublocale U in L such that cL(coz(α− 1)) ⊆ U ⊆ oL(coz(α)).
Also, we prove that R(L) is clean if and only if R(L) has a clean prime ideal. Then,
according to the results about R(L), we immediately get results about Cc(L).
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1. Introduction

Prior to 1996, the ring R(L) of real-valued continuous functions on a frame,

namely, the pointfree version of the ring C(X), had been studied by some authors

such as Ball and Hager, see [3]. In 1996, a systematic study of the ring of real-valued

continuous functions in the pointfree topology was undertaken by Banaschewski,

see [6]. Also, [4], [5], [9], [15], [22] are good references on the subject of frames and

the ring R(L).

Johnstone in [16], [17] introduced the notion of strongly zero-dimensional lo-

cales, but Hui and Kang in [20] introduced a different definition for strongly zero-

dimensional and proved that for every strongly zero-dimensional locale L and

a, b ∈ Coz[L] with a ∨ b = ⊤ there exists a complemented element c in L such

that c′ 6 a and c 6 b. In this article, we adopt Hui-Kangs definition rather than

Johnstones one.

We recall that a frame is strongly zero-dimensional if its Stone-Čech compactifica-

tion is generated by its complemented elements. Banaschewski and Brummer in [7]

showed that L is strongly zero-dimensional if and only if a ≺≺ b in L implies the

existence of a complemented element c such that a 6 c 6 b.
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Dube in [10] showed that L is strongly zero-dimensional if and only if for all

a, b ∈ Coz[L] such that a ∨ b = ⊤, there exist complemented elements c and d such

that c 6 a, d 6 b and c ∨ d = ⊤ for each completely regular frame.
An element of the ring R is clean if it can be written as the sum of an idempotent

element and a unit element. We say that R is a clean ring if every element of R is

clean. A characterization of clean s of C(X) was given in [2]. Azarpanah in [2] also

proved that C(X) is clean if and only if X is strongly zero-dimensional if and only

if there exists a clean prime ideal in C(X).

Since Cc(X) is the largest subring of C(X) whose elements are countable images,

it led Estaji et al. in [12], [19], [23] to research the pointfree version of Cc(X), that

is, Rc(L). On the other hand, the concepts of localization have been considered

recently, see [11]. In particular, in [18], R-subalgebras Lc(X), Lf(X), and L1(X)

of C(X), include, respectively, functions with locally countable image, functions with

locally finite image, and functions with locally constant image. In [21], we can see

the results of recent studies in Lc(X).

In 2020, Estaji et al. in [13] introduced Rα for the first time. Also, in 2021,

Rezaei Aliabadi and Mahmodi in [1] studied pim(α) and proved that pim(α) = Rα.

In [24], the authors introduced another pointfree version of Cc(X) via the range of

functions, by using the definition of Rα and denoted it by Cc(L). This version is
more compatible with the functions of countable range. Moreover, Cc(X) contains

functions that have countable range but not countable overlap. One of the purposes

of this article is to characterize the clean elements of R(L). Dube in [10] showed

that L is strongly zero-dimensional if and only if R(L) is clean. In this paper, we

also present a different proof for this statement and give other characterizations for

R(L) and we prove when Cc(L) is clean.

2. Preliminaries

2.1. The frame of reals. A complete lattice L is said to be a frame (or locale)

if for any a ∈ L and B ⊆ L we have a ∧ ∨

B =
∨

b∈B

(a ∧ b). We denote the top

element and the bottom element of a frame L by ⊤ and ⊥, respectively. For every
element a, b ∈ L we have the Heyting operation a → b =

∨{x ∈ L : a ∧ x 6 b}, and
a∗ = a → ⊥. A frame homomorphism is a map f from a frame L to a frame L′ such

that it preserves finite meets and arbitrary joins.

Let L be a frame. An element a of a frame L is said to be rather below an element b

or a is well inside b, written as a ≺ b, if there is an element x such that a∧x = ⊥ and
x ∨ b = ⊤. In other words, a∗ ∨ b = ⊤. A frame L is said to be regular if a =

∨

x≺a
x

for every a ∈ L.
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For any a and b in a frame L, we say that a is completely below b in L and write

a ≺≺ b if there exists a trail {ai}i∈[0,1]∩Q ⊆ L such that a0 = a, a1 = b, and for every

p, q ∈ [0, 1] ∩ Q with p < q, ap ≺ aq. A frame L is said to be completely regular if

a =
∨

x≺≺a
x for every a ∈ L. Throughout this article, we consider all frames to be

completely regular.

Recall that the frame of reals is the frame L(R) generated by all ordered
pairs (p, q), with p, q ∈ Q, subject to the following relations:

(R1) (p, q) ∧ (r, s) = (p ∨ r, q ∧ s),

(R2) (p, q) ∨ (r, s) = (p, s) whenever p 6 r < q 6 s,

(R3) (p, q) =
∨{(r, s) : p < r < s < q}, and

(R4) ⊤ =
∨{(p, q) : p, q ∈ Q}.

A continuous real function on a frame is a homomorphism L(R) → L. The set of all

continuous real functions on a frame L is denoted by R(L) and the subring of R(L)

consisting of all bounded elements is denoted by R∗(L). We have τ : L(R) → O(R)

an isomorphism frame by τ(p, q) = {x ∈ R : p < x < q} and use this notation
throughout the article. Also, we set τ(p, q)⋄τ(r, s) := {x⋄y : x ∈ τ(p, q), y ∈ τ(r, s)}
for every ⋄ ∈ {+, ·,∨,∧}.
For every α ∈ C(L), it holds pim(α) =

⋂{w ∈ OR : α(w) = ⊤}, see [1]. A cozero
element of L is an element of the form α(−, 0) ∨ α(0,−) for some α ∈ R(L). For

any such α, we refer to α(−, 0) ∨ α(0,−) as coz(α). Estaji at al. in [13] put Rα =

{r ∈ R : coz(α−r) 6= ⊤} for every α ∈ C(L), and they studied some of its properties.

By [1], Proposition 2.3, it is evident that Rα = pim(α). We recall that Cc(L) =

{α ∈ R(L) : Rα is a countable subset of R} as the pointfree topology version of the
ring Cc(X) and Cozc[L] := {coz(α) : α ∈ Cc(L)}.

2.2. Sublocales. For a locale L, a subset S ⊆ L is a sublocale if and only if

M ⊆ L ⇒
∧

M ∈ S and (x ∈ L, s ∈ S) ⇒ x → s ∈ S.

The subset S is a frame in the order of L and inherits its Heyting structure. The

smallest sublocale of L is O = {⊤}, and is called the void sublocale, and the largest
sublocale of L is L. We say sublocalesA andB are disjoint ifA∩B = O. The set of all

sublocales of a frame L is denoted by S(L), see [22]. For every {Si ∈ S(L) : i ∈ I}
there is the formula

∨

i∈I

Si =
{

∧

A : A ⊆ ⋃

i∈I

Si

}

and
∧

i∈I

Si =
⋂

i∈I

Si. By [14],

Proposition 4.1 (4), L\B =
∨{S ∈ S(L) : B∩S = O} for every B ∈ S(L). (There are

many facts about L\ (−) in [14].) The open and the closed sublocales corresponding

to each a ∈ L are, respectively, the sublocales

oL(a) = {a → x : x ∈ L} = {x : x = a → x} and cL(a) = ↑a = {x ∈ L : x > a}.
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A sublocale U of a locale L is a clopen sublocale if and only if there exists a comple-

mented element a ∈ L such that U = cL(a).

Some of their properties that we shall freely use are as follows:

⊲ oL(⊥) = cL(⊤) = O and oL(⊤) = cL(⊥) = L,

⊲ cL(a) ⊆ oL(b) if and only if a ∨ b = ⊤,
⊲ oL(a) ∩ oL(b) = oL(a ∧ b) and cL(a) ∨ cL(b) = c(a ∧ b),

⊲
∨

i

oL(ai) = oL

(

∨

i

ai

)

and
⋂

i

cL(ai) = cL

(

∨

i

ai

)

.

We know that for every sublocale M of L there exists a frame homomorphism νA :

L → M such that νA(a) =
∧{x ∈ M : a 6 x} for every a ∈ L.

3. Characterizations for clean elements of R(L)

In this section, we characterize clean elements ofR(L). We prove α ∈ R(L) is clean

if and only if there exists a clopen sublocale U ∈ S(L) such that cL(coz(α − 1)) ⊆
U ⊆ oL(coz(α)). Also, we characterize clean elements of R∗(L).

Let γ ∈ R(L) and a ∈ L be given. For every p, q ∈ Q, we define γ|a : L(R) → ↑a
given by (p, q) 7→ γ(p, q) ∨ a.

Lemma 3.1. Suppose that a is a complemented element of L and that α ∈ R(L).

Then there exists a unique element γ in R(L) such that

γ(r, s) = [a ∨ α(r, s)] ∧ [a → α(r + 1, s+ 1)]

for every r, s ∈ Q.

P r o o f. Suppose that A := cL(a) and B := oL(a). Let ha = νAα and h′
a =

νB(α − 1) be given. It is evident that ha(s) ∨ a ∨ a′ = h′
a(s) ∨ a ∨ a′ for every

s ∈ L(R). Thus, by [8], Proposition 1.7, there exists a unique element γ in R(L)

such that γ|a = ha and γ|a′

= h′
a. Hence,

γ(r, s) = [γ(r, s) ∨ a] ∧ [γ(r, s) ∨ a′] = ha(r, s) ∧ h′
a(r, s)

= [a ∨ α(r, s)] ∧ [a → α(r + 1, s+ 1)]

for every r, s ∈ Q. �

Proposition 3.2. It holds that α ∈ R(L) is clean if and only if there exists

a clopen sublocale U in L such that cL(coz(α− 1)) ⊆ U ⊆ oL(coz(α)).
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P r o o f. Necessity. Let α ∈ R(L) be clean. Then there exist a unit element u

and an idempotent e in R(L) such that α = u + e. Since coz(e) has a complement

in L, we conclude that cL(coz(e)) is a clopen sublocale of L. Since

coz(e) ∧ coz(α− 1) = coz(eu+ e2 − e) = coz(eu) = coz(e) ∧ coz(u) = coz(e)

and

u = e− α ⇒ ⊤ = coz(u) = coz(e− α) 6 coz(e) ∨ coz(α),

we conclude that cL(coz(α− 1)) ⊆ cL(coz(e)) ⊆ oL(coz(α)).

Sufficiency. Let U be a clopen sublocale in L such that

cL(coz(α− 1)) ⊆ U ⊆ oL(coz(α)).

Then there exists a complemented element a ∈ L such that

U = cL(a) = cL(coz(fa)).

Thus, it follows from Lemma 3.1 that there exists a unique element γ in R(L) such

that γ = ha ∧ h′
a. Since

coz(ha) = νAcoz(α) =
∧

(A ∩ cL(coz(α))) =
∧

O = ⊤

and

coz(h′
a) = νBcoz(α − 1) =

∧

(B ∩ cL(coz(α− 1))) =
∧

O = ⊤,

we conclude that

coz(γ) = coz(γ) ∨ (a ∧ a′) = (coz(γ) ∨ a) ∧ (coz(γ) ∨ a′) = coz(ha) ∧ coz(h′
a) = ⊤,

which implies that γ is a unit element in R(L). Also, we have

(fa + γ)(r,−) =
∨

t∈Q

fa(t,−) ∧ γ(r − t,−)

=
∨

t<0
t∈Q

⊤ ∧ γ(r − t,−) ∨
∨

06t<1
t∈Q

a ∧ γ(r − t,−) ∨
∨

t>1
t∈Q

⊥ ∧ γ(r − t,−)

= γ(r,−) ∨ (a ∧ γ(r − 1,−)) 6 α(r,−)

and

(fa + γ)(−, r) =
∨

t∈Q

fa(−, t) ∧ γ(−, r − t)

=
∨

t>1
t∈Q

⊤ ∧ γ(−, r − t) ∨
∨

0<t61
t∈Q

a′ ∧ γ(−, r − t) ∨
∨

t60
t∈Q

⊥ ∧ γ(−, r − t)

= γ(−, r − 1) ∨ (a′ ∧ γ(−, r)) 6 α(−, r)
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for every r ∈ Q, which implies that (fa + γ)(r, s) 6 α(r, s) for every r, s ∈ Q.

Since L(R) is regular, we conclude that fa + γ = α. Therefore, α is clean. �

Since in any ring R, a ∈ R is clean if and only if 1 − a is clean, we have the

following result.

Corollary 3.3. It holds that α ∈ R(L) is clean if and only if there exists a clopen

sublocale U in L such that

cL(coz(α)) ⊆ U ⊆ oL(coz(α− 1)) or cL(coz(α− 1)) ⊆ U ⊆ oL(coz(α)).

Example 3.4. The above lemma is an effective criterion for recognizing the

clean elements of R(L).

⊲ Clearly every unit and every idempotent are clean.

⊲ If 0 6 α ∈ R(L) and n ∈ N, then

coz(αn − 1) = coz

(

(α− 1)
n−1
∑

i=0

αi

)

= coz(α− 1) ∧ coz

(n−1
∑

i=0

αi

)

= coz(α− 1) ∧⊤ = coz(α− 1).

Hence, every positive power integer of nonnegative clean elements of R(L) is also

clean.

⊲ Let n ∈ N with 2 ∤ n be given, and let α ∈ R(L) be given. If α ∈ R(L) and ̺n :

L(R) → L(R) is defined by ̺n(p, q) = (pn, qn), then α ◦ ̺n ∈ R(L), (α ◦ ̺n)n = α

and coz(α) = coz(α ◦ ̺n). Since coz(α ◦ ̺n − 1) = coz(α − 1), we conclude that

α ∈ R(L) is clean if and only if α1/n = α ◦ ̺n is clean.
⊲ Let n ∈ N with 2 | n and let 0 6 α ∈ R(L). If π : L(R) → ↑(−, 0) such that

π(p, q)











(pn, qn) ∨ (−, 0), 0 6 p < q,

(−, qn), p < 0 < q,

(−, 0), p < q 6 0,

then πn((p, q) 7→ (p, q) ∨ (−, 0)) : L(R) → ↑(−, 0) is the quotient map. Hence,

by [4], Lemma 2.1.1, there exists an element α in R(↑(−, 0)) such that α = απn.

If β = απ, then βn = α, see [6], Proposition 11 (3). Therefore, α ∈ R(L) is clean

if and only if α1/n := β is clean for coz(β − 1) = coz(α− 1).

⊲ For every α ∈ R(L), if coz(α− 1) = ⊤, then α is clean, because

O = cL(coz(α− 1)) ⊆ O ⊆ oL(coz(α)).
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⊲ If α ∈ R(L) with |α| < 1, then it is clean.

⊲ Corresponding to any α ∈ R(L), α2/(1 + α2) is clean for α2/(1 + α2) = 1 −
1/(1 + α2), where 1 is idempotent and 1/(1 + α2) is a unit.

So, R(L) is rich in clean members.

Remark 3.5. The sum or product of two clean elements of R(L) need not be

clean. For example, put f(x 7→ x2/(4 + x2)) : R → R and g(x 7→ 4+x2) : R → R. If

α = O(f) and β = O(g), then they are clean for cL(coz(α−1)) = cL(coz(β−1)) = O.

Since

cL(coz(2α− 1)) = cL

(

R−
{ 2√

3
,
−2√
3

})

=
{

R,R−
{ 2√

3

}

,R−
{−2√

3

}

,R−
{ 2√

3
,
−2√
3

}}

6⊆ oL(R− {0}) = oL(coz(α)) = oL(coz(2α)),

we conclude that 2α is not clean. One can easily see that αβ is not clean. The idea

of this example is taken from [2], Remark 2.3.

Lemma 3.6. Let α ∈ R(L) be idempotent and let β be a nonnegative element

of R(L). Then the following statements are true:

(1) coz(αβ − 1) = coz(α− 1) ∨ coz(β − 1),

(2) coz(α+ β − 1) = (coz(α− 1) ∨ coz(β)) ∧ (coz(α) ∨ coz(β − 1)).

P r o o f. It is evident that

α(x,−) =











⊤, x < 0,

coz(α), 0 6 x < 1,

⊥, x > 1,

and α(−, x) =











⊥, x 6 0,

(coz(α))′, 0 < x 6 1,

⊤, x > 1.

(1) We have

coz(αβ − 1) = αβ(−, 1) ∨ αβ(1,−)

=
∨

s>0

(

α(−, s) ∧ β
(

−,
1

s

))

∨
∨

s>0

(

α(s,−) ∧ β
(1

s
,−

))

= [(coz(α))′ ∨ β(−, 1)] ∨ [coz(α) ∧ β(1,−)] = coz(β − 1) ∨ coz(α− 1).

(2) We have

coz(α+ β − 1) = (α+ β)(−, 1) ∨ (α+ β)(1,−)

=
∨

t∈Q

(α(−, t) ∧ β(−, 1− t)) ∨
∨

t∈Q

(α(t,−) ∧ β(1 − t,−))

= [(coz(1− α) ∧ β(−, 1)) ∨ β(−, 0)] ∨ [β(1,−) ∨ (coz(α) ∧ β(0,−))].

217



Also,

(coz(1− α) ∧ β(−, 1)) ∨ β(−, 0) ∨ β(1,−) ∨ coz(α) = coz(β − 1) ∨ coz(α),

and

(coz(1− α) ∧ β(−, 1)) ∨ β(−, 0) ∨ β(1,−) ∨ β(0,−) = coz(1− α) ∨ coz(β).

Hence,

coz(α+ β − 1) = (coz(α − 1) ∨ coz(β)) ∧ (coz(α) ∨ coz(1− β)).

�

According to the intersection and the union of two clopen sublocales is a clopen

sublocale, we have the following lemma.

Lemma 3.7. In R(L), the following statements are true:

(1) The product of an idempotent and a nonnegative clean element is clean.

(2) The sum of an idempotent and a nonnegative clean element is clean.

P r o o f. Let e be an idempotent element ofR(L) and let α be a clean nonnegative

element of R(L).

(1) By Lemma 3.3 there exists a complemented element a ∈ L such that

cL(coz(α− 1)) ⊆ cL(coz(fa)) ⊆ oL(coz(α)).

By Lemma 3.6, we have

cL(coz(eα− 1)) = cL(coz(1− e)) ∩ cL(coz(α− 1)) ⊆ cL(coz(1− e)) ∩ cL(coz(fa))

= oL(coz(e)) ∩ cL(coz(fa)) ⊆ oL(coz(e)) ∩ oL(coz(α)) = oL(coz(eα)),

where cL(coz(1−e))∩cL(coz(fa)) is a clopen sublocale of L. Therefore, by Lemma 3.3,
eα is a clean element of R(L).

(2) Similarly, there exists a complemented element a ∈ L such that

cL(coz(α− 1)) ⊆ cL(coz(fa)) ⊆ oL(coz(α)).

By Lemma 3.6, we have

coz(e + α− 1) = (coz(α− 1) ∨ coz(e)) ∧ (coz(α) ∨ coz(1− e)).
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Hence,

cL(coz(e + α− 1)) = cL(coz(α− 1) ∨ coz(e)) ∨ cL(coz(α) ∨ coz(1− e))

⊆ (cL(coz(fa)) ∩ cL(coz(e))) ∨ (cL(coz(1− fa)) ∩ cL(coz(1− e)))

= cL(coz(β)),

in which cL(coz(β)) is a clopen sublocale. Since

cL(coz(α + e)) = cL(coz(α) ∨ coz(e)) = cL(coz(α)) ∩ cL(coz(e)),

then

cL(coz(β)) ∩ cL(coz(α+ e)) = cL(coz(β)) ∩ cL(coz(α)) ∩ cL(coz(e))

= cL(coz(fa)) ∩ cL(coz(e)) ∩ cL(coz(α)) ∩ cL(coz(e))

⊆ cL(coz(fa)) ∩ cL(coz(e)) ∩ cL(coz(1− fa)) = O.

By Example 3.4, α+ e is clean. �

It is well known that α ∈ R(L) is bounded if and only if there exists n ∈ N such

that α(−n, n) = ⊤.
Throughout this article for every α ∈ R(L) and p ∈ R we consider

A(α,p) := cL(coz((α− p) ∧ 0)).

Lemma 3.8. Let α ∈ R∗(L) be given. Let p, q ∈ R with 0 < p < q < 1 be given. If

there exists an idempotent element e in R(L) such that A(α,q) ⊆ cL(coz(e)) ⊆ A(α,p),

then α is a clean element in R∗(L).

P r o o f. Let α ∈ R∗(L) and p, q ∈ R with 0 < p < q < 1 be given, and let e be an

idempotent element such that A(α,q) ⊆ cL(coz(e)) ⊆ A(α,p). Let A := cL(a) and B :=

oL(a) in which a = coz(e). Let h = νAα and h′ = νB(α− 1) be given. If we define

γ(r, s) = [a ∨ α(r, s)] ∧ [a → α(r + 1, s+ 1)]

for every r, s ∈ Q, then by Lemma 3.1, γ ∈ R(L). Now, we prove that γ is a unit

and bounded. Since cL(coz(e)) ⊆ A(α,p), we conclude that

⊤ = α(−, p) ∨ coz(α) = coz((α − p) ∧ 0) ∨ coz(α) 6 coz(e) ∨ coz(α) = coz(h).

According to the assumption of the lemma, cL(coz((α− q) ∧ 0)) 6 cL(coz(e)). Then

coz(e) 6 coz((α − q) ∧ 0) 6 coz(α− 1),
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and so, coz(h′) = coz(e) → coz(α − 1) = ⊤. Then we can conclude that γ is a unit.
Now we prove h and h′ are bounded. Since α is bounded, there exists n ∈ N such

that α(−n, n) = ⊤. Then

h(−n, n) = νAα(−n, n) = νA(⊤) = ⊤.

Also, α is bounded, so is α − 1. Thus, there exists n ∈ N such that α(−n, n) = ⊤.
Then

h′(−n, n) = νBα(−n, n) = νB(⊤) = ⊤.

Therefore, γ is bounded. Now we claim that the inverse of γ is

β := γ ◦ τ−1 ◦ Of ◦ τ : L(R) → L,

where f(x 7→ x−1) : R \ {0} → R. It is evident that β is a homomorphism frame

and that coz(β) = coz(γ). Then

coz(βγ) = coz(β) ∧ coz(γ) = coz(γ) = ⊤ = coz(1).

Similarly, coz(γβ) = ⊤ = coz(1). Let p, q ∈ Q be given. Then

βγ(p, q) =
∨

{β(u, v) ∧ γ(r, s) : τ(u, v)τ(r, s) ⊆ τ(p, q)}

= γ
(

∨

{τ−1 ◦ Of ◦ τ(u, v) ∧ (r, s) : τ(u, v)τ(r, s) ⊆ τ(p, q)}
)

.

Let u, v, r, s ∈ Q with τ(u, v)τ(r, s) ⊆ τ(p, q) be given. If τ−1◦Of ◦τ(u, v)∧(r, s) 6= ∅,
then 1(p, q) = ⊤ > βγ(p, q). Also, if τ−1 ◦ Of ◦ τ(u, v) ∧ (r, s) = ∅, then

βγ(p, q) = γ
(

∨

{∅ : τ(u, v)(r, s) ⊆ τ(p, q)}
)

= γ(∅) = ⊥ 6 1(p, q).

Then βγ(p, q) 6 1(p, q) for every (p, q) ∈ L(R). Since L(R) is regular, we can
conclude βγ = 1. Now we show that β is bounded. Let ε ∈ {p, 1− q} be given. Then

γ(−ε, ε) = h(−ε, ε) ∧ h′(−ε, ε)

= [coz(e) ∧ (α− 1)(−ε, ε))] ∨ [α(−ε, ε) ∧ (coz(e) → (α− 1)(−ε, ε))].

If ε = p, then

coz(e) ∧ α(−p+ 1, p+ 1) = coz(e) ∧ α(−p+ 1, p+ 1)

6 α(−, q) ∧ α(−p+ 1, p+ 1) = ⊥,

and

α(−ε, ε) ∧ (coz(e) → (α − 1))(−ε, ε) = α(−p, p) ∧ (coz(e) → α(1 − p, 1 + p))

6 α(−p, p) ∧ (α(−, p) → α(1 − p, 1 + p))

6 α(−, p) ∧ (α(−, p))∗.

220



Therefore, γ(−ε, ε) = ⊥ and

⊥ = γ(−ε, ε) = γ ◦ τ−1 ◦ Of ◦ τ
((

−,
−1

ε

)

∨
(1

ε
,−

))

= β
(

−,
−1

ε

)

∨ β
(1

ε
,−

)

.

Let r ∈ Q with r > ε−1 be given. Then

β(−r, r) = β(−r, r) ∨⊥ = β(−r, r) ∨ β
(

−,
1

ε

)

∨ β
(1

ε
,−

)

= β
(

(−r, r) ∨
(

−,
1

ε

)

∨
(1

ε
,−

))

= ⊤.

Thus, β for ε = p is bounded. Suppose that ε = 1 − q is given. Similarly to the

proof above, it is proved that β is bounded. �

4. Strongly zero-dimensional frames

In this section, we prove that a frame L is strongly zero-dimensional if and only if

for every two completely separated sublocales A and B there exists a clopen sublocale

U ∈ S(L) such that A ⊆ U ⊆ L \B. Also, we prove under which conditions is R(L)

a clean ring. Then we introduce the concept of c-strongly zero-dimensional frame and

according to the results about R(L), we immediately get results about when Cc(L) is
a clean ring.

By [20], Definition 1.1, we know that L is a strongly zero-dimensional frame if for

every α1, . . . , αn ∈ R(L) with
n
∨

i=1

coz(αi) = ⊤, there exists {ai}mi=1 such that

(1)
m
∨

i=1

ai = ⊤,

(2) for every i 6= j, ai ∧ aj = ⊥, and
(3) for every 1 6 i 6 m, there exists 1 6 j 6 n such that ai 6 coz(αj).

Similarly to the previous definition, we define the c-strongly zero-dimensional

frame. A frame L is c-strongly zero-dimensional if for every α1, . . . , αn ∈ Cc(L) with
n
∨

i=1

coz(αi) = ⊤, there exists {ai}mi=1 in L satisfying the conditions of the previous

definition.

Obviously, for every A,B ∈ S(L) and α ∈ R(L), A ⊆ cL(coz(α)) and B ⊆
cL(coz(α− 1)) if and only if νAα(−, 0) ∨ (0,−) = ⊥A and νBα(−, 0) ∨ (0,−) = ⊥B.

From [4], Definition 6.2.1 if m0 := νA and m1 := νB, then A and B are completely

separated if and only if there exists α ∈ R(L) such that A ⊆ cL(coz(α)) and B ⊆
cL(coz(α− 1)).

In this paper, the completely separated of the two subslocales is based on the

previous paragraph. Now, according to this definition, we define:
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Definition 4.1. Two sublocalesA andB of a locale L are c-completely separated

if there exists α ∈ Cc(L) such that A ⊆ cL(coz(α)) and B ⊆ cL(coz(α − 1)).

It is clear that A,B ∈ S(L) are two completely separated sublocales if and only
if for every r, s ∈ Q with r < s there exists α ∈ R(L) such that A ⊆ cL(coz(α− r))

and B ⊆ cL(coz(α− s)).

Lemma 4.2. Let L be a strongly zero-dimensional frame. Then for every two

completely separated sublocales A and B in a frame L there exists a clopen sublocale

U ∈ S(L) such that A ⊆ U ⊆ L \B.

P r o o f. By the definition of completely separated, there exists α ∈ R(L) such

that A ⊆ cL(coz(α)) and B ⊆ cL(coz(α− 1)). Since

coz((α − 1) ∧ 0) ∨ coz((α) ∨ 0) = α(−, 1) ∨ α(0,−) = ⊤,

we conclude that there exists a finite cover {ai}i∈I such that

(1)
∨

i∈I

ai = ⊤,
(2) for every i 6= j, ai ∧ aj = ⊥, and

(3) for every i ∈ I, ai 6 coz((α− 1) ∧ 0) or ai 6 coz(α ∨ 0).

We put

U =
∨

{oL(a) : a ∈ {ai}i∈I , A∧oL(a) 6= O} and H := {a ∈ {ai}i∈I : A∧oL(a) 6= O}.

Since

L =
∨

a∈H

oL(a) ∨
∨

a∈{ai}−H

oL(a) = oL

(

∨

a∈H

a

)

∨ oL

(

∨

a∈{ai}−H

a

)

and

oL

(

∨

a∈H

a

)

∩ oL

(

∨

b∈{ai}−H

b

)

=
∨

a∈H

∨

b∈{ai}−H

oL(a ∧ b) =
∨

a∈H

∨

b∈{ai}−H

oL(⊥) = O,

we conclude that oL
(

∨

a/∈H

a
)

is the complement of oL
(

∨

a∈H

a
)

. Thus, U := oL

(

∨

a∈H

a
)

is a clopen sublocale. Form

A =
∨

a∈H

(A ∩ oL(a)) ∨
∨

a/∈H

(A ∩ oL(a)) =
∨

a∈H

(A ∩ oL(a)),

we infer that A ⊆ ∨

a∈H

oL(a) = U. Now we show that if a ∈ H , then oL(a) ∩
B = O. We assume a ∈ H . Then a ∈ {ai}i∈I , which implies that a 6 α(−, 1) or
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a 6 α(0,−). Let a 6 α(0,−). Then oL(a) 6 oL(α(0,−)), but O 6= oL(a) ∧ A ⊆
cL(coz(α)) ∩ oL(coz(α)) = O, which is a contradiction. Thus, a 6 α(−, 1) and

oL(a) 6 oL(α(−, 1)). Also, B ∩ oL(a) = O. Hence, U ∩B = oL

(

∨

a∈H

a
)

∩B = O.

We know L \B =
∨{S ∈ S(L) : B ∩ S = O}. Thus, A ⊆ U ⊆ L \B. �

Also, if L is a c-strongly zero-dimensional frame, then for every two completely

separated sublocales A and B in the frame L there exists clopen sublocale U ∈ S(L)
such that A ⊆ U ⊆ L \B.

Lemma 4.3. If there exist α, β ∈ R(L) such that cL(coz(α)) ∩ cL(coz(β)) = O,

then cL(coz(α)) and cL(coz(β)) are completely separated.

P r o o f. It is evident. �

Using a similar argument, we can show that if α, β ∈ Cc(L) with cL(coz(α)) ∩
cL(coz(β)) = O, then cL(coz(α)) and cL(coz(β)) are c-completely separated.

Lemma 4.4. For every two completely separated sublocalesA andB in a frame L,

let there be a clopen sublocale U ∈ S(L) such that A ⊆ U ⊆ L \ B. Then for every

{α1, . . . , αk} ⊆ R(L), where ⊤ =
k
∨

i=1

coz(αi), there exists {ai}ki=1 ⊆ L such that

(1)
k
∨

i=1

ai = ⊤,

(2) for every i 6= j, ai ∧ aj = ⊥, and

(3) for every i, ai 6 coz(αi).

P r o o f. We use the induction method on k. If k = 1, then α ∈ RL and

coz(α) = ⊤. We put a1 = coz(α). Let the result for all k with k < m and 1 < m be

valid. Now we assume that there exist α1, . . . , αm ∈ R(L) such that
m
∨

i=1

coz(αi) = ⊤.

Since
m−2
∨

i=1

coz(αi) ∨ coz(α2
m−1 + α2

m) = ⊤,

by induction, there exists {ai}m−1
i=1 ⊆ L such that

(1)
m−1
∨

i=1

ai = ⊤,

(2) for every i 6= j, ai ∧ aj = ⊥, and

(3) for every 1 6 i 6 m− 1, ai 6 coz(αi) and am−1 6 coz(α2
m−1 + α2

m).

Then

oL(am−1) 6 oL(coz(αm−1)) ∨ oL(coz(αm)),

and

oL(am−1) ∧ cL(coz(αm−1) ∨ coz(αm)) = O.
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By the properties of {ai}m−1
i=1 , we have

ai ∧
∨

i6=j

aj = ⊥ and ai ∨
∨

i6=j

aj = ⊤.

Therefore, ai has a complement and we can write ai = coz(fai
). Hence,

oL(am−1) = oL(coz(fam−1
)) = cL(coz(fam−1

− 1))

implies that

oL(am−1) \ oL(coz(αm−1)) = cL(coz((fam−1
− 1)2 + α2

m−1)).

Similarly,

oL(am−1) \ oL(coz(αm)) = cL(coz((fam−1
− 1)2 + α2

m)).

With the above results, we conclude that

coz((fam−1
− 1)2 + α2

m1
) ∨ coz((fam−1

− 1)2 + α2
m)) = ⊤.

For α = (fam−1
− 1)2 +α2

m1
and β = (fam−1

− 1)2 +α2
m), by Lemma 4.3, cL(coz(α))

and cL(coz(β)) are completely separated, and by our hypothesis, there exists a clopen

sublocale U = oL(a) such that

oL(α) ⊆ U ⊆ L \ cL(β) = oL(β).

It is evident that

oL(am−1) \ U ⊆ oL(am−1)) \ cL(coz(α)) ⊆ oL(coz(αm−1))

and that

oL(am−1) ∩ U ⊆ oL(am−1)) ∩ oL(coz(β)) ⊆ oL(coz(αm)).

Since U ∈ S(L) is a clopen sublocale, there exists a complemented element a such
that U = cL(a) = oL(a

′), then

oL(am−1) \ U = oL(am−1) \ cL(a) = oL(am−1) ∧ oL(a) = oL(am−1 ∧ a),

and

oL(am−1) ∩ U = oL(am−1) ∩ cL(a
′) = oL(am−1 ∧ a′).

Let for every 1 6 i 6 m − 2, bi = ai, also bm−1 = am−1 ∧ a, and bm = am−1 ∧ a′.

Then we have the following properties:
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(1)
m
∨

i=1

bi =
m−2
∨

i=1

ai ∨ (am−1 ∧ (a ∨ a′)) =
m−1
∨

i=1

ai = ⊤.

(2) If 1 6 i 6= j 6 m− 2, then bi ∧ bj = ai ∧ aj = ⊥. If 1 6 i 6= j 6 m− 1, then

bm−1 ∧ bi = am−1 ∧ a ∧ ai = ⊥, bm ∧ bi = am−1 ∧ a′ ∧ ai = ⊥, and

bm ∧ bm−1 = am−1 ∧ a ∧ a′ = ⊥.

Therefore, bi ∧ bj = ⊥ for every 1 6 i 6= j 6 m.

(3) For every 1 6 i 6 m− 2, bi = ai 6 coz(αi). Since bm−1 = am−1 ∧ a, we conclude

that

oL(bm−1) = oL(am−1 ∧ a) = oL(am−1) \ U ⊆ oL(coz(αm−1)).

Hence, bm−1 6 coz(αm−1). Using a similar argument, we obtain that if bm =

am−1 ∧ a′, then

oL(bm) = oL(am−1 ∧ a′) = oL(am−1) ∩ U ⊆ oL(coz(αm)),

and so bm 6 coz(αm). �

Also, it is easy to prove that if for every two c-completely separated sublocales A

andB in a frame L there exists a clopen sublocale U ∈ S(L) such that A ⊆ U ⊆ L\B,

then for every {α1, . . . , αk} ⊆ Cc(L) with ⊤ =
k
∨

i=1

coz(αi) there exists {ai}ki=1 ⊆ L

satisfying the conditions of Lemma 4.4.

Corollary 4.5. A frame L is strongly zero-dimensional if and only if for every two

completely separated sublocales A and B there exists a clopen sublocale U ∈ S(L)
such that A ⊆ U ⊆ L \B.

P r o o f. According to the previous lemma, it is obvious. �

Proposition 4.6. The following statements are equivalent:

(1) R(L) is a clean ring.

(2) R∗(L) is a clean ring.

(3) The set of clean elements in R(L) is a subring of R(L).

(4) L is strongly zero-dimensional.

(5) Every zero-divisor in R(L) is clean.

(6) R(L) has a clean prime ideal.
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P r o o f. (1) ⇒ (2) Let α ∈ R∗(L). Then k : R → R by

k(x) =































1 if x >
2

3
,

3x− 1 if
1

3
< x <

2

3
,

0 if x 6
1

3
.

Moreover, O(k)(G 7→ k−1(G)) : O(R) → O(R) is a homomorphism frame. Put

β = α ◦ O(k). We show that for A(α,2/3) = cL(coz((α − 2
3 ) ∧ 0)) and A(α,1/3) =

cL(coz((α− 1
3 )∧ 0)), there exists an idempotent e such that A(α,2/3) 6 cL(coz(e)) 6

A(α,1/3). Since β ∈ R(L) is clean, there exists an idempotent e ∈ R(L) such that

cL(coz(β − 1)) ⊆ cL(coz(e)) ⊆ oL(coz(β)).

Since

A(α,2/3) ⊆ cL(coz(β − 1))

⇔ cL

(

coz
((

α− 2

3

)

∧ 0

))

⊆ cL(coz(β − 1)) ⇔ coz(β − 1) ⊆ coz
((

α− 2

3

)

∧ 0

)

⇔ β(−,−1) ∨ β(1,−) 6 α
(

−,
2

3

)

⇔ ⊥ 6 α
(

−,
2

3

)

,

and

oL(coz(β)) ⊆ A(α,1/3)

⇔ oL(coz(β)) ⊆ cL

(

coz
((

α− 1

3

)

∧ 0

))

⇔ oL(coz(β)) ⊆ cL

(

α
(

−,
1

3

))

⇔ ⊥ = oL(coz(β)) ∧ oL

(

α
(

−,
1

3

))

⇔ ⊥ = oL

(

coz(β) ∧ α
(

−,
1

3

))

⇔ ⊥ = coz(β) ∧ α
(

−,
1

3

)

,

we conclude that

A(α,2/3) ⊆ cL(coz(β − 1)) ⊆ cL(coz(e)) ⊆ oL(coz(β)) ⊆ A(α,1/3),

which follows from Lemma 3.8 that α is clean in R∗(L).

(2) ⇒ (3) We show that every element in R(L) is clean. Let α ∈ R(L). Then

β = (−1∨α)∧1 ∈ R∗(L). By the assumption, there exists an idempotent e ∈ R(L)

such that

cL(coz(β − 1)) ⊆ cL(coz(e)) ⊆ oL(coz(β)).

Since oL(coz(β)) = oL(coz(α)) and coz(α− 1) = α(−, 1)∨α(1,−), we conclude that

coz(((−1 ∨ α) ∧ 1)− 1)) = ((−1 ∨ α) ∧ 1)(−, 1) ∨ ((−1 ∨ α) ∧ 1)(1,−).
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Also, we have [(−1 ∨ α) ∧ 1](−, 1) = α(−, 1) and [(−1 ∨ α) ∧ 1](1,−) = ⊥. Then

coz(β − 1) = α(−, 1) ∨ ⊥ = α(−, 1) 6 α(−, 1) ∨ α(1,−) = coz(α− 1).

Therefore, we can conclude that

cL(coz(α− 1)) ⊆ cL(coz(β − 1)) ⊆ cL(coz(e)) ⊆ oL(coz(β)) = oL(coz(α)),

and so, by Proposition 3.2, α is clean.

(3) ⇒ (4) Let A and B be two completely separated sublocales of L. Hence,

there exists α ∈ R(L) such that A ⊆ cL(coz(α)) and B ⊆ cL(coz(α − 1
2)). Define

f : R → R by

f(x) =































1

2
if x >

1

2
,

x if − 1

2
< x <

1

2
,

−1

2
if x 6 −1

2
,

and put β := α ◦ τ−1 ◦ Of ◦ τ. Then coz(β) = coz(α).

Suppose p ∈ R. If 1
2 < p, then

β(p,−) = α ◦ τ−1 ◦ Of ◦ τ(p,−) = α(⊥) = ⊥ =
1

2
(p,−),

and if p < 1
2 , then

1
2 (p,−) = ⊤ > β(p,−). Therefore, β 6 1

2 . Now if we assume

− 1
2 6 p, then − 1

2 (p,−) = ⊥ 6 β(p,−), and if p < − 1
2 , then

β(p,−) = α ◦ τ−1 ◦ Of ◦ τ(p,−) = α(⊤) = ⊤ = −1

2
(p,−).

Therefore, we conclude that |β| 6 1
2 < 1 and by Example 3.4, β is clean. Since

A ⊆ cL(coz(β)) = cL(coz(β)) = cL(coz(2β)),

then oL(coz(2β)) ⊆ L \A. Also, since

coz(2β − 1) = coz
(

β − 1

2

)

= β
(

−,
1

2

)

∨ β
(1

2
,−

)

= α
(

−,
1

2

)

6 coz
(

α− 1

2

)

,

we conclude that

B ⊆ cL

(

coz
(

α− 1

2

))

⊆ cL

(

coz
(

2
(

β − 1

2

)))

.

Since 2β is clean, there exists an idempotent e ∈ R(L) such that

B ⊆ cL(coz(2β − 1)) ⊆ cL(coz(e)) ⊆ oL(coz(2β)) ⊆ L \A.
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Now by Corollary 4.5, L is a strongly zero-dimensional frame.

(4) ⇒ (5) Let α ∈ R(L) be given. Put

A := L \ oL
(

coz
(

|α| − 1

2

)

∧ 0

)

= cL

(

coz
(

|α| − 1

2

)

∧ 0

)

.

Then

A ∩ cL(coz(α)) = cL

(

coz(α) ∨ |α|
(

−,
1

2

))

= cL(⊤) = O.

By Lemma 4.3, A and cL(coz(α)) are completely separated, and by our hypothesis,

there exists an idempotent e such that

A ⊆ cL(coz(e)) ⊆ L \ cL(coz(α)) = oL(coz(α)).

Also,

coz
(

|α| − 1

2

)

= |α|
(

−,
1

2

)

= α
(

−1

2
,
1

2

)

6 coz(α − 1).

That implies that cL(coz(α− 1)) ⊆ A, and by Proposition 3.2, α is clean.

(5) ⇒ (6) Clearly, each minimal prime ideal would be clean.
(6)⇒ (1) Let P be a clean prime ideal in R(L) and α ∈ R(L). Put A = cL(coz(α))

and B = cL(coz(α − 1)). If A = O, then coz(α) = ⊤. Therefore, α is a unit, and
α = α + 0 is clean. If B = O, then coz(α − 1) = ⊤. Therefore, α is a unit, and
α = (α−1)+1 is clean. Let A 6= O 6= B. Put O = cL(coz((α− 1

3 )∨0)) = cL(α(
1
3 ,−))

and C = cL(coz((α− 1
3 ) ∧ 0)) = cL(α(−, 1

3 )). Indeed A and C are disjoint. Put

γ =
((α− 1

3 ) ∧ 0)2

α2 + ((α− 1
3 ) ∧ 0)2

and δ =
((α− 1

3 ) ∨ 0)2

α2 + ((α− 1
3 ) ∨ 0)2

.

Thus,

coz
(

α2+
((

α−1

3

)

∧0
)2)

= coz(α)∨coz
((

α−1

3

)

∧0
)

= coz(α)∨coz
(

α
(

−,
1

3

))

= ⊤,

and

coz(γ) = coz
((

α− 1

3

)

∧ 0

)

= α
(

−,
1

3

)

.

Therefore, cL(coz(γ)) = cL

(

α
(

−, 13

))

= C. Also,

coz(γ − 1) = coz(α) and cL(coz(γ − 1)) = cL(coz(α)) = A.

Similarly, D = cL(coz(δ)) and B = cL(coz(δ − 1)). Since

coz(γδ) = coz
((

α− 1

3

)

∧ 0

)

∧ coz
((

α− 1

3

)

∨ 0

)

= α
(

−,
1

3

)

∧ α
(1

3
,−

)

= ⊥,

we conclude that γδ ∈ P implies that either γ ∈ P or δ ∈ P. Therefore, γ or δ is

clean.
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Let γ be clean. Then there exists an idempotent element e ∈ R(L) such that

cL(coz(γ − 1)) ⊆ cL(coz(e)) ⊆ oL(coz(γ)).

Also,

L \B = L \ cL(coz(δ − 1)) = oL(coz(δ − 1)),

and

oL(coz(γ)) ∨ oL(coz(δ − 1)) = oL(coz(γ) ∨ coz(δ − 1)) = oL

(

α
(

−,
1

3

)

∨ coz(α− 1)
)

= oL(coz(α − 1)) = oL(coz(δ − 1)).

Then

cL(coz(α)) = cL(coz(γ − 1)) ⊆ cL(coz(e)) ⊆ oL(coz(γ)) ⊆ L \ cL(coz(α− 1)).

Similarly, if δ is clean, then there exists an idempotent element e ∈ R(L) such that

cL(coz(α− 1)) = cL(coz(δ − 1)) ⊆ cL(coz(e)) ⊆ oL(coz(δ)) = L \ cL(coz(α)).

Therefore, α is clean. �

Note 4.7. Given that a frame L is c-strongly zero-dimensional if and only if for

every two c-completely separated sublocales A and B there exists a clopen sublocale

U ∈ S(L) such that A ⊆ U ⊆ L \ B, the preceding proposition yields immediately

a similar result for c-strongly zero-dimensional frames L, by replacing R(L) by Cc(L)
and R∗(L) by C∗

c (L) in all statements.
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