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Abstract. By iterating the Bolyai-Rényi transformation T (x) = (x+1)2 (mod 1), almost
every real number x ∈ [0, 1) can be expanded as a continued radical expression

x = −1 +
√

x1 +

√

x2 + . . .+
√
xn + . . .

with digits xn ∈ {0, 1, 2} for all n ∈ N. For any real number x ∈ [0, 1) and digit i ∈ {0, 1, 2},
let rn(x, i) be the maximal length of consecutive i’s in the first n digits of the Bolyai-Rényi
expansion of x. We study the asymptotic behavior of the run-length function rn(x, i). We
prove that for any digit i ∈ {0, 1, 2}, the Lebesgue measure of the set

D(i) =
{

x ∈ [0, 1) : lim
n→∞

rn(x, i)

log n
=

1

log θi

}

is 1, where θi = 1 +
√
4i+ 1. We also obtain that the level set

Eα(i) =
{

x ∈ [0, 1) : lim
n→∞

rn(x, i)

log n
= α

}

is of full Hausdorff dimension for any 0 6 α 6 ∞.

Keywords: run-length function; Bolyai-Rényi expansion; Lebesgue measure; Hausdorff
dimension
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1. Introduction

The Bolyai-Rényi transformation T : [0, 1) → [0, 1) is defined by

T (x) = (x+ 1)2 (mod 1) =






x2 + 2x if x ∈ I0 := [0,
√
2− 1),

x2 + 2x− 1 if x ∈ I1 := [
√
2− 1,

√
3− 1),

x2 + 2x− 2 if x ∈ I2 := [
√
3− 1, 1).

It is well known that by iterating the transformation T , almost every real number
x ∈ [0, 1) can be expanded as a continued radical expression. For any x ∈ [0, 1),
define x1 := x1(x) = i if x ∈ Ii, or equivalently,

x1 = ⌊(x+ 1)2⌋ − 1,

where ⌊·⌋ denotes the integer part of a real number. For any integer n > 2, define
xn = x1(T

n−1(x)) with T n−1 the (n− 1)th iteration of T . It is easy to check that

(1.1) (T n−1(x) + 1)2 = xn + T n(x) + 1.

Thus,

(1.2) x = −1 +
√
x1 + T (x) + 1 = −1 +

√
x1 +

√
x2 + T 2(x) + 1 = . . .

= −1 +

√
x1 +

√
x2 + . . .+

√
xn + T n(x) + 1.

If xn 6= 0 for infinitely many n ∈ N, or equivalently, T n(x) 6= 0 for all n ∈ N (see
Remark 2.1), then we have

x = −1 + lim
n→∞

√
x1 +

√
x2 + . . .+

√
xn =: −1 +

√
x1 +

√
x2 + . . .+

√
xn + . . ..

This kind of expansion was originally introduced by Bolyai in 1832 to approximate
roots of certain equations, see [3]. In his influential paper in 1957, Rényi in [6] studied
the ergodic properties of various ‘f -expansions’ of real numbers, including the contin-
ued fraction expansion, the β-expansion and the Bolyai-Rényi expansion. Unlike the
well known Gauss transformation and the β-transformation, an exact formula for the
density function of the unique absolutely continuous invariant probability measure
of the Bolyai-Rényi transformation is still not known. This fact hinders the study of
the statistical properties of the Bolyai-Rényi expansion, for example, the frequency
of the digits. In [3], Jenkinson and Pollicott computed the frequency F(i) of the digit
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i ∈ {0, 1, 2} occurring in almost every Bolyai-Rényi expansion by numerical method.
They obtained that

F(0) = 0.46407962943± 9.6× 10−7,

F(1) = 0.3044190449± 5× 10−7,

F(2) = 0.2315013256± 3.6× 10−7.

In this paper, we study the consecutive appearance of the same digit i ∈ {0, 1, 2}
in the Bolyai-Rényi expansion of almost all real numbers x ∈ [0, 1). For any n ∈ N,
the run-length function rn(x, i) is defined as the maximal length of consecutive i’s in
the first n digits of the Bolyai-Rényi expansion of x (we will use the same symbol for
continued fraction expansion and β-expansion, where it causes no confusion), i.e.,

rn(x, i) = max{k > 0: xj+1 = . . . = xj+k = i for some 0 6 j 6 n− k}.

Following Erdös and Rényi’s (see [1]) interesting result that the maximal average gain
of a player over ⌊log2 n⌋ consecutive repetitions of a fair game tends to 1 almost surely,
the run-length functions of the continued fraction expansion and the β-expansion of
real numbers have recently been well studied. For continued fraction expansion, Song
and Zhou in [7] proved that for any i ∈ N,

lim
n→∞

rn(x, i)

log(i+
√
i2+4)/2 n

=
1

2
, L-a.e. x ∈ [0, 1),

where L denotes the Lebesgue measure. For β-expansion, Tong, Yu and Zhao in [9]
proved that for any β > 1,

lim
n→∞

rn(x, 0)

logβ n
= 1, L-a.e. x ∈ [0, 1).

Hausdorff dimensions of the corresponding level sets are also determined in both
of their papers. (For more metric results about the run-length function in various
expansions of real numbers, the readers are referred to [4], [8], [10], [11] and references
therein.) It should be noted that in both of the above two papers, Philipp’s metric
result (see [5]) about the mixing of Gauss transformation or β-transformation (see
Lemma 2.3 in [7] and Lemma 2.2 in [9]) plays an important role in the estimate of the
Lebesgue measure. However, to the best knowledge of the authors, there is no such
strong result for the Bolyai-Rényi transformation. To overcome this disadvantage, we
study the properties of Bolyai-Rényi transformation and obtain the following results.
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Theorem 1.1. For any i ∈ {0, 1, 2}, let

D(i) =
{
x ∈ [0, 1): lim

n→∞
rn(x, i)

logn
=

1

log θi

}
,

where θi = 1 +
√
4i+ 1. Then L(D(i)) = 1.

Theorem 1.2. For any i ∈ {0, 1, 2} and 0 6 α 6 ∞, let

Eα(i) =
{
x ∈ [0, 1): lim

n→∞
rn(x, i)

logn
= α

}
.

Then dimH Eα(i) = 1, where dimH denotes the Hausdorff dimension.

The rest of this paper is organized as follows: we first introduce some notions as
well as the properties of the Bolyai-Rényi expansion in the next section. Then we
prove Theorem 1.1 in Section 3 and Theorem 1.2 in Section 4.

2. Preliminaries

In this section, we introduce some notions and study the properties of the Bolyai-
Rényi expansion.
Suppose that u = u1u2 . . . um and v = v1v2 . . . vn are two words (i.e., finite se-

quences) of integers, ξ = ξ1ξ2 . . . is an infinite sequence of integers. Denote by
|u| := m the length of u. Write uv = u1 . . . umv1 . . . vn for the concatenation of u
and v. For any integer k > 0, the symbol uk denotes the k times self-concatenation
of u. For any 1 6 j 6 |u| and l > 1, u|j = u1u2 . . . uj is a truncation of u and
ξ|l = ξ1ξ2 . . . ξl is a truncation of ξ.
Define the lexicographical order ‘≺’ between two distinct infinite sequences ξ, η of

integers as follows: ξ ≺ η if ξ1 < η1 or there exists an integer j > 1 such that ξj < ηj
and ξl = ηl for all 1 6 l < j.
Let Ω = {0, 1, 2}. For any n ∈ N, let

Ωn = {u1 . . . un : uj ∈ Ω for all 1 6 j 6 n}

and Ω∗ =
∞⋃

n=1
Ωn. For any x ∈ [0, 1), denote the infinite sequence x1x2 . . . by ε(x),

where
xn = x1(T

n−1(x)) = ⌊(T n−1(x) + 1)2⌋ − 1, n ∈ N.

Remark 2.1. For any x ∈ [0, 1) we have xn 6= 0 for infinitely many n ∈ N if
and only if T n(x) 6= 0 for all n ∈ N. In fact, if T n0(x) = 0 for some n0 ∈ N, then for
any n > n0 we have T n(x) = 0, which implies that xn+1 = 0. On the other hand,
if there exists some n1 ∈ N such that xn = 0 for all n > n1, then by (1.1), we have
1 > T n(x) > 2T n−1(x) > . . . > 2n−n1T n1(x) > 0, which implies that T n1(x) = 0.
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By (1.2) and Remark 2.1, except for a countable set, every real number x ∈ [0, 1)

has a Bolyai-Rényi expansion

x = −1 + lim
n→∞

√
x1 +

√
x2 + . . .+

√
xn =: −1 +

√
x1 +

√
x2 + . . .+

√
xn + . . ..

Lemma 2.2. For any x, x̃ ∈ [0, 1) we have ε(x) ≺ ε(x̃) if and only if x < x̃.

P r o o f. We first prove by induction that if x < x̃, then ε(x) = ε(x̃) or ε(x) ≺ ε(x̃).
Since x < x̃, it is clear that x1 = ⌊(x + 1)2⌋ − 1 6 x̃1. If x1 < x̃1, then we have
ε(x) ≺ ε(x̃). Now, assume that for some n ∈ N we have xj = x̃j for all 16 j6n. Since

x = −1 +

√
x1 +

√
x2 + . . .+

√
xn + T n(x) + 1

< x̃ = −1 +

√
x1 +

√
x2 + . . .+

√
xn + T n(x̃) + 1,

it follows that T n(x) < T n(x̃), which implies xn+1 = ⌊(T n(x) + 1)2⌋ − 1 6 x̃n+1.
Therefore, we have ε(x) = ε(x̃) or ε(x) ≺ ε(x̃).
Next, we show that if x < x̃, then the two infinite sequences ε(x) and ε(x̃) can

not be the same. Otherwise, for any n ∈ N we have

0 < x̃− x 6

√
x1 +

√
x2 + . . .+

√
xn + 2−

√
x1 +

√
x2 + . . .+

√
xn + 1.

Since the right-hand side of the above inequality tends to 0 as n → ∞, we come to
a contradiction. This concludes the proof. �

For any n ∈ N and w = w1w2 . . . wn ∈ Ωn, let

lw = −1 +

√
w1 +

√
w2 + . . .+

√
wn + 1, rw = −1 +

√
w1 +

√
w2 + . . .+

√
wn + 2

and
I(w) = {x ∈ [0, 1): x1 = w1, . . . , xn = wn},

which is called a cylinder of order n. It is clear that I(w) ∩ I(w′) = ∅ for distinct
w,w′ ∈ Ωn and

[0, 1) =
⋃

w∈Ωn

I(w).

Proposition 2.3. For any n ∈ N and w ∈ Ωn, the set I(w) is a left-closed and

right-open interval [lw, rw), the length |I(w)| of which satisfies

4−n 6 |I(w)| = rw − lw 6 2−n.
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P r o o f. By Lemma 2.2, it is easy to observe that the set I(w) is an interval.
Recall that for any x ∈ I(w) we have

(2.1) x = −1 +

√
w1 +

√
w2 + . . .+

√
wn + T n(x) + 1.

Since T n(x) ∈ [0, 1), it follows that lw 6 x < rw. On the other hand, assume that
lw 6 x < rw . Then we have

x = −1 +

√
w1 +

√
w2 + . . .+

√
wn + t+ 1

for some 0 6 t < 1. Since wj ∈ Ω = {0, 1, 2} for all 1 6 j 6 n, it follows that for any
1 6 k 6 n,

1 6

√
wk +

√
wk+1 + . . .+

√
wn + t+ 1 < 2.

Thus, by induction, we can obtain that

T k−1(x) = −1 +

√
wk +

√
wk+1 + . . .+

√
wn + t+ 1,

which implies that xk = ⌊(T k−1(x) + 1)2⌋ − 1 = wk. Therefore, x ∈ I(w).
Since

|I(w)| = rw − lw =

√
w1 + . . .+

√
wn + 2−

√
w1 + . . .+

√
wn + 1

=
1√

w1 + . . .+
√
wn + 2 +

√
w1 + . . .+

√
wn + 1

· . . . · 1√
wn + 2 +

√
wn + 1

,

we have

(2.2) 2−n
>21/2

n − 1=r0n − l0n = |I(0n)|> |I(w)|> |I(2n)|

=
1√

2 + . . .+
√
2 + 2 +

√
2 + . . .+

√
2 + 1

· . . . · 1√
2 + 2 +

√
2 + 1

>4−n,

where the first inequality follows from the fact that 2s − 1 6 s for any s ∈ [0, 1]. �

Lemma 2.4. For any n ∈ N and w ∈ Ωn, define the function fw : R → R by

fw(x) = (. . . (((x + 1)2 − w1)
2 − w2)

2 . . .− wn−1)
2 − wn − 1.

On the interval I(w), we have fw(x) = T n(x) and for any x, x̃ ∈ I(w)

1

2
6

f ′
w(x)

f ′
w(x̃)

6 2.
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Remark 2.5. It is clear that fw(x) = Twn
◦ . . . ◦ Tw2 ◦ Tw1(x) if we let

Ti(x) = (x+ 1)2 − i− 1 = x2 + 2x− i, i ∈ {0, 1, 2}

be the ith branch of the transformation T .

P r o o f of Lemma 2.4. By (2.1), it is clear that fw(x) = T n(x) for any x ∈ I(w).
Assume that x, x̃ ∈ I(w). By repeatedly using (2.1), we can obtain that

(2.3) f ′
w(x) = 2n(T n−1(x) + 1)(T n−2(x) + 1) . . . (T (x) + 1)(x+ 1).

Then
f ′
w(x)

f ′
w(x̃)

=
T n−1(x) + 1

T n−1(x̃) + 1
· T

n−2(x) + 1

T n−2(x̃) + 1
· . . . · T (x) + 1

T (x̃) + 1
· x+ 1

x̃+ 1
.

For any 0 6 k 6 n− 1, since

xj(T
k(x)) = x1(T

j−1(T k(x))) = xj+k(x) for all 1 6 j 6 n− k,

it follows that T k(x) ∈ I(wk+1 . . . wn). Then by (2.2), we have

T k(x) + 1

T k(x̃) + 1
6 1 +

|I(wk+1 . . . wn)|
T k(x̃) + 1

6 1 + |I(wk+1 . . . wn)| 6 21/2
(n−k)

.

Therefore,
f ′
w(x)

f ′
w(x̃)

6 21/2 · 21/22 · . . . · 21/2n 6 2.

�

Lemma 2.6. For any w, v ∈ Ω∗ we have

1

2
6

|I(wv)|
|I(w)| · |I(v)| 6 2.

P r o o f. Let the function fw be defined as in Lemma 2.4. Then it is clear that
fw(lw) = 0 and fw(rw) = 1. By the mean value theorem, there exists an x ∈ I(w)

such that

(2.4) |I(w)| = rw − lw =
fw(rw)− fw(lw)

f ′
w(x)

=
1

f ′
w(x)

.

Assume that |v| = n. By the definition of fw, we have

fw(lwv) = −1 +

√
v1 + . . .+

√
vn + 1 = lv,

fw(rwv) = −1 +

√
v1 + . . .+

√
vn + 2 = rv.
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Then by the mean value theorem again, there exists x̃ ∈ I(wv) ⊂ I(w) such that

(2.5) |I(wv)| = rwv − lwv =
fw(rwv)− fw(lwv)

f ′
w(x̃)

=
|I(v)|
f ′
w(x̃)

.

Therefore, by (2.4)–(2.5) and Lemma 2.4, it follows that

1

2
6

|I(wv)|
|I(w)| · |I(v)| =

f ′
w(x)

f ′
w(x̃)

6 2.

�

Lemma 2.7. Given w ∈ Ω∗ and n ∈ N for any i ∈ Ω = {0, 1, 2} we have

1

θn+2
i

6
|I(win)|
|I(w)| 6

1

θn−2
i

,

where θi = 1 +
√
4i+ 1.

P r o o f. Since θi > 2, by Lemma 2.6, it suffices to show

1

θn+1
i

6 |I(in)| 6 1

θn−1
i

.

If i = 0, since 1
2s 6 2s − 1 6 s for any s ∈ [0, 1], it follows that

1

θn+1
0

=
1

2n+1
6 |I(0n)| = r0n − l0n = 21/2

n − 1 6
1

2n
=

1

θn0
.

If i = 1, let x = 1
2 (
√
5 − 1) ∈ I1 = [

√
2 − 1,

√
3 − 1). It is easy to check that

T (x) = x, which implies that x ∈ I(1n). By (2.3), we have f ′
1n(x) = 2n(x+1)n = θn1 .

As in (2.4), there exists an x̃ ∈ I(1n) such that |I(1n)| = 1/f ′
1n(x̃). So by Lemma 2.4,

1

θn+1
1

6
1

2θn1
6 |I(1n)| 6 2

θn1
6

1

θn−1
1

.

If i = 2, by Proposition 2.3, we have |I(2n)| > 4−n. As in (2.4), there exists
an x̃ ∈ I(2n) such that |I(2n)| = 1/f ′

2n(x̃). Letting x tend to r2n = 1 on I(2n), by
Lemma 2.4 we have T k(x) → 1 for all 1 6 k 6 n−1, which together with (2.3) implies
f ′
2n(x) → 4n. Thus, by Lemma 2.4 again, it follows that |I(2n)| 6 2/f ′

2n(x) → 2/4n.
Therefore,

1

θn2
=

1

4n
6 |I(2n)| 6 2

4n
6

1

θn−1
2

.

�
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Lemma 2.8. For any w ∈ Ω∗ we have |I(w0)| > |I(w1)| and

|I(w01)| 6 |I(w02)|+ |I(w10)|+ |I(w11)|.

P r o o f. Assume that w ∈ Ωn with n ∈ N. By Proposition 2.3, it is clear that

|I(w0)| = rw0 − lw0 =

√
w1 + . . .+

√
wn +

√
0 + 2−

√
w1 + . . .+

√
wn +

√
0 + 1

=
1√

w1 + . . .+
√
wn +

√
2 +

√
w1 + . . .+

√
wn + 1

· . . . · 1√
2 + 1

>
1√

w1 + . . .+
√
wn +

√
3 +

√
w1 + . . .+

√
wn +

√
2

· . . . · 1√
3 +

√
2

=

√
w1 + . . .+

√
wn +

√
1 + 2−

√
w1 + . . .+

√
wn +

√
1 + 1 = |I(w1)|.

By Lemma 2.2 and Proposition 2.3, we know that I(w01), I(w02), I(w10)

and I(w11) are consecutive intervals from left to right. Let the function fw be
defined as in Lemma 2.4. Then we have

fw(lw01) = −1 +

√
0 +

√
1 + 1 = −1 +

4
√
2,

fw(rw01) = fw(lw02) = −1 +

√
0 +

√
1 + 2 = −1 +

4
√
3,

fw(rw11) = −1 +

√
1 +

√
1 + 2 = −1 +

√
1 +

√
3.

Thus, by the mean value theorem, there are x, x̃ ∈ I(w) such that

|I(w01)|
|J | =

4
√
3− 4

√
2√

1 +
√
3− 4

√
3
· f

′
w(x)

f ′
w(x̃)

6
2( 4
√
3− 4

√
2)√

1 +
√
3− 4

√
3
≈ 0.7533,

where J = I(w02)∪I(w10)∪I(w11) and the inequality follows from Lemma 2.4. �

3. Lebesgue measure

In this section, we prove Theorem 1.1 with the help of Lemma 2.7 and the Borel-
Cantelli lemma. The proof is split into two propositions (3.1 to get the lim sup

and 3.2 to get the lim inf).

Proposition 3.1. For any i ∈ Ω = {0, 1, 2} and ε > 0 we have

lim sup
n→∞

rn(x, i)

logθi n
6 1 + ε, L-a.e. x ∈ [0, 1).
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P r o o f. It suffices to show that

L{x ∈ [0, 1): rn(x, i) > (1 + ε) logθi n for infinitely many n ∈ N} = 0.

For any x ∈ [0, 1) and n ∈ N, let ln(x, i) denote the maximal length of consecutive i’s
following the digit xn in the infinite sequence ε(x) = x1x2 . . ., i.e.,

ln(x, i) = sup{k > 0: xn+j = i for all 1 6 j 6 k}.

It is easy to check that

{x ∈ [0, 1): rn(x, i) > (1 + ε) logθi n for infinitely many n ∈ N}
⊂ {x ∈ [0, 1): ln(x, i) > (1 + ε) logθi n for infinitely many n ∈ N}

⊂
∞⋂

m=1

∞⋃

n=m

⋃

w∈Ωn

I(wi⌈(1+ε) logθi
n⌉),

where ⌈y⌉ denotes the smallest integer not less than y. Then by Lemma 2.7,

L{x ∈ [0, 1): rn(x, i) > (1 + ε) logθi n for infinitely many n ∈ N}

6 lim inf
m→∞

∞∑

n=m

∑

w∈Ωn

|I(wi⌈(1+ε) logθi
n⌉)|

6 lim inf
m→∞

∞∑

n=m

∑

w∈Ωn

|I(w)|
θi

(1+ε) logθi n−2
= lim inf

m→∞

∞∑

n=m

θi
2

n1+ε
= 0.

�

Proposition 3.2. For any i ∈ Ω = {0, 1, 2} and 0 < ε < 1, we have

lim inf
n→∞

rn(x, i)

logθi n
> 1− ε, L-a.e. x ∈ [0, 1).

P r o o f. For any n ∈ N, let ̺n = ⌈(1− ε) logθi n⌉ and

An = {x ∈ [0, 1): rn(x, i) < ̺n}.

It suffices to prove that L
( ∞⋂
m=1

∞⋃
n=m

An

)
= 0. Suppose that m ∈ N is large. For any

n > m, let kn = ⌊n/̺n⌋. For any 1 6 k 6 kn, let

An,k = {w ∈ Ωk̺n : w(j−1)̺n+1w(j−1)̺n+2 . . . wj̺n
6= i̺n for all 1 6 j 6 k}
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and An,k =
⋃

w∈An,k

I(w). Let An,0 = {∅} with ∅ the empty word and An,0 = [0, 1).

It is easy to check that An ⊂ An,kn
⊂ An,kn−1 ⊂ . . . ⊂ An,1 ⊂ An,0. Since

An,k =
⋃

u∈An,k

I(u) =
⋃

w∈An,k−1

⋃

v∈Ω̺n

v 6=i̺n

I(wv) =
⋃

w∈An,k−1

(I(w) − I(wi̺n)),

by Lemma 2.7 we have

L(An,k) =
∑

w∈An,k−1

(|I(w)| − |I(wi̺n)|)

6

(
1− 1

θ̺n+2
i

) ∑

w∈An,k−1

|I(w)| =
(
1− 1

θ̺n+2
i

)
L(An,k−1)

for all 1 6 k 6 kn. Then

L(An) 6 L(An,kn
) 6 (1− θ−2−̺n

i )knL(An,0) = (1− θ−2−̺n

i )kn ,

which implies that

∞∑

n=m

L(An) 6
∞∑

n=m

(1−θ−2−̺n

i )kn 6

∞∑

n=m

e−kn/θ
̺n+2
i 6

∞∑

n=m

e−nε/(4(1−ε)θ3
i logθi

n) <∞.

Therefore, by the Borel-Cantelli lemma, we have L
( ∞⋂
m=1

∞⋃
n=m

An

)
= 0. �

P r o o f of Theorem 1.1. It is a direct corollary of Propositions 3.1 and 3.2. �

4. Hausdorff dimension

In this section, the lower bound of the Hausdorff dimension of the set

Eα(i) =
{
x ∈ [0, 1): lim

n→∞
rn(x, i)

logn
= α

}

is given by the Hausdorff dimension of a Cantor subset F .

4.1. Cantor subset. Fix i ∈ {0, 1, 2} and an integer N > 5. For any k ∈ N, let

δk =

{
α if 0 6 α < ∞,

k if α = ∞.
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Let n0 be a positive integer large enough such that for all n > n0,

n > δ1 logn+N.

For any k ∈ N, let nk = 2k
2

n0. Since δk 6 kδ1 and nk > 2knk−1 we have

(4.1) nk − nk−1 − δk lognk−1 > k(nk−1 − δ1 lognk−1) > N.

It is easy to check that

(4.2) lim
k→∞

lognk+1

lognk
= 1, lim

k→∞
δk = α and lim

k→∞

δk+1 lognk

nk − nk−1
= 0.

Now, we construct a Cantor subset F of Eα(i). Let F0 = {0n0}. Inductively,
assume that for an integer k > 1, the set Fk−1 has already been defined such that
|τ | = nk−1 and τ |n0 = 0n0 for any τ ∈ Fk−1. Let

(4.3) tk =
⌊nk − nk−1 − δk lognk−1

N

⌋
and sk = nk − nk−1 −Ntk.

By (4.1), we have tk > 1 and

(4.4) δk lognk−1 6 sk < δk lognk−1 +N.

Define

Fk = {τiskw(1) . . . w(tk) : τ ∈ Fk−1, w(j) ∈ VN for all 1 6 j 6 tk},

where
VN = {10w01: w ∈ ΩN−4}.

It is easy to check that |v| = nk and v|n0 = 0n0 for all v ∈ Fk. Let

F =

∞⋂

k=0

⋃

v∈Fk

I(v) ⊂ [0, 1).

Lemma 4.1. We have F ⊂ Eα(i).

P r o o f. Let x be an arbitrary element in F . For any n > n1, there exists a unique
integer k > 2 such that nk−1 6 n < nk and x ∈ ⋃

v∈Fk

I(v). So x1x2 . . . xnk
∈ Fk. By

the definition of Fk, it is easy to check that

sk−1 6 rn(x, i) 6 max
16j6k

sj + n0.

Then
sk−1

lognk
6

rn(x, i)

logn
6

max
16j6k

sj + n0

lognk−1
.
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By (4.2) and (4.4), it follows that

lim
n→∞

rn(x, i)

logn
= α,

which implies that x ∈ Eα(i). This concludes the proof. �

4.2. Mass distribution. In this subsection, we distribute a Borel probability
measure µ on the set F so that we can provide a lower bound for the Hausdorff
dimension of F by the mass distribution principle, see Lemma 4.2.

Recall that VN = {10w01: w ∈ ΩN−4} with N > 5. Let d be the unique positive
solution of the equation ∑

u∈VN

|I(u)|d = 1.

It is clear that 0 < d < 1. Let ∆0 = 0 and ∆k =
k∑

j=1

(tj + 2sj + 1) for any k ∈ N.

Now, we first define µ(I(u)) for any cylinder I(u) with |u| > n0 such that Kol-
mogorov’s consistency condition is satisfied. Then the set function µ can be extended
to a Borel probability measure on [0, 1].

(i) For any v ∈ Ωn0 , let µ(I(v)) = 1 if v ∈ F0 (i.e., v = 0n0); otherwise, let
µ(I(v)) = 0. Let C = 4n0d. By Proposition 2.3, it is clear that

µ(I(v)) 6 1 = |I(v)|−d · |I(v)|d 6 C|I(v)|d = C2∆0d · |I(v)|d.

(ii) Inductively, assume that for some k > 1 the set function µ(I(τ)) has already
been defined for every τ ∈ Ωnk−1 so that µ(I(τ)) 6 C2∆k−1d · |I(τ)|d. For
any v ∈ Ωnk , if v /∈ Fk, let µ(I(v)) = 0. Otherwise, if v ∈ Fk with v =

τiskw(1) . . . w(tk), where τ ∈ Fk−1 and w(j) ∈ VN for all 1 6 j 6 tk, let

(4.5) µ(I(v)) = µ(I(τ)) ·
tk∏

j=1

|I(w(j))|d.

Since τ ∈ Fk−1 ⊂ Ωnk−1 , by Lemma 2.6 and Proposition 2.3, we have

(4.6) µ(I(v)) 6 C2∆k−1d · |I(τ)|d ·
tk∏

j=1

|I(w(j))|d 6 C2∆k−1d · 2(tk+1)d · |I(v)|d
|I(isk)|d

6 C2∆k−1d · 2(tk+1)d · 4skd · |I(v)|d = C2∆kd · |I(v)|d.
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(iii) For any n > n0 there exists a unique integer k > 1 such that nk−1 < n 6 nk.
For any u ∈ Ωn, let

µ(I(u)) =
∑

v∈Ωnk

v|n=u

µ(I(v)).

We claim that for any k > 1 and τ ∈ Ωnk−1 ,

µ(I(τ)) =
∑

v∈Ωnk

v|nk−1
=τ

µ(I(v)).

This implies that the set function µ satisfies Kolmogorov’s consistency condition
and so can be uniquely extended to a Borel probability measure on [0, 1]. In fact,
if τ /∈ Fk−1, then µ(I(τ)) = 0 and µ(I(v)) = 0 for any v ∈ Ωnk with v|nk−1

= τ

since v /∈ Fk. If τ ∈ Fk−1, then for any v ∈ Ωnk with v|nk−1
= τ , we have µ(I(v)) 6= 0

if and only if v ∈ Fk, i.e., v = τiskw(1) . . . w(tk) with w(j) ∈ VN for all 1 6 j 6 tk.
So, by (4.5) and the definition of d, it follows that

∑

v∈Ωnk

v|nk−1
=τ

µ(I(v)) =
∑

τiskw(1)...w(tk)∈Fk

µ(I(τiskw(1) . . . w(tk)))

=
∑

w(1)∈VN

. . .
∑

w(tk)∈VN

µ(I(τ)) ·
tk∏

j=1

|I(w(j))|d = µ(I(τ)).

4.3. Hausdorff dimension. We first cite a well known lemma that will be used
in the estimate of the Hausdorff dimension of F .

Lemma 4.2 ([2]). Suppose that F ⊂ R is a Borel set and µ is a Borel probability

measure on R with µ(F ) > 0. If for any x ∈ F ,

lim inf
r→0

logµ(B(x, r))

log r
> s,

where B(x, r) denotes the ball centered at x with radius r, then dimH F > s.

Lemma 4.3. We have dimH F > (1−N−1)d.

P r o o f. Let x be an arbitrary element in F . Write ε := ε(x) for simplicity. For
any 0 < r < |I(ε|n1)|, there exists a unique integer k > 2 such that

|I(ε|nk
)| 6 r < |I(ε|nk−1

)|.

By the definition of F , we have ε|nk−1
∈ Fk−1 and ε|nk

∈ Fk.
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We split the estimate of the measure of B(x, r) into two cases.

Case I : |I(ε|nk−1+sk+N )| 6 r < |I(ε|nk−1
)|. Since ε|nk−1

∈ Fk−1 with k > 2, by
the definition of Fk−1, it follows that the word ε|nk−1

ends with a word w(tk−1) ∈ VN ,
i.e., ε|nk−1

= ε|nk−1−Nw(tk−1). So we can write w01 := ε|nk−1
for simplicity. Note

that by Lemma 2.2, the interval I(w00) lies next to the left-hand side of I(w01) and
the interval J := I(w02)∪I(w10)∩I(w11) lies next to the right-hand side of I(w01).
Then, by Lemma 2.8, it follows that

B(x, r) = (x− r, x+ r) ⊂ I(w00) ∪ I(ε|nk−1
) ∪ J,

because x ∈ I(ε|nk−1
) and r < |I(ε|nk−1

)|. By the definition of Fk−1, it is easy to
see that w00, w02, w10, w11 /∈ Fk−1, which implies that µ(B(x, r)) 6 µ(I(ε|nk−1

)) by
the definition of µ. On the other hand, by Lemma 2.6 and Proposition 2.3, we have

r > |I(ε|nk−1+sk+N )| > 2−1|I(ε|nk−1
)| · 4−sk−N .

Hence, by (4.6),

µ(B(x, r)) 6 µ(I(ε|nk−1
)) 6 C2∆k−1d · |I(ε|nk−1

)|d 6 C2∆k−1d · 2(2sk+2N+1)drd.

Therefore, by Proposition 2.3 again, it follows that

(4.7)
logµ(B(x, r))

log r
> d+

logC + (∆k−1 + 2sk + 2N + 1)d log 2

log r

> d− logC + (∆k−1 + 2sk + 2N + 1)d log 2

− log |I(ε|nk−1
)|

> d− logC + (∆k−1 + 2sk + 2N + 1)d log 2

nk−1 log 2
.

Case II : |I(ε|nk−1+sk+(t+1)N )| 6 r < |I(ε|nk−1+sk+tN )| for some 1 6 t < tk.

As in Case I, write w01 := ε|nk−1+sk+tN for simplicity. We can also obtain that

B(x, r) ⊂ I(w00) ∪ I(ε|nk−1+sk+tN ) ∪ I(w02) ∪ I(w10) ∪ I(w11).

By the definition of µ, for any u ∈ Ωnk−1+sk+tN we have µ(I(u)) 6= 0 only if there
exists some v ∈ Fk such that v|nk−1+sk+tN = u, which means that the word u must
end with 01 by the definition of Fk. This implies µ(B(x, r)) 6 µ(I(ε|nk−1+sk+tN )).
Assume that

ε|nk−1+sk+tN = ε|nk−1
iskw(1) . . . w(t) =: u
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with w(j) ∈ VN for all 1 6 j 6 t. By (4.5)–(4.6) and the definition of d,

µ(I(u)) =
∑

v∈Fk

v|nk−1+sk+tN=u

µ(I(v)) =
∑

uw(t+1)...w(tk)∈Fk

µ(I(uw(t+1) . . . w(tk)))

=
∑

w(t+1)∈VN

. . .
∑

w(tk)∈VN

µ(I(ε|nk−1
)) ·

tk∏

j=1

|I(w(j))|d

= µ(I(ε|nk−1
)) ·

t∏

j=1

|I(w(j))|d 6 C2∆k−1d · |I(ε|nk−1
)|d ·

t∏

j=1

|I(w(j))|d.

On the other hand, by Lemma 2.6 and Proposition 2.3, we have

r > |I(ε|nk−1+sk+(t+1)N )| > 2−(t+2)|I(ε|nk−1
)| · 4−sk−N ·

t∏

j=1

|I(w(j))|.

Hence,

µ(B(x, r)) 6 µ(I(ε|nk−1+sk+tN )) = µ(I(u)) 6 C2∆k−1d · 2(t+2sk+2N+2)drd.

Therefore, by Proposition 2.3 again, it follows that

(4.8)
logµ(B(x, r))

log r
> d+

logC + (∆k−1 + t+ 2sk + 2N + 2)d log 2

log r

> d− logC + (∆k−1 + t+ 2sk + 2N + 2)d log 2

− log |I(ε|nk−1+sk+tN )|

> d− logC + (∆k−1 + t+ 2sk + 2N + 2)d log 2

(nk−1 + sk + tN) log 2
.

Recall that ∆k =
k∑

j=1

(tj + 2sj + 1) for any k ∈ N. By (4.2)–(4.4) and the Stolz-

Cesàro Theorem, we have

lim
k→∞

∆k−1 + 2sk
nk−1 + sk

= lim
k→∞

∆k−1 + 2sk
nk−1

= lim
k→∞

tk + 2sk+1 + 1

nk − nk−1
=

1

N
.

Letting r → 0, which implies k → ∞, it follows that the right hand sides of
both (4.7) and (4.8) tend to (1 − N−1)d. Therefore, by Lemma 4.2, we can obtain
that dimH F > (1−N−1)d. �
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P r o o f of Theorem 1.2. Fix i ∈ Ω = {0, 1, 2}. For any integer N > 5, let
0 < d < 1 be the unique positive solution of the equation

∑

u∈VN

|I(u)|d = 1,

where VN = {10w01: w ∈ ΩN−4}. By Lemmas 4.1 and 4.3, we have

dimH Eα(i) >
(
1− 1

N

)
d.

Note that by Lemma 2.6 and Proposition 2.3, we can obtain that

1 =
∑

u∈VN

|I(u)|d =
∑

w∈ΩN−4

|I(10w01)|d >
∑

w∈ΩN−4

4−5d|I(w)|d

=
1

45d

∑

w∈ΩN−4

|I(w)| · |I(w)|d−1 >
1

45d

∑

w∈ΩN−4

|I(w)| · 2(1−d)(N−4) =
2(1−d)(N−4)

210d
.

It follows that d → 1 as N → ∞. Therefore, dimH Eα(i) > 1. �
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