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Abstract. Using partial derivatives ∂f/∂z and ∂f/∂z, we introduce Besov spaces of poly-
analytic functions in the open unit disk, as well as in the upper half-plane. We then prove
that the dilatations of functions in certain weighted polyanalytic Besov spaces converge to
the same functions in norm. When restricted to the open unit disk, we prove that each
polyanalytic function of degree q can be approximated in norm by polyanalytic polynomials
of degree at most q.
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1. Introduction

1.1. What this paper reports. In the definition of classical Besov spaces of

analytic functions, one uses the notion of the derivative of a given analytic function f .

In the case when f is not analytic, for instance in the wider class of polyanalytic

functions, this definition does not work; we recall that a polyanalytic function of

degree q is a complex-valued function f that satisfies the partial differential equation

( ∂

∂z

)q

f =
1

2q

( ∂

∂x
+ i

∂

∂y

)q

f = 0, z = x+ iy,

where q is a positive integer. If q = 1, the class of polyanalytic functions coincide with

that of analytic ones. In this paper we use the partial derivatives ∂f/∂z and ∂f/∂z

to define the space which we call polyanalytic Besov space. This is a Banach space

and deserves investigation from various perspectives, that is, the function theoretic

perspective and the operator theoretic perspective. In the current paper, we define
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the space both on the unit disk, and on the upper half-plane. We study the problem

of approximating in norm of elements of these spaces by well-behaved functions

like dilatations. We consider both radial and non-radial weight functions; we also

investigate the same problem in angular weighted spaces.

1.2. Preliminaries and notations. Let D denote the open unit disk in the

complex plane, and let q denote a fixed natural number. A function f : D → C is

called a polyanalytic function of degree q; or simply a polyanalytic function if f is q

times continuously differentiable (with respect to x, y) on the unit disk and satisfies

( ∂

∂z

)q

f =
1

2q

( ∂

∂x
+ i

∂

∂y

)q

f = 0, z = x+ iy.

These functions are also known as q-analytic functions, and they enjoy the following

representation in terms of analytic functions (see [5]):

(1) f(z) = h0(z) + zh1(z) + . . .+ zq−1hq−1(z),

where each hk, 0 6 k 6 q − 1, is an analytic function on the unit disk. The set

of polyanalytic functions of degree q on a given domain Ω of the complex plane is

denoted by Polq(Ω). It is worth mentioning that polyanalytic functions are not as

flexible as the analytic functions; for instance, they may vanish on a curve lying in

the unit disk without vanishing identically in the whole domain, see [4].

A weight on a given domain Ω is a positive integrable function w : Ω → [0,∞). In

the following discussions, the domain Ω is either the unit disk or the upper half-plane.

We will be clear when we shift to discuss the upper half-plane case.

For a positive number p, we say that a function f ∈ Polq(D) belongs to the

weighted polyanalytic Bergman space Ap
q,w(D) if

‖f‖Ap

q,w(D) =

(
∫

D

|f(z)|pw(z) dA(z)

)1/p

< ∞,

where dA(z) = dxdy.

In the following, we present a definition for the polyanalytic Besov space by using

partial differential operators ∂z and ∂z instead of the differentiation operator f 7→ f ′

which is used for the definition of analytic Besov spaces. Let us start by recalling

the differential operators (z = x+ iy):

∂z =
1

2

( ∂

∂x
− i

∂

∂y

)

, ∂z =
1

2

( ∂

∂x
+ i

∂

∂y

)

.
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Given a weight w on the unit disk, we say that f ∈ Polq(D) belongs to the weighted

polyanalytic Dirichlet space Dp
q,w if

∫

D

[|∂zf(z)|
p + |∂zf(z)|

p]w(z) dA(z) < ∞.

We define the norm of f ∈ Dp
q,w by

‖f‖Dp

q,w
=

(

|f(0)|p +

∫

D

[|∂zf(z)|
p + |∂zf(z)|

p]w(z) dA(z)

)1/p

.

When p = 2, D2
q,w is a Hilbert space whose inner product is

〈f, g〉D2
q,w

= f(0)g(0) +

∫

D

[∂zf(z)∂zg(z) + ∂zf(z)∂zg(z)]w(z) dA(z).

Similarly, we define the weighted polyanalytic Besov space Bp
q,w as the space of

functions f ∈ Polq(D) for which
∫

D

(1− |z|2)p−2[|∂zf(z)|
p + |∂zf(z)|

p]w(z) dA(z) < ∞.

The norm of a function f ∈ Bp
q,w is given by

‖f‖Bp

q,w
=

(

|f(0)|p +

∫

D

(1 − |z|2)p−2[|∂zf(z)|
p + |∂zf(z)|

p]w(z) dA(z)

)1/p

.

Note that when q = 1 (which means that f is analytic), we have ∂zf(z) = f ′(z),

and ∂zf(z) = 0, so that the polyanalytic Besov (or Dirichlet) space reduces to the

analytic Besov (or Dirichlet) space. Therefore, the spaces defined above are natural

generalizations of the classical Dirichlet and Besov spaces.

In the case when the underlying set is the upper half-plane C+, the polyanalytic

Besov space on the upper half-plane is defined in a similar fashion – we replace f(0)

by f(i) and dA(z) by a suitable Gaussian weight function: a function f ∈ Polq(C
+)

belongs to the Besov space if the following expression is finite (for details see

Section 3):

‖f‖p
Bp

C+,w

= |f(i)|p +

∫

C+

[|∂zf(z)|
p + |∂zf(z)|

p] Im(z)α+p−2e−β|z|2 dA(z).

It is a natural question in operator theory of function spaces to decide whether

the polynomials are dense in the space or not. To answer this question, the most

important strategy is to see if the dilatations

fr(z) = f(rz), z ∈ Ω, 0 < r < 1,

are convergent to f in norm.

307



In this paper we consider non-radial weight functions w that satisfy the following

condition:

There is a constant C > 0, a nonnegative integer k, and an r0 ∈ (0, 1) such that

(2) rkw
(z

r

)

6 Cw(z), |z| < r, r0 6 r < 1.

We prove that the dilatations fr converge to f in norm as r → 1−. If, moreover, w

is chosen in such a way that the polyanalytic polynomials of degree at most q are

included in the weighted Besov space, and if each fr can be approximated by the

polyanalytic polynomials of degree at most q, then we can approximate each f by

polyanalytic polynomials of degree at most q.

We should remark that the current author in his recent paper (see [3]) (of course

as a by product of his arguments on Ap
q,w(D)) suggested that polyanalytic Besov

spaces be defined as functions in Polq(D) that satisfy

∫

D

(1 − |z|2)p−2|∂zf(z)|
p dA(z) < ∞.

This definition is clearly true but has some disadvantages. The best practice is to

consider both partial derivatives of f as we did in the definition presented in the

current paper.

The theory of polyanalytic functions and their applications can be found in [4],

[5], [9]. Similar approximation problems for analytic functions were already studied

in [1] and [2]. As for the Bergman and Fock spaces of polyanalytic functions we refer

the reader to [7], [8], [10], [11], and the references therein.

2. Polyanalytic Besov spaces in the unit disk

We start by investigating the function spaces defined on the unit disk.

Theorem 2.1. Let 0 < p < ∞ and let w satisfy condition (2). Then the polyana-

lytic polynomials of degree at most q are dense in the weighted polyanalytic Dirichlet

space Dp
q,w.

P r o o f. We first prove that ‖fr − f‖Dp

q,w
→ 0 as r → 1−. To this end, we work

with

‖f‖p
Dp

q,w

=

∫

D

[|∂zf(z)|
p + |∂zf(z)|

p]w(z) dA(z).

Let us recall the equations

(3)

‖fr− f‖p
Dp

q,w

=

∫

D

|∂zfr(z)−∂zf(z)|
pw(z) dA(z)+

∫

D

|∂zfr(z)−∂zf(z)|
pw(z) dA(z),
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and

∂zfr(z) = r∂zf(rz), ∂zfr(z) = r∂zf(rz).

Replacing z by z/r, we obtain

∫

D

|∂zfr(z)|
pw(z) dA(z) = rp−k−2

∫

rD

|∂zf(z)|
prkw

(z

r

)

dA(z)

6 Crp−k−2

∫

rD

|∂zf(z)|
pw(z) dA(z).

Now apply the dominated convergence theorem to get

lim sup
r→1−

∫

D

|∂zfr(z)|
pw(z) dA(z) 6

∫

D

|∂zf(z)|
pw(z) dA(z),

which in turn leads to

lim
r→1−

∫

D

|∂zfr(z)− ∂zf(z)|
pw(z) dA(z) = 0.

This means that the first term in (3) tends to zero. Similarly, we show that

lim
r→1−

∫

D

|∂zfr(z)− ∂zf(z)|
pw(z) dA(z) = 0,

from which it follows that fr → f in norm. As for the second part, assume that ε > 0

is given. By the above argument, there is an 0 < r < 1 such that ‖f − fr‖
p
Dp

q,w

< ε.

We now use (1) to write

fr(z) = f(rz) = h0(rz) + rzh1(rz) + . . .+ rn−1zq−1hq−1(rz).

Due to the fact that the dilatations (hk)r, 0 6 k 6 q − 1, are analytic in a closed

disk containing D, we conclude that fr is q-analytic in a disk bigger than the unit

disk. By Mergelyan’s theorem each analytic component (hk)r can be uniformly

approximated by analytic polynomials. Therefore, we can approximate fr uniformly

on D by a q-analytic polynomial, say Q. Since dµ(z) = w(z) dA(z) is a finite measure

on the unit disk, we obtain

‖fr −Q‖p
Dp

q,w

=

∫

D

|fr −Q|p dµ 6 εp
∫

D

dµ(z) = εpC,

where C = µ(D). Finally, we have

‖f −Q‖p
Dp

q,w

6 ‖f − fr‖
p
Dp

q,w

+ ‖fr −Q‖p
Dp

q,w

6 ε(1 + C1/p).

This proves the theorem. �
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In the second theorem below we address the polyanalytic Besov spaces on the

unit disk.

Theorem 2.2. Let 2 6 p < ∞ and let w satisfy condition (2). Then the polyan-

alytic polynomials of degree at most q are dense in the weighted polyanalytic Besov

space Bp
q,w.

P r o o f. It suffices to verify that for each f ∈ Bp
q,w,

(4)

lim sup
r→1−

∫

D

(1− |z|2)p−2|∂zfr(z)|
pw(z) dA(z) 6

∫

D

(1− |z|2)p−2|∂zf(z)|
pw(z) dA(z),

and

(5)

lim sup
r→1−

∫

D

(1− |z|2)p−2|∂zfr(z)|
pw(z) dA(z) 6

∫

D

(1− |z|2)p−2|∂zf(z)|
pw(z) dA(z).

Again, we work with the semi-norm

‖f‖p
Bp

q,w

=

∫

D

(1− |z|2)p−2[|∂zf(z)|
p + |∂zf(z)|

p]w(z) dA(z).

To establish (4), we implement a change of variables to get

‖∂zfr‖
p
Bp

q,w

=

∫

D

(1− |z|2)p−2|∂zfr(z)|
pw(z) dA(z)

= rp−k−2

∫

rD

(r2 − |z|2

r2

)p−2

|∂zf(z)|
prkw

(z

r

)

dA(z).

Since

r 7→
(r2 − |z|2

r2

)p−2

is increasing in r when p > 2, the monotone convergence theorem can be applied to

the last integral. This in turn implies that

lim sup
r→1−

∫

D

(1− |z|2)p−2|∂zfr(z)|
pw(z) dA(z) 6

∫

D

(1− |z|2)p−2|∂zf(z)|
pw(z) dA(z),

which proves (4). The proof of (5) is similar. In sum, the foregoing arguments show

that

‖f − fr‖Bp

q,w
→ 0, r → 1−.

Again, we use an argument similar to the one used in the proof of Theorem 2.1 to

conclude that the polyanalytic polynomials of degree at most q are dense in Bp
q,w. �
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3. Polyanalytic Besov spaces in the upper half-plane

Recall that an analytic function f on the upper half-plane C+ = {z = x+ iy ∈ C :

Im(z) = y > 0} belongs to the Bergman space of the upper half-plane if

∫

C+

|f(z)|p Im(z)αe−β|z|2 dA(z) < ∞,

where α and β are some nonnegative numbers. In the literature, one usually encoun-

ters this definition when β = 0, see [6]. Therefore, it is natural to define the weighted

Bergman space of polyanalyic functions on the upper half-plane, Ap
q,w(C

+), as the

space of polyanalytic functions of degree q on C
+ for which

‖f‖p
Ap

q,w(C+)
=

∫

C+

|f(z)|pw(z) Im(z)αe−β|z|2 dA(z) < ∞.

This suggests that the weighted Dirichlet space and the weighted Besov space of

analytic functions should be normed, respectively, by

‖f‖p
Dp

C+,w

= |f(i)|p +

∫

C+

|f ′(z)|pw(z) Im(z)αe−β|z|2 dA(z),

and

‖f‖p
Bp

C+,w

= |f(i)|p +

∫

C+

|f ′(z)|pw(z) Im(z)α+p−2e−β|z|2 dA(z).

The advantage of this definition is that, as in the unit disk case, when p = 2, the

Besov space reduces to the Dirichlet space. In analogy with the above definitions,

we now declare the weighted Besov space of polyanalytic functions as the space of

functions f ∈ Polq(C
+) such that

‖f‖p
Bp

C+,w

= |f(i)|p +

∫

C+

[|∂zf(z)|
p + |∂zf(z)|

p]w(z) Im(z)α+p−2e−β|z|2 dA(z)

is finite. By our definition, when p = 2, we get to the Dirichlet space of polyanalytic

functions on the upper half-plane, i.e., polyanalytic functions on the upper half-plane

for which

‖f‖p
Dp

C+,w

= |f(i)|p +

∫

C+

[|∂zf(z)|
p + |∂zf(z)|

p]w(z) Im(z)αe−β|z|2 dA(z) < ∞.

We now turn to the approximation of functions in theses spaces by dilatations.

Theorem 3.1. Let 0 < p < ∞ and let w satisfy condition (2). Then for each

f ∈ Dp
q,w(C

+), the dilatations fr converge to f in norm.
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P r o o f. It is enough to work with the semi-norm

‖f‖p
Dp

q,w(C+)
=

∫

C+

[|∂zf(z)|
p + |∂zf(z)|

p]w(z) Im(z)αe−β|z|2 dA(z).

By the definition,

(6) ‖fr − f‖p
Dp

q,w(C+)
=

∫

C+

|∂zfr(z)− ∂zf(z)|
pw(z) Im(z)αe−β|z|2 dA(z)

+

∫

C+

|∂zfr(z)− ∂zf(z)|
pw(z) Im(z)αe−β|z|2 dA(z).

We implement a change of variables and use the equality ∂zfr(z) = r∂zf(rz) to write
∫

C+

|∂zfr(z)|
pw(z) Im(z)αe−β|z|2 dA(z)

= rp−(k+α+2)

∫

C+

|∂zf(z)|
prkw

(z

r

)

Im(z)αe−β|z|2/r2 dA(z)

6 Crp−(k+α+2)

∫

C+

|∂zf(z)|
pw(z) Im(z)αe−β|z|2/r2 dA(z).

Now, the dominated convergence theorem leads to

lim sup
r→1−

∫

C+

|∂zfr(z)|
pw(z) Im(z)αe−β|z|2 dA(z)

6

∫

C+

|∂zf(z)|
pw(z) Im(z)αe−β|z|2 dA(z).

Thus, the first term on the right-hand side of (6) tends to zero. The same argument

is valid for the second term on the right-hand side of (6), and finally

lim
r→1−

‖fr − f‖p
Dp

q,w(C+)
= 0.

�

In the Bergman space case, the problem can be solved more easily.

Corollary 3.2. Let 0 < p < ∞ and let w satisfy condition (2). Then for each

function f ∈ Ap
q,w(C

+), the dilatations fr converge to f in norm.

P r o o f. We first note that

‖fr‖
p
Ap

q,w(C+)
=

∫

C+

|f(rz)|pw(z) Im(z)αe−β|z|2 dA(z)

=
1

rα+k+2

∫

C+

|f(z)|prkw
(z

r

)

Im(z)αe−β|z|2/r2 dA(z)

=
1

rα+k+2

∫

C+

|f(z)|prkw
(z

r

)

Im(z)αe−β|z|2eβ|z|
2(1−r−2) dA(z).
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It is easy to see that for 0 < r0 < r < 1,

eβ|z|
2(1−r−2) 6 1,

and hence

‖fr‖
p
Ap

q,w(C+)
=

1

rα+k+2

∫

C+

|f(z)|prkw
(z

r

)

Im(z)αe−β|z|2eβ|z|
2(1−r−2) dA(z)

6
C

rα+k+2

∫

C+

|f(z)|pw(z) Im(z)αe−β|z|2 dA(z) < ∞.

We now apply the dominated convergence theorem to obtain

lim
r→1−

‖fr‖
p
Ap

q,w(C+)
=

∫

C+

|f(z)|pw(z) Im(z)αe−β|z|2 dA(z) = ‖f‖p
Ap

q,w(C+)
,

from which the result follows. �

It is now time to state the similar result for the polyanalytic Besov spaces on C+.

Theorem 3.3. Let 2 6 p < ∞ and let w satisfy condition (2). Then for each

f ∈ Bp
q,w(C

+), the dilatations fr converge to f in norm.

P r o o f. We fix a function f ∈ Bp
q,w(C

+), and for simplicity write

dµ(z) = w(z) Im(z)α+p−2e−β|z|2 dA(z)

and

‖f‖p
Bp

q,w(C+)
=

∫

C+

[|∂zf(z)|
p + |∂zf(z)|

p] dµ(z).

It then follows that
∫

C+

|∂zfr(z)|
p dµ(z) =

rp

rk+α+p

∫

C+

|∂zf(z)|
prkw

(z

r

)

Im(z)α+p−2e−β|z|2/r2 dA(z)

6
C

rk+α

∫

C+

|∂zf(z)|
p dµ(z),

from which we get

lim sup
r→1−

∫

C+

|∂zfr(z)|
p dµ(z) 6

∫

C+

|∂zf(z)|
p dµ(z).

This in turn shows that

lim
r→1−

∫

C+

|∂zfr(z)− ∂zf(z)|
pw(z) Im(z)α+p−2e−β|z|2 dA(z) = 0.
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The proof that

lim
r→1−

∫

C+

|∂zfr(z)− ∂zf(z)|
pw(z) Im(z)α+p−2e−β|z|2 dA(z) = 0

is similar. Putting these pieces together we obtain

lim
r→1−

‖fr − f‖p
Bp

q,w(C+)
= 0.

�

Example 3.4.

(a) Let β > 0 and n ∈ N. Consider the weight w(z) = e−β|z|n , which satisfies (2),

since

w
(z

r

)

= e−β|z|n/rn
6 e−β|z|n = w(z), 0 < r < 1.

(b) Let

w(z) = e−β|Re(z)|n = e−β|x|n .

Again, we see that w(z/r) 6 w(z).

(c) Let w(z) = exp(|z|), then

d

dr
w
(z

r

)

= −
|z|

r2
exp

( |z|

r

)

< 0

while
d

dr

[

rw
(z

r

)]

=
(

1−
|z|

r

)

exp
( |z|

r

)

> 0, |z| < r.

Note also that r2e|z|/r is increasing for r > 1
2 since

d

dr
(r2e|z|/r) = 2re|z|/r + r2

(−1

r2
e|z|/r

)

= (2r − 1)e|z|/r > 0.

4. Angular weights

We now consider the angular weights. These are weights that depend only on the

argument of z, that is, w(reiθ) = w(θ).

Theorem 4.1. Let w : D → (0,∞) be an angular weight satisfying

∫ 2π

0

w(θ) dθ < ∞.

Then the polyanalytic polynomials of degree at most q are dense in Bp
q,w, 2 6 p < ∞.
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P r o o f. It is easy to see that w(z) = w(z/r) = w(θ), so that the semi-norm of fr is

‖fr‖
p
Bp

q,w

=

∫

D

(1 − |z|2)p−2[|∂zfr(z)|
p + |∂zfr(z)|

p]w(z) dA(z)

= rp−2

∫

rD

(r2 − |z|2

r2

)p−2

[|∂zf(z)|
p + |∂zf(z)|

p]w(z) dA(z).

This implies that

lim sup
r→1−

‖fr‖
p
Bp

q,w

= ‖f‖p
Bp

q,w

,

and finally

lim
r→1−

‖fr − f‖p
Bp

q,w

= 0.

But in the unit disk, each fr can be approximated by polyanalytic polynomials of

degree at most q (see the argument at the end of the proof of Theorem 2.1). In this

way, the assertion follows. �

Theorem 4.2. Let w(seiθ) = ω(s)v(θ) be a weight function on D, where ω and v

satisfy
∫ 1

0

sω(s) ds < ∞,

∫ 2π

0

v(θ) dθ < ∞,

and rkω(s/r) 6 Cω(s) for an integer k > 0. Then the polyanalytic polynomials of

degree at most q are dense in Bp
q,w, 2 6 p < ∞.

P r o o f. We start by writing

‖fr‖
p
Bp

q,w

=

∫

D

(1− |z|2)p−2[|∂zfr(z)|
p + |∂zfr(z)|

p]w(s)v(θ) dA(z)

= rp−2−k

∫

rD

(r2 − |z|2

r2

)p−2

[|∂zf(z)|
p + |∂zf(z)|

p]rkw
(s

r

)

v(θ) dA(z)

6 Crp−2−k

∫

rD

(r2 − |z|2

r2

)p−2

[|∂zf(z)|
p + |∂zf(z)|

p]w(s)v(θ) dA(z).

Therefore, the dominated convergence theorem applies

lim sup
r→1−

‖fr‖
p
Bp

q,w

= ‖f‖p
Bp

q,w

.

As in the preceding theorem, the rest is routine. �

We now state the upper half-plane analogs of these theorems.

Theorem 4.3. Let 0 < p < ∞ and let w be an angular weight on C
+ satisfying

∫

π

0

w(θ) dθ < ∞.

Then for each f ∈ Dp
q,w(C

+), the dilatations fr converge to f in norm.
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P r o o f. Let us write

(7) ‖fr − f‖p
Dp

q,w(C+)
=

∫

C+

|∂zfr(z)− ∂zf(z)|
pw(z) Im(z)αe−β|z|2 dA(z)

+

∫

C+

|∂zfr(z)− ∂zf(z)|
pw(z) Im(z)αe−β|z|2 dA(z).

We replace z by z/r, and use ∂zfr(z) = r∂zf(rz) and w(z) = w(z/r) to get

∫

C+

|∂zfr(z)|
pw(z) Im(z)αe−β|z|2 dA(z)

= rp−(α+2)

∫

C+

|∂zf(z)|
pw

(z

r

)

Im(z)αe−β|z|2/r2 dA(z)

6 rp−(α+2)

∫

C+

|∂zf(z)|
pw(z) Im(z)αe−β|z|2 dA(z),

and finally,

lim sup
r→1−

∫

C+

|∂zfr(z)|
pw(z) Im(z)αe−β|z|2 dA(z)

=

∫

C+

|∂zf(z)|
pw(z) Im(z)αe−β|z|2 dA(z).

This implies that

lim
r→1−

∫

C+

|∂zfr(z)− ∂zf(z)|
pw(z) Im(z)αe−β|z|2 dA(z) = 0.

Similarly, one shows that the second term on the right-hand side of (7) tends to zero,

from which we obtain

lim
r→1−

‖fr − f‖p
Dp

q,w(C+)
= 0.

�

Theorem 4.4. Let w(seiθ) = ω(s)v(θ) be an angular weight on C
+, where ω

and v satisfy
∫ 1

0

sω(s) ds < ∞,

∫

π

0

v(θ) dθ < ∞,

and rkω(s/r) 6 Cω(s) for an integer k > 0. Then for each f ∈ Bp
q,w(C

+), 2 6 p < ∞,

the dilatations fr converge to f in norm.

316



P r o o f. Again, we see that

‖fr‖
p
Bp

q,w(C+)
=

∫

D

(1− |z|2)p−2[|∂zfr(z)|
p + |∂zfr(z)|

p]w(s)v(θ) dA(z)

= rp−2−k

∫

rD

(r2 − |z|2

r2

)p−2

[|∂zf(z)|
p + |∂zf(z)|

p]rkw
(s

r

)

v(θ) dA(z)

6 Crp−2−k

∫

rD

(r2 − |z|2

r2

)p−2

[|∂zf(z)|
p + |∂zf(z)|

p]w(s)v(θ) dA(z).

Therefore, application of the dominated convergence theorem yields

lim sup
r→1−

‖fr‖
p
Bp

q,w(C+)
6 ‖f‖p

Bp

q,w(C+)
,

from which the result follows. �
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