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Abstract. By iterating the Bolyai-Rényi transformation T'(x) = (z +1)? (mod 1), almost
every real number = € [0,1) can be expanded as a continued radical expression

x:—1+\/x1+\/x2+...+ Tn+ ...

with digits zn € {0, 1,2} for all n € N. For any real number z € [0, 1) and digit ¢ € {0,1, 2},
let rp(z,%) be the maximal length of consecutive i’s in the first n digits of the Bolyai-Rényi
expansion of z. We study the asymptotic behavior of the run-length function r,(z,7). We
prove that for any digit ¢ € {0, 1, 2}, the Lebesgue measure of the set

N o ora(xd) 1
D) = {m €[0.1): nh~>moo logn logGi}

is 1, where 0; = 1 4 +/4i + 1. We also obtain that the level set

Ea(i)={ec0.1): lm 0D o)

n—oo logn

is of full Hausdorff dimension for any 0 < a < oo.
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1. INTRODUCTION
The Bolyai-Rényi transformation 7': [0,1) — [0, 1) is defined by

2?2 + 27 if € Iy :=[0,v/2 - 1),
T(x)=(x+1)> (mod 1) = 22 +2x—1 ifz el :=[2-1,V3-1),
2?4202 ifrxel:=[3-1,1).

It is well known that by iterating the transformation 7', almost every real number
x € [0,1) can be expanded as a continued radical expression. For any z € [0, 1),
define z1 := z1(z) =@ if « € I;, or equivalently,

v =[(@+1)%] -1,

where |-] denotes the integer part of a real number. For any integer n > 2, define
xp = 21(T" () with T"~! the (n — 1)th iteration of T. It is easy to check that

(1.1) (T (2) +1)* =z, + T"(x) + 1.
Thus,

(12) o=+ Vo 4 T@ 1= 1+ o + Ve + T2@) + 1= ...

:_1+\/:c1+ Ta+ ...+ VT, +T(x) + 1.

If x,, # 0 for infinitely many n € N, or equivalently, T"(x) # 0 for all n € N (see
Remark 2.1), then we have

a::—1+nli_>rréo Ty + /X2 + ...+ ST, =: —1—|—\/x1—|— To+...+VTp+....

This kind of expansion was originally introduced by Bolyai in 1832 to approximate

roots of certain equations, see [3]. In his influential paper in 1957, Rényi in [6] studied
the ergodic properties of various ‘ f-expansions’ of real numbers, including the contin-
ued fraction expansion, the S-expansion and the Bolyai-Rényi expansion. Unlike the
well known Gauss transformation and the -transformation, an exact formula for the
density function of the unique absolutely continuous invariant probability measure
of the Bolyai-Rényi transformation is still not known. This fact hinders the study of
the statistical properties of the Bolyai-Rényi expansion, for example, the frequency
of the digits. In [3], Jenkinson and Pollicott computed the frequency F(7) of the digit
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1 € {0,1,2} occurring in almost every Bolyai-Rényi expansion by numerical method.
They obtained that

F(0) = 0.46407962943 £ 9.6 x 10~ 7,
F(1) = 0.3044190449 £+ 5 x 1077,
F(2) = 0.2315013256 £ 3.6 x 107"

In this paper, we study the consecutive appearance of the same digit ¢ € {0, 1,2}
in the Bolyai-Rényi expansion of almost all real numbers z € [0,1). For any n € N,
the run-length function 7, (z, ) is defined as the maximal length of consecutive ¢’s in
the first n digits of the Bolyai-Rényi expansion of x (we will use the same symbol for

continued fraction expansion and S-expansion, where it causes no confusion), i.e.,
ro(z,4) = max{k > 0: z;41 =... =215 =1 for some 0 < j <n—k}.

Following Erdss and Rényi’s (see [1]) interesting result that the maximal average gain
of a player over |log, n| consecutive repetitions of a fair game tends to 1 almost surely,
the run-length functions of the continued fraction expansion and the [-expansion of
real numbers have recently been well studied. For continued fraction expansion, Song
and Zhou in [7] proved that for any i € N,

lim — (@9

1
— == Laexel0]1),
n—oe log /iy /oM

where £ denotes the Lebesgue measure. For S-expansion, Tong, Yu and Zhao in [9]
proved that for any 8 > 1,

lim rn(2,0) =1, L-ae. z€][0,1).
n—o0 logﬁn

Hausdorff dimensions of the corresponding level sets are also determined in both
of their papers. (For more metric results about the run-length function in various
expansions of real numbers, the readers are referred to [4], [8], [10], [11] and references
therein.) It should be noted that in both of the above two papers, Philipp’s metric
result (see [5]) about the mixing of Gauss transformation or S-transformation (see
Lemma 2.3 in [7] and Lemma 2.2 in [9]) plays an important role in the estimate of the
Lebesgue measure. However, to the best knowledge of the authors, there is no such
strong result for the Bolyai-Rényi transformation. To overcome this disadvantage, we
study the properties of Bolyai-Rényi transformation and obtain the following results.
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Theorem 1.1. For any i € {0,1,2}, let

N o ra(wd) 1
D) = {a: €0.1): nh—>ngo logn logf)i}’

where 0; = 1+ +/4i+ 1. Then L£(D(i)) = 1.

Theorem 1.2. For any i € {0,1,2} and 0 < a < o0, let

Ea(i) = {x €[0,1): tim &Y _ a}.

n—oo logn
Then dimy E, (i) = 1, where dimpy denotes the Hausdorff dimension.

The rest of this paper is organized as follows: we first introduce some notions as
well as the properties of the Bolyai-Rényi expansion in the next section. Then we
prove Theorem 1.1 in Section 3 and Theorem 1.2 in Section 4.

2. PRELIMINARIES

In this section, we introduce some notions and study the properties of the Bolyai-
Rényi expansion.

Suppose that v = ujug ... U, and v = v1v2...v, are two words (i.e., finite se-
quences) of integers, £ = &€ ... is an infinite sequence of integers. Denote by
|u| := m the length of u. Write uv = wuy...umv;...v, for the concatenation of u
and v. For any integer k > 0, the symbol u* denotes the k times self-concatenation
of u. Forany 1 < j < |u| and ! > 1, u|; = wqua...u; is a truncation of u and
&1 =&1& ... & is a truncation of &.

Define the lexicographical order ‘<’ between two distinct infinite sequences &, 1 of
integers as follows: £ < n if & < 91 or there exists an integer j > 1 such that ; < n;
and § =mn forall 1 <1 < j.

Let Q = {0,1,2}. For any n € N, let

Q" ={ur...up: u; € Qforalll<j<n}

(oo}
and Q* = Q". For any z € [0,1), denote the infinite sequence x1z5... by e(x),
n=1

where
T, =z (T" ) = [(T" M=) +1)*] =1, neN.

Remark 2.1. For any = € [0,1) we have z,, # 0 for infinitely many n € N if

and only if T™(z) # 0 for all n € N. In fact, if 7"°(x) = 0 for some ng € N, then for

any n > ng we have T"(z) = 0, which implies that z,4; = 0. On the other hand,

if there exists some ny € N such that z,, = 0 for all n > ny, then by (1.1), we have
1>T"(x) 227" Yz) > ... > 2""™T™(x) > 0, which implies that 7" (z) = 0.
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By (1.2) and Remark 2.1, except for a countable set, every real number z € [0,1)
has a Bolyai-Rényi expansion

x:—1+nli_>néo xl—i—\/xg—i—...—i—,/xn—:—l—l—\/xl—i— To+...+VTp +....

Lemma 2.2. For any x,% € [0,1) we have ¢(z) < e(z) if and only if x < 7.

Proof. We first prove by induction that if v < Z, then e(z) = ¢(Z) or e(x) < (7).
Since z < 7, it is clear that x1 = |(z + 1)?| — 1 < ;. If ;1 < 71, then we have

e(z) < e(x). Now, assume that for some n € N we have z; = 7; for all 1 < j <n. Since

x——l—f—\/xl—i—\/xg—i—...—i— Tp +T7(z) +1

<5:—1+\/m1+\/x2+...+ T, +T7(7) + 1,

it follows that T"(z) < T"(Z), which implies 2,11 = |[(T"(z) + 1)?] =1 < ZTp11.
Therefore, we have e(x) = () or e(z) < (7).

Next, we show that if © < Z, then the two infinite sequences (x) and &(Z) can
not be the same. Otherwise, for any n € N we have

0<§—x<\/x1+\/x2+...+\/xn+ —\/:c1+ T+ ...+ vV, + 1.

Since the right-hand side of the above inequality tends to 0 as n — oo, we come to
a contradiction. This concludes the proof. O

For any n € N and w = wyws ... w, € Q" let

lw——l—i—\/wl—l—\/wg—i—...—f—\/wn—i—l, rw——1+\/w1+\/w2+...+\/wn+2
and
Iw)={z€[0,1): 21 =wi,...,Tn = Wn},

which is called a cylinder of order n. It is clear that I(w) N I(w') = @ for distinct
w,w’ € Q" and

0,1)= ] I(w).

wen”

Proposition 2.3. For any n € N and w € Q", the set I(w) is a left-closed and
right-open interval [l,,, 7., ), the length |I(w)| of which satisfies

47" | T(w)| = ry — L <27
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Proof. By Lemma 2.2 it is easy to observe that the set I(w) is an interval.
Recall that for any = € I(w) we have

(2.1) x——1+\/w1+\/w2+...+ wy, + T7(x) + 1.

Since T™(x) € [0,1), it follows that I, < < r,. On the other hand, assume that
lw < x <ry. Then we have

xz—l—l—\/wl—l—\/wg—i—...—i—\/wn—l—t—l—l

for some 0 < ¢t < 1. Since w; € Q = {0,1,2} for all 1 < j < n, it follows that for any
1<k <n,

1<\/wk—i—\/wk+1+...+\/w7l—|—t+1<2.

Thus, by induction, we can obtain that

Tk_l(x):_1+\/wk+\/wk+1+---+\/wn+t+1,

which implies that z; = [(T*"(z) + 1)2| — 1 = wy. Therefore, z € I(w).
Since

|I(w)|:7"w—lw:\/wl—i—...—i—\/wn—f— —\/wl—f—...—i—\/wn—i—l
1 1

SVt A Vum P2V Ao 1 VW 2+ Vw, + 1

we have

(2.2) 277222 —1=rgn —lon =[1(0")| > [I(w)| > |1(2")]
= ! ! >4
V24 V2R V2T V222D

where the first inequality follows from the fact that 2° —1 < s for any s € [0,1]. O

—n
)

Lemma 2.4. For any n € N and w € Q", define the function f,,: R — R by
fw@) =(C..((z+ 1)2 — w1)2 — w2)2 R wn_l)2 —w, — 1.
On the interval I(w), we have f,,(z) = T"(x) and for any =, € I(w)

1 _ ful2)
S hE S

w
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Remark 2.5. It is clear that f,,(x) =T, o...0 Ty, o Ty, (z) if we let
Ti(x)=(x+1)2—i—-1=a®+2z—14, i€c{0,1,2}

be the ith branch of the transformation 7T

Proof of Lemma 2.4. By (2.1), it is clear that f,(x) = T"(z) for any = € I(w).
Assume that x, € I(w). By repeatedly using (2.1), we can obtain that

(2.3) fh(x) =2(T" Hx) + (T 2(z) + 1) ... (T(x) + 1)(z + 1).
Then
fol@) TP 'a)+1 T 2@)+1  T(r)+1 z+1
fi(@  Trli@)+1 Tr2F)+1 0 T@)+1 341

For any 0 < k < n — 1, since
2 (TF(2)) = 21 (T H(T*(2))) = zj4x(z) forall1<j<n—k,

it follows that T%(x) € I(wk41 - .. wy). Then by (2.2), we have

TF(z) +1 [T(wg1 - - wp)] 1 /9(n—k)
AL [ i elua s SR VAR ) < 2127,
TFE +1 S TRE) 41 (ks wn)]
Therefore,
f’tlu(:f) \21/221/2221/2" <2
[l (@)

Lemma 2.6. For any w,v € Q* we have

L rw)
2 S w1 <

Proof. Let the function f, be defined as in Lemma 2.4. Then it is clear that
fw(ly) =0 and f,(ry) = 1. By the mean value theorem, there exists an x € I(w)
such that

(2.4) ()] = 1y — Ly = L200) = Sulle) 1

fio() fo(x)

Assume that |v| = n. By the definition of f,,, we have

fw(lwv) =—1+\/v1+4+...+Vv, + :lm
fw(rwv):—l-l- V14 ...+ VU, +2 =1,

325



Then by the mean value theorem again, there exists = € I(wv) C I(w) such that

Jw(rwo) = fullw) _ 11(v)]
fis(@) fL@)

Therefore, by (2.4)—(2.5) and Lemma 2.4, it follows that

wo)  f(@)
ST @]~ £,@)

(2.5) [T (wv)| = rye — lww =

< 2.

N =

Lemma 2.7. Given w € Q* and n € N for any i € Q = {0, 1,2} we have

L [Hwim) _ 1
o7 = [I(w)] T e

where 0; = 1 + /41 + 1.

Proof. Since 0; > 2, by Lemma 2.6, it suffices to show

If i« = 0, since %s < 2% —1< s for any s € [0, 1], it follows that

1 gy _o1/2" 1 1
WfTL_HéH(O )|—7’0n—lon—2 —1<2—n—@

Ifi=1,1let x = %(\/5— el = [\/5— 1,v/3 — 1). It is easy to check that
T(x) = x, which implies that = € I(1™). By (2.3), we have f{.(z) = 2"(z+1)" = 67.
Asin (2.4), there exists an T € I(1™) such that [I(1™)| = 1/ f{~(Z). So by Lemma 2.4,

1 1
< - <1 <

o1
gntl T 207

= gn—1°
91

e[

If i = 2, by Proposition 2.3, we have |I(2")] > 47". As in (2.4), there exists
an T € I(2") such that |I(2™)| = 1/f}.(Z). Letting = tend to ron = 1 on I(2"), by
Lemma 2.4 we have T%(x) — 1 for all 1 < k < n—1, which together with (2.3) implies
f4n(x) = 4™. Thus, by Lemma 2.4 again, it follows that |[I(2")| < 2/ f5.(x) — 2/4™.
Therefore,

1
<

1 2
— = <I2) < =< .
1] < 5 < g
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Lemma 2.8. For any w € Q* we have |I(w0)| > |I(wl)| and

[I(w01)| < [I(w02)| + [I(wl0)| + [I(wll)].

Proof. Assume that w € Q™ with n € N. By Proposition 2.3, it is clear that

|I(w0)|=rw0—lw0=\/wl—l—...—l—\/wn—i—\/O—l— —\/wl—l-...—l-\/wn—i—\/O—i—l
1

1

\/w1+...+\/wn+\/§+\/w1+...+\/wn+1 V2+1
1 1

2
\/w1+...+ wn+\/§+\/w1+...+ Wy + V2 V34 V2

:\/wl—l-...—l-\/wn—l—\/?—\/w1+...+\/wn+\/1—|'—1:|I(W1)|-

By Lemma 2.2 and Proposition 2.3, we know that I(w01), I(w02), I(wl0)
and I(wll) are consecutive intervals from left to right. Let the function f, be

defined as in Lemma 2.4. Then we have

fwllyor) =—-1+4y/0+V1+1= —1+\4/§,
fw(rwor) = fullwo2) = -1+ VO+VI+2=-1+ \4/5,

fw(rwll):—lﬂ—\/ﬁ _1+m.

Thus, by the mean value theorem, there are x,% € I(w) such that

[IwoD)| _— VB-V2  ful@) _ 2(VB-V?)
T ViV 3 1@ S VitV 4B

where J = I(w02)UI(wl0)UI(wll) and the inequality follows from Lemma 2.4. O

~ 0.7533,

3. LEBESGUE MEASURE

In this section, we prove Theorem 1.1 with the help of Lemma 2.7 and the Borel-
Cantelli lemma. The proof is split into two propositions (3.1 to get the limsup
and 3.2 to get the liminf).

Proposition 3.1. For any i € = {0, 1,2} and € > 0 we have

lim sup L(x’ )

— <l+e, L-ae xze]0,1).
n—00 0,
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Proof. It suffices to show that
L{z €[0,1): rp(x,i) > (14 ¢)logy, n for infinitely many n € N} = 0.

For any z € [0,1) and n € N, let [,,(x, i) denote the maximal length of consecutive i’s
following the digit x,, in the infinite sequence £(z) = z122. . ., i.e.,

lp(x,i) =sup{k > 0: xpq; =1 forall 1 <j <k}
It is easy to check that

{x €[0,1): rp(x,i) > (14 ¢)logy, n for infinitely many n € N}
C{z €[0,1): ly(x,9) > (1 +¢)logy, n for infinitely many n € N}

< ﬁ [j U I(wil O+ 1ogo, 1y,

m=1n=mweNn

where [y] denotes the smallest integer not less than y. Then by Lemma 2.7,

L{z €[0,1): rp(x,i) > (14 €)logy, n for infinitely many n € N}

[ee]
. [(1+e€) logg, n]
< lglgl?of E g [T (wi )|

n=m weNm
© .2
< liminf E E —:hminf E L=
m—s 00 (1+6) logy, n—2 m— 00 nlte
n=m

n= mweQ"

Proposition 3.2. For any i € Q = {0,1,2} and 0 < ¢ < 1, we have

lim inf L(x’ )

>1—¢, L-ae xzel0]1).
n—00 logain

Proof. For any n € N, let o, = [(1 — ) logy, n] and

A, ={z€[0,1): rp(x,i) < on}-

oo

It suffices to prove that ll( n u An> = 0. Suppose that m € N is large. For any
m=1n=m

n>=m,let k, = |[n/o,]. For any 1 <k < k,, let

Ay ={we QFen Wi—1)on+1W(i—1)0n+2 -+ - Wion # 1% forall 1 <j <k}
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and A, = U I(w). Let A, o = {0} with () the empty word and A4,, o = [0,1).
wWEA, &
It is easy to check that A, C A, 5, C Apk,—1 C ... C A1 C Ay, p. Since

A= U 1= U U Iwy= U (@) -Iwe),

u€A, 1 WEA, k-1 VEQSN WEA, k1
U;éign

by Lemma 2.7 we have

L) = > ((w)|=|I(wi)])

WEA, k1

<(1-mm) X M@= (1- 55 EAu)

WEA, k1

for all 1 < k < k,,. Then
L(An) < L(Ank,) < (1 —=0,77 )" L(A0) = (1—6;77 )",

which implies that

[ee] [ee] oo [ee]
5 clh € T € 3 e ¢ 35 - o
oo [ee]
Therefore, by the Borel-Cantelli lemma, we have E( n u An) =0. O

m=1n=m

Proof of Theorem 1.1. It is a direct corollary of Propositions 3.1 and 3.2. [

4. HAUSDORFF DIMENSION

In this section, the lower bound of the Hausdorff dimension of the set

Ea(i) = {a: c0,1): Tim @) _ a}

n—oo logn

is given by the Hausdorff dimension of a Cantor subset F'.
4.1. Cantor subset. Fix ¢ € {0,1,2} and an integer N > 5. For any k € N, let

« if 0 < a< oo,
O =

k if a = oo.
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Let ng be a positive integer large enough such that for all n > ny,
n = 6plogn+ N.
For any k € N, let ng = 2k2n0. Since 0 < kd1 and ng > 2kni_1 we have
(4.1) ng — nk—1 — Og logng_1 = k(ng—1 — 01lognk_1) > N.

It is easy to check that

1 Op L
(4.2) lim —87k+L _ 1, lim §y =a and lim Okt 0BT _
k—oo logmng k—o0 k—oo Mg — NE_1
Now, we construct a Cantor subset F' of E,(i). Let Fg = {0™}. Inductively,
assume that for an integer k > 1, the set Fx_; has already been defined such that

|7| = ng—1 and 7|, = 0™ for any 7 € Fg_;1. Let

ng — Ng—1 — Ok logng_1
b= { N

By (4.1), we have t;, > 1 and

(4.3) J and sp =ni —ng_1 — Ntg.

(4.4) O logng_1 < s < 0 logng_1 + N.
Define
Fro = {ri%w® . w®™): reFry, w) € Vy forall 1 < j < tx}
where
Vy = {10w01: w e QN 1},

It is easy to check that |v| = ny and v|,, = 0™ for all v € Fj. Let

F=( U 1) co1).

k=0velFy
Lemma 4.1. We have F C E, (7).

Proof. Let x be an arbitrary element in F'. For any n > n1, there exists a unique
integer k > 2 such that ny,_1 <n<ngandx € | I(v). So x122...2p, € Fx. By
the definition of Fyg, it is easy to check that veFi

Sk—1 < rp(z,4) < max s; + no.
1<j<k

Then
. max s; + ng
Sk=1 rn(x71)‘< 1<5<k

logn, = logn  lognp_:
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By (4.2) and (4.4), it follows that

lim Tn(l', Z) _

n—oo  logn

which implies that « € E, (7). This concludes the proof. O

4.2. Mass distribution. In this subsection, we distribute a Borel probability
measure p on the set F' so that we can provide a lower bound for the Hausdorff
dimension of F' by the mass distribution principle, see Lemma 4.2.

Recall that Vy = {10w01: w € QN =4} with N > 5. Let d be the unique positive
solution of the equation

> Hwl =1

ueVn

It is clear that 0 < d < 1. Let Ag =0 and Ay, = Zk:(tj +2s;+ 1) for any k € N.
=1
Now, we first define u(I(u)) for any cylinder if(u) with |u| = ng such that Kol-
mogorov’s consistency condition is satisfied. Then the set function p can be extended
to a Borel probability measure on [0, 1].
(i) For any v € Q™ let p(I(v)) = 1if v € Fo (i.e,, v = 0™); otherwise, let
u(I(v)) = 0. Let C = 4%, By Proposition 2.3, it is clear that

pI(v)) < 1=[I(v)]"*- [I()|* < CI(v)|* = C2%7 - |1 (v)]".

(ii) Inductively, assume that for some k > 1 the set function p(I(7)) has already
been defined for every 7 € Q"1 so that u(I()) < C28+19.|I(7)|¢. For
any v € Q" if v ¢ Fy, let p(I(v)) = 0. Otherwise, if v € Fy with v =
itk .w(tk), where 7 € F;,_1 and w9 € Vy for all 1 < Jj < tg, let

(45) p(1w) = (1) - T] 1))

Since 7 € Fx_1 C Q™! by Lemma 2.6 and Proposition 2.3, we have

[Z(v)]?

tr
) < Ap_1d | d @)yd < Ag_1d | o(te+1)d |
(4.6)  p(I(v) <C2 1@ T H(w9)* < c2 2 TG

j=1
< CQA’“—ld . 2(tk+1)d . 4skd . |I(U)|d _ C2Akd . |I(’U)|d
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(iii) For any n > mg there exists a unique integer k > 1 such that nx_1 < n < ng.
For any u € Q" let

vEQE

v|p=u

We claim that for any £ > 1 and 7 € Q™1

pI(n) =Y w©).
vEQTk
Vln, =T

This implies that the set function p satisfies Kolmogorov’s consistency condition
and so can be uniquely extended to a Borel probability measure on [0,1]. In fact,
if 7 ¢ Fr_y, then p(I(7)) = 0 and p(I(v)) = 0 for any v € Q™ with v|,,_, = 7T
since v ¢ Fy. If 7 € Fj_q, then for any v € Q™ with v|,,_, = 7, we have u(I(v)) # 0
if and only if v € Fy, ie., v = 7% w® . wt) with w) € Vy for all 1 < j < t.
So, by (4.5) and the definition of d, it follows that

Y ()= 3 p(I(risw® | w®)))

VEQTK Tiskw(l),..w(tk)e[ﬂc
Vlny,_ =T

SED IR DRNTHCHE | IO

wMeVy wt) eV y

4.3. Hausdorff dimension. We first cite a well known lemma that will be used
in the estimate of the Hausdorff dimension of F'.

Lemma 4.2 ([2]). Suppose that F' C R is a Borel set and p is a Borel probability
measure on R with u(F) > 0. If for any x € F,

lim inf log p(B(z, 7)) >
r—0 logr

where B(x,r) denotes the ball centered at x with radius r, then dimyg F > s.

Lemma 4.3. We have dimy F > (1 — N~1)d.

Proof. Let « be an arbitrary element in F'. Write € := ¢(x) for simplicity. For
any 0 < r < |I(g|pn,)|, there exists a unique integer k > 2 such that

H(eln)l <7 <[L(elng_y)]-
By the definition of F', we have ¢|,,_, € Fx—1 and ¢, € Fy.
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We split the estimate of the measure of B(x,r) into two cases.

Case It |I(g|ny_y+s,+n)| < 7 < |I(g|n,_,)|- Since €|, , € Fr_1 with k& > 2, by
the definition of F_1, it follows that the word ¢|,, , ends with a word w(**-1) € V ,
ie, €lpe, = €|nk_1,Nw(tk—1). So we can write w0l := ¢|,, _, for simplicity. Note
that by Lemma 2.2, the interval I(w00) lies next to the left-hand side of I(w01) and
the interval J := I'(w02)UTI(wl0)NI(wll) lies next to the right-hand side of I(w01).
Then, by Lemma 2.8, it follows that

B(z,r) = (x —r,x+r) C I(w00) U I(g|n,_ ,)UJ,

because © € I(g|n,_,) and r < |I(g]n,_,)|- By the definition of Fy_1, it is easy to
see that w00, w02, w10, wll ¢ Fy_1, which implies that u(B(z,7)) < p(I(g|n,_,)) by
the definition of p. On the other hand, by Lemma 2.6 and Proposition 2.3, we have

T2 |I(€|nk—1+5k+N)| > 271|I(€|nk—1)| '478167]\]'
Hence, by (4.6),
p(B(x,7)) < plI(elny_,)) < C22%1 8 I(elp,_,)|* < C2881¢ . 2@on 2N HDdyd,

Therefore, by Proposition 2.3 again, it follows that

log p(B(x,r)) S d4 logC' + (Ag—1 + 25 + 2N + 1)dlog 2
logr - logr
logC' + (Ag—1 + 2s; + 2N + 1)dlog 2
—log|I(gln,_, )|
logC + (Ag—1 + 28 + 2N + 1)dlog 2
B ng_1 log 2 '

(4.7)

>d

>d

Case IT: |I1(eln,_,+sp+@+10)N)| <7 < |1(€lny_,+s,+¢n)| for some 1 <t < 1.
As in Case I, write w01 := €|, _, 45, +¢n for simplicity. We can also obtain that

B(z,r) C I(w00) U I(€|n,_,+sp+tn5) U T(w02) U T(wl0) U I(wll).

By the definition of u, for any u € Que-1+5-+N we have pu(I(u)) # 0 only if there
exists some v € [y, such that v|,, ,+s,+t8y = u, which means that the word v must
end with 01 by the definition of Fy. This implies u(B(x,7)) < u(I(gln,_,+sp+tN))-
Assume that

.5 1 t .
Elnp_14su+tN = Elng_, % rM ) =y
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with w) € Vy for all 1 < j < t. By (4.5)~(4.6) and the definition of d,

pw) = > pl)= Y a(uw Y L))

vEFg ww D)t eF,
Vlng_ +sp+tN=U

S D> uI(Eln) Hu @)

wt+) eV w(tk)E\/N

= |’ﬂk 1 H |I |d < C2Ak 1 |’ﬂk 1 H |I

On the other hand, by Lemma 2.6 and Proposition 2.3, we have

t
(> |I(E|nk—1+sk+(t+1)N)| = 2_(t+2)|1(6|nk—1)| ' 4_Sk_N ' H |I(w(J))|
j=1

Hence,
H(B(a,r) < pI(eln,,+uprin)) = plI(u) < C225-1 . 222N 42y,

Therefore, by Proposition 2.3 again, it follows that

log pu(B(z, 1)) S d4 log C + (Ag—1 +t+ 25, + 2N + 2)dlog2
log r - log r
logC + (Ag—1 4+t +2s; + 2N + 2)dlog 2
—log | I(elny_y4si+tn)
logC' + (Ag—1 + ¢+ 2s; + 2N + 2)dlog2
(ng—1 + sk + tN)log 2 '

(4.8)

>d-

zd—

k
Recall that Ay = > (t; +2s; + 1) for any k£ € N. By (4.2)-(4.4) and the Stolz-
j=1
Cesaro Theorem, we have

. Ap_1 428y . A+ 28 .otk 2s 1 +10 1
1lm —_— = 1lm —_— = hm —_— = /.
k—oo Nk—1 + Sk k—o0 Nk—1 k—oo  Np — Nk—1 N

Letting r — 0, which implies & — oo, it follows that the right hand sides of
both (4.7) and (4.8) tend to (1 — N—1)d. Therefore, by Lemma 4.2, we can obtain
that dimy F > (1 — N~1)d. O
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Proof of Theorem 1.2. Fix i € Q = {0,1,2}. For any integer N > 5, let
0 < d < 1 be the unique positive solution of the equation

> M@l =1,

ueVn

where Vy = {10w01: w € Q¥~*}. By Lemmas 4.1 and 4.3, we have

dimy Ea (i) > (1 - %)d.

Note that by Lemma 2.6 and Proposition 2.3, we can obtain that

1= Y It = Y rowon > 3 4 r(w))

ueV N weNN —4 weQN—4
1 B 1 _ B 9(1—=d)(N—4)
=g 2 M@l U@l > 5 Do [Iw)] 20700 = = —
weNN—4 weNN—4
It follows that d — 1 as N — oo. Therefore, dimy F, (i) > 1. 0
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