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Abstract. We multiply both sides of the complex symmetric linear system Ax = b by
1 —iw to obtain a new equivalent linear system, then a dual-parameter double-step splitting
(DDSS) method is established for solving the new linear system. In addition, we present
an upper bound for the spectral radius of iteration matrix of the DDSS method and obtain
its quasi-optimal parameter. Theoretical analyses demonstrate that the new method is
convergent when some conditions are satisfied. Some tested examples are given to illustrate
the effectiveness of the proposed method.
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1. INTRODUCTION

In this paper, we consider to solve the linear equations
(1.1) Az =b, AcC™™" and =z,bcC",

where A = W +iT, and W and T are real symmetric positive semi-definite (SPSD)
matrices such that at least one of them is positive definite. Throughout the paper,
we assume that T is a symmetric positive definite (SPD) matrix. Here and in the
sequel, we use i = /—1 to stand for the imaginary unit.
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The above complex symmetric linear equations (1.1) are widely used in scientific
and engineering calculations, such as structural dynamics [16], lattice quantum chro-
modynamics [17], FFT-based solution of certain time-dependent PDEs [13], diffuse
optical tomography [1], molecular scattering [28], and quantum mechanics [31]. For
more examples, we refer to [12].

The coefficient matrix A naturally has the Hermitian and skew-Hermitian splitting

A=H+S8,

where H = (A4 A*) = W and S = (A — A*) = iT with H = W, S = iT
and A* being the Hermitian part, skew-Hermitian part and conjugate transpose
of A, respectively.

Based on the above Hermite and skew-Hermite splitting of the coefficient ma-
trix, Bai et al. developed the Hermitian and skew-Hermitian splitting (HSS) method
in [9]. Due to the advantages of simple structure, easy program implementation, and
unconditional convergence, the HSS iteration method has attracted the interest of
many scholars. Based on the HSS iteration method, many improved and generalized
corresponding iteration methods have been proposed.

The HSS iteration method [9]: Let #(%) € C” be an arbitrary initial guess. For
k=0,1,2,... until the iterative sequence {m(k)} converges, calculate the program

(al +W)z++1/2) = (oI —iT)2® 4-b,
(ol +iT)z* ) = (ol — W)z k172 4 p,

where a > 0, and [ is the identity matrix.

The HSS iteration method requires solving a skew-Hermitian linear system for
each iteration, which is undoubtedly difficult and time-consuming. Then Bai et al.
cleverly designed an improved HSS (MHSS) method [6]. For more details, we can
refer to [11].

The MHSS iteration method [6]: Let z(*) € C" be an arbitrary initial guess.
For k = 0,1,2,... until the iterative sequence {x(k)} converges, calculate the program

(ol + W)z*k+1/2) = (ol —iT)z™® 4 b,
(oI +T)x*+D) = (I +iW)zt++1/2) —ip,

where a > 0, and [ is the identity matrix.

In order to further improve the convergence speed of the MHSS iteration method,
Bai et al. combined preconditioning technology with the MHSS iteration method
to establish a preconditioned MHSS (PMHSS) method [7]. This method can be
expressed as:
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The PMHSS iteration method [7]: Let (%) € C" be an arbitrary initial guess.
For k = 0,1,2,... until the iterative sequence {x(k)} converges, calculate the program

(aV + W)zF+1/2) = (aV —iT)z®) + b,
(QV 4+ T)z*F D) = (aV + iW)zx(*k+1/2) —ip,

where o > 0, and V' and I are the symmetric positive definite matrix and identity
matrix, respectively.

In order to achieve better numerical behaviors of the iteration methods, Zheng
et al. proposed a two-step scale splitting (DSS) method in [44] for the complex
symmetric linear system (1.1). The specific format is:

The DSS iteration method [44]: Let #(?) € C" be an arbitrary initial guess.
Compute the next iterate z(*+1) according to the following program

(aW + T)z*+1/2) = {(W — aT)z™® + (a —i)b,
(T + W)zt =i(aW — T)z*+1/2) 4 (1 —ia)b,

and a > 0.

In order to reduce complex operations in the iterative system and further accelerate
the convergence speed of the DSS method, Zhang et al. used real value acceleration
technology to establish a double-step scale splitting real-valued (DSS real-valued)
method in [41]. The specific format is as follows:

The DSS real-valued iteration method [41]: Let y®, 2O € R™ be the
arbitrary initial guesses. For K = 0,1,2,... until the iterative sequences y(k)T, z(k)T
converge, calculate the program

aT +W 0 yk+1/2) ol T [y D
0w e | =[] ] [
aW +T 0 y*OT TaWw W [y q
T e e ] = ] [en 5]

where a > 0, and [ is the identity matrix.

In addition, many effective iteration methods are established, such as acceler-
ated HSS (AHSS) [8], quasi-HSS (QHSS) [5], lopsided HSS (LHSS) [25], single-
step HSS (SHSS) [24], single-step preconditioned HSS (SPHSS) [34], modified
QHSS (MQHSS) [14], preconditioned MQHSS (PMQHSS) [23], lopsided PMHSS
(LPMHSS) [26], generalized PMHSS (GPMHSS) [15], efficient block splitting
(PBS) [20], modified two-step scale-splitting (MTSS) [21], new double-step scale
splitting (NDSS) [19], minimum residual HSS (MRHSS) [36], [37], minimum
residual MHSS (MRMHSS) [43], new Hermitian and skew-Hermitian splitting
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(NHSS) [27], preconditioned NHSS (P*NHSS) [35], real valued [2], preconditioned
HSS (PHSS) [10], preconditioned accelerated generalized successive overrelaxation
(PAGSOR) [22], single step [29], combination real part and imaginary (CRI) [32],
simplified HNS (SHNS) [33], new block preconditioner [40], preconditioned SHNS
(PSHNS) [39], relaxed block splitting preconditioner [18], improved block (IB) split-
ting preconditioner [42], inexact MQHSS (IMQHSS) method [38] and so forth. Now,
we briefly introduce the CRI iteration method [32].

The CRI iteration method [32]: Let z(*) € C" be an arbitrary initial guess.
Compute the next iterate z(*t1) from

(T + W)z++1/2) = (o — i) T2 + b,
(aW + T)z*+D) = (o + 1)Wak+1/2) —ip, k£ =0,1,2,...,

where o > 0.
We give an equivalent form of linear equations (1.1) below

(1-iw)dArx=(1-iw)b<s (W +wT +iT —iwW)z = (1 — iw)b.

After simple arrangements, a new linear system equivalent to linear equations (1.1)
can be obtained

(1.2) z =D,

where A = H,, +iT, H, = W—i—wT,E: wWz+ (1 —iw)b, w > 0.

In order to get an iteration method with better convergence to solve linear sys-
tem (1.2), this paper applies the idea of the double-step splitting (DSS) method to
obtain a dual-parameter double-step splitting (DDSS) iteration method. We theo-
retically analyze the convergence properties of the DDSS method. In addition, the
experiments in Section 4 also illustrate the effectiveness of our method.

The paper is organized as follows. In Section 2, we apply the idea of the double-step
splitting (DSS) method to propose a dual-parameter double-step splitting (DDSS)
iteration method. In Section 3, convergence conditions making the upper bound of
the spectral radius of the iteration matrix less than 1 are given. In addition, two
tested problems are reported to verify the effectiveness of our method in Section 4.
Finally, Section 5 draws a conclusion.

In the following chapters, the symbol k(A) denotes the number of spectral condi-
tions of a given matrix A. The notations g9(A) and sp(A) indicate the spectral radius
and spectrum of a given matrix A, respectively. In addition, ||A||, and |/z|, stand
for the Euclidean norm of a matrix A and vector x, respectively.
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2. THE DDSS ITERATION METHOD

In this section, to process complex linear equations (1.1), inspired by the DSS iter-
ation method, we propose a dual-parameter double-step splitting iteration method,
which will be simply called the DDSS iteration method.

Multiplying both sides of linear equation (1.2) by « — i leads to

(aH, +T)x =1i(H, — aT)x +i(a — HwWz + (o —1)(1 — iw)b.
Then we can construct the iterative scheme from the above equation as follows:
(2.1) (aH, + T)z* 2 =i(H, — aT)z™ +i(a — )wWz® + (a —1)(1 — iw)b.
Meanwhile, we multiply 1 — ia on both sides for (1.2) to have
(o + Hy)z =i(aH, — T)x +i(1 — ia)wWz + (1 — ia)(1 — iw)b,
and the corresponding iterative scheme of the above equation is
(2.2) (aT + H,)z* Y =i(aH, — T)z* /2 +i(1 —ia)wWz® + (1 —ia)(1 —iw)b.

Combining the iterative schemes (2.1) and (2.2), we can get a dual-parameter
double-step splitting (DDSS) iteration method. The specific representation of the
DDSS method is given below.

The DDSS iteration method: Let 2(?) € C" be an arbitrary initial guess.
Compute the next iterate z(*t1) according to the following procedure:

(2.3)
(aH, + T)z*+1/2) =i(H, — aT)z® +i(a —i)wWz®) + (a —1)(1 — iw)b,
{ (T + H,)z¥+D =i(aH,, — T)z*+/2) +i(1 — ia)wlWz®) 4 (1 —ia)(1 — iw)b,
k=0,1,2,....

Here, H, =W +wT, a >0, w > 0.

By substituting the first half-iterate z(*71/2) into the second half-iterate z(**+1)
in (2.3), we can briefly rewrite the DDSS iteration method into a standard stationary
matrix splitting iteration method as follows:

Zhtl = G((y7w)$k + R((y,w)b~

Here,

(2.4) Glaw) = (T + H,) '(aH, — T)(aH, +T) (T — H,)
+ 20w(aT + H,) " (T +iH,)(aH, + T)"'W

and

Rinu) = 2a(1 —iw)(aT + Hy,) "' (Hy —iT)(aH, +T) .
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The matrix G4, is the iteration matrix of the DDSS method. And the matrix

. 1

__ N
Blaw) = 2a(1 — iw) (Hyy +T)(Hey —1T) (T + H.)

can be viewed as a preconditioner for the coefficient matrix A. We call it the DDSS
preconditioner.

From iterative scheme (2.3), we will give the algorithm version of the DDSS iter-
ation method below.

Algorithm 2.1. The algorithm representation of the DDSS iteration method:
Step 1: Calculate by = (1 —iw)b, be = (a—1)b1, b = (1 —i)by and H, = W +wT;
Step 2: Calculate t*) = i(H,, — aT)z® +i(a —i)wWaz® + by;

Step 3: Solve (aH,, + T)x*+1/2) = ¢(k);

Step 4: Calculate s*) = i(aH, — T)z**+1/2) 4i(1 — ia)wWz®) + bs;

Step 5: Solve (T + H,)z*F+1) = sk,

3. CONVERGENCE PROPERTY

In this section, we give the upper bound of the spectral radius of the iteration
matrix of the DDSS method and investigate its convergence properties for solving
the complex symmetric linear equations. In order to discuss the properties of the
method more conveniently, we define a function as in [44] by

(3.1) fl@)=z+ .

T

Now we present the following lemmas, which are used to prove the convergence of
the DDSS method.

Lemma 3.1. Let A =W +iT € C"*"™ W € R™"*" be SPSD matrix, T € R"*™ be
SPD matrix, w > 0 and a > 0. Let uy > po ... > uy, be the eigenvalues of the matrix
T’1/2WT’1/2, A1 = Ao... = A\, be the eigenvalues of the matrix T-12H, T-1/2
with H, = W + wT, and let Apax = A1, Amin = Ans Umax = M1, Mmin = Un. Lhen
Aj = i + W, Amin = Mmin + W and Amax = fmax + W.

Proof. The proof of this lemma is simple, and thus it is omitted. ([

Exploiting a quite similar strategy utilized in the proof of Lemma 2.4 in [44], the
following lemma can be established.
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Lemma 3.2. Assume that the conditions in Lemma 3.1 are satisfied. Let fin(\)
and fmax(A) be the smallest and largest values of the function f(\), respectively.
Then

1
>\min + /\—7 Amax <1 (O < w<1l— ,Ufmax)v
min
{» + 1 +1} Amin < 1< A
max i S [ n <1
fmax(A) = e )\Inin’ e )\max ’ - e
(1 — Hmax < w g 1-—- /J/min)7
1
Amax + /\—; )\min >1 (w >1-— ,Ufmin)v
max
)\max + )\—; )\max < 1 (0 < w < 1 - /J/max)v
max
fmin(/\) - 2; Amin < 1 < /\max (1 — Hmax < w g 1-— /J/min)7
1
)\min + )\—7 Amin > 1 (w > 1-— /J/min)-
min

Proof. By analogy with the definition of the function in (3.1), we give the
function f(A) as

1
f()\)f)\-i-x.
Then
df(n) B A -1
Ay a2

(1) If Apax < 1, then df(A\)/dX\ = (A2 —1)/A? < 0 with respect to all A, so the
function f()\) is monotonically decreasing function with respect to all A. Then the
function f(\) obtains the maximum and the minimum values at A\pin and Amax,
respectively. Therefore, fiax(A) = Amin + 1/ Amin and fiin(A) = Amax + 1/ Amax-

(2) If Ain > 1, then df(A\)/dX\ = (A2 — 1)/A? > 0 with respect to all \. Owing to
the fact that the function f()) is monotonically increasing function with respect to
all A, we have fiax(A) = Amax + 1/Amax and fiin(A) = Amin + 1/Amin-

(3) If Amin < 1 < Amax, when Apin < A < 1, then df()\)/d\ = (A2 —1)/)2? <0,
and the function f()) is monotonically decreasing function for A\pin < A < 1. When
1 < A < Amax, then df(A)/dX = (A2 — 1)/A% > 0, and the function f(\) is monoton-
ically increasing function for 1 < A < Apax. Therefore, the function f(\) obtains the
minimum value at A\ = 1. Moreover, the minimum value is fuin(A) = 2. Further-
more, it is not difficult to see that fiax(A) = max{Amin+1/Amin, Mmax+1/Amax}. O
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Theorem 3.1. Assume that the conditions in Lemmas 3.1 and 3.2 are satisfied.
Then

(3.2) 2(Glaw) S O(aw),

where

f(a) — fmin()‘) n -

f(a) T fmin(>\) + f(Oé) T fmin(>\)7 f(Oé) 2 \V fmln()\)fmax()\)v
fmax(A) — f(@) n TN T
f(a) T fmax(A) + f(Oé) T fmin(>\) 5 f(a) < fmln()\)fmax()\)

with the function f(«) being defined in (3.1) and 1) = Apaxy/1 + A2,

ax”*

I(aw) =

Proof. From (2.4) we have

0(Gaw) = o(aT + H,) '(aH, — T)(aH, +T)" ' (aT — H,)
+ 20w(aT + H,) (T +iH,)(aH, + T)'W)
= o(T~Y2(al + T~ Y2H, T Y2 (T~ V2H, T2 — I)
% (T YV H,T-Y2 £ 1) (ol — T~ V2H, T~ V2)T/?
+ 20T V2(al + T~ V2H,T~Y2) (1 +iT-V2H, T~V/?)
x (aT~Y2H,T-1/? +I)*1T—1/2WT—1/2T1/2)
= o((al + T~ V2H, T~V (0T~ V2H,T~V? — )
(T~ YV2H, TV 1 1) (ol — TV2H,T~V/?)
+ 20w(al + T~ Y2H,T~Y2) " (1 + 10 Y2H,T~1/?)
x (aT~Y2H,T=Y2 4 1) 1212
Il + T~ YV2H, T~V (T~ V2H,T7/? — 1)
(T~ V2H,T7Y? + 1) (ol — T~ Y2H,T~V?)|,
+2aw|(al + T~ V2H, TV (1 4T V2 H, T Y?)
x (T~ V2H,T~Y? + 1) ' T2 w12,

I, [(a = X)(aN — 1) 2%%\/@

+
nespT,) (o + A)(ah +1) | pmespiaiw) (a+ M) ek + 1)

(a+1/a) =M +1/N)] 20wy [1+ A

nespr,) (0 +1/a) + (N + 1/N) | mesptiaiw) (o + ) (ah; + 1)

VG (E I a1+

e ) F(@) + FON)  myesp(Tiw) (a + Aj) (e + 1)

N
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where A\; = w + ;. In addition, it is not difficult to verify that the inequality
2wt < w? —l—,u? <(w+p)? = /\?
holds. Thus, we have

20wy /1+ A3 a1+ N2
(3.3) m <

wiesp 1wy (@ A)(ad; + 1) pesp(tw) (@24 + A7) + (X2 + )

Ajyf1+ A2

psesn(T W) (a+ 1/a) + O + 1/X)

< AIIlélX V 1 + A121184)( 77

h f(a) + fuin(N) - f(@) + fmin(A)’

where 7 = Apax/1 + A2 .. According to the results in [9] and [44], one has

(3.4)
f( ) — fmln( )

max T N iy —

i Esp(T—1W) f(Oé) f()‘l) fmax( ) B f(Oé)
f(@) + fnax(A)’

The following results can be obtained by sorting out equations (3.3) and (3.4) above:
fmin(@) = F(N) n ST O

f(Oé) n fmin(/\) + f(Oé) T fmin()\) ) f(Oé) > fmm(>\)fmax(>\) s o )
Smax(A) — f(@) n ST O o

F(@)+ T @)+ fan) (@S V Imin ) )

To sum up, Theorem 3.1 can be obtained. (]

f(a) = fmin(/\)fmaX(/\)a

f(a) < fmin(/\)fmax(/\)'

Q(G((y,w)) <

Theorem 3.2. Assume that the conditions in Theorem 3.1 are satisfied. Then:

(a) Ifn < 2fmin(A) and f(a) = v/ fmin(A) fmax (), then o(G(aw)) < T(aw) < 1
(b) Ifn < 2fmin( ) and (77 2fm1n( )+ \/_)/4 < f < V fmm fmax , then
Q(G(a,w)) < O (a,w) <1, where A = (2fm1n( ) ) + 877fmax( )

Proof. It follows from Theorem 3.1 that

e W%) £
min n o .
f(Oé) + f )\)mln * f(Oé) + f(A)min’ f( ) 2 f()\)mlnf(A)maxa
f(/\) max ( ) n
f(Oé) f )\)max * f( ) + f( )mln f(Oé) < f()\)minf(/\)max'
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If f > \V/ fmm fmax then

f(a) - fmin(A) + n

f(@) + fmin(A)  f@) + fmin(A)

Q(G(a,w)) < O(aw) =

Letting P
Olaw) = f(a) min(A) + n <1,

f(@) + fuin(X)  fl@) + fmin(N)

we can get 7 < 2 fmin(A).

(2) If f(@) < v/ fmin(A) fmax(A), one has

- fmax(A) - f(Oé) Ui

oG S Tew) = FT T o) T @) Fom )

Let f ()\) f( )
_ Jmax - - N
@) = @) T Fan V) @) T Jan V) i
Then
fmax( ) f(Oé) Ui

(35) f( ) + fmux(/\) f(Oé) + fmin(A) <!

& (fmax(A) = f(@))(f(@) + fumin(N) + n(f (@) + fmax(A))
< (f(@) + fmax(A)(F (@) + F (N i)
And 2f(a)2 + (2fmin(/\) - n)f(a) - nfmax()‘) > 0.

In order to make inequality (3.5) valid, we consider the corresponding quadratic
equation with respect to f(«) as follows

(3.6) Qf(a)Q + (2fmin(A) = n) f(@) = Nfmax(A) = 0.

The discriminant of the root of the equation is

= (2fmin(A) — 1) + 81 fmax(A) > 0.

Therefore, it can be obtained that the two roots of the quadratic equation (3.6) with
respect to f(«) are

7 = 2 fmin(A) — \/Z

fila) = 4

and  fa(a) =

7 = 2 fmin(A) + \/Z
1 .

Then the solution set of inequality (3.5) is f(a) > (7 — 2fmin(A) + VA)/4. Next,
we discuss the conditions under which the inequality (7 — 2fmin(A) +/A)/4 <
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V/ froin(A) fmax(A) holds. If the value of the function 2f(a)? + (2fmin(A) — n)f(a) —
Nfmax(A) on the left-hand side of inequality (3.5) at f(a) = v/ fmin(A) fmax(A) is

greater than 0, then it yields \/fmin(A) fmax(A) > (7 — 2fmin(A) + vVA)/4. So sub-
stituting f(a) = v/ fmin(A) fmax(A) into the left-hand side of inequality (3.5) leads to

2fmin(>\)fmax(>\) + (2fm1n(>‘) - 77) fmin(>\) fmax(>\) - nfmax(A)
- (mein(A) - 77) (fmax()\) + fmin()\> fmax(AD .

(a) If mein()\) 77 0 that i 18, Zf( )min n, we have (mein( ) - )(fmax( )
Smin(A) fmax(A)) < 0. Then the parameters a and w making inequality (3.5) valid

do not exist.
(b) If 2fmin(A) —-n > 0, that iS, 2fmin()\) > n, we have (mein(A) - n)(fmax(A) +
Smin(A) fmax(A)) > 0. Then we deduce that

-2 fminiﬂ VD e Y.

Thus, for this case that (7 — 2fmin(A) +VA)/4 < f(a) < \/fumin(A) fmax(N), in-
equality (3.5) holds, that is, 0(G(a,w)) < O(a,w) < 1. O

The result of Theorem 3.2 can be obtained by sorting out the results of (1.1)
and (1.2) above.

Theorem 3.3. Assume that the conditions in Theorem 3.1 are satisfied. Then the
quasi-optimal value of the parameter o which minimizes the upper bound o, ., is

o] = or ap = —.
\/fmm fmwx + \/ fIIllIl fmax( )) —14 al
And the corresponding optimal upper bound of spectral radius is
VE—1 n . fmax(A)
* = * = —+ ith K = ——.
J(al “) O—(O(2 ) \/E + 1 V fmin(>\) fmax(>\) + fmin(>\) v fmin()\>

P roof. It follows from Theorems 3.1 and 3.2 that:

) It f(@) = v/Famin(A) frnax(X), then

N f(Oé) - fmin(/\) n
2Cew) S 7@w) = T T Fom) T F@) F )

When 7 < 2 fmin(A) and f(@) = v/ fumin(A) fmax(A), then o(G(q.0)) < 0(aw) < 1. Let

T — fmin(>\) + n
x + fmin()\> T + fmin(/\) .

g(z) =
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Then
f(@) = fmin(N) + n
fla) 4+ fmin(A)  f(@) + fumin(A)

O(a,w) = g(f(a)) =

By simple calculations, we have
dg(f(()é)) _ 2fmin()\) -1 >

df(Oé) (f(Oé) + fmin()\))2

Then the function g(f(«)) is monotomc increasing about the variable f(«) for n <

2fmin(A) and f(a) = v/ fmin(A) fmax(A). So the function g(f(«)) gets the minimum

value at f(o) = fmm( ) fmax(A), and the minimum value is

(37) \Y4 fmm >\ Inax fmm >\
\V fmm >\ Inax + fmm >\ \V fmm fmax + fmm
= vk =1 +
\/E + 1 V fmin(A)fmax(A) + fmin(>\)

2) If f(a) < v/ fmin(A) fmax(A), then

fmax(A )—f(a)+ n

f(a) + fmax(N) f(a) + fmin(A) .

Q(G((y,w)) < O(a,w) =

When 7 < 2 fmin(A) and

n— Qfmin()‘) + \/Z < f(a) < fmin()\)fmax(A)v

4
then o(G(a,w)) < 0(a,w) < 1. Letting

_ fmaX()‘) —Z n
M) = o o) T 7 Fom V)

we have

_ a _ fmax(A)_f(a) n
Taw) = MO = F T Fo ) F@) T Fon )
Then
() Ul .

5 5 <0
df(a) (f(@) + fmax(A)™  (f(@) + fmin(A))
Thus the function h(f(«)) decreases monotonically for (1 — 2fmin(A\) +VA)/4 <
fla) < v/ fmin(A) fmax(A). For this case, the function h(f(a)) gets the minimum

value at f(a) = v/ fmin(A) fmax(A), and the minimum value is

fmax(A) - fmin(>\) fmax(>\) + n
V fmin()\> fmax(/\) + fmax()\) \V4 fmin(A)fmax(A) + fmin()\>
v Y
\/E + 1 * vV fmin(A)fmax(A) + fmin(>\)

(3.8)
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From equations (3.7) and (3.8), we deduce that the optimal upper bound of spectral
radius which can be obtained at f(a) = v/ fmin(A) fmax(A) is

VE—1 n

VE+1 i V fmin(A) fnax(A) + fnin(A
~ V fmin(A) fmax(A) fmm A
 V o) Fanax ) + Fnin(A
fmm( ) Jumin(A) fmax(A + n
-V ninO) fnax (V) + fanax(D) v FninON) Frnasx (V) + Fimin(3)

For the equation f(a*) = a* +1/a* = \/ fmin()) fmax(A), after simple calculations,

n
fmin ()\> fmax()\) + fIIliIl (/\)

| [
_|_

N

we can get that the quasi-optimal parameter is

. 2 L1
Q= or oy = —.
\/fmm fmax + \/ fmln fmax( )) —4 al
The proof of Theorem 3.3 is completed. O

4. TEST PROBLEMS

In this section, two numerical examples are given to show the effectiveness of the
proposed method and preconditioner. We compare the numerical behaviors of the
DDSS method with the DSS real-valued, CRI, PMHSS, DSS methods in terms of
both the number of iteration steps (denoted by “IT”), the elapsed CPU time in
seconds (denoted by “CPU”) and the relative residual (denoted by “RES”). The nu-
merical experiment results are run in MATLAB2018b on PC with Intel(R) Core(TM)
i5 CPU 1.19Hz and 8GB.

In all calculations below, we set the initial vector as (%) = 0. All iterations are
terminated once the current relative residual norm satisfies

Ir®lly  [Ib — Az®]],

= <1078,
17O, ([0l

or the number of the prescribed iteration step kmax = 10m (m is the problem size of
the following numerical examples) is exceeded.

Example 4.1 ([6], [7]). We give a linear system of equations in the form of
system (1.1):
Ar = (W +iT)z =b.

Let b= (1+1)A1 and 1 be the vector whose all entries equal to 1, and
T=1I1®9Bn,+B,®I, W=10I®@B+B®I)+9ee,), +eme] )1,
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B,, = tridiag(—1,2,—1) € R™*" B = B,, —e1e,) —ene] € R™" where e1, e, are

the 1th and the mth unity basis vectors in R™, respectively.

Example 4.2 ([6], [2]). We consider a linear system of equations in the form

of system (1.1):
[(V—kI)+i(V +el)xz=b,

where k is the time step-size and V is the five-point centered difference matrix ob-
tained by approximating the negative Laplacian operator L = —A with homogeneous
Dirichlet boundary conditions, on a uniform mesh in the unit square [0,1] x [0, 1]
with the mesh-size h = (m+1)"". Let V. = I @ V;, + Vs, ® I € R™ ", with
Vin = tridiag(—1,2,—1) € R™*™_ From the calculation form of V, it is easy to con-
clude that V' is an n x n block-tridiagonal matrix. We set k = 50, ¢ = 400 and the
right-hand side vector b = (141)A1, with 1 being the vector of all entries equal to 1.

4.1. The parameter selection strategy of the DDSS iteration method.
Deriving the efficient selection strategy of parameters involved in the DDSS method
is significant to obtain fast convergence rate. This subsection discusses the choice
strategy of the feasible parameter a of the DDSS method.

It follows from Lemma 3.2 and Theorem 3.3 that the quasi-optimal value o* of
the parameter « involved in the DDSS method is

2

a) = > or ay = —,
\/fmin(A)fmax(A) + \/(fmin()\)fmax()\)) —4 31
where
1
Amin + /\—_7 /\max < 1 (0 < w < 1-— /J/max)v
{/\ et — } Amin < 1< A
max min N ) /'\max 3N (0 min X 1 X Amax
fmax(A) = )\min )\max
(1 — Hmax < w g 1-— /J/min)7
1
Amax + /\—; )\min >1 (w >1-— ,Ufmin)v
)\max + )\ ) )\max < 1 (0 < w < 1 - /J/max)v
fmin(/\) - 2; Amin < 1 < /\max (1 — Hmax < w g 1-— /J/min)7
1
)\min + )\—.7 Amin > 1 (w > 1-— /J/min)-

Note that Apin and Apax are the minimum and maximum eigenvalues of the matrix
7Y 2HwT_1/ 2, respectively, and fimin and fmax are the minimum and maximum
eigenvalues of the matrix T 1/2WT~1/2

and Apax = Pmax + W-

, respectively. Moreover, Apin = fhmin + W
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It is noteworthy that the quasi-optimal parameter o* relies on the eigenvalues of
the matrix 7~ 'W and the parameter w, but according to [30], [20], we see that in
Examples 4.1-4.2, the minimum and maximum eigenvalues of the matrix T~'W can
be computed. The details are as follows:

1. For Example 4.1, we have

T=1®Bn+Bn,®I, W=10I®@B+Bx&I)+9ee,), +ene )1,

B,, = tridiag(—1,2,—1) € R™*" B = B,, —e1e,) —eme] € R™" where e1, e, are
the 1th and the mth unity basis vectors in R™, respectively. Let (; > (5... > (»
be the eigenvalues of the matrix (I ® By, + B, ® I)710I ® (ere), — eme] ) +
(ere,, — eme] ) @I, Cmax = €1, Cmin = (- Then
W =(I®B,+Bn,I) Y10I®B+B&®I)+9ee, +enel )]
=(I®@Bm+Bn@I) '10(I ® (B, — ere,), — eme] )
+ (B — ere), — emel ) @ 1)+ 9(ere,), + emel ) @ 1)
=(I®Bym+ B, @) ' [10I® By + By @ 1)
—10I ® (ere,), — eme] ) — (ere) — eme] ) @ 1]
=10 — (I @ By + By @ I) 10T @ (e1e,) — eme] ) + (ere,) —eme] ) @ I).

Then Mmax = 10 — Cmin; Hmin = 10 — Cmax; /\max = 10 — Cmin + w and Amin =
10 — Cmax =+ w.
2. For Example 4.2, we have

W=V—-gl, T=V+el.

Let V =1®Vy, +V, ® I € R™™" with V,, = tridiag(—1,2,—1) € R™*™, We
set kK = 50 and € = 400. Let & > & ... > &, be the eigenvalues of the matrix V,
fmax = Cla Emin - <n Then

W = (V +4001)"1(V — 501) = (V +4001)"(V + 4001 — 4501)
— (V +4001)~'450] = I — ( v, 81)71
- 450 ’

9
gmax 8 -1 gmin 8\!
max:]-_(— _) ) min:]-_(— _)a
s 150 10 a 150 9
gmax 8\~ ! gmin 8\ 1
)\max =1- (— _) ) d )\min =1- (— _) .
10 T9) T 1m0 o) ¢

Based on the conclusions of [30], [20], it can be seen that the maximum and minimum

eigenvalues of the matrix V are

2 T .2
Emax = 8c0s” ————  and {pin = 8sin

2(m + 1) 2(m+1)’

325



respectively. Thus, from the forms of the matrices W and T', we deduce that

Emax  8\7! 8 cos? %ﬂ/(m—i— 1) 8y-!
o 1_<450 5) :1_< 450 §) ’
R
P (irgg g)—1 i (8s1n2 %:E{ém—i— 1) N g)ﬂ,
o =1 (G4 ) =1 (R )

4.2. Test result. In the following numerical experiments, we use o* and w* to
represent the theoretical quasi-optimal parameters, use oeps and weps to represent
the experimental optimal parameters, and e, and wieg, to represent the ones which
are selected as the leftmost values of the parameter intervals.

m 128 256 512 1024

DSS [44] o [4.334.58] [4.3,4.67] [5.88,6.41] [8.8,9]
CRI [32] a [0.91,1.09] [0.78,1.29] [0.96,1.04] [0.77,1.3]
PMHSS [7] (V =T) o [1.251.82] [1.051.49] [0.96,1.21] [0.83,1.17]
DSS real-valued [41] « [0.91,1.09] [0.78,1.29] [0.96,1.04] [0.77,1.3]
PMHSS [7] (V =W) o« [0.55,0.8] [0.68,0.95] [0.83,1.04] [0.85,1.21]

{0.23} {0.23} {0.22} {0.22}

DDSS « U U U U

[4.32,4.51] [4.32,4.51] [4.47,4.54] [4.44,4.58]
w [0.01,0.02] [0.01,0.04] [0.04,0.06] [0.07,0.08]

Table 1. The parameters ranges that minimize the iterations number of the tested methods
for Example 4.1.

In Table 1, we show the parameters intervals with the least IT when different
iteration methods are used to solve Example 4.1. The parameter c.s, with the least
IT and CPU time, the corresponding IT, CPU time and RES are shown in Table 2.
In addition, Table 2 also shows the IT, CPU time and RES of the DDSS method
with the parameters aqesy and wier; to solve Example 4.1. As observed in Table 2,
the proposed method performs better than the other test methods in terms of both
the IT and CPU times when the matrix order is large. Furthermore, it can also be
seen that the IT of the DDSS iteration method are unchanged with respect to m,
and our method is stable for solving Example 4.1.
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m 128 256 512 1024
DSS [44] Qleps 4.5 4.64 6.41 8.98
IT 18 18 24 33
CPU  0.1606 0.8035 4.6843 28.3876
RES 822E—-9 9.04dE—-9 990E—-9 9.88E—-9
CRI [32] Qleps 0.96 0.97 1.03 0.85
IT 23 23 22 22
CPU  0.1915 0.9597 4.3991 21.7686
RES 9.60E—9 6.93E-9 9.92E—-9 8.03E—-9
PMHSS [7] Qeps 135 1.16 1.09 1.1
(V=1 IT 41 42 43 45
CPU  0.2587 1.3640 6.3111 32.1875
RES 8.76E—-9 770E—-9 843E—-9 8.61E—-9
DSS real-valued [41]  ceps 1.03 1.21 1.04 0.77
IT 23 23 22 22
CPU  0.2345 1.1643 5.4555 25.9714
RES 9.56E—-9 843E—-9 9.96E—-9 9.97E-9
RES 822E—-9 9.04dE—-9 990E—-9 988E -9
PMHSS [7] Qeps 0.8 0.73 0.89 0.88
(V=w) IT 41 42 43 45
CPU  0.2966 1.5516 7.3983 37.9046
RES 997E—-9 748E-9 861E—9 9.19E-9

DDSS Qleps 4.35 4.33 0.22 0.22
Weps 0.02 0.04 0.04 0.07
IT 18 18 18 18

CPU  0.1656 0.8309 3.9115 18.4456
RES 9.26E—-9 964E—-9 949E—-9 9.07E-9

Qeft 0.23 0.23 0.22 0.22
Wieft 0.01 0.01 0.04 0.07
IT 18 18 18 18

CPU  0.2031 0.8985 3.9115 18.4456
RES 9.26E—-9 964E—-9 949E—-9 9.07E-9

Table 2. Numerical results of different iteration methods for Example 4.1.

We provide the maximum eigenvalue A\ .x and minimum eigenvalue Ani, of the
matrix T-'H, for different w in Table 3, and calculate the maximum value fiax())
and minimum value fuin(A) of the function f(\) based on Lemma 3.2. Then we
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use Theorem 3.3 to calculate the two quasi-optimal parameters of and a3 of the
DDSS iteration method. Table 4 lists the numerical results of the DDSS itera-
tion method with quasi-optimal parameters aj and a3 for difficult parameter w.
From the results of Table 4, we can observe that the IT of the DDSS method with
quasi-optimal parameters are more than those of the DDSS method with the exper-
imental optimal parameters. The reason for this phenomenon is that quasi-optimal
parameters are the ones making the upper bound of the spectral radius of the it-
eration matrix minimized, not spectral radius itself. When m = 1024, the amount
of eigenvalue calculation exceeds the memory of computer, so there are no results
in Tables 3 and 4.

w 128 256 512 1024
Amax 20.3450 20.4222 20.4610 -
Amin 0.5000  0.5000  0.5000 -

w = 0.5
fmax(A)  20.3941 20.4711 20.5099 -
fmin()‘) 2 2 2 -
Amax 20.5450 20.6222 20.6610 -
w07 Amin 0.7000  0.7000  0.7000 -
fmax(A)  20.5936 20.6708 20.7094 -
fmin()‘) 2 2 2 -
Amax 20.7450 20.8222 20.8610 -
w—0.9 Amin 0.9000  0.9000  0.9000 -
fmax(A)  20.7932 20.8702 20.9089 -
fam) 2 2 2 -
Amax 20.9550 21.0322 21.0710 -
w— 111 Amin 1.1100 1.1100  1.1100 -

fumax(A)  21.0027 21.0797 21.1185
fwin(A)  2.0109  2.0109  2.0109 -

Table 3. The corresponding eigenvalues and results of the function about eigenvalue for
Example 4.1.

Table 5 shows the parameters intervals that minimize the IT when using different
iteration methods for Example 4.2. On the basis of the parameters intervals given
in Table 5 and similar to Table 2, we display the parameters, IT, CPU time, and
RES in Table 6. In addition, Table 6 also shows the IT, CPU time and RES of the
DDSS methods with the parameters aiery and wief; to solve Example 4.2. The results
shown in Table 6 indicate that the DDSS iteration method with the parameters oy,
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Weps and efs, Wiest outperforms the other test methods in terms of the IT and CPU
times. The DSS iteration method is not converget when solving Example 4.2, so the
corresponding results are not shown in Tables 5 and 6.

w 128 256 512 1024
al 0.04 0.04 0.04 -
IT 113 111 109 -

CPU  0.8075 3.8511 17.1759 -
RES 980E—-9 994E—-9 9.30E-9 -

w=05 e 936 23.65 23.69 -
IT 107 106 103 -

CPU 07679  3.6655  16.1576 -

RES 9.30E—9 875E—9 98IE—9 -

o 0.04 0.04 0.04 -

IT 115 113 110 -

CPU  0.7793  3.8698  17.3027 -

_o; RES 8T3E-9 890E-9 075E-9 -
of  23.78 23.86 23.90 -

IT 108 108 106 -

CPU 07622  3.6581  16.5863 -

RES 943E—9 S866E—9 S876E—9 -

o 0.04 0.04 0.04 ]

IT 113 111 109 -

CPU  0.7802  3.8630  16.9809 -

RES 986E—9 9.82E—9 98E-9 -

w=09 s 2309 24.08 24.12 -
IT 109 107 106 -

CPU 07721  3.6779 165600 -

RES 9.19E—9 982E—9 S877E—9 -

o 0.04 0.04 0.04 -

IT 109 108 106 -

CPU  0.7463  3.6974  16.4676 -

L _1q RES 093E—0 SO9E-9 073E-9 -
of 2434 24.43 24.47 -

IT 107 105 104 -

CPU  0.7275 3.6065 16.2140
RES 8.75E—-9 98E-9 942E-9 -

Table 4. Numerical results of the DDSS iteration method with quasi-optimal parameter o
for Example 4.1.
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m 128 256 512 1024
CRI [32] a [0.8126] [0.8,1.26] [0.8,1.26] [0.8,1.26]
PMHSS [7] (V =T) o [1.451.61] [1.46,1.61] [1.46,1.61] [1.46,1.61]
DSS real-valued [41] « [0.8,1.26] [0.8,1.26] [0.8,1.26]  [0.8,1.26]
PMHSS [7)(V = W) a [0.62,0.69] [0.63,0.68] [0.63,0.68] [0.63,0.68]
[0.44,0.46] [0.44,0.46] [0.44,0.46] [0.44,0.46]

DDSS « U U U U

2.16,2.31] [2.16,2.31] [2.16,2.31] [2.16,2.31]
w [0.63,0.71] [0.63,0.71] [0.63,0.71] [0.63,0.71]

Table 5. The parameters ranges that minimize the iterations number of the tested methods
for Example 4.2.

m 128 256 512 1024
CRI [32] Qleps 0.86 0.81 0.86 0.97
IT 18 18 18 18
CPU  0.1256 0.7017 3.3880 15.3411
RES 697E—9 893E—-9 7.03E—9 5.50E—-9
PMHSS [7] Qeps 148 1.61 1.5 1.58
(V=T) IT 79 79 79 79
CPU  0.3988 2.2694 10.9420 48.2985
RES 978E—-9 998E—-9 9.74E—-9 9.82E—-9
DSS real-valued [41]  ceps 0.9 1.19 0.81 0.82
IT 18 18 18 18
CPU  0.1534 0.8388 4.1566 17.8286
RES 6.11E—9 7.62E—9 8.96E—-9 8.48E-—-9
PMHSS [7] Qleps 0.63 0.65 0.66 0.68
(V =W) IT 79 79 79 79
CPU 04112 2.6085 15.2430 82.7916
RES 982E—-9 969E—-9 9.70E—-9 9.87TE—9
DDSS Qleps 2.24 0.46 2.16 0.44
Weps 0.69 0.69 0.68 0.64
IT 7 7 7 7
CPU  0.0828 0.4375 2.1264 9.6575
RES 203E-9 1.75E-9 18E-9 122E-9
Qeft 0.44 0.44 0.44 0.44
Wileft 0.63 0.63 0.63 0.63
IT 7 7 7 7
CPU  0.0892 0.4543 2.1535 9.7008
RES 203E-9 1.73E-9 18E—-9 122E-9

Table 6. Numerical results of different iteration methods for Example 4.2.
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Similarly to Table 3, we provide the maximum eigenvalue Ap,x and minimum
eigenvalue Apmin of the matrix T-'H,, the maximum value fmax(A\) and minimum
value fmin(A) of the function f(\) for different values of w for Example 4.2 in Table 7.
Based on frmax(A) and fmin(A) of f(A) given in Table 7, the numerical results of the
DDSS iteration method with quasi-optimal parameters o and o3 for different values
of the parameter w are presented in Table 8. It can be seen that the IT of the DDSS
method with quasi-optimal parameters are slightly more than those of the DDSS
method with the experimental optimal parameters. This phenomenon indicates that
the quasi-optimal parameters in Theorem 3.3 can be used in practical computation
and make the DDSS iteration method effective for Example 4.2.

In order to more intuitively show the influence of parameters on different iteration
methods, we describe the change of the IT of different iteration ones with the pa-
rameter « in Figure 1. Figure 1 intuitively shows that the minimum IT of the DDSS
method is less than those of other existing methods. We describe the change of the
IT of the DDSS method with the parameter w in Figure 2. We observe that the IT
of the DDSS iteration method decreases first and then increases with the increasing
of the single parameter w, and the parameter value of the minimum IT is basically
consistent with the information shown in Tables 1 and 3.

w m 128 256 512 1024

Amax 0.3971 03971 0.3971 0.3971
Amin 0.3750  0.3750 0.3750 0.3750

w=05 " (A 3.0416 3.0416 3.0416 3.0416
Fam(\)  2.9156  2.9156  2.9156  2.9156

Amax 05971 05071 05071 05971

Amin 05750  0.5750 05750  0.5750

w=07"p (N 23141 23141 23141 2.3141
Fam(\) 22710 22719 22719 22719

Amax 07971 07971 0.7971  0.7971

Amin 07750 0.7750  0.7750  0.7750

w=09 " p (N 2.0653 2.0653 2.0653 2.0653
fam(\)  2.0517  2.0517 20517  2.0517

Amax  1.0071  1.0071  1.0071  1.0071

o1y Amn 09850 09850 0.9850 09850

fmax(A)  2.0324  2.0324 2.0324 2.0324
fmin(V) 2 2 2 2
Amax  2.8971 28971 28971 2.8971
Amin ~ 2.8750 2.8750 2.8750  2.8750
W=3 p () 3.2422  3.2422 32422 3.2422
fmin(\)  3.2228  3.2228 3.2228 3.2228

Table 7. The corresponding eigenvalues and results of the function about eigenvalue for
Example 4.2.
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w 128 256 512 1024
o 0.17 0.17 0.17 0.17
IT 17 17 17 17
CPU 02733 0.7151 3.5416  15.1949
RES 327E—9 325E—9 325E—9 3.24E—9
w=05 5.81 5.81 5.81 5.81
IT 16 16 16 16
CPU  0.1353 0.6885 3.3435  14.6647
RES 836E-9 833E-9 83IE—9 831E_9
o 0.28 0.28 0.28 0.28
IT 13 13 13 13
CPU  0.1227 0.6078 29843  12.9766
RES 4.63E-9 462E—9 462E—9 4.61E—9
w=07" 3.58 3.58 3.58 3.58
IT 13 13 13 13
CPU  0.1204 0.5974 29267  13.3153
RES 4.92E-9 491E—9 490E—9 4.90E —9
ot 0.35 0.35 0.35 0.35
IT 12 12 12 12
CPU  0.1134 0.5921 29806  12.3257
RES 284E-9 283E-9 283E-9 2.83E_9
w=09 2.90 2.90 2.90 2.90
IT 12 12 12 12
CPU  0.1109 0.5932 27792 12.2942
RES 410E—9 409E—9 409E—9 4.08E—9
o 0.37 0.37 0.37 0.37
IT 12 12 12 12
CPU  0.1105 0.5992 27999 12.2977
RES 245E—9 245E—9 245E—9 2.45E—9
w=11 2.73 2.73 2.73 2.73
IT 12 12 12 12
CPU  0.1140 0.5720 27922 12.2411
RES 312E—-9 311E—9 3.11E—9 3.11E—9
ot 0.23 0.23 0.23 0.23
IT 12 12 12 12
CPU  0.1185 0.6003 27203 12.2361
RES 343E—9 344E-9 344E—9 3.44E -9
w=3 4 4.33 4.33 4.33 4.33
IT 12 12 12 12
CPU  0.1238 0.5994 2.613 12,1480
RES 313E-9 313E-9 3.14E—9 3.14E—9

Table 8. Numerical results of the DDSS iteration method with quasi-optimal parameter o
for Example 4.2.
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m 128 256 512 1024
DSS-GMRES a [0.65,1.54] [0.58,1.75] [0.77,1.3] [0.51,1.99]
CRI-GMRES a [0.65,1.54] [0.58,1.75] [0.78,1.29] [0.51,1.98]

PMHSS-GMRES (V =T) « [0.01,0.8] [0.08,1.14] [0.25,1.17]  [0.69,1]
PMHSS-GMRES (V = W) o [1.25,1000] [0.88,14.03] [0.85,4.02]  [1,1.46]
(0.94,1.06]  [0.77,1.3]  [0.92,1.09] [0.75,1.34]
DDSS-GMRES a U U
0.01,0.1] 0.01,0.09]
w 012 0.03,0.04] [2.11,0.14]  0.04

Table 9. The experimental optimal parameters for preconditioned GMRES methods by
minimizing iteration steps for Example 4.1.

m 128 256 512 1024
DSS-GMRES  aeps  0.86 1.09 0.8 0.52
IT 9 9 9 9
CPU 01176 05838  2.7571  13.4856
RES 6.17E—9 4.62E—9 9.44E—9 8.92E—9
CRI-GMRES  agps  1.18 1.2 0.78 0.51
IT 9 9 9 9
CPU 01176  0.5838  2.7571  13.6676
RES 6.25E—9 4.93E—9 9.78E—9 9.52E—9
PMHSS-GMRES  aeps  0.23 0.17 0.27 0.69
(V="T) IT 19 24 30 35
CPU 01227  0.8219 45287  24.2613
RES 5.17E—9 3.57E—9 544E—9 9.80E—9
PMHSS-GMRES  aeps 228 1.19 0.87 1.06
(V=W) IT 19 24 30 35
CPU 01207  0.8240  4.5057  24.1491
RES 7.44E—9 422E—9 919E—9 9.12E—9
DDSS Qeps 0.9 0.94 0.97 0.84
Weps  0.12 0.04 0.07 0.04
IT 13 12 13 12
CPU 01498  0.7121  3.4763  15.9780

RES 9.92E—-9 819E—-9 756E—-9 947E—-9

Table 10. Numerical results of preconditioned GMRES methods for Example 4.1.
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PMHSS * CRI

A DDSS DSS real-valued
100 g T T T T T 100
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DSS CRI * PMHSS 4 DDSS
DSS real-valued

Figure 1. Effect of parameter « on iterations number (IT) of the CRI, PMHSS, DSS, DSS
real-valued and DDSS methods (left: DDSS method with w = 0.01, PMHSS
method with V = T for Example 4.1 for m = 128; right: DDSS method with
w = 0.7, PMHSS method with V =T for Example 4.2 for m = 128).
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Figure 2. Effect of parameter w on iterations number (IT) of the DDSS method for Ex-
ample 4.1 (o = 4.4 with m = 128) on the left and Example 4.2 (o = 2.2 with
m = 128) on the right.

Inspired by the preconditioning ideas in [3] and [4], the DSS, PMHSS, CRI and
DDSS iteration methods can be used as preconditioners to process linear system
(1.1), and the sublinear systems involved in the tested methods are solved by using
the GMRES iteration method. The detailed results are shown in Tables 9 and 10.

Table 9 shows the ranges of the optimal parameters of the DSS, CRI, PMHSS
and DDSS preconditioned GMRES iteration methods for Example 4.1. In Table
10 we report results for the DSS, CRI, PMHSS and DDSS preconditioned GMRES
methods. From the results shown in Table 10, it can be seen that when used as a
preconditioner, the DDSS iteration method performs better than the PMHSS itera-
tion method with respect to the IT and CPU time. But it is not as effective as the
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DSS method. For Example 4.2, the DDSS preconditioned GMRES method is not
convergent, so it is not listed here. In addition, the results given in Tables 1-10 show
that the DDSS iteration method performs better when used is to solve the complex
symmetric linear equations, but when used as a preconditioner it takes slightly more
computational time than the other tested methods.

5. CONCLUSIONS

In this paper, inspired by the idea of the DSS method [44], we establish a dual-
parameter double-step splitting (DDSS) iteration method for solving the complex
symmetric linear system (1.1). We study the convergence properties of the DDSS
iteration method. Finally, the numerical results illustrate the effectiveness and ro-
bustness of our method. Compared with the DSS, CRI, PMHSS and DSS real-valued
methods, it can be found that the DDSS method requires less IT and CPU times.
In addition, this paper also analyzes the influence of parameters o and w on the
iteration times of the DDSS method. In general, the DDSS method is competitive
compared with the DSS, CRI, PMHSS and DSS real-valued methods.
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