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Abstract. We consider the permanent function on the faces of the polytope of certain
doubly stochastic matrices, whose nonzero entries coincide with those of fully indecompos-
able square (0, 1)-matrices containing the identity submatrix. We show that a conjecture in
K. Pula, S.Z. Song, I. M. Wanless (2011), is true for some cases by determining the minimum
permanent on some faces of the polytope of doubly stochastic matrices.
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1. INTRODUCTION AND PRELIMINARIES

Let 2, be the polytope of n x n doubly stochastic matrices, that is, the n x n
nonnegative matrices whose row and column sums are all equal to 1. The permanent
of an n X n matrix A = [a;;] is defined by

per(A) = Zamu) c e Opg(n),

where o runs over all permutations of {1,2,...,n}.
Let D = [d;;] be an n-square nonnegative matrix, and let

QD) ={X = [z45] € Q: z;; = 0 whenever d;; = 0}.

Then Q(D) is a face of Q,, and since it is compact, (D) contains a minimizing
matriz A such that per(A) < per(X) for all X € Q(D).
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Brualdi in [1] defined an n-square (0,1) matrix D to be cohesive if there is a ma-
trix Z in the interior of Q(D) for which

per(Z) = min{per(X): X € Q(D)}.
And he defined an n-square (0,1) matrix D to be barycentric if
per(b(D)) = min{per(X): X € Q(D)},

where the barycenter b(D) of Q(D) is given by

b(D) = perl(D) Z P

P<D

where the summation extends over the set of all permutation matrices P with P < D
and per(D) is their number.

Let I, denote the identity matrix of order n and O the k x k zero matrix,
and J, ; denote the r x s matrix all of whose entries are 1.

In [3], the authors considered two matrices Uy, , = [ Jln Jon} and Vp, , =

[ J:,Ln jnn} and suggested determining the minimum permanents and minimiz-
ing matrices on QUm,n) and Q(Viy,.,), respectively, for m > 2 and n > 3. This
face Q(V,, 5 ) is an extended one of Q(W,,) in Theorem 5 in [1]. Song determined the
minimum permanents on (V5 ) in [4] and on Q(V;, 3) in [6], respectively.

In [3], the authors determined the forms of minimizing matrices on Q(V;;, ,,), and
gave a conjecture as follows:

Conjecture 1.1 ([3], Conjecture 2.1). Let V,,, ,, be cohesive but not barycentric
for 1 < n < m+ +/m, while for n = m + \/m, V,, , is not cohesive and b(Uy, ) is

a minimizing matrix on Q(Vy, ).

In this paper, we show the first part of this Conjecture 1.1 is true for a case Vj 5
by determining the minimum permanent on (V4 5) and by calculating the barycen-
ter b(Vy5) on 2(Vy5) in Section 2. We also show the second part of this Conjec-
ture 1.1 is true for a case in Section 3.

Recall that an n-square nonnegative matrix is said to be fully indecomposable if

it contains no k x (n — k) zero submatrix for k =1,...,n — 1.
For a matrix A, let A(i,7,...,k | {,m,...,n) denote the submatrix obtained
from A by deleting rows 4, j, . .., k and columns [, m, ..., n. In particular, we simplify

the notation A(i,7,...,k|4,7,...,k) to A(3,J,..., k).
We use the following well-known lemma of [2].
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Lemma 1.2 ([2]). Let D = [d;;] be an n-square fully indecomposable (0, 1) ma-
trix, and A = [a;;] be a minimizing matrix on Q(D). Then A is fully indecomposable,
and for (i, j) such that d;; = 1,

per(A(i | j)) = per(A) ifa;; >0, per(A(i|yj)) > per(A) ifa;; =0.
For our purpose, we write the following three theorems that were obtained in [3].

Theorem 1.3 ([3], Theorem 2.1). For m > 2, n > 2, the minimizing matrix
on Q(Vyy, ) Is of the form
dl, adn,m
|:aJm,n me,m:|

with ma +d =1 = na + mx.

Theorem 1.4 ([3], Corollary 2.5). For m > 2, n > 2, V,,,, is cohesive for 1 <
n < m + +/m, while it is not cohesive for n > 2m. But for m + /m < n < 2m, it
remains to be determined whether it is cohesive or not.

Theorem 1.5 ([3], Corollary 3.3). The minimum permanent on Q(V,,,) is

(n—1)(n—2)(n—3)(n—4)"*

perb(Uyp) = 4! - e

for n > 6.

2. COHESIVENESS OF V5

In this section, we determine the minimum permanent on (V4 5), which was not
determined in Theorem 1.5. Therefore, we show that Vj 5 is a cohesive matrix, but
not barycentric matrix, which shows that the first part of Conjecture 1.1 is true for
this case.

Theorem 2.1. We have that V, 5 is cohesive but not barycentric. And the mini-
mum permanent on Q(Vy ) is
1 . 12231
(2.1) ga - 9—§’a2 %wﬁ _ 12231 4 867605 — 3114008 + 6499247 — 60384a®,
where a is the unique real root of

3 117 2157 , 24183 , 44631 ,
2.2 = —
(2:2) 32 329" 32 ¢ 32 ¢ T g @

— 27567a° + 88500a® — 167832a” + 14294448 = 0

. 1 1
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Proof. Let Ay5 be a minimizing matrix on Q(Vy5). Then we have Ay5 =
[ s aJs"‘} with 4a +d = 1 = 5a + 4z from Theorem 1.3. Since 5a < 1 and

aJ415 IJ414

4a + d =1, we have
(2.3) d=1—-4a>21—-4-=>a.

If x is not zero, then we have per A4 5(9 | 9) = per Ay 5(1 | 9) from Lemma 1.2.
Now consider

(2.4) perAs5(919) = 9a2perA475(9, 8,1) +dper ,As5(9,1)
= 9a%(22%d* + 16xa*d® 4 24a*d?)
+d(6x3d* + 722%a*d® + 2162a*d* 4 1444°d)
and
(2.5) per Ay 5(1]9) = 4aper Ay 5(9,1) = 4a(623d* +722%a*d®+2162a*d*+144a°d).
If d > 4a, then (2.4) and (2.5) show that

per Ay 5(9 | 9) = 9a%(22%d* + 16xa?d® + 24a*d?) + per Ay 5(1 | 9) > per Ay 5(1 | 9),

which is impossible. Thus, we have a < d < 4a from (2.3). Hence, % <a< %

From the doubly stochastic property of A4s, we may substitute d = 1 — 4a, z =
1(1—5a) to equations (2.4) and (2.5). Then we get an equation from the equality of
equations (2.4) and (2.5) as
3 117 2157 , 24183 , 44631 ,
pla) = — — —a a® — a® + a
32 32 32 32 8
— 27567a° 4 88500a® — 167832a" + 142944a®

:O’

which is the equation in (2.2). This equation p(a) = 0 has a unique zero for a with
% <a< % By the use of computer graphic package, we have the graph of p(a) in
Figure 1 with % <a< %

By the use of the computer system Mathematica, we get approximate values
a = 0.1702614..., x = 0.0371732..., and d = 0.3189542... And hence, V, 5 is
a cohesive matrix.

Moreover, the minimum permanent is

3 93 1377 12231
— a4+ 0 — 0t 486760 — 31140a° + 6499247 — 603844,

TR T
which is the value in (2.1) from per A4 5 = per A4 5(1 | 9). By the use of the com-
puter system Mathematica, we get that the approximate minimum permanent value
n (2.1) is 0.0012954 . ..
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Figure 1. Graph of p(a).

Now consider the barycenter

209 73

=771 -

5015 50170
bVas) = | 73 34

2 I

501745 501714

In this case, using the computer system Mathematica, we have

9934989336077244912
b(Vis)(9]9) =
perb(Vas)(9 [ 9) = 1352063084701002331667"

but

1767936530142554816
b(V; 119) =
perb(Vas)(119) = 1355063084794002331667"
and hence, perbd(Vas)(9 | 9) > perb(Vas)(1 | 9). Hence, the barycenter b(Vys) is
not a minimizing matrix from Lemma 1.2. Therefore, V5 is not barycentric as is

conjectured. O

Hence, we have shown that the first part of Conjecture 1.1 is true for the case Vj 5.

3. SPECIAL MATRICES Vm’n THAT ARE NOT COHESIVE

In this section, we investigate a special case of V,,, ,,. Let us consider the special
case m = 4k and n = 7k with k > 2 for V,;, ,. This class of matrices is a case, where
m-++/m < n < 2m, which is contained in the second part of Conjecture 1.1. That is,
it is not cohesive, which shows that the second part of Conjecture 1.1 is true in this
case. In this special case, we will show that Ay = b(Uag 7x) is the unique minimizing

matrix on Q(Vag 7z ).

277



From Theorem 1.3, the minimizing matrix on (V;, ,,) is of the form:

ot | e L G

A= |

ar]m,n J,‘Jm,7m (1 — mx) Jm,n iCJm,m
n
Then we have
(3.1)
m 2
m\2ilnl (m—l)' i 1 2m—21 ] 2 n—m-+i
perAz_;(i) (n_m+l)|x (E(l—mx) (E(n—m—i—mx))
“ m> n!m! ; 2m—2i B
:Z - . xl(l_mx)m Z(n_m+mx)n " Z.
_ [ pntm—
i—()(Z (n —m i)l nntm=

In particular,

nlm!(n —m)"~

3.2 An =

( ) per Lo (TL _ m)l pn+m

and hence,

(3.3)

per Ay~ (m\ n'(n—m)! m—2i m2z \n—m i

perAO_Z<Z>mx(l_mx)2 2(1+n_m) (n—m+m2x)
i=0 :

Now, let y = ma and express m and n in terms of k. Then we get

b0 (3 S () G- ()

for0<y<1.
Then let us begin with some arithmetic lemmas, which were used in [5] but we

()42
i i
Proof. For i =0, it is holds with equality. For 1 < i < 2k,

(4k> _ (R@k—1).. (4k—i+1) _ 20(2k)(2k — 1) ... (2k - Li+ ) S gi (Zk)

1 i! 7! 1

include them for our purpose.

Lemma 3.1. We have

for all 0 < 1 < 2k.

for all 1 <7 < 2k. O
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For our purpose, let us denote

(7k)i (7k)i(3k)!

P; =
Bk +DBE+2)...(3k+i) 3k +1i)!
fori=1,2,...,4k.
Lemma 3.2. We have

(i) P> (%) forall 1 <i<k,
(i) P = Pe x (Tk)""F/((4k +1)(4k +2)...(3k +14)) = (3)¥(L)"F for all k + 1 <

1 < 2k,
(iii) P, = Po x (Tk)"™2F/((5k + 1)(5k +2)...(3k + 1)) > (53)* for all 2k + 1 <
i < 4k.
Proof. It is clear from the definition of P;. Il

Lemma 3.3. We have
(i) P; > (14k)*/(6k +i+ 1) for all 1 < i < 2k,

(ii) P; > (14k)'/(6k +i+1)" > 1.86' for all 1 <i < k,
(ifi) P; > (14k)7/(6k +i + 1)1 > 1.647 for all 1 < i < 2k.
Proof. (i) We have
(7k)’ (3)

B3 P = G2 G T 1300+ 230 (/3R

Using the arithmetic mean and geometric mean inequality, we have
(3.6)

(1) () () <[ (5] = (5 ) = (-

Then the result follows from (3.5) and (3.6).

(ii) For 1 < i < k, we have 6k +i+1 < 7k + 1. Then 14k — 1.86(6k+i+ 1) >
14k — 1.86(7k + 1) = 0.98k — 1.86 > 0 for k > 2.

(iii) For 1 < ¢ < 2k, we have 6k + ¢+ 1 < 8k + 1. Then 14k — 1.64(6k + i+ 1) >
14k — 1.64(8k + 1) = 0.88k — 1.64 > 0 for k > 2. [l

Theorem 3.4. For m = 4k and n = Tk with k > 2, the unique minimizing matrix
in Q(Vi,n) Is Ao.
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Proof. From equation (3.4) we consider 3 cases for the interval 0 <y < 1.
Case 1: % < y < 1. By equation (3.4),

per Az 4 \3k (Tk)** (3k)! 8k—8k (3 2\
— 2> 14+ (1 - - .
per Ag ( 3 ) (3k + 4k)! (1=y) (4y+y )

Applying Lemma 3.2, we have for all % <y<1,

per 4, (1 - éy)% (g)k (%y + y2)4k = [f)*>1,

per Ay ~ 3 20
since f(y) = (1+ 39)*(53)(3y + y?)* is increasing between + < y < 1, and the least
value of f(y)is f(3) = (1+2)3(F2) (3 + 1)1 = 3828128 5 1 That is, perAgc > per Ao,

which is what we want.
Case 2: % <y < % Applying Lemma 3.2 to equation (3.4), we have

ok~ 0 S (Y R 0o
o (1 2S5 ) () e (e
(5 G G (o ()
) 3 o) 55 (" Y- ()
j=0
> () (1 30)" Gorer)”
- 2k 2p—j 2k—j 3 2j
X <2k_j)2 (1-2y+y? (1y+y>
j=0
() (e 30)" Goer) e« o)
()0 32) oot - o) T =
where

o0 = [(35) (1+3) G+) ] [(2- o +907) |

Then we have g(y) > 1 since the value of the first square brackets of ¢g(y) is increasing

for y € [%, %] and the least value of the first square brackets of g(y) is gggégg at
y = 3, and the value of the second square brackets of g(y) is greater than (213)2
from (2 — Ly +3y?)? = 3(y — £2)2 + &5)2 for all y € [2, 3]. Thus, we have that

per A, /per Ag > 1 for this case. That is, per A, > per Ap, which is what we want.
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Case 8: 0 <y < %. Applying Lemmas 3.1 and 3.3 to equation (3.4), we have

per A, ( 4 ) y)i* i 2k (3/‘5) 41@721‘(3 z)i
> (14 2 1-— -

per Ag * 37 Z i 3k—|—z) (1-y) 4y+y

O+»yf%l—@“ii(7)@x1@ﬁﬂ—2y+ffk%Zy+fy
= (1+

WV

=0

Wk Wik

3k
y)(1—yVW1—2y+y”+2ﬂw+32&ﬁVk=h@V,

where 43
Mw:(1+§@(1—w%1+amy+4%ff.

By the use of computer graphic package, we have the graph of h(y) in Figure 2
with 0 <y < 2.

Y

—-1.0 / —0.5 0 0.5 1.0 1.5
Figure 2. Graph of h(y).

Thus, h(0) =1, h(%) =1.433...> 1 and h(2) = 1.621... > 1. That is, h(y) > 1
for all y € [0, %] That is, per A, > per Ag, which is what we want.

By Cases 1, 2 and 3, we conclude that Ay = b(Up, ) is the unique minimizing
matrix in Q(V;, ,,) for this special case. O

As a concluding remark, we determined the minimum permanent on the faces
of Q(Vy5) and Q(Vag,7) with k = 1,2,3, ..., which shows that Conjecture 1.1 is true

for these cases.
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