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Abstract. We analyse a finite-element discretisation of a differential equation describ-
ing an axisymmetrically loaded thin shell. The problem is singularly perturbed when the
thickness of the shell becomes small. We prove robust convergence of the method in a
balanced norm that captures the layers present in the solution. Numerical results confirm
our findings.
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1. Introduction

The deformation of thin elastic structures is a relevant subject in civil engineering,

and numerical methods are ubiquitous in the design of such structures. The numer-

ical analysis of thin-structure models is challenging as the presence of singularities,

layers, and locking phenomena is widespread, see, e.g., [1]. In this paper we consider

the axially symmetric deformation of a thin circular cylindrical shell, as treated, e.g.,

in [3], Section 5.5 and [21], Chapter 15.3. This model is used, for example, in the

design of pressurised cylindrical vessels like pipes and tanks. The deformation is the

solution of a singularly perturbed, fourth-order ordinary differential equation and,

depending on the boundary conditions, exhibits boundary layers. We consider the

clamped case, though other conditions like simply supported or free ends can be
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considered as well. In dimensionless form the problem reads

ε4u(4) + 4u = f in Ω = (0, 1),(1.1)

u(ξ) = u′(ξ) = 0, ξ ∈ {0, 1}.

Here, f represents the load and 0 < ε ≪ 1 is a small perturbation parameter. It

is proportional to the square root of the product of thickness times radius of the

shell. The equation also characterises the so-called simple edge effect [5], [21], Chap-

ter 17.5, and appears in the Girkmann problem [4], see also [15], [13], [2], [12]. For

an early analysis of finite elements for thin circular shells we refer to [11] and the

references cited there.

For constant coefficients, as specified here, the solution to our model problem

can be analytically represented. This is precisely one of the main advantages of

such model reductions. In practice, however, computer simulations are standard

and adapting analytical solutions to boundary conditions is tedious. Furthermore,

numerical methods can be applied to structures of non-constant stiffness, as in [20].

Analytical approaches have very limited flexibility, cf. the early works by Olsson and

Reissner [16], [6]. In conclusion, the use of numerical approaches for the solution of

problem (1.1) is justified.

Main challenges in the numerical analysis of singularly perturbed problems are

a lack of stability (depending on the choice of norms) and poor approximations due to

the presence of boundary layers (depending on boundary conditions). In the present

case, the problem is uniformly stable with respect to the energy norm which, on the

other hand, does not control the layers of the solution. We follow the strategy of Lin

and Stynes [8] for a reaction-dominated diffusion problem. They derive a formulation

that yields robust quasi-optimal convergence of a finite element scheme in a stronger

balanced norm, see also [7] for an ultra-weak setting and a related discontinuous

Petrov-Galerkin (DPG) method. Standard procedure to deal with the approximation

of functions with boundary layers is to use specific meshes, for instance Shishkin

meshes [19], [10], [9]. This is also what we propose here, though our analysis can be

extended to cover more general meshes introduced in [17]. In that way, we obtain

a finite element method that converges quasi-optimally in the balanced norm and

which is robust with respect to the perturbation parameter.

An overview of the remainder of this paper is as follows. We start with collecting

important properties of the solution to (1.1). In Section 3 we develop a variational

formulation of problem (1.1), introduce the balanced norm, and prove the unique

solvability of our variational formulation (Proposition 3.3). Afterwards, we intro-

duce the finite element scheme with Shishkin meshes and derive our main result

of robust quasi-optimal convergence in the balanced norm (Theorem 4.5 in Sec-
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tion 4.1). In Section 4.2 we derive error estimates that prove superconvergence in

the L2(Ω)-norm (Theorem 4.8). Finally, in Section 5 we report on some numerical

experiments that confirm the robust quasi-uniform convergence of our scheme and

its superconvergence.

Let us finish this introduction by introducing some notation. For D ⊂ Ω, we

consider standard Lebesgue and Sobolev spaces L2(D) and Hk(D) of integer order k,

respectively, and denote by H2
0 (Ω) ⊂ H2(Ω) the Sobolev space with homogeneous

boundary conditions. The L2(D)-duality and norm are 〈·, ·〉D and ‖·‖D, respectively,

and we drop the index when D = Ω. Furthermore, C denotes a generic constant

that is independent of ε and the number of degrees of freedom of a discretisation.

Finally, notation “a . b” means a 6 Cb with C being a generic positive constant,

independent of any discretisation and perturbation parameter ε.

2. Properties of the exact solution

As is standard in finite element analysis, specific approximation properties for

problems with boundary layers require some knowledge of their behaviour. This is

what we provide in this section.

The layers in our problem are determined by the solutions of the homogeneous

problem

ε4u(4) + 4u = 0,

a fundamental system of which is given by

exp
(

±
x

ε

)

cos
x

ε
and exp

(

±
x

ε

)

sin
x

ε
.

The asymptotics of this problem were studied by O’Malley, see [14], Section 3.B.

Provided the right-hand side f of (1.1) is sufficiently smooth, the solution u of (1.1)

can be decomposed as

(2.1) u = ubl,0 + ureg + ubl,1 in Ω,

where, for any given integer K > 0, the regular component ureg satisfies

(2.2) |u(κ)
reg(x)| . 1, x ∈ Ω, κ = 0, 1, . . . ,K,

while for the layer components ubl,0 and ubl,1 the following bounds hold:

(2.3) |u
(κ)
bl,0(x)| . ε−κe−x/ε, |u

(κ)
bl,1(x)| . ε−κe−(1−x)/ε, x ∈ Ω, κ = 0, 1, . . . ,K.
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The layer terms ubl,i are linear combinations of the terms of the so called inner

asymptotic expansion in [14]. By construction, those terms satisfy the homogeneous

differential equation. Therefore,

(2.4) ε4u(4)
reg + 4ureg = f, and ε4u

(4)
bl,i + 4ubl,i = 0 in Ω (i = 0, 1).

3. Variational formulation

The standard variational formulation of (1.1) reads: Find u ∈ H2
0 (Ω) such that

a(u, v) := ε4〈u′′, v′′〉+ 4〈u, v〉 = 〈f, v〉 ∀ v ∈ H2
0 (Ω).

The associated (standard) energy norm on H2(Ω) is given by the square root of

|||v|||2s := a(v, v) = ε4‖v′′‖2 + 4‖v‖2 ∀ v ∈ H2(Ω).

A straightforward calculation shows that

|||ubl,0|||s + |||ubl,1|||s = O(ε1/2).

This means that the standard energy norm does not “see” the layers present in the

solution of (1.1). The correct weight for the norm of u′′ would be ε3/2 instead of ε2,

in which case the resulting norm is called balanced. However, with respect to that

norm, the bilinear form a(·, ·) is not uniformly coercive. The coercivity constant is

of order ε.

As indicated in the introduction, we adapt the technique from Lin and Stynes [8]

and define a variational formulation whose bilinear form induces a norm that is

balanced. The main idea is to test (1.1) with εαv(4) + v, α = 3, instead of v. Note

that a classical least-squares Galerkin method would use α = 4.

To avoid excessive H4-regularity of both ansatz and test functions, we reformu-

late (1.1) as a system of two second-order equations: Find u and v such that

(3.1) v − ε3/2u′′ = 0 and ε5/2v′′ + 4u = f in Ω.

Letting V := H2
0 (Ω)×H2(Ω), we choose a test function (u∗, v∗) ∈ V and multiply

the first equation with v∗ − ε3/2u′′

∗
and the second one with ε3/2v′′

∗
+ 4u∗. We see

that the solution u of (1.1) satisfies

〈v − ε3/2u′′, v∗ − ε3/2u′′

∗
〉 = 0 and 〈ε5/2v′′ + 4u, ε3/2v′′

∗
+4u∗〉 = 〈f, ε3/2v′′

∗
+ 4u∗〉.

Next, let λ > 0 be a constant to be fixed later. We define a bilinear form B :

V 2 → R by

B((u, v), (u∗, v∗)) := λ〈v − ε3/2u′′, v∗ − ε3/2u′′

∗
〉+ 〈ε5/2v′′ + 4u, ε3/2v′′

∗
+ 4u∗〉
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and a linear functional F : V → R by

F((u∗, v∗)) := 〈f, ε3/2v′′
∗
+ 4u∗〉.

Then a weak formulation of (3.1) is: Find (u, v) ∈ V such that

(3.2) B((u, v), (u∗, v∗)) = F((u∗, v∗)) ∀ (u∗, v∗) ∈ V.

We furnish V with the norm (squared)

|||(u, v)|||2 := ‖u‖2 + ε3‖u′′‖2 + ‖v‖2 + ε4‖v′′‖2.

Because of the ε3/2‖u′′‖-term, this norm is balanced. Also note that the term ε2‖v′′‖

provides additional control of the fourth-order derivative of u.

N o t a t i o n 3.1. Similarly as before, we shall use notation BD(·, ·) and |||(·)|||D
when the integration in the definitions above is restricted to D ⊂ Ω.

Lemma 3.2. If λ > 3, then bilinear form B is coercive and continuous with

respect to the balanced norm |||·|||, uniformly in ε.

P r o o f. First we prove coercivity of B. Let (u, v) ∈ V be arbitrary. Then

B((u, v), (u, v)) = λ〈v − ε3/2u′′, v − ε3/2u′′〉+ 〈ε5/2v′′ + 4u, ε3/2v′′ + 4u〉

= λ‖v − ε3/2u′′‖2 + ε4‖v′′‖2 + 16‖u‖2 + 4ε3/2(1 + ε)〈v′′, u〉.

A direct calculation using u ∈ H2
0 (Ω) yields

4ε3/2〈v′′, u〉 = 4ε3/2〈v, u′′〉 = ‖v + ε3/2u′′‖2 − ‖v − ε3/2u′′‖2.

Thus

B((u, v), (u, v)) = (λ− 1− ε)‖v − ε3/2u′′‖2 + (1 + ε)‖v + ε3/2u′′‖2

+ ε4‖v′′‖2 + 16‖u‖2

> (λ− 2)‖v − ε3/2u′′‖2 + ‖v + ε3/2u′′‖2 + ε4‖v′′‖2 + 16‖u‖2,

where we have used that ε ∈ (0, 1]. Next, we note that

‖v + ε3/2u′′‖2 + ‖v − ε3/2u′′‖2 = 2‖v‖2 + 2ε3‖u′′‖2.

Therefore,

B((u, v), (u, v)) > (λ− 3)‖v − ε3/2u′′‖2 + 2‖v‖2 + 2ε3‖u′′‖2 + ε4‖v′′‖2 + 16‖u‖2

> 2‖v‖2 + 2ε3‖u′′‖2 + ε4‖v′′‖2 + 16‖u‖2 > |||(u, v)|||2.

This is the coercivity of B(·, ·).

155



Next, we show the boundedness of B(·, ·). Let (u, v), (u∗, v∗) ∈ V be arbitrary.

Integrating by parts, we get 〈u, v′′
∗
〉 = 〈u′′, v∗〉. Hence,

B((u, v), (u∗, v∗)) = λ〈v − ε3/2u′′, v∗ − ε3/2u′′

∗
〉+ ε4〈v′′, v′′

∗
〉+ 4ε5/2〈v′′, u∗〉

+ 4ε3/2〈u′′, v∗〉+ 16〈u, u∗〉.

Applying the Cauchy-Schwarz inequality and recalling the definition of |||·||| completes

the proof. �

An immediate consequence of Lemma 3.2, the (non-uniform) boundedness of F ,

and the Lax-Milgram lemma is the following existence and uniqueness result.

Proposition 3.3. Let f ∈ L2(Ω). If λ > 3, then (3.2) possesses a unique solution

(u, v) ∈ V .

4. FEM discretisation on a layer-adapted mesh

Let Vh = V u
h × V v

h be a finite-dimensional subspace of V . Then our discretisation

reads: Find (uh, vh) ∈ Vh such that

(4.1) B((uh, vh), (u∗, v∗)) = F((u∗, v∗)) ∀ (u∗, v∗) ∈ Vh.

Again Lemma 3.2 and the Lax-Milgram lemma guarantee the existence of a unique

solution to (4.1). Furthermore, a standard argument proves that the method is

quasi optimal.

Proposition 4.1. Let u be the solution of (1.1). The approximation (uh, vh) ∈ Vh

defined by (4.1) satisfies the robust, quasi-optimal error estimate

|||(u− uh, ε
3/2u′′ − vh)||| . inf

(u∗,v∗)∈Vh

|||(u− u∗, ε
3/2u′′ − v∗)|||

. inf
u∗∈V u

h

{‖u− u∗‖+ ε3/2‖(u− u∗)
′′‖}

+ ε3/2 inf
v∗∈V v

h

{‖u′′ − v∗‖+ ε2‖u(4) − v′′
∗
‖}.

More specifically, we discretise (3.2) using conforming finite elements with piece-

wise polynomials of degree p > 3. In the following, Pp denotes the space of polyno-

mials of degree p. For given N ∈ N let

ω : 0 = x0 < x1 < . . . < xN = 1
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be an arbitrary partition of the domain Ω. Set Ji := (xi−1, xi) and hi := xi − xi−1,

i = 1, . . . , N . For p, k ∈ N0, we introduce the spline spaces

Sk
p (ω) := {s ∈ Ck[0, 1] : s|Ji

∈ Pp ∀ i = 1, . . . , N}.

Then our finite element space is given by

Vh := S1
p (ω)

2 ∩ V.

The boundary layers present in the solution of (1.1) may be resolved using layer-

adapted meshes. As previously mentioned, we consider Shishkin meshes.

Let σ > 0 be a mesh parameter that will be fixed later and define a mesh transition

point by

(4.2) τ := min
{1

4
, σε lnN

}

.

Then the intervals [0, τ ] and [1−τ, 1] are uniformly dissected into N/4 mesh intervals

each, while [τ, 1− τ ] is divided into N/2 subintervals. In the sequel we shall restrict

ourselves to the case τ = σε lnN . Otherwise, the mesh is uniform and the argument

proceeds in a standard manner with 1/ε . lnN used in the derivative bounds of (2.1).

4.1. A priori error estimate. In this section we state and prove the robust

and quasi-optimal convergence of our finite element scheme on Shishkin meshes.

Before doing so, we need some preparation. The convergence analysis starts from

the quasi optimality, Proposition 4.1. It uses a specially designed function (ũ, ṽ) ∈ Vh

that allows to bound the approximation error in terms of mesh parameter N . The

construction of ũ and ṽ is based on the following nodal interpolant.

Lemma 4.2. Let p ∈ N0, p > 2k, J := (a, b), h := b − a and w ∈ Hp+1(I). Let

IJw ∈ Pp be defined by

(IJw − w)(κ)(a) = 0, κ = 0, 1,

and
∫ b

a

(IJw − w)′′(x)q(x) dx = 0 ∀ q ∈ Pp−2.

Then

(IJw − w)(κ)(b) = 0, κ = 0, 1,

and

‖(IJw − w)(k)‖J 6 Chp+1−κ‖w(p+1)‖J , κ = 0, 1, 2.
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P r o o f. Note that (IJw)
′′ ∈ Pp−2 is the L2 projection of w

′′ onto Pp−2. It can

be defined equivalently as a truncated Legendre expansion of w′′. Consequently, the

technique from [18], Section 3.3 can be applied to give the desired result. �

For a function w ∈ H2(Ω) we define a global interpolant Iw ∈ S1
p(ω) by applying

the above definition on each of the subintervals of our partition, i.e., Iw|Ji
= IJi

w,

i = 1, . . . , N .

In order to design our special representative (ũ, ṽ) ∈ Vh of (u, ε
3/2u′′), we define

auxiliary functions χ0, χ1 ∈ P3 by

χ0(0) = χ′

0(0) = χ0(τ) = 0, χ′

0(τ) = 1

and

χ1(0) = χ′

1(0) = χ′

1(τ) = 0, χ1(τ) = 1.

A direct calculation establishes the following bounds:

(4.3)

‖χ0‖(0,τ) . τ3/2, ‖χ′′

0‖(0,τ) . τ−1/2, ‖χ1‖(0,τ) . τ1/2, ‖χ′′

1‖(0,τ) . τ−3/2.

Recalling decomposition (2.1), let ubl := ubl,0 + ubl,1, vreg := ε3/2u′′

reg and vbl :=

ε3/2u′′

bl. We define

(4.4)

ũ(x) :=











(Iu)(x)− χ0(x)u
′

bl(τ)− χ1(x)ubl(τ), x ∈ [0, τ ],

(Iureg)(x), x ∈ [τ, 1− τ ],

(Iu)(x) + χ0(1 − x)u′

bl(1− τ)− χ1(1 − x)ubl(1− τ), x ∈ [1− τ, 1],

and

(4.5)

ṽ(x) :=











(Iv)(x) − χ0(x)v
′

bl(τ) − χ1(x)vbl(τ), x ∈ [0, τ ],

(Ivreg)(x), x ∈ [τ, 1− τ ],

(Iv)(x) + χ0(1 − x)v′bl(1− τ) − χ1(1− x)vbl(1− τ), x ∈ [1− τ, 1].

Note that for ξ ∈ {τ, 1− τ},

|ubl(ξ)| . N−σ, |u′

bl(ξ)| . ε−1N−σ,(4.6)

|vbl(ξ)| . ε−1/2N−σ and |v′bl(ξ)| . ε−3/2N−σ.

Lemma 4.3. Let Ωbl := (0, τ)∪(1−τ, 1) and Ωreg := (τ, 1−τ). Assume that (2.1)

holds for K = p+ 1. Then the bounds

‖u− ũ‖Ωbl
. ε1/2{(N−1 lnN)p+1 +N−σ(lnN)3/2},(4.7)

ε3/2‖(u− ũ)′′‖Ωbl
. {(N−1 lnN)p−1 +N−σ},(4.8)

‖u− ũ‖Ωreg
. ε1/2N−σ +N−(p+1)(4.9)
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and

(4.10) ε3/2‖u′′ − ũ′′‖Ωreg
. N−σ + ε3/2N−(p−1)

hold true.

P r o o f. We study the two regions Ωbl and Ωreg separately. Before, note that

(4.11) ‖u(κ)‖ . ε−κ+1/2, κ = 0, 1, . . . , p+ 1, by (2.1).

Ωbl: We present the argument for (0, τ). Identical bounds hold for (1− τ, 1). We

have

(4.12) ‖u− ũ‖(0,τ) 6 ‖u− Iu‖(0,τ) + ‖χ0‖(0,τ) · |u
′

bl(τ)| + ‖χ1‖(0,τ) · |ubl(τ)|.

Lemma 4.2 yields

(4.13) ‖u− Iu‖2(0,τ) =

N/4
∑

i=1

‖u− IJi
u‖2Ji

.

N/4
∑

i=1

(ε lnN

N

)2(p+1)

‖u(p+1)‖2Ji

6
(ε lnN

N

)2(p+1)

‖u(p+1)‖2.

Thus

‖u− Iu‖(0,τ) . ε1/2(N−1 lnN)p+1, by (4.11).

Using (4.3) and (4.6), we bound the remaining terms in (4.12) as follows:

‖χ0‖(0,τ) · |u
′

bl(τ)|+ ‖χ1‖(0,τ) · |ubl(τ)| . ε1/2(lnN)3/2N−σ.

This proves (4.7).

Next, consider (u − ũ)′′,

‖(u− ũ)′′‖(0,τ) 6 ‖(u− Iu)′′‖(0,τ) + ‖χ′′

0‖(0,τ) · |u
′

bl(τ)| + ‖χ′′

1‖(0,τ) · |ubl(τ)|.

The arguments proceed in a similar manner, and we arrive at

‖(u− Iu)′′‖(0,τ) . ε−3/2(N−1 lnN)p−1

and

‖χ′′

0‖(0,τ) · |u
′

bl(τ)| + ‖χ′′

1‖(0,τ) · |ubl(τ)| . ε−3/2N−σ,

which gives (4.8).
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Ωreg: We have u = ubl + ureg. Therefore,

‖u− ũ‖Ωreg
6 ‖ubl‖Ωreg

+ ‖ureg − Iureg‖Ωreg

and

ε3/2‖(u− ũ)′′‖Ωreg
6 ε3/2‖u′′

bl‖Ωreg
+ ε3/2‖(ureg − Iureg)

′′‖Ωreg
.

For ubl we have

‖ubl‖Ωreg
. ε1/2N−σ

and

‖u′′

bl‖Ωreg
. ε−3/2N−σ, by (2.3) and (4.2).

The maximum mesh size of the Shishkin mesh is bounded by 2/N . Therefore,

Lemma 4.2 and (2.2) yield

‖ureg − Iureg‖Ωreg
. N−(p+1) and ‖(ureg − Iureg)

′′‖Ωreg
. N−(p−1).

Combining the last four inequalities, we obtain (4.9) and (4.10). �

Lemma 4.4. Assume that (2.1) holds for K = p+ 3. Then the bounds

‖v − ṽ‖Ωbl
. (N−1 lnN)p+1 +N−σ(lnN)3/2,(4.14)

ε2‖(v − ṽ)′′‖Ωbl
. (N−1 lnN)p−1 +N−σ,(4.15)

‖v − ṽ‖Ωreg
. N−σ +N−(p+1)(4.16)

and

ε2‖v′′ − ṽ′′‖Ωreg
. N−σ + ε2N−(p−1)(4.17)

hold true.

P r o o f. The arguments are very similar to the ones used in the proof of

Lemma 4.3.

Ωbl: We have

(4.18) ‖v − ṽ‖(0,τ) 6 ‖v − Iv‖(0,τ) + ‖χ0‖(0,τ) · |v
′

bl(τ)| + ‖χ1‖(0,τ) · |vbl(τ)|.

By Lemma 4.2 we obtain

‖v − Iv‖2(0,τ) =

N/4
∑

i=1

‖v − IJi
v‖2Ji

. ε3
N/4
∑

i=1

(ε lnN

N

)2(p+1)

‖u(p+3)‖2Ji

6 ε3
(ε lnN

N

)2(p+1)

‖u(p+3)‖2.

Thus

(4.19) ‖v − Iv‖(0,τ) . (N−1 lnN)p+1, by (4.11).
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Using (4.3) and (4.6), the remaining terms in (4.18) are bounded as follows:

‖χ0‖(0,τ) · |v
′

bl(τ)| + ‖χ1‖(0,τ) · |ubl(τ)| . (lnN)3/2N−σ.

This yields (4.14).

Next, we consider (v − ṽ)′′,

‖(v − ṽ)′′‖(0,τ) 6 ‖(v − Iv)′′‖(0,τ) + ‖χ′′

0‖(0,τ) · |v
′

bl(τ)| + ‖χ′′

1‖(0,τ) · |vbl(τ)|.

The argument proceeds as before, yielding

‖(v − Iv)′′‖(0,τ) . ε−2(N−1 lnN)p−1

and

‖χ′′

0‖(0,τ) · |v
′

bl(τ)| + ‖χ′′

1‖(0,τ) · |vbl(τ)| . ε−2N−σ.

We conclude that (4.15) holds true.

Ωreg: We have v = vbl + vreg. Therefore,

‖v − ṽ‖Ωreg
6 ‖vbl‖Ωreg

+ ‖vreg − Ivreg‖Ωreg

and

ε3/2‖(v − ṽ)′′‖Ωreg
6 ε3/2‖v′′bl‖Ωreg

+ ε3/2‖(vreg − Ivreg)
′′‖Ωreg

.

For vbl we have

‖vbl‖Ωreg
= ε3/2‖u′′

bl‖Ωreg
. N−σ

and

‖v′′bl‖Ωreg
= ε3/2‖u

(4)
bl ‖Ωreg

. ε−2N−σ, by (2.3) and (4.2).

The maximum mesh size is bounded by 2/N . Therefore, Lemma 4.2 and (2.2) yield

‖vreg − Ivreg‖Ωreg
. N−(p+1) and ‖(vreg − Ivreg)

′′‖Ωreg
. N−(p−1).

Combining the last four inequalities, we obtain (4.16) and (4.17). �

We are ready to prove our first main result.

Theorem 4.5. We use bilinear form B(·, ·) with λ > 3 and Shishkin meshes with

parameters p > 3 and σ > p − 1. Assume that (2.1) holds for K = p + 3. Then

scheme (4.1) is uniformly convergent with

|||(u− uh, ε
3/2u′′ − vh)||| . (N−1 lnN)p−1.

P r o o f. By construction of ũ ∈ V u
h , using Lemma 4.3 we can bound

inf
u∗∈V u

h

{‖u− u∗‖+ ε3/2‖(u− u∗)
′′‖}

6 ‖u− ũ‖Ωbl
+ ε3/2‖(u− ũ)′′‖Ωbl

+ ‖u− ũ‖Ωreg
+ ε3/2‖(u− ũ)′′‖Ωreg

. (N−1 lnN)p−1.

161



Similarly, employing Lemma 4.4, we have

inf
v∗∈V v

h

{‖v′′ − v∗‖+ ε2‖v′′ − v′′
∗
‖} . (N−1 lnN)p−1.

An application of Proposition 4.1 proves the statement of the theorem. �

4.2. Superconvergence. In this section we establish our second main result,

the superconvergence of scheme (4.1) on Shishkin meshes. We start by proving

a superconvergence property.

Proposition 4.6. Let f ∈ L2(Ω) be given. We use bilinear form B(·, ·) with λ > 3

and Shishkin meshes with parameters p > 3 and σ > p+1. Assume that (2.1) holds

for K = p+ 3. Then scheme (4.1) is uniformly superconvergent with

|||(ũ− uh, ṽ − vh)||| . {(lnN)p+1 + |λ− 4|min{ε3/2N2, ε−1/2}}N−(p+1).

Here, ũ and ṽ are the functions defined in (4.4) and (4.5), respectively.

P r o o f. Let u∗ := ũ − uh and v∗ := ṽ − vh. Coercivity of B(·, ·) and Galerkin

orthogonality imply

(4.20) |||(u∗, v∗)|||
2 6 B((u∗, v∗), (u∗, v∗)) = B((ũ− u, ṽ − v), (u∗, v∗))

= λ〈ṽ − v − ε3/2ũ′′ + ε3/2u′′, v∗ − ε3/2u′′

∗
〉

+ 〈ε5/2(ṽ − v)′′ + 4(ũ− u), ε3/2v′′
∗
+ 4u∗〉.

Consider the layer region (0, τ). The definition of interpolant I and integration by

parts show that

〈ṽ − v − ε3/2ũ′′ + ε3/2u′′, v∗ − ε3/2u′′

∗
〉(0,τ)

= 〈−χ0v
′

bl(τ) − χ1vbl(τ) + ε3/2χ′′

0u
′

bl(τ) + ε3/2χ′′

1ubl(τ), v∗ − ε3/2u′′

∗
〉(0,τ)

+ 〈Iv − v, v∗ − ε3/2u′′

∗
〉(0,τ) − ε3/2〈Iu− u, v′′

∗
〉(0,τ)

and

〈ε5/2(ṽ − v)′′ + 4(ũ− u), ε3/2v′′
∗
+ 4u∗〉(0,τ)

= − 〈ε5/2(χ′′

0v
′

bl(τ) + χ′′

1vbl(τ)) + 4(χ0u
′

bl(τ) + χ1ubl(τ)), ε
3/2v′′

∗
+ 4u∗〉(0,τ)

+ 4ε3/2〈Iu− u, v′′
∗
〉(0,τ) + 4ε5/2〈Iv − v, u′′

∗
〉(0,τ) + 16〈Iu− u, u∗〉(0,τ).
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Bounds (4.3) and (4.6) give

|〈−χ0v
′

bl(τ) − χ1vbl(τ) + ε3/2χ′′

0u
′

bl(τ) + ε3/2χ′′

1ubl(τ), v∗ − ε3/2u′′

∗
〉(0,τ)|

. (lnN)3/2N−σ‖v∗ − ε3/2u′′

∗
‖(0,τ) . (lnN)3/2N−σ|||(u∗, v∗)|||(0,τ)

and

|〈ε5/2(χ′′

0v
′

bl(τ) + χ′′

1vbl(τ)) + 4(χ0u
′

bl(τ) + χ1ubl(τ)), ε
3/2v′′

∗
+ 4u∗〉(0,τ)|

. ε1/2(lnN)3/2N−σ‖ε3/2v′′
∗
+ 4u∗‖(0,τ) . (lnN)3/2N−σ|||(u∗, v∗)|||(0,τ).

For the terms involving interpolation we have

ε3/2|〈Iu−u, v′′
∗
〉(0,τ)|+ |〈Iu−u, u∗〉(0,τ)| . (N−1 lnN)p+1|||(u∗, v∗)|||(0,τ) by (4.13),

and

|〈Iv − v, v∗ − ε3/2u′′

∗
〉(0,τ)|+ ε5/2|〈Iv − v, u′′

∗
〉(0,τ)|

. (N−1 lnN)p+1|||(u∗, v∗)|||(0,τ) by (4.19).

Gathering all these estimates and using that σ > p+ 1, we obtain

(4.21) |B(0,τ)((ũ − u, ṽ − v), (u∗, v∗))| . (N−1 lnN)p+1|||(u∗, v∗)|||(0,τ).

Clearly, an identical bound holds for the layer region (1− τ, 1).

On (τ, 1 − τ), we have u∗ = Iureg and v∗ = Ivreg. Integration by parts, the

definition of interpolation operator I and (2.4) give

(4.22) λ〈ṽ − v − ε3/2ũ′′ + ε3/2u′′, v∗ − ε3/2u′′

∗
〉(τ,1−τ)

+ 〈ε5/2(ṽ − v)′′ + 4(ũ− u), ε3/2v′′
∗
+ 4u∗〉(τ,1−τ)

= λ〈Ivreg − vreg, v∗ − ε3/2u′′

∗
〉(τ,1−τ) + (4− λ)ε3/2〈Iureg − ureg, v

′′

∗
〉(τ,1−τ)

+ 4ε5/2〈Ivreg − vreg, u
′′

∗
〉(τ,1−τ) + 16〈Iureg − ureg, u∗〉(τ,1−τ).

Using Lemma 4.2 and (2.2), we obtain the following L2-norm bounds for the inter-

polation error:

‖Ivreg − vreg‖(τ,1−τ) + ‖Iureg − ureg‖(τ,1−τ) . N−(p+1).

An application of the Cauchy-Schwarz inequality gives

(4.23) |λ〈Ivreg − vreg, v∗ − ε3/2u′′

∗
〉(τ,1−τ) + 4ε5/2〈Ivreg − vreg, u

′′

∗
〉(τ,1−τ)

+ 16〈Iureg − ureg, u∗〉(τ,1−τ)| . N−(p+1)|||(u∗, v∗)|||(τ,1−τ)

and

|(4 − λ)ε3/2〈Iureg − ureg, v
′′

∗
〉(τ,1−τ)| . |4− λ|N−(p+1)ε3/2‖v′′

∗
‖(τ,1−τ).
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Note that

ε3/2‖v′′
∗
‖(τ,1−τ) . ε−1/2|||(u∗, v∗)|||(τ,1−τ)

by the definition of the balanced norm, and that

ε3/2‖v′′
∗
‖(τ,1−τ) . ε3/2N2‖v∗‖(τ,1−τ) . ε3/2N2|||(u∗, v∗)|||(τ,1−τ)

by an inverse inequality. Thus

|(4 − λ)ε3/2〈Iureg − ureg, v
′′

∗
〉(τ,1−τ)|

. |4− λ|N−(p+1) min{ε3/2N2, ε−1/2}|||(u∗, v∗)|||(τ,1−τ)

and

(4.24) |B(τ,1−τ)((ũ − u, ṽ − v), (u∗, v∗))|

. {1 + |λ− 4|min{ε3/2N2, ε−1/2}}N−(p+1)|||(u∗, v∗)|||(τ,1−τ).

Finally, combining (4.20), (4.21) and (4.24), we obtain the statement of the theorem.

�

R em a r k 4.7. If one chooses λ = 4 or if ε3/2 6 N−2, which is typical for

singularly perturbed problems, then the error bound simplifies to

|||(ũ− uh, ṽ − vh)||| . (N−1 lnN)p+1.

The consequence of the superconvergence property established by Proposition 4.6,

combined with an application of Lemmas 4.3, 4.4 and the triangle inequality, is the

superconvergence of scheme (4.1) in the L2(Ω)-norm.

Theorem 4.8. Let the assumptions of Proposition 4.6 hold true. Then

‖u− uh‖+ ‖ε3/2u′′ − vh‖ . {(lnN)p+1 + |λ− 4|min{ε3/2N2, ε−1/2}}N−(p+1).

If λ = 4 or ε3/2 6 N−2, then

‖u− uh‖+ ‖ε3/2u′′ − vh‖ . (N−1 lnN)p+1.

The superconvergence is indeed observed in our numerical experiments reported

next.
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R em a r k 4.9. Numerical experiments indicate that the standard Galerkin dis-

cretisation on Shishkin meshes gives approximations of order p − 1 only for the

(correctly weighted) 2nd-order derivative:

ε3/2‖u′′ − u′′

h‖ . (N−1 lnN)p−1,

while our tailored method gives approximations of order p+ 1.

5. Numerical results

We consider problem (1.1) with given solution u(x) = e−x/ε cos(x/ε) + ex,

corresponding to the right-hand side function f and essential boundary data

u(0), u′(0), u(1), u′(1). Function u has only a boundary layer at x = 0 so that

our numerical scheme uses Shishkin meshes refined towards 0, with transition point

τ = min{1/2, σε lnN} (σ := 4) and N/2 elements both in [0, τ ] and [τ, 1]. We use

polynomial degree p = 3 throughout, both for uh and vh.
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‖u− uh‖

ε3/2‖u′′ − u′′

h‖

‖v − vh‖

ε2‖v′′ − v′′h‖

Figure 1. Shishkin meshes with N ∈ [4, 1024] elements, ε = 10−2.

Figure 1 shows the individual terms of the balanced norm of the error versus the

number of elements N . They are ‖u−uh‖, ε
3/2‖u′′−u′′

h‖, ‖v− vh‖, and ε
2‖v′′− v′′h‖

with v = ε3/2u′′. Also curves of orders (N−1 lnN)2 and (N−1 lnN)4 are shown, and

note that we have used logarithmic scales for both axes. We observe convergence
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orders ‖u−uh‖, ‖v− vh‖ = O(N−1 lnN)4, that is, superconvergence in L2(Ω)-norm,

and ε3/2‖u′′ − u′′

h‖, ε
2‖v′′ − v′′h‖ = O(N−1 lnN)2. These are the expected orders

stated by Theorems 4.5 and 4.8. We remark that we did not observe a lack of

superconvergence for tests with λ 6= 4.
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ε
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Figure 2. Shishkin mesh with N = 16 elements, ε ∈ [1, e−10].

Robustness of our method is illustrated by Figure 2. It shows the same error terms

from before, now versus 1/ε and using a logarithmic scale only for the abscissa. We

consider Shishkin meshes with a fixed number of N = 16 elements, and vary ε

between 1 and e−10. All the individual error terms quickly tend to small constants

for decreasing ε, thus confirming the a priori error estimate by Theorem 4.5 with

hidden constant independent of ε.
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