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Abstract. Let p,q € Rwithp—q >0, 0= %(p—l—q—l) and s = %(l—p—l—q), and let

\~ _ Box(s)
D (z;p,q) = Do(; p, 2k ;
m(x;p,q) = Do(z;p, q) + kzz:l %z + o)2F
where
Do(x;p,q) = LAs) ; pete In(z + o).
We establish the asymptotic expansion
o0
. Ban(s)
Do(z;p,q) ~ — Z (e + 0)% as r — 0o,

n=1

where By, (s) stands for the Bernoulli polynomials. Further, we prove that the functions
(=1)™ Dy (25 p, q) and (—1)™ 1Dy, (z;p, q) are completely monotonic in z on (—o, c0) for
every m € Ny if and only if p — ¢ € [0, %] and p — g = 1, respectively. This not only unifies
the two known results but also yields some new results.

Keywords: psi function; asymptotic expansion; complete monotonicity

MSC 2020: 41A60, 33B15, 26A48

1. INTRODUCTION

We begin with recalling several necessary knowledge. Classical Euler’s gamma
function I' and psi (digamma) function v are defined by [1]

a1 I'(z)
(1.1) I'(z) = / t*"re”'dt and (z) = (Re(z) > 0),
0 I'(z)
respectively.
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A function f is said to be completely monotonic on an interval I if f has derivatives
of all orders on I and satisfies

(=1)*f®(z) >0 for ke Ng=NU{0} and = € I,

see [10], [12]. A positive function f is called logarithmically completely monotonic
on an interval I if f has derivatives of all orders on I and satisfies

(—1)*[n f(2)]® >0 forkeNandazel,

see [3], [9]. It was pointed out in [9] that if f is logarithmically completely monotonic
on I then f is completely monotonic on I, and not vice versa. The famous Bernstein
Theorem (see Theorem 12b in [12]) tells us that the function f(z) is completely
monotonic on (0, c0) if and only if

fla) = [ et

where p(t) is nondecreasing and the integral converges for 0 < z < oc.
A function f: (0,00) — R is a Bernstein function if f is of class C*°, f(z) > 0 for
all x > 0 and derivatives of all orders on I and satisfies

(=) 18 (z) >0 forall k € N and x > 0,

see Definition 3.1 in [10]. Evidently, a nonnegative C*°-function f: (0,00) — R is
a Bernstein function if and only if f’ is a completely monotone function.
The Bernoulli polynomials By (x) are defined by

te” B
(1.2) ) @y < on

respectively, which satisfy the following properties, see equations (23.1.8), (23.1.6),
(23.2.5), (23.1.14), (23.1.21) in [1]:

(P1) Bn( = (=1)"Bn(x);

(P2) B,(z +1) — B,(z) = na"? n_0,1,2,...,

( Bl (2) =nBn_1(z) and n [ By_1(t)dt = Bp(z) — Bp(a), n=1,2,..;

®s) (1

(P5) Bu(z

g
= w
T O —

)" Bapir(z) >0,z €(0,3),n=1,2,..;
y=—(1-2""B,,n=0,1,2,....
The motivation of this paper is caused by several known results, which suggest that
the remainders in those asymptotic series involving gamma function have complete
monotonicity property. The earliest result was proved in Theorem 8 of [2] by Alzer.
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Theorem A. Let
1 1
fo(x) = InT(z) — (x - 5) Inz+z— 3 In(2n),
- Boy,
= R D > 1.
fn(x) fo(x) ‘ 2k(2k _ 1)x2k_1 fOr n = ]-

Then the function x — (—1)"f,(z) for n € Ny is completely monotonic on (0, 00).

A similar result is due to Theorem 2 of [13].

Theorem B. Let
1 1
go(x) = 1nF(a: + 5) —zlnx+x— 3 In(2n),
- (1 — 2172k)B2k
gn(z) = go(z) + Z —Zk(Zk BT forn > 1.
k=1
Then the function x — (—1)""1g,(x) for n € Ny is completely monotonic on (0, c).

The third result proved in [4] by Chen and Paris asserts that the function = —

(=1)"hy(x) for n € N is completely monotonic on (0, c0), where

X

k=1

(1—272)By,
k(2k — 1)a2-—1"

Ixz+1) 1
(13) (@) =Inme sy — g
This result can also follow from Theorems A and B due to h,(z) = fn(x) +[—gn(z)],

see Remark 7 in [13].
The fourth result was established in [15] by Yang, Tian and Ha.

Theorem C. Let p,g € Rwith 0 < r =p—q < 1 and o = %(p—l—q—l),
= %(1 —r). Forn € N, let R,,(x;p,q) be defined on (—o,c0) by

InT(z 4+ p) — InT(z + q) (s o) — zn: Boyy1(s)
rk(

Rn(xvpaQ) = p—gq 2k+1)($+0’)2k

Then the function x — (—1)"R,(x;p, q) is completely monotonic on (—o, c0).

Similar results can be found in [5], [6], [7], and recent papers [11], [16].
Let us consider the function F, 4, for p,¢g € R with r = p—¢ > 0 and 0 =
2(p+q—1), defined on (—g,00), by

Y(E+p)+ Y +q)
2

(1.4) F, q.(x) = —In(z + o).

The first aim of this paper is to produce the asymptotic expansion of F, ,(z), which

is contained in the following theorem.
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Theorem 1.1. Let p,q € R withr =p—q > Oafé(p—i—q 1)ands—%(1—r).
Then

(1.5) Z + as r — 0o.
n(z+ o)

The second aim of this paper is to determine the best parameters p and ¢ such
that Fj, 4(x) is completely monotonic on (—o, c0), which is stated as follows.

Theorem 1.2. Let p,q € R withr =p—q > 0,0 = —(p+q—1) and s = %(1—7’).
Then F, ,(z) defined by (1.4) is completely monotonic on (—o,00) if and only if
0 <r < 1/v/3, while —F, ,(z) is completely monotonic on (—o, 00) if and only ifr > 1.

The third aim of this paper is to investigate the complete monotonicity of the
remainder in the asymptotic series (1.5). Our third result reads as follows.

Theorem 1.3. Let p,q € R withr =p—q>0,0=2%(p+q—1) ands = 3(1—71),
and let
. Bag(s) .
F, (x)+ ——— ifm>1,
(1.6) Don(@1p,q) = palz) + 2 2k(z + o)
F, .(x) ifm = 0.

The following statements are valid:
(i) For every m € Ny, the function  — (—1)"D,,(x;p,q) is completely monotonic
on (—0,00) if and only if r € [0, §].
(i) For every m € Ny, the function x +— (—=1)™"'D,,(x;p,q) is completely mono-
tonic on (—o,00) if and only if r = 1.
(iii) If r € [0,3] or r = 1, then for every m € Ny, the inequality

| Bam+2(5)]

(2m + 2)(z + o) +2 holds for z > —o.

(1.7) D (50, 4)| <

2. PROOF OF THEOREM 1.1

2.1. Watson’s lemma. To prove Theorem 1.1, we need the following special case
of Watson’s lemma.

Lemma 2.1 ([8]). Assume that the Laplace transform [° f(t)e~*'dt converges
for all sufficiently large x, and f(t) is infinitely differentiable in a neighborhood of
the origin. Then

(2.1) / f(te "t dt ~ Z f;n_H as  — oo.
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2.2. Integral representation of F), ,(z).

Lemma 2.2. Let r = p—¢q > 0 and 0 = 3(p+ q — 1). The function F, 4(z)
defined by (1.4) has the integral representation

(2.2) / f(t)e= @+t qg

where
(2.3) () = % _ cosh(rt/2)

2sinh(t/2)

Proof. Using the integral representation of ¢(z) (see equation (6.3.21) in [1])

—zt

e e et _¢
Z/J(z)f/o (T_l—e—t)dt (Rez>0) and lnzf/o fdt’

we have

o, —t 1 e~ Pt qt oo, —t —(z+o)t
Fpq( / ___e —|—e 7xt)dt—/ (e——ei)dt
! 0 1—e t

oo z+o’ t t —qt
/ ) le P +e q 7zt dt = / f —(z+o)t dt
0

2 1—et
where
1 lePtye @
2.4 —Z_ZZ 7 ot
( ) f(t) t 2 1 _ eit
A simplification yields
1 cosh(rt/2
Flt) = 3 - SoMt/2)
t  2sinh(¢/2)
which implies (2.2), thereby completing the proof. O

2.3. Maclaurin series representation of f(t).

Lemma 2.3. Let 7 > 0 and s = (1 —r). The function f(t) defined by (2.3) has
the Maclaurin series representation

(2.5) Z

n=1

t2" L for |t| < 2m,

or equivalently,

_teosh(rt) o= 22"Ba,(s) 0
(2.6) Or(t) = — 7;0 ) 2" for |t| < m.
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Proof. Note that
p+qg—1 1-—7r

]_— :1— = =
p+o p+ 9 5 s,
-1 1
1—q+0’:1—q—|—p+g = _grzl—s.

From an arrangement of (2.4) we have that

1 1ePtge 1t 11
t:___iat:___<
=737 =1 %

Using the definition of Bernoulli polynomial (1.2) and noting that Bg(xz) =1 give

teSt te(lfs)t
et —1 + et —1 )

1 = Bi(s)+ Br(l —s 1 = Bry1(s) + Bry1(1 —s)
1)+ Bull =o)L §5 B R -

2|

k=0
By (P1), that is, Bn(l —z) = (=1)"B,(z), we see that
Beor(s) + B (1 ) 0 if K = 2n,
s) + —Ss)=
wH rH 2Bonia(s) if k=2n+1

which leads to

Z Banya(s p2n+1
— (2n + 2 '

That is,

t2n 1

1 cosh(rt/2) i
t  2sinh(t/2) —~

which, by arranging and replacing §t by t, gives (2.6).
This completes the proof. O

2.4. Proof of Theorem 1.1. We are now in a position to prove Theorem 1.1.
Proof. By Lemma 2.3 we see that f(*™(0) =0 and

Baonia(s) _ Banya(s)
(2n +2)! 2n+2

FEHD0) = —(2n + 1)!

It follows from Lemma 2.1 that
(2n+1)(0)
—(gc+a)t dt ~ f
/ I Z (x + o)2nt2

Bany2(s)
= - —
z% 2n+2)(z +o)zniz BT T

which implies (1.5), and the proof is done. O
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3. PROOFS OF THEOREMS 1.2 AND 1.3
3.1. Complete monotonicity of the functions ¢, (t) = ¢,(3Vt) and ¢ (t).
Lemma 3.1. Forr >0, let ¢,(t) be defined in (2.6). Then t — ¢, (t) = ¢r(5V1)

is completely monotonic on (0, c0) if and only if r € [0, %]

Proof. Necessity. If p,.(t) is completely monotonic on (0, 00), then we have

lim[(—1)" (™ (8)] = 0.

t—0
From (2.6) we see that ¢, (t) has the Maclaurin series representation

B ﬁ _ Witcosh(rvt/2) . Bok(s)
mt)—q»(Q)_ ) s Ty

(3.1)

for 0 < t < 4n2. Then

; _ 1\, ,(n) — " (_1\" >
for every n € Ng. Obviously, s = %(1 —7) < due to r > 0. From the inequality
9 1
Ba(s) =s —5+6<0

we find that s € [§(3 — V3),1] € [0,1]. Further, from the inequality Ba,(s) > 0
we can find that s € [], 1]. It was listed in equation (23.1.18) of [1] that

(—1)"12(2n)! <= cos(2knx)
By (z) = 211 o Z 2 for n € N and « € [0, 1].
=1
Then
2(4n)! < co 2k;1'cs
(3.2) Bun(s) = ~ i Zl for all n € N,

o)
where s € [£(3 — V3),1] C [0,1]. Since the series > k~*" cos(2kns) is uniformly

k=1
convergent, we have

lim (2]-[) 7y Ban(s )} = — lim Z cos(2kms) = —cos(2ns) > 0,

n—00 2(4 ) n—00 4= kA4n
which means that s € [%,3]. This, due to s = (1 — r) with 7 > 0, shows that
r € [0, 3], which proves the necessity.
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Sufficiency. Assume that r € [0, 3]. It was listed in equations (4.5.68), (4.5.69)
of [1] that

sinh z ﬁ(1+ 22 ) d L ﬁ(1+ 22 )
= _— 1 = _—
z oot n2nz) coshe oot (n—1/2)2x2

for z € C. Logarithmic differentiation yields

(3.3) [m Sm}\l(/ﬁﬂ} dtzl ( 4n? 2) §4n2n2+t
2

[IHCOSh< 2 )] dt21n(1+ —1/2)2 n2) z:: n2/7~2+t'

We thus obtain that
—[ne(t)] = — :;lt [lncosh(r;/_) In %‘f;ﬂ)}

ad 1 ad 1

- Z t+4n2n> Z t+ (2n —1)2n2/r?

Z 2nr+2n—1)((1-2r)n+n—-1)
T2 (t+4n2m2)(t + (2n — 1)272/r2)

Clearly, (2nr +2n — 1)((1 = 2r)n+n—1) > 0 for r € [0,3] and n € N. Since
— (t+¢)7! (¢ > 0) is completely monotonic on (0,00), so is t — —[lnp,(t)])’
n (0,00). That is, t — qﬁr(%\/f) is logarithmically completely monotonic on (0, o).

As shown in [9], a (strictly) logarithmically completely monotonic function is also

(strictly) completely monotonic. Therefore, the function ¢ — ¢,(3+/t) is completely

monotonic on (0, 00), which proves the sufficiency, and the proof is done. O

Lemma 3.2. For r > 0, let ¢.(t) be defined in (2.6). Then ¢t — ¢.(t) =
d¢,(3Vt)/dt is completely monotonic on (0, cc) if and only if r = 1.
Proof. Necessity. Ift — ¢/.(t) is completely monotonic on (0, c0) then ¢!/ (¢t) <0
for all £ > 0. Since
r(t) = —\/%C.OSh(r\/%/Q) ~ 1\/Ee(r*l)\/g/Q as t — 00,
2sinh(v/%/2) 2

we have

1 " 1 2(r—1) 4
(4 ~ _\/Ee(r—l)\/Z/Q — = o= DVE2 )2 +
i3 NG A A

which implies that

: (1—=r)VE/2, 1 :i 132
Tim [V7e Pl(H)] = 55 (r = 2.
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This together with ¢//(¢) < 0 valid for all ¢+ > 0 means that (r — 1)? < 0, and
therefore, » = 1, which proves the necessity.
Sufficiency. Suppose that r = 1. We prove that ¢t — ¢/.(¢) is completely monotonic
n (0,00). It follows from (3.3) that

Vtcosh(v/1/2) - i 2t

t) = . —
e1(t) 2 sinh(v/1/2) — dn?n? +1

o0 2
’ 2 n
t) =28 —_—
301() T Z(4n2n2+t)2’
n=1
and therefore, t — ¢/ (t) = d¢1(3+/1)/dt is completely monotonic on (0, ), which
proves the sufficiency, thereby completing the proof. (I

Remark 3.1. It is seen from Lemma 3.2 that the function ¢, (¢) given in (3.1)
is a Bernstein function on (0, 00) if and only if » = 1. In other words, the function
¢1(t) = Vtcoth/t is a Bernstein function on (0, c0).

3.2. Inequalities for hyperbolic functions.

Lemma 3.3. Form € N, r >0 and s = 5(1 — ), let

tcosh(rt/2) ng ok
(34) Im(t) = 2sinh(t/2) Z t '

Then Iy(t) < (>)0 for all t > 0 if and only if r € [0,1/v/3] (r > 1).
Proof. We have

(t) = tcosh(rt/2) 1 — (t/2) cosh(rt/2) — sinh(t/2) _ u(t/2)
0 2 sinh(¢/2) sinh(¢/2) sinh(t/2)’

where u(t) = t cosh(rt) — sinh .
(i) If Io(t) < O for all ¢ > 0, then

Cou) 1/, 1
= _ )<
= = 3 (T ) <O
which implies that » € [0,1/+/3].
Suppose that r € [0,1/4/3]. Expanding in power series and using an elementary
inequality that 3" — (2n + 1) > 0 for n € N yield

> (2n + 1) — 1 P i 2n+1)t2n+1
(2n+1)! n(2n + 1)!

n=0 n=0

<0

for ¢t > 0.
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(ii) If Io(¢) > 0 for all ¢ > 0, then tlim Iy(t) = 0. Suppose that 0 < r < 1. Then
—00

tlim Iy(t) = —1, which yields a contradiction. Hence, r > 1. If r > 1 then
— o0

oo oo
2n+1)r*" =1, ., 2n 50
u(t) =y S S N S et 5
| |
— (2n+1) — (2n+1)!
for ¢t > 0. This completes the proof. ([

Remark 3.2. Lemma 3.3 implies that, for «, 5 > 0, the double inequality
sinh ¢

cosh(ft) < < cosh(at)

for t > 0 if and only if & > 1 and 8 < 1/v/3. A stronger double inequality can be
seen in Theorem 1 of [14].

Using Lemmas 3.1 and 3.2, we can easily prove Lemmas 3.4 and 3.5, which are
crucial to prove Theorem 1.3.

Lemma 3.4. Let s = 3(1 — r) with r > 0 and let I,,,(t) be defined by (3.4).
The inequality (—1)™*11,,(t) > 0 for all t > 0 and every m € Ng holds if and only
ifr €[0,4].

Proof. Sufficiency. Suppose that r € [0, %] By the Maclaurin series represen-
tation (3.1) we see that

ﬁ) VEcosh(rVi/2) _ = g0)

(35) Pr (t) =¢r <7 2 sinh(\/f/Q) P k! t

for 0 < t < 4n?, where

0" (0)  Ba(s)

= f No.
i k) orkENo

Now using the Lagrange remainder formula we have

m (k) t _pym
(3.6) Ln(V1) = () _ZL!((’)tk :/0 S () =)™

k m!
k=0

and then using Lemma 3.1 gives

t_ m
7:”')01500

(_1)m+11m(\/g) _ At(_l)m+1¢$m+1)(x)(

for t > 0. Hence, (—1)™*'1,,(v/t) > 0 for ¢t > 0, and therefore, (—1)™*11,,,(t) > 0
for t > 0, which proves the sufficiency.
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Necessity. Assume that the inequality (—1)™11,,(¢) > 0 holds for all ¢ > 0 and
every m € Ng. We prove that r € [0, %] Firstly, by Lemma 3.3, (—1)"*11,,(t) > 0
for t > 0 and m = 0 implies that r € [0,1/V/3], or equivalently, s = (1 —r) €
[£(3 = v/3),3] € [0,1]. Secondly, (=1)™*!I,,,(t) > 0 for t > 0 and m = 2n — 1
implies that

i 2ot VD) @27(0) _ Bans)

t—0 {20 (2n)! (4n)!
forallm € N and s € [§(3 — V/3), 1]. From the proof of Lemma 3.1 we see that this
means that s € [i, %], which, due to s = %(1 —r) with r > 0, indicates that r € [0, %],
which proves the necessity, thereby completing the proof. O

Lemma 3.5. Let s = (1 —r) with r > 0 and let I,,(t) be defined by (3.4). The
inequality (—1)™1,,(t) > 0 for all t > 0 and every m € Ny holds if and only if r = 1.

Proof. Sufficiency. Suppose that r = 1. In Lemma 3.2 we have shown that
t > .(t) = do,(:v/t)/dt is completely monotonic on (0,00) if and only if r = 1.
Then (—1)mg0§m+1 (t) > 0 for t > 0 and m € Ng. Using the Lagrange remainder
formula (3.6) we conclude that

(=)™ In (V1) = / @ g s 0
0 m!

for t > 0 and m € Ny, and so (—1)" 1, (¢t) > 0 for ¢ > 0 and m € Ny, which proves
the sufficiency.

Necessity. Assume that the inequality (—1)™I,,(t) > 0 holds for all ¢ > 0 and
every m € Ng. We prove that » = 1. Firstly, by Lemma 3.3, (—1)"1,,(¢) > 0 for
t > 0 and m = 0 implies that r > 1. Secondly, (—1)™I,(t) > 0fort >0 and m =1
implies that

L) = t2C§iSn};1((tt//22)) —- %tQ G %) <0
for all ¢ > 0. Obviously, if » > 1 then tlggo I (t) = oo, which yields a contradiction.
Therefore, r = 1, which proves the necessity, thereby completing the proof. ([

3.3. Proof of Theorem 1.2. With the aid of Lemma 3.3 we can prove Theo-

rem 1.2.
Proof. Using the integral representation (2.2) we have
11  cosh(rt/2) > e~ (zto)t
F,q(z) = [——7 _(’”+")tdt:—/ Io(t)—— dt.
bal®) /0 ¢ 2sinh(t/2))° 0 o) —
By the Bernstein Theorem, +F), () is completely monotonic on (—o, o) if and only

if Ip(t) < (=)0 for all ¢ > 0. As proved in Lemma 3.3, Iy(t) < (>)0 for all ¢ > 0 if
and only if r € [0,1/4/3] (r > 1). The required complete monotonicity follows.  [J
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3.4. Proof of Theorem 1.3. Finally, we use Lemmas 3.4 and 3.5 to prove The-
orem 1.3.

Proof. Using the integral representation (2.2) and

1 1 e
— = / tnlemot 4t
zm (n—=1)!J

we immediately get

2k (2k—1)! J,
[ F cosh(rt/2) | g~ Bar(s) ]<> dt
0

h o~ Bai(s) 1 % okt
Dm(l‘7p) Q) = / f(t)ei(a}i»a)t dt —|— Z — / t - e*(IJro')t dt
0 k=1

t o 2sinh(t/2) T & (2k)!
_ [[tcosh(rt/2) = Bak(s) o] e
N /0 {ZSinh(t/Q) z;o (2k)! ! } t di

00 e—(x—i—at
_ / In(t) dt.
0 t

Then
00 e—(ac—i—a)t
(—1)m’Dm(x;p,q)=/ (—l)m"'lfm(t)fdt,
0
00 ef(ero')t
()" Dp(aipa) = [ ()"0
0

Using the Bernstein Theorem, Lemmas 3.4 and 3.5, the first and second statements
follow immediately.

Finally, we prove the inequality (1.7). In the case of 7 € [0, 1], if m is even, then
from the inequalities Dy, (z;p,q) > 0, Dpr1(x;p,q) < 0 for & > —o and r € [0, %],
and the relation

Bom+2(s)
(2m + 2)(x + o)2m+2’

Dint1(x;p,q) = Din(;p,q) +

we have

Bam2(s)
(2m + 2)(x + 0)2m+2

(3.7) 0 < Dp(x;p,q) < — for v > —o;

if m is odd, then from the inequalities D, (z;p, q) < 0, Dp+1(x; p, q) > 0 we have

Bom+2(s) .
(3.8) Bm +2)(x + )72 < Dp(x;p,q) <0 for x > —o.
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Inequalities (3.7) and (3.8) imply (1.7). In a similar way, the inequality (1.7) also
holds for ¢ > 0 and m € Ny when r = 1. The limit relation

. Bama(s)|
1 2m+2 D | 2m+2\S
Jim (& 4+ 02D, (aip ) = 22

means that the upper bound given in (1.7) is sharp, thereby completing the proof.

O
4. CONCLUDING REMARKS
In this paper, we established the asymptotic expansion
Y(x+p)+Y@+g
Fpq(z) = ( )2 ( )—ln(x—i—a)
Boy (s
_kzl ol x—l—o 2 + Dp(x;p,q) as z — oo,
where o = $(p+q—1), s = (1 —r) with r = p— ¢ > 0. Further, we proved that the

functions x — (—1)mDm(x p,q) and z — (=1)™T1D,, (z;p, q) for every m € Ny are
completely monotonic on (—o,00) if and ouly if r € [0, —] and r = 1, respectively.
This yields a sharp error bound when r € [0, 2] or r = 1, that is,

| Bam+2(5)]

D .
| m(l‘7p,q)| < (2m+2)(x+0-)2m+2

for z > —o. It should be noted that the proofs of our main results are difficult and
mainly depend on Lemmas 3.1 and 3.2 which are very challenging.

Finally, taking certain special values r € [0, ] and r = 1, we would obtain several
interesting consequences.

Case 1: (p,q) = (1,0). Then r =1, 0 = s = 0, and then
B

1
4.1 D ;1,0) = -1 — .
(4.1) m(@1,0)=v(@) ~Inr+ o+ o

According to our Theorem 1.3 we have:

Corollary 4.1. The function x + (—1)"+1D,,(z;1,0) is completely monotonic
on (0,00) for m € Nj.
Remark 4.1. Let us return to Theorem A, we easily find that f} (z) =Dy (z;1,0).
Since xlg{)lo fn(xz) = 0, we conclude that z — (=1)"f,(z) is completely monotonic
n (0,00). This gives a concise proof of Alzer’s result in Theorem 8 of [2]. In other
words, Theorem A and Corollary 4.1 are equivalent.
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Case 2: (p,q) = (%, %) Thenr=0=0, s = %, and then

11y Baw(1/2)
Pufeiz3) =v(e+3) - 1‘1“2 e
By Theorem 1.3, we have:

Corollary 4.2. The function x — (—1)™Dy,(z;%,3) is completely monotonic
on (0,00) for m € N.

Remark 4.2. Let us return to Theorem B. Differentiation gives

1 “L (1 — 2172k Byy,
/ _ - _ _ A A L
gn(x)—w(x—l— 2) Inz E Sk )

In view of (P5), that is, Bn(%) = —(1—2'""")B,, we see that g/ (z) = D, (x; 1Ly

’) 299 )

and then, —[(—=1)""!g,(2)]’ = (-1)"D,(z;3,3). Since lim g,(z) = 0, we find
Tr—r0o0

that  — (—1)""!g,(x) is completely monotonic on (0,00) for n € Ny. This gives

a new proof Yang’s result in Theorem 2 of [13]. In other words, Theorem B and

Corollary 4.2 are equivalent.

Case 3: (p,q) = (1,1). Thenr=1,0=5=1, and

Pafeitiz) =3 [oe s D o(er )] e )+ X

By Theorem 1.3, we have:

Corollary 4.3. The function x — (—=1)"D,,(z;1, %) is completely monotonic

on (—5,00) for m € Np.

47

Finally, a problem arises from Theorem 1.3.

Problem 4.1. If m € N instead of m € Ny in Theorem 1.3, then what are
the conditions for which the functions (—1)"D,,(z; p, ¢) and (=1)™"1D,, (x;p, q) are
completely monotonic with respect to z on (—o,00)?
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